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This paper is a continuation of the calculation of the homotopy
groups of spheres in [3]. Denote by S" the unit #n-sphere in
euclidean (n+1)-space and by =,/(S”*) the r-th homotopy groups of
S”, then 7,4+,(S™) can be calculated and our results are stated as
follows.

Theorem.

(S =2 Z,,,DZ,,

7(S°) = Z,DZ,,

.S =Z,DZ,DZ, DL, DL, DZ,,
7S = ZDZ, D Z,,

7(S%) = Zye D Z,

(ST) = Z,,,

7(S*) = Z,, D Z,,

7w(S°) = Z,,,

7o(S™) = Z;,, D Z,,,

7o(S") = 2D Z, D Z,,

7S =2, PZ,DPZ,PZ,PZ,DZ,,
7S =2, DZ,DZ,DZ,,

7(S™) = Z,, D Z,, ,

(S = Z,,,

7(S) = Z,,

7S = Z,,,

7Ww(S™) = Z,,DZ,;,

wso(S”) = Zp B Z,
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7 (S*) =2, DL, DZ,,
7 (S") = Z,DZ,,

7 (S*) = Z,,,

G, =Z,.

More explicit results, for example, generators of 2-primary
components are stated in (i) of § XVI. The definitions and the
notations of [3] are carried over to the present work and we quote
from [3] without any reference. As the continuation of [3], we
give the number XV for the first paragraph of this paper which
follows from the last chapter XIV of [3]. We shall use the nota-
tion #(X, Y) in place of the notation (X—Y) in [3].

In § XV we examine a generator «, of =,.,(S™ and calculate
some secondary compositions. We show the existence of essential
elements © in 7,(S°) and %, in i2(S™) for n>7 in the same
section.

The 2-primary components of =,.,(S”), which we denote by
.90 according to [3], are calculated in (i) of XVI mainly by
means of the following exact sequence :

L) a4+l 2n+1 [} E 7+ 1
T W TP W1 TP T4 7T i1 > 7T

)

where E is a suspension homomorphism and. H is a generalized
Hopf homomorphism. To complete the calculation of =,.,,(S*) we
compute the odd primary components of 7z,.,(S”) in (ii) of § XVI.

§XV. Some elements of =, ,(S™).
In chapter X of [3], we have given elements

t,=E""x, n=>7), &,=E"% (n=3),

which have the following properties :

(15.1) 210, == p,ovig mod 4(c”0c,,) .

(15.2) {6, 20y, v11}s  comsists of the single element E,.

(15. 3) Naokpis = &, for n>6 and
Kpn®MNpt14 — g” for }12 9.

(15' 4) 77121°’Cn-4-2 = fcn“ﬁ.m =0 Jfor n_.>_9 .
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The relation (15.1) follows from Lemma 10.1, (10.7) and
Lemma 5.14. By (4.7) and Theorem 10.5, {§;,2¢,,v%}sC nls=
{€&}=Z,. But the proof of Lemma 10. 2 shows that HH{&,, 2:,,, v},
=v3==0. Thus {§,, 2:,,, ¥}1}.=0 and (15. 2) follows. (15.3) is (10. 23).
(15.4) follows from Lemma 12.10, the relation A(v};)=v,00,0v}

A
of page 142 and from the exactness of 3] — =%, 35 0.
It follows from (15.1) that

(15. 1) 2, = Dovis  or

2("7 +2°-/°0-14) = D7°”"125 .
Remark that the next relation holds :
(15. 3y K,0m, = 0700, +&, .

Now we change the definition of «,. We replace «, by x,+ 20”00,
in the second case of (15.1). Then we have

(15.5) 21, = provis and
26, = 2u,06, =0  for n>10,

The second part of the above relation follows from (15.1) and that

g,00,.,=0 for n=>10 (¢f. (7. 22)). It is easily checked that the

relations (15. 3) and (15. 4) still hold for new «, and «,=E" '«,, n>7.
We shall prove the following lemmas.

Lemma 15.1. For n>9, we have
{as M 119%n12s Llyiieh nos == V06014
mod 27,1 ,,(S™) + 7,0 E" 28y + {040 My 1100 1 10+ 0,07, 108, 1}
where 27,1 (S™)=0 if n==14 (n>9),

"7n°E”_57532+ {?7”0#”,;100'”4,10—l—O'”C’I]”,,70/1',,_,,8}
= {77”0/1'"4_100'”_“0} if nZ 10.
Lemma 15.2. For n>12, we have
{7]': ’ 2”n+1’ ’Cn+l}n—9 = O mOd 7In°Pp+1 «

Proof of Lemma 15.1. Let n be sufficiently large such that



40 Mamoru Mimura diid Hirosi Toda

the homotopy groups in the following discussions are stable. (e.g.,
n>19.) The secondary composition {v2, 2:,.,, vZ,s} is defined and
it is a subset of #l,135. Since =h,13=0 for #>15 (Theorem 7.7),
{2, 2ty vl =0. We have also {20, 5, 264} =5Zon,0, =0 by
Corollary 3.7 and (5.9).

Let acell complex K=S"uve™" has the characteristic class v?
of ¢"*". By Proposition 1.7, there exists an extension Ext(2:,)€
z(K,S™) of 2:, and a coextension Coext (2t,,) € 7,..,(K) of 2¢,,,, such
that Ext(2,)oCoext(2¢,,,)=0. By Proposition 1. 8, Coext(2:,.,,)ov2,,
€ ¥ {2, 20,46, Y26} =0 where 7 is the injection of S” into K. Thus
the following secondary composition is defined.

