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Introduction

Throughout this paper, let R be an integral domain, i.e., a com-
mutative ring with an identity and having no proper zero-divisors,
and let K  be the field of quotients of R .  By an R-module, we
shall mean in this paper an R-module contained in  K .  Let A  and
B  be R-modules, then the set of all elements x  in  K  such that xb
is in A for every element b of B is denoted by A I B .  In the special
case that A =R , R IB  is often denoted by B - 1 ,  and we write (B - 1 )n
b y  B ' ,  fo r  brev ity . B y  a n  ideal o f R ,  we mean a non-zero
f ractional ideal of R .  If AR, then we say that A  is an integral
ideal of R .  If (A - ') - 1 = A , then we say that A  is a  V -ideal of R.
If (A - 1 ) - 1 = A  and A A '= A , then we say that A  is an F-ideal of
R .  It is known (cf. Mori [1]) that an F-ideal is an integral ideal
and is characterized by the properties that (1) A - 1  is  a ring con-
taining R  and (2) A  is  a  V-ideal. If A = B ,  then we say that
A is quasi-equal to B  and write A --B.

In this paper we shall prove the following theorem.

Theorem. The following three conditions are equivalent to each
other :

( 1 )  A ny ideal A of R satisf ies a quasi-equality of the following
type:

A v;ip ,2•2 ... ,

where pi (i =1, 2, , n) are prime ideals in R  and r i (i= 1, 2, ••• , n)
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are  integers, and pi , r i  ( i=1 , 2, ••• , n )  are  uniquely determined up
to the order and factors which are quasi-equal to R.

(2) R  is com pletely  integrally  closed in  K  an d  satisf ies the
ascending chain condition for integral V -ideals.

(3) R  is  a K rull ring 1 ) .
A  result o f  this kind was stated in Krull's " Idealtheorie"

(Ergeb. der Math. 4 No. 3, Julius Springer, Berlin, 1935), P .  119,
without proof. The assertion is that the condition (3) is equivalent
to  a  little stronger condition than (1), i.e., the condition (1) with
additional assumption that all pi are o f height 1.

As is well known, for a Noetherian integral domain, integrally
closedness implies completely integrally closedness. Therefore one
m ay ask a question if the condition of completely integrally
closedness may be replaced by the integrally closedness in (2)
because of the presence of the maximum condition for integral
V-ideals. Unfortunately, the answer o f this question is negative,
and we shall show it by an example at the end of this paper.

The auther wishes to express his sincere thanks to Prof.
Y . M ori and Prof. M . N aga ta  fo r their valuable advices and
encouragement.

1. Ascending chain condition

In this section we shall obtain some results about an integral
domain which satisfies the ascending chain condition for integral
V-ideals.

Lemma 1. The following two conditions f or the integral domain
R  are  equivalent to each other :

(1) The ascending chain condition, for integral V -ideals, holds
in  R.

(2) For every  ideal A  o f  R , there ex ists an  ideal B  such that
(i) A D B , ( i i )  A — B and  (iii) B  is  a finite R-module.

Proo f. A t first, we shall assume that the condition (1) holds,

1 )  W e shall follow the definition of Nagata [2] ; A Krull ring is an "endliche
diskrete Hauptordnung" in the sense of Krull.
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and let A  b e a  given ideal. Denote by {B,} th e  s e t o f all
finitely generated ideals B , contained in A .  Since every B '  is  a
V-ideal and contains A - 1 , th e re  is  a minimal member, say 13;1-

( B „,E ) ,  of the set {B 1 } (cf. Nishimura [4 ] ) .  If then
there exists an element b  o f  A  which is not contained (B,T,') - 1 .
Put B ,„+bR =B ' , then B' ( Ç A )  is  a finite R-module and Bi - '
This is  a contradiction. Hence B,T,' = A ',  and the condition (2) is
satisfied.

Next, we shall assume that the condition (2) ho lds. Let

A ,C  A 2 C  C  A n C

be a sequence of integral V-ideals of R , and set A =V  A i . Then

there exists a finitely generated ideal B  such that A B  and A—B.
Let B— b,R+b 2R+ ••• +b k R , and bi E A n i . Put m = max (n„ n,, ••• ,nk),
then B Ç A „, .  Since A n ,  is  a  V-ideal and B — A , we have A A„,.
Hence A„, - A , n + ,— ••• , and the condition (1) is satisfied.

We shall assume throughout hereafter in this section that the
ascending chain condition, for integral V-ideals, holds in the inte-
gral domain R .  Let S  b e a  non-empty subset o f R  which does
not contain zero and which is closed under multiplication. And
let R ' =R  b e  the ring of quotients of R  with respect to S.

