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Introduction

Throughout this paper, let R be an integral domain, i.e., a com-
mutative ring with an identity and having no proper zero-divisors,
and let K be the field of quotients of R. By an R-module, we
shall mean in this paper an R-module contained in K. Let A and
B be R-modules, then the set of all elements x in K such that xb
is in A for every element b of B is denoted by A/B. In the special
case that A=R, R/B is often denoted by B~', and we write (B™")"
by B~" for brevity. By an ideal of K, we mean a non-zero
fractional ideal of R. If ACR, then we say that A is an integral
ideal of R. If (A-")'=A, then we say that A is a V-ideal of R.
If (A")"'=A and AA'=A, then we say that A is an F-ideal of
R. 1t is known (cf. Mori [1]) that an F-ideal is an integral ideal
and is characterized by the properties that (1) A~' is a ring con-
taining R and (2) A is a V-ideal. If A~'=B"', then we say that
A is gquasi-equal to B and write A~B.

In this paper we shall prove the following theorem.

Theorem. The following three conditions are equivalent to each
other :
(1) Any ideal A of R satisfies a quasi-equality of the following
type :
A~ Pipie e P,
where p; 1=1, 2, -+ ,n) are prime ideals in R and r; =1, 2, -+ ,n)
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are integers, and p;, v; (i=1,2, -+ ,n) are uniquely determined up
to the order and factors which are quasi-equal to R.

(2) R is completely integrally closed in K and satisfies the
ascending chain condition for integral V-ideals.

3B) R is a Krull ring®.

A result of this kind was stated in Krull’s “Idealtheorie”
(Ergeb. der Math. 4 No. 3, Julius Springer, Berlin, 1935), p. 119,
without proof. The assertion is that the condition (3) is equivalent
to a little stronger condition than (1), i.e., the condition (1) with
additional assumption that all p; are of height 1.

As is well known, for a Noetherian integral domain, integrally
closedness implies completely integrally closedness. Therefore one
may ask a question if the condition of completely integrally
closedness may be replaced by the integrally closedness in (2)
because of the presence of the maximum condition for integral
V-ideals. Unfortunately, the answer of this question is negative,
and we shall show it by an example at the end of this paper.

The auther wishes to express his sincere thanks to Prof.
Y. Mori and Prof. M. Nagata for their valuable advices and
encouragement.

1. Ascending chain condition

In this section we shall obtain some results about an integral
domain which satisfies the ascending chain condition for integral
V-ideals.

Lemma 1. The following two conditions for the integral domain
R are equivalent to each other :

(1) The ascending chain condition, for integral V-ideals, holds
in R.

(2) For every ideal A of R, there exists an ideal B such that
(i) A2B, (ii) A~B and (iii) B is a finite R-module.

Proof. At first, we shall assume that the condition (1) holds,

1) We shall follow the definition of Nagata [2]; A Krull ring is an “endliche
diskrete Hauptordnung” in the sense of Krull.
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and let A be a given ideal. Denote by &= {B,} the set of all
finitely generated ideals B, contained in A. Since every Bjx' is a
V-ideal and contains A~!, there is a minimal member, say B;'
(B,,€ ©), of the set {B5'} (cf. Nishimura [4]). If B,;'=2A"", then
there exists an element & of A which is not contained (B,')™".
Put B,,+bR=B’, then B(ZA) is a finite R-module and B '&B;;
This is a contradiction. Hence B,'=A"", and the condition (2) is
satisfied.
Next, we shall assume that the condition (2) holds. Let

ACAC - CA,C -

be a sequence of integral V-ideals of R, and set A=\/A;. Then

there exists a finitely generated ideal B such that A2 B and A~B.
Let B=bR+b,R+---+b,R, and b;€ A,,. Put m=max (n,, n,, ==+, 1),
then BC A,,. Since A,, is a V-ideal and B~A, we have ACA,,.
Hence A,,=A,,.,=---, and the condition (1) is satisfied.