{Ext (2¢,), Coext (2t,14), Yiir} Cmps1i(S™)
Consider the composition with #,_,, then

Nn-1° {EXt (21’n)’ Coext (2[’n+6); ”rzu-'l}

C Ana-10Ext (20,), Coext (214), Vii} by Proposition 1.2
C AL M1 204, ¥i}, Coext (2016), Vi1 1} by Proposition 1.9
= {D*(Ep-1+ {94-1°0,}), Coext (2¢,14), Yasa} by (6.1)
CA€u-1+ {nm-1004} 5 pxCoext (2e,4), Vii 1} by Proposition 1.2
C{En1s 2tpis, Yraat + {0-1900, 20514, Visa} by (1.18),
where p: K—S"'" is a mapping which shrinks S” to a point. Here
we have
{nis 20010, Viaa} DE" (= 1)"{&,, 20, vhi} by Proposition 1.3
SE™((—1)¢) =¢,., by definitions,
{72-19005 20517, Viit} = {00 1%nser 2bn12, Via}
D0, 10 {Mutes 2tuiss Vart} by Proposition 1.2
20,.,°C, 4 by (7.1)
=0 by Lemma 10.7.

These secondary compositions are cosets of sums of 7,_,00,07271, =
7 —1 2 3
7N1—-1°95° {o-n+7} y Eporompiia =6, 0 {o-n+7} and 7z goviis = {Vn—l» Py

7.-1°€,} o¥3, s, Which are zeros by the relations (14.1):

2 _ 3 2 — 2 .
Nn-1°0n = 0’ En—loo-n-w = 0, Vi—19Y548 = 0’ Hopy_10¥prg = 0

and 7]”_106”01)12”8 =0.
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Therefore we obtain
Nn-1° {EXt (2";«)» Coext (21:”‘, e)> V123+7} = én—l = Np-1%Kp -

As the kernel of (7,_)x: mp1(S™) = 7,:,(S"") is generated by o2,
so «, or «,-+ o’ belongs to {Ext(2:,), Coext (2¢,,,), ¥2.7}. Since
okov,,.,=0 by (7.20), we have

KoY sy € {EXt (2%)’ Coext (2”;.«—1—6); Vi, ‘l} OV

C {Ext (2¢,), Coext (2¢,.4), ¥3, 4} by Proposition 1.2
= {Ext (2t,), Coext (2t,14), Pps1°Mpns1s} by Lemma 6.
C {Ext (2¢,), Coext (2t,.6)°%p 115 Nuiist by Proposition 1.2

— {Ext (20,), —COEXt (2116)°Psry s} - |
Here —Coext (2:,.4)00,4, = i*{v}, 2t,46, pret by Proposition 1.8
= i,E, cf. page 111
= 14 (14°%pr1) by (15.3).
Therefore

KpOVy i1, € {EXt (21’11)7 i*(7]nolcn+1)) 77n+15}
O {I*Ext (2¢,,), 7, n 11> Dirst by Proposition 1.2

= {Zl'n’ 77n°’cn+1)7/n+15} ’

where 7, and ¢* are induced by the injection 7. The composition
{200y 14K p11s Nurst 1S @ coset of 2m,.,,(S™) +721697,41, Where
27,1:(S™y=0 by the fact that =,.,(S”) does not have the odd
primary components and the 2-primary component of it is
Z,PZ,BPZ,DZ, and 711607 5416 = (1N 0s16» ’7n°/l’n+1°°_n+1o}- {Ext (2:,),
L (M40%y41)s Mas1sy 1S @ coset of 7, 0m, 6 +EXt (20,)0m,,,(K). When
n is sufficiently large, the elements of =,.,,(K) are considered as
the coextensions of elements of z,.,(S™). So Ext(2:,)omr, . (K)
is the set of all Ext (2:,)oCoext (8), where B€ =, (S")=Z, and
36=0 or 3B=19,.6°M1q-

By Proposition 1.7,

Ext(2:,)oCoext (8) = {2, 2, B} by Proposition 1.7
= {2,, 3v;, B}
> {2, vi, 38} by Proposition 1.2

= {21’717 yrzn 0} or {Zl’rn V?n 77n+6°lu’n+1})
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where {2¢,, v%, 0} =0 by 27,.,(5")=0 and

{2%’ y;zn N n+6° n+7} P {21:,,, vvzn "7n+6}°/’bn+8

DE,0M, .4 by (6.1) and (3.9)
= (ﬁn+o-n°7]n+7)°/‘bn+5 by Lemma 6'4
= 0,97, 479 Mpiy by Theorem 14. 1.

Therefore

EXt (20”)0C06Xt (13) C 27[n+17(S n) + 7Z”+7<S ”) OB_I_ {o-n°7/n+7°'u'n+s}
= {o‘nonwlﬂol'bnﬂi}

n
C 7rn+16077n+15 .

Thus {EXt (21’;‘)’ i*("’nolcn-l—l)’ 77n+15} and {21'71, N1 Knt1s 77n+15} are the
same coset of the subgroup =%,,°%,., Of =%.,. Whence, for a
sufficiently large #,

VyOlpyyy = KuyