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1. Let p > 5  b e  a prime number and let £2 b e  the set of
symbols 1, •••, p .  L e t  6  be a nonsolvable transitive permutation
group on 12. Let p 0 (65) be the number of irreducible characters of
6  whose degrees are divisible by p .  It seems to be little known
about the number p 0 (( ). In (9) it is shown that P0( ( ) > 0 .  T h ere
exist a few groups with p,,,(N  =1 ; namely, L F2 (1) as a permutation
group o f degree 1 (1=5, 7, 1 1 ), where LF2(1) denotes th e linear
fractional group over the field of 1  elements ((2), p. 286). In the
present note, under the special condition th a t i(p —  1) = q  is also
a prime, w e show th at the converse of this fact holds ; namely,
we prove the following

Theorem . L e t  q = (p  -1) b e  a lso  a p rim e . I f  p,1(6 )= 1 , then
p=5, 7, 11 and 63 is  is om o rp h ic  to  LF2(P).

2. Throughout this section w e assume that q = i (p -1 ) i s  a
prime. Then in (6 ), (7 ) and (8) we studied the structure of 6 to
som e extent. In particular, we proved that such a  group 03 is
trip ly transitive on £2 w ith the exception of LF, (7) and LF, (11).
Now let us consider two irreducible characters X ,(X )=i (a (X )-1 )
(a(X )-2)--,8(X ) and X „(X )--- a(X )(a(X )—  3) +0 (X )  o f th e sym-
metric group on 12, where a(X ) and 18(x) respectively denote the
the numbers of fixed symbols and the transpositions in the cycle
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structure of X ((3)). Then using the above mentioned triple transi-
tivity o f 6  for p >1 1  we obtain the following

L e m m a . Let us assnme that p > 1 1 .  Then X ,̀,' restricted on 6
is irreducible, and the decomposition o f X o „ restricted on 6  into its
irreducible parts has the follow ing form :

X0 0 =  (D, C) 1 ,

where (D, C) 1 ( i= 1  , . ,  ) has degree rp w ith rs=q-1.
T h e proof is sim ilar to those o f  Lemmas 5-10  in  (7). A

detailed proof will appear elsewhere (Transitive permutation groups
o f degree p=2q+1, p  and q being prime numbers, III).
Now by a theorem of Frobenius ((4)) is quadruply transitive on
12 if and only i f  s=1.

P ro o f of T h e o r e m . Surely we can assume that p >1 1 .  Be-
cause of p0 (6) =1, we can assume, by Lemma, that 6  is quadruply
transitive on 12. Therefore X0 0 restricted on 63 is irreducible.

If the order of 6  is divisible by q2 , then 6  contains a q-cycle.
Thus by a theorem of Jordan ((10), 13.9) 06 contains the alternating
group on a. S ince p>11, 6 is  sextuply transitive on 12. Then
using a theorem of Frobenius ((4)) we obtain that p0 (6) > 3 , which
contradicts our assumption p 0 ( ) =1. H en ce  q  divides the order
o f  6  only to the first power. Let 5a be a Sylow q-subgroup of
03 and let Q be a generator o f  C .  Then we have that a(Q)=1.
Let NsQ denote the normalizer of 2 , in 6.

I f  06 contains a class T o f conjugate involutions J  such that
NsC,r\E is empty, then we obtain the equation

(B) 0  X(J)2X(Q)/X(1),

where X  runs over all the irreducible characters of ((1), (21)).
F o r X = X „  w e  have that X(J) 2X(Q)/X(1)= —  a(T)(atn — 3 ) +
ie(J)} 2 1ip(p-3)= — fa(J)(a(J)— 4) +p}212p(p- 3), because of a( J)+
2g(j)-----p. Since a (J ) is odd and smaller than p , a(J)(a(J)-4)
is not divisible by p .  On the other hand, by our assumption X(1)
for X + X„„ is prime to p .  Then (B) shows a contradiction. Hence
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for e a c h  c la s s  l o f  conjugate involutions of w e  have that
N sZ r\E  is  n o t em p ty . In particular, w e have that a (J )=3  for
every involution J of M.

L e t 9:11 b e  the m axim al subgroup o f  0 ,  which leaves the
symbols 1, 2, 3 and 4 individually fixed. Then the order of T1 is
odd. H ence by a  theorem of M . Hall ((5)) p  is sm aller than or
equal to 11. This is  a contradiction.
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