We shall assume throughout hereafter in this section that the
ascending chain condition, for integral V-ideals, holds in the inte-
gral domain R. Let S be a non-empty subset of R which does
not contain zero and which is closed under multiplication. And
let R’=Rs be the ring of quotients of R with respect to S.

Lemma 2. Let A be an ideal of R and set R/A= B, then
K'/AR’'=BR’.

Proof. There exists a finitely generated ideal C such that
CE A and C~A. Hence BR'="R’'/CR'"2R’'/AR’2BR’. Therefore
R’'/AR’'=BR’.

Proposition 1. If A is a V-ideal of R, then AR’ is a V-
ideal of R’.

Proof. Put R/A=B, then AR’=R’/BR’ by Lemma 2. Hence
AR’ is a V-ideal of R’.

Corollary. If fis an F-ideal of R, then {R’ is an F-ideal of R'.

2) Cf. Lemma 7 of Nishimura [3] and Nagata [2], (18. 2), (2).
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Proof. Put R/f=R, RR'(2R’) is a ring and {R’=R’/RR".
Hence fR’ is an F-ideal of R’.

Proposition 2. If A" is a V-ideal of R’, then there exists a
V-ideal A of R such that A’=AR’; if, in this case, A’ is an integral
ideal of R’, then we can choose A to be A’ R.

Proof. At first, we shall assume that A/ R’. Put AnR=A
and R/A=B. Then BR’ is a V-ideal of R’ and R’/A’=R’/AR’
=BR’. Let RIB=C2A. Then CR'=R’/BR'=A’"= AR’. Since
AR'NnR=A, CC_A. Hence C=A4, and A is a V-ideal of R. Next,
we shall assume that A’CR’. Since A’ is a V-ideal of R’, there
exists an element @ of K such that « A’C R’. On the other hand,
aA’ is a V-ideal of R’ (cf. Nishimura [4]). Hence there exists
a V-ideal A of R such that « A’=AR’. Therefore A’=a'AR’, and
a A is also a V-ideal of R.

Corollary. If |’ is an I-ideal of R’, then there exists an F-
ideal T of R such that {'={R’.

Proof. Put fnR={ and R/f=A. Then f is a V-ideal of R
and {'=fR’, fA2f. And f{R’-AR'={AR’=f. Hence fACT, and
f is an F-ideal of R.

Lemma 3. If p is a prime ideal of height 1 in R, then p is
a V-ideal of R.

Proof. Applying Proposition 2, Ry satisfies the ascending chain
condition for integral V-ideals. Hence the set of all integral V-
ideals (#=FRy) of Ry has a maximal element. Since a maximal
integral V-ideal (-=Rp) is a prime ideal, pRy is a V-ideal of Rp.
Hence p is a V-ideal of R by Proposition 2.

2. Completely integrally closed domains

In this section we shall state about a completely integrally
closed domain. The following lemmas 4~9 are known (cf. Suetsuna
[5]), but we recall them for the reader’s convenience.

Lemma 4. The integral domain R is completely integrally closed
in K if and only if AA'~R for any ideal A of R.
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Proof. At first, we assume that R is completely integrally
closed, and let A be a given ideal. If « is an element of A/A,
then a”AC A (n=1, 2, ---). Hence « is almost integral over R, and
A/A=R. Hence R/AA'=A"'/A'=R. Next, we assume that
AA'~R for any ideal A of R,then A/AC R/AA'=R and therefore
A/A=R. If « is almost integral over R, let R[a]=B be a ring
of polynomials in @ with coefficients in R, then «BCB. Hence
aeB/B, and a€ R. Hence R is completely integrally closed in K.

We shall assume throughout hereafter in this section that R
is completely integrally closed in K.

Lemma 5. Let A and B be integral ideals of R, then (A™')™}
(B if and only if there exists an integral ideal C such that
A~BC.