L em m a 2. L e t  A  b e  an  ideal o f  R  and set R I A = B , then
R' I A R ' =B R '.

Proof. There exists a  finitely generated ideal C  such that
CCA and C — A . Hence B R '= 2 )1?' I A R 'D B R '.  Therefore
R' I A R ' =B R '.

Proposition 1. I f  A  i s  a  V -ideal o f  R , then A R ' i s  a  V-
ideal o f R '.

P ro o f. Put RI A =B , then A R '=R 1 B R ' by Lemma 2 .  Hence
A R ' is  a  V-ideal o f R '.

C o r o l la r y . I f  f is an F-ideal of R , then fR' is an F-ideal of R '.

2 )  C f. Lemma 7 o f N ishim ura [3] and Nagata [2], (18. 2), (2 ).
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Proo f. Put R lf =R , .PR '(_12 ') is  a  r in g  an d  f R '=R 'I.R- R '.
Hence fR ' is an F-ideal of R'.

Proposition  2 . I f  A '  i s  a  V -ideal o f R ', then there ex ists a
V -ideal A  o f R such that A t= A R ' ; if , in this case, A' is an integral
ideal o f R ', then we can choose A  to be A ' nR .

Proo f. At first, we shall assume that A ' R ' .  Put A ' r\R =A
and R IA — B . Then B R ' is  a  V-ideal of R ' and R '/A '=R '/A R '
= B R '.  Let R IB = C D  A . Then CR' = R ' IB R ' A ' = A R '. Since
A R ' r\R — A , C C A . Hence C =A , and A  is a  V-ideal of R .  Next,
we shall assume that A ' R '.  Since A ' is a  V-ideal of R ', there
exists an element a  of K  such that a A 'C R '.  On the other hand,
aA ' is  a  V-ideal of R ' (cf. Nishimura DI. Hence there exists
a  V-ideal A of R such that aA '= A R '. Therefore A ' =a - 1 A R' , and
a - lA  is also a  V-ideal of R.

C o r o l la r y .  I f  f' is  an F-ideal o f R ', then there ex ists an F-
ideal f o f R  such that r=fR '.

Proo f. Put f' r\ R— f and R l f = A .  Then f  is  a  V-ideal of R
and f' = fR', fA f .  And fR /-A R '=f 1A R '= f'. Hence fA _ f ,  and
f is an F-ideal of R.

L em m a 3. I f  p is  a prime ideal o f  height 1 in R , then p is
a  V -ideal o f R.

Proof. Applying Proposition 2, Rp satisfies the ascending chain
condition for integral V-ideals. Hence the set of all integral V-
ideals (=-1-Rp) o f  Rp has a m ax im al element. Since a maximal
integral V-ideal R p )  is  a prim e ideal, pRp is a  V-ideal of R .
Hence p is a  V-ideal of R  by Proposition 2.

2 .  C o m p le te ly  in teg ra lly  c lo sed  d o m ain s

In  this section we shall state about a completely integrally
closed domain. The following lemmas 4-9 are known (cf. Suetsuna
[5] ) , but we recall them for the reader's convenience.

L em m a 4. The integral domain R is completely integrally closed
in K  i f  and only  if f or any  ideal A  o f R.
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Proo f. A t first, we assume that R  is completely integrally
closed, and let A be a  given ideal. If a is  an element of A/A,
then anAÇ_A (n=1, 2, •••). Hence a is almost integral over R, and
A I A = R . Hence R /  A A  =  A - 7  A '  R .  N ext, w e  assume that
AA - 1 --,R for any ideal A of R, then AI Ag_RIAA - 1 =R and therefore
AI A = R .  I f  a is almost integral over R, let R [a ]= B  be a ring
o f polynomials in a  w ith  coefficients in R , then aB_ÇB. Hence
a E B IB , and a e R .  Hence R is completely integrally closed in K.

We shall assume throughout hereafter in this section that R
is completely integrally closed in K.

L em m a 5. Let A and B be integral ideals of  R, then (A - 1 ) - 1

_ç(B - 1 ) - 1  if and only  if  there ex ists an integral ideal C such that
A—BC.

Proo f. I f  (A - 1 ) - 1  g_(B - 1 ) - 1  , then we can put AB - 1 = C .  Next,
if A — BC, then B A —B - 1 13C—C. Hence AB - 1  is an integral ideal
of R, and (A - 1 ) - 1  g_ (B - 1 ) - 1  .

Remark. I f (A - 1 ) - 1 (B 1 ) - ', then C is not quasi-equal to R.

L em m a 6 .  Let p  be a prime ideal o f  R, and let A and B be
in tegral ideals o f  R . I f  p---AB then the one of A, B is quasi-equal
to p and the other is quasi-equal to R .

Proo f. If p—R, then this lemma is obvious. We shall assume
that p  is not quasi-equal to R .  Then there are integral ideals
C„ C , such that C, p =C A B , C1 —R, C 2 — R . Since c 2 1), ABg_p.
I f  A ç p ,  then (A - 1 ) ' g_ (p - 1 ) - 1 . By Lemma 5  (A - 1 ) -

1 4 ) - 1 ) - 1 .

Hence A—p.

L em m a 7. If the  height of a prime ideal p  in R is greater
than 1, then p—R.

Proo f. Let p i be a prime ideal contained in p .  Then there
exists an integral ideal C such that p i— c p . Hence pi—p or p—R.
Since a prime ideal which is not quasi-equal to R  is a  V -idea l of
R, R .

L em m a 8. Let A„ A„ ••• , A ,  B„ B 2 , ••• , B, be integral ideals
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o f  R .  I f  A ,A ,••• A r•- --B ,B ,••• Bs , then there are integral ideals Aip
B 3 ,  such that

A i k , B 3 --B 1B 3 ,••• 13, 1 ( i = 1 ,  2, •••, r ;  j =  1, 2, , s)
and such that HA i „= 11B3 ,

Proof. W e prove the assertion b y  induction on r. I f  r= 1,
the assertion i s  triv ia l. W e sh a ll assume th a t r > 2 ,  and put

+B ,=C „ then A 1 --C 1A i, B 1 ---C1B ,  and A.;. + B ;. - - R .  Put A i+B 2
=  C 2 ,  then , B2 — C ,K  and +B - R .•  P u t  A 1 ) +B s =C s ,
then Aig- " - -C s A n  B 5 — 05 B ; ,  and A i" +B ;- -  R. Hence Ci C2 • • •

C5 A 3 ) A2  • • • A ,,--C ,B C ,13••• C s B ; ,  and A + B / J 3 - • •  B ; - - R .  Since
A MR +A 2 •  •  A r ) - - R , A r --R . Therefore A , • • • A,. — B  •  B .

L em m a 9 .  I f  R  satisf ies th e  ascending chain condition for
integral V -ideals, then any  integral ideal A in R  which is not quasi-
equal to R  satisf ies a  quasi-equality of  the following type:

where pi (1=1, 2, ••• , n )  are prim e ideals o f  height 1  in  R  and r i

( i=  1, 2, ••• , n )  are positiv e integers, and  pi , r i  ( i =  1, 2, •-• , n )  are
uniquely  determined up to the order.

Proof. The height of a prime ideal which is not quasi-equal
to  R  is  1  by Lemma 7. W e shall assume that A  is not quasi-
equal to any finite products of prime ideals which are not quasi-
equal to R .  Then there is an integral ideal A l  which is not quasi-
eq u a l to  R  such that (A - ') - 1 (AT') - 1 . Hence A -  A l A Ç where
(A 1) - ' 7 (A - ' ) '  and A Ç is not quasi-equal to R .  Hence either A,
or A Ç is not quasi-equal to any finite products of prime ideals
which are not quasi-equal to R .  Thus we get an infinite sequence
o f integral V-ideals

(A - ') - ' (A i')  •  •  •  .

This i s  a contradiction. The uniqueness of prime ideals follows
from Lemma 8.

L em m a 1 0 .  L et A  be an  ideal o f  R .  I f  A — pç1pr2 2 .• • p ç ,n ,  then
A - 1  —Pi r iPi r 2  • • 1); r n •
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Proof. pri 1pr22 ly,;„pi— r1pyr2 r v2.2 • • • tx-,,, A - 1 . Hence
Pi r  I PY r  • • • p rn A l

3 . Main theorems

In this section, we shall obtain main results about an integral
domain which is completely integrally closed an d  satisfies the
ascending chain condition for integral V - id e a ls .

Theorem 1. T he follow ing three conditions are equivalent to
each other :

(1) R  is com pletely  integrally  closed in  K  an d  satisf ies the
ascending chain condition for integral V -ideals.

(2) A ny  ideal A  o f  R  w hich is not quasi-equal to R  satisf ies
a  quasi-equality of  the following type:

A — PrilPP ••• Pr.n

where pi  ( i= 1 , 2 , • • •  , n )  are  prim e ideals o f  h e ig h t 1  in  R  an d
r i  ( i= 1 , 2 , • • •  , n) are non-zero integers, and pi , r i  (i= 1, 2,• • • , n) are
uniquely  determined, up to the order.

( 3 )  A ny  ideal A  of  R  satisfies a quasi-equality of the following
type:

A — PPP 7:22  W ; a n

where pi  (i= 1, 2 , ••• ,n) are prime ideals in R  and r 1 (i=1, 2, • • ,n) are
integers, and  pi , r i  ( i= 1 , 2 , •••  , n )  are  uniquely  determ ined up to
the order and factors which are quasi-equal to R.

Proof. Lemma 9  shows that ( 2 )  follows from ( 1 )  in the case
o f an  integral ideal A .  Let A  be an  ideal not contained in  R.
Then there exists an  element a  of R  such that a A Ç R .  Hence
aA ly;s. and  by Lemma 1 0  a - 1  R ) ) ;.h;v2 h . • • pit h; . Hence
A—pT1Y2

. 2 •• • where pi ( i= 1 , 2 , • ••  , n) are prime ideals of height
1  in R  and r i  ( i= 1, 2 , •••  , n) are non-zero integers. Now we shall
show that pi ,  r i  ( i= 1 , 2 , • • •  , n) are uniquely determined. We sup-
pose that we have another representation A--411: ••• • • •  p ; ,  where
r 'i  ( i =  1 , 2 , • ••  , n) are integers and r'i  ( j=n +1 ,•••  , p )  are non-zero
integers. T h e n  

pT1-
 P ; ; ;  R .  I f  r1. — r, < 0 ,  then
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1);:p Hence ••• • • •  where
pi,  I  pi , (p = 1, 2, ••• , u : v =1 , 2, ••• , y )  and ki >0 , / ; > 0  (i = 1, 2, •••
u ; j  =1 , 2, ••• , v). This contradicts to the uniqueness o f factoriza-
tion o f integral ideals. H ence p1 ,  r i  ( i=  1, 2, ••• , n )  are uniquely
determined. Thus (1 ) implies (2). ( 2 )  implies (3 ) obviously.

N ext, we shall show that the condition (3 ) implies (1). We
assume that there exists an F-ideal f (=1-R )  o f R .  Then

R/f = R ^ 1 ,Yit i PZt 2  • • • W.' m

Hence fR= f — v i 1pr,2•••p;,npii i i p / P • • - p ' „ t n i .  Th is i s  a contradiction.
Since R  has no F-ideal (+ R ) ,  R  is completely integrally closed
(cf. M ori [1 ]). Now, w e assume th a t R  does not satisfy the
ascending chain condition for in tegral V-ideals, then there is an
infinite sequence o f integral V-ideals A O A 1 • • •  . . • .  Let
aE  A ,  and  aR— P7:4 72. 2  ••• 1* ,  r 1 + r 2 + •• •  +r s = m .  B y Lem m a 5
aR  A ,B „ A 1 --112132 , ••• A m -i— A „,B ,n, where B i  (1= 1, 2, • •• , m ) are
integral ideals of R  and not quasi-equal to R .  Hence a12 - -B1B2•••
B,n A,n ,  and A  1 3 1 (i= 1, 2, ••• , m) are quasi-equal to finite products
of prime id ea ls . This contradicts to the uniqueness o f factoriza-
tion. Hence R  satisfies the ascending chain condition for integral
V-ideals. Q.E.D.

Proposition 3. I f  R  is completely  integrally  closed in  K  and
satisf ies the  ascending chain condition for in tegral V -ideals, then
R = r\ R , where p  runs ov er all prim e ideals o f  height 1  in  R.

Proof." Put [\ R =  R . It is clear that R R .  L e t  a G R, then

ceR— vi v 2•2 ••• K n, where pi are prime ideals o f height 1 in R .  We
consider aRp i . Then aRp,—pr,iRpi b y  v ir tu e  o f Lemma 2 .  Since
c e e R, aR p i  i s  an integral ideal of Rpi . Hence r i > 0 .  Therefore
a R  is  an integral ideal of R .  Hence aE R  and R =R .

Lemma 1 1 .  L e t R  be com pletely  integrally  closed in  K  and
satisf y  the ascending chain condition for integral V -ideals, and let
p be a prime ideal of  height 1 in R . T h e n  pR p is a principal ideal of

3 )  We shall prove this proposition by  a  method o f Prof. Nagata.
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, and R p is a principal ideal dom ain . If  0=4= a E R , then there are
only a finite number of prime divisors p of  aR  such that height p= 1.