Proof. If (A™)'& (B '), then we can put AB~'=C. Next,
if A~BC, then B-"'A~B'BC~C. Hence AB~'is an integral ideal
of R, and (A& (B

Remark. If (A7)"'S(B")}, then C is not quasi-equal to R.

Lemma 6. Let p be a prime ideal of R, and let A and B be
integral ideals of R. If p~AB then the one of A, B is quasi-equal
to p and the other is quasi-equal to R.

Proof. If p~R, then this lemma is obvious. We shall assume
that p is not quasi-equal to K. Then there are integral ideals
C,, C, such that C, p=C,AB, C,~R, C,~R. Since C,Lp, ABTDp.
If ACp, then (A7) 'S (P By Lemma 5 (A ) '2(p ).
Hence A~p.

Lemma 7. [f the height of a prime ideal v in R is greater
than 1, then p~R.

Proof. Let »’ be a prime ideal contained in p. Then there
exists an integral ideal C such that p’~Cp. Hence p’'~p or p~R.
Since a prime ideal which is not quasi-equal to R is a V-ideal of
R, p~R.

Lemma 8. Let A,, A,,-- ,A,, B, B,, -+, B, be integral ideals
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of R. If AA,- A, ~B\B, -+ B,, then there are integral ideals A,,,
B;, such that

A;i~AnA;, - Ay, Bi~B,Bj, - B,, (i=1,2,-,7; j=1,2,--+,5)
and such that I1A,,=11B,,.

Proof. We prove the assertion by induction on ». If r=1,
the assertion is trivial. We shall assume that =2, and put
A +B,=C,, then A,~C,A], B~CB{, and Aj+B,~R. Put A{+B,
=C,, then A{~C,A{’, B,~C,B%, and A} +B}~R.---Put A{" Y +B,=C;,
then A¢¥~Y~C,A{", B,~C.B,, and A{"+B,~R. Hence C,C,
CA"A, -+ A,~CBIC,B; --- C.B;, and A{"+B/Bj--- Bi~R. Since
AR+ A, -+ A,)~R, A{’~R. Therefore A, --- A,~B{B}% -+ Bj.

Lemma 9. [If R satisfies the ascending chain condition for
integral V-ideals, then any integral ideal A in R which is not quasi-
equal to R satisfies a quasi-equality of the following type :

A~Pipse oo Pra,

where p; (1=1,2, - ,n) are prime ideals of height 1 in R and r;
(1=1,2,-,n) are positive integers, and p;, r; i=1,2, - ,n) are
uniquely determined up to the order.

Proof. The height of a prime ideal which is not quasi-equal
to R is 1 by Lemma 7. We shall assume that A is not quasi-
equal to any finite products of prime ideals which are not quasi-
equal to R. Then there is an integral ideal A, which is not quasi-
equal to R such that (A™)'S(ArY)"'. Hence A~ AA; where
(A7) '=2(A™)" and Aj is not quasi-equal to R. Hence either A,
or Aj is not quasi-equal to any finite products of prime ideals
which are not quasi-equal to K. Thus we get an infinite sequence
of integral V-ideals

AN SAY)TTSEAN) T E
This is a contradiction. The uniqueness of prime ideals follows

from Lemma 8.

Lemma 10. Let A be an ideal of R. If A~pipye .- pin, then
A ~pT g2 e T,
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Proof. pjpse -+ Poapi ipz’2 oo P7n ~R~ppiz - pin A~". Hence
PI7pze e T~ AT

3. Main theorems

In this section, we shall obtain main results about an integral
domain which is completely integrally closed and satisfies the
ascending chain condition for integral V-ideals.

Theorem 1. The following three conditions are equivalent to
each other :

(1) R is completely integrally closed in K and satisfies the
ascending chain condition for integral V-ideals.

(2) Any ideal A of R which is not quasi-equal to R satisfies
a quasi-equality of the following type :

A~pUpg - P,

where p; (i=1,2,---,n) are prime ideals of height 1 in R and
r; (=1, 2, ,n) are non-zero integers, and v;, r; ({1=1, 2,:-- ,n) are
uniquely determined, up to the order.
(3) Amny ideal A of R satisfies a quasi-equality of the following
type:
A~pirpge - pin

where p; (i=1, 2,---,n) are prime ideals in R and r;(i=1,2,---,n) are
integers, and Y;, v; (1=1,2,---,n) are uniquely determined up to
the order and factors which are quasi-equal to R.

Proof. Lemma 9 shows that (2) follows from (1) in the case
of an integral ideal A. Let A be an ideal not contained in R.
Then there exists an element @ of R such that aAC R. Hence
aA~phph .. pts and by Lemma 10 @ 'R ~pjMps# ... pi#. Hence
A~plipse .. pin where p; (=1, 2, --- , n) are prime ideals of height
1lin R and »; (=1, 2, ---, n) are non-zero integers. Now we shall
show that p;, »; ({=1, 2, --- ,n) are uniquely determined. We sup-
pose that we have another representation A~pfi -+ p7» - pZ5, where
ri ({=1,2, .- ,n) are integers and r} (j=n+1,.--,p) are non-zero
integers. Then P "1psr"z o pin-"n o pZs~R. If #,—#,<0, then
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PI2"2 ee PITn e Plh ~ DT, Hence p’:i e phe~ pj: pj; where
P s, (B=1,2, - u: v=1,2,--,0) and k>0, ;>0 (i=1,2, -
u; j=1,2,-,v). This contradicts to the uniqueness of factoriza-
tion of integral ideals. Hence y;, »; (=1, 2, ---, n) are uniquely
determined. Thus (1) implies (2). (2) implies (3) obviously.

Next, we shall show that the condition (3) implies (1). We
assume that there exists an F-ideal f (3=R) of K. Then

f~pippe - pin, R/f = R~p'1‘1p§‘2 antm .

Hence fR=f~pipse -+ piapips’® - pr,'™. This is a contradiction.
Since R has no F-ideal (s=R), R is completely integrally closed
(cf. Mori [1]). Now, we assume that R does not satisfy the
ascending chain condition for integral V-ideals, then there is an
infinite sequence of integral V-ideals A& A, & --- &£ A4,5 . Let
a€ A, and aR~pypyz - pis, v, +7v,+ -~ +7,=m. By Lemma 5
aR~AB,, A,~AB,, A, ,~A,B,, where B; (i=1, 2, .-+ ,m) are
integral ideals of KR and not quasi-equal to R. Hence aR~B,B, -+
B,A,, and A,,, B; (=1, 2, --- , m) are quasi-equal to finite products
of prime ideals. This contradicts to the uniqueness of factoriza-
tion. Hence R satisfies the ascending chain condition for integral
V-ideals. Q.E.D.

Proposition 3. If R is completely integrally closed in K and
satisfies the ascending chain condition for integral V-ideals, then
R=/\Ry where p runs over all prime ideals of height 1 in R.

P

Proof.> Put N\Ry=R. It is clear that RO R. Let ac R, then
»

QR~pTiphe -+« Phn, wWhere p; are prime ideals of height 1 in K. We
consider aRp,. Then aRp,~yiiRy, by virtue of Lemma 2. Since
ae R, aRp, is an integral ideal of Ry,. Hence 7;,=0. Therefore
aR is an integral ideal of R. Hence a € R and R=R.

Lemma 11. Let R be completely integrally closed in K and
satisfy the ascending chain condition for integral V-ideals, and let
p be a prime ideal of height 1 in R. Then YRy is a principal ideal of

3) We shall prove this proposition by a method of Prof. Nagata.
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Ry, and Ry is a principal ideal domain. If 0==a € R, then there are
only a finite number of prime divisors p of aR such that height p=1.