Proo f. Put R = R ' and p R '= p '.  Then any integral principal
ideal o f R ' is quasi-equal to pir where r is a positive integer. Let

be a  set o f a ll principal ideals contained in and A ' be a
maximal element of L e t  pep' then pR'Ç_A '. Hence p'= A' ,
hence R ' is a principal ideal domain. A prime ideal p of height
1  in R  is a prime divisor of aR  if and only if  p happens to appear
in the factorization a R  2  •  p„rn, as is easily seen by considering
a R p .  Therefore the last half is also proved.

Theorem 2. A n integral domain R  is a  K ru ll rin g  if  an d  only
i f  R  is completely integrally  closed in  K  and satisfies the ascending
chain condition for in tegral V -ideals.

Proo f. A t  first, we assume that R  is completely integrally
closed in K  and satisfies the ascending chain condition for integral
V -id e a ls . Then we see that R  is  a  K rull ring, by Proposition 3
and Lemma 11 (cf. N agata [2], (33. 3)).

Next, we shall assume that R  is  a  K ru ll ring. It is clear
that R  is completely integrally closed in K .  W e assume that R
does not satisfy the ascending chain condition for integral V-ideals.
Let A O A 1 ••• A.J = • • •  be an infinite sequence o f integral V-
ideals in  R .  Let a E A „  and let p„ p„ ••• , p„ be prime ideals of
height 1  which contain a R .  Since Rpi i s  N oetherian, integrally
closed, aRp i = (p i Rpz ) ri  by Lemma 1 1 .  Hence aR = 1.)$ '2 ) r ■  •  •  •

n p ; irn). Let A-1.11. 1* •••  p nrn, r 1 + r 2 + ••• +r —m. T h en

A  Ç aR  C  A , A3 • • •  .

By the same way as the proof o f Theorem 1 , A --B ,B ,••• 13 m A n z ,
where B 1 , B 2 , ••• , B „„ A m  are integral ideals and not quasi-equal to
R .  Hence wi. ipr2.-• •-• B,,,A,, This is  a contradiction by
virtue o f Lemma 6  and Lemma 8. Hence R  satisfies the ascending
chain condition for integral V-ideals. Q.E.D.

At last, we shall show an example of an integral domain which
is integrally closed and satisfies the ascending chain condition for



124 Toshio Nishimura

integral V-ideals, and which is not completely integrally closed.

Exam ple. Let K  be a field and let x, y  be independent vari-
ables over K .  Then the polynomial ring a x ,  y ]  is Noetherian,
integrally closed and unique f actorization ring. Put R =K + x ax ,y ].
Since R IK "; y ]= x f ax , y ], lax ,  y ] is the complete integral closure
of R  in  its quotient field. Hence R  is not completely integrally
closed. Let z  be integral over R  and z R ,  then we can write

z ym  + b,ym - 1  + •••
with bi  E K  (i = 1 , 2 , • , m -1), b„,E  R , and

z"+g -,z 11-1 + • • • + g„=0 , with g i E R . Hence
y '  + hi y"  +  • • • 0  (mod x ), with hi E K

This is  a contradiction. Hence z E R , and R  is integrally closed.
Next, we shall show that R  satisfies the ascending chain condition
fo r integral V -id ea ls . Let A = I f j  be an  integral V-ideal of R
and d(E y ] )  be a m axim al common divisor o f all elements
of A .  Put f x = d f .

a= r _(i) I f  { f }  .Ç R , then A • —1? C R  Let a E A - ',  then
d d  f i

= r x , where r E K [x, y ], r i  E R .  Hence r f  E R  and r E R .  Hence

A - 1  = —

R  
. Therefore A = dR.

d
(ii) If i f  1 R , then A• x l ( I x ' -v ]  C R .  Let a E A - ' ,  then a= 21 =

d — d
r i _ rx

 where r  E  lax , y ], r i  E  R. Hence r f  E  R  and

r E x a x ,  y ] .  Hence A-1— 
x K [ x ,  y ]

 Therefore A =dx - 1 (R1 y])
d

= d a x ,  y].
Hence there exists a  correspondence between A  and d a x ,  y ].
Since a x ,  y ]  is  Noetherian, R  satisfies the ascending chain con-
dition for integral V-ideals.

Remark. Moreover, this example shows that the following two
conditions are not equivalent to each other :

(1) An integral domain R  satisfies the ascending chain con-
dition for integral V-ideals.
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(2 )  Every integral V-ideal of R  is a  finite R-module.

Kyoto Gakugei University
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