Proof. Put Rpy=R’ and pR’=yp’. Then any integral principal
ideal of R’ is quasi-equal to p”” where 7 is a positive integer. Let
© be a set of all principal ideals contained in )/, and A’ be a
maximal element of &. Let p€yp’ then pR’'CA’. Hence p'=A4/,
hence R’ is a principal ideal domain. A prime ideal p of height
1 in R is a prime divisor of aR if and only if p happens to appear
in the factorization aR~p71p32 --- pis, as is easily seen by considering
aRy. Therefore the last half is also proved.

Theorem 2. An integral domain R is a Krull ring if and only
if R is completely integrally closed in K and satisfies the ascending
chain condition for integral V-ideals.

Proof. At first, we assume that R is completely integrally
closed in K and satisfies the ascending chain condition for integral
V-ideals. Then we see that R is a Krull ring, by Proposition 3
and Lemma 11 (cf. Nagata [2], (33. 3)).

Next, we shall assume that R is a Krull ring. It is clear
that R is completely integrally closed in K. We assume that R
does not satisfy the ascending chain condition for integral V-ideals.
Let A& A,& - & A;& -+ be an infinite sequence of integral V-
ideals in R. Let a€ A,, and let p,, p,, ---,p, be prime ideals of
height 1 which contain aR. Since Ry, is Noetherian, integrally
closed, aRyp, = (p;Ryp,)"s by Lemma 11. Hence aR=p{> npi2>n ...
NyY». Let A=phphe e pln, #,+7,+ .-+ +7,=m. Then

A;aR;AogAlg"'gAfg: Tt

By the same way as the proof of Theorem 1, A~B/B, - B,,A,,,
where B,, B,, -, B,,, A,, are integral ideals and not quasi-equal to
R. Hence piwpy - pin~BB, - B,,A,,. This is a contradiction by
virtue of Lemma 6 and Lemma 8. Hence R satisfies the ascending
chain condition for integral V-ideals. Q.E.D.

At last, we shall show an example of an integral domain which
is integrally closed and satisfies the ascending chain condition for
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integral V-ideals, and which is not completely integrally closed.

Example. Let K be a field and let x, v be independent vari-
ables over K. Then the polynomial ring K[x, y] is Noetherian,
integrally closed and unique factorization ring. Put R=K+xK[x,y].
Since R/K[x, y]=xK[x, y], K[x, y] is the complete integral closure
of R in its quotient field. Hence R is not completely integrally
closed. Let z be integral over R and z¢ R, then we can write

2=y"+by" '+ - +b,,.,y+b,,

with ;e K (i = 1,2, ,m—1), b,€ R, and
2"+g. 2+ - +g4,=0, with g;€ R. Hence
Y +h Y™ 4 e +h,,=0 (mod x), with ;€ K.

This is a contradiction. Hence z€ R, and R is integrally closed.
Next, we shall show that R satisfies the ascending chain condition
for integral V-ideals. Let A= {f,} be an integral V-ideal of R
and d(€ K[x,y]) be a maximal common divisor of all elements
of A. Put f,=df;.

(i) If {f{} R, then A-%QR. Let @€ A", then a=%=%=
_"

A where 7€ K[x,y],7;€¢ R. Hence 7f;€ R and r€ R. Hence
A

A“:%. Therefore A=dR.

Gi) If {f} CR, then A-’i[dx’—y]_g_k. Let a€ A, then a= 2=

%——— =%, where 7 € K[x,y],7; € R. Hence 7f; € R and
1 A

r€ xK[x,y]. Hence A~ =’LK%. Therefore A—dx-(R/K[x, y])
=dK|[x, y].
Hence there exists a correspondence between A and dK[x, y].

Since K[x,y] is Noetherian, R satisfies the ascending chain con-
dition for integral V-ideals.

Remark. Moreover, this example shows that the following two
conditions are not equivalent to each other :

(1) An integral domain R satisfies the ascending chain con-
dition for integral V-ideals.
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(1]
[2]
£3]
L4]
Ls]

(2) Every integral V-ideal of R is a finite R-module.

Kyoto Gakugei University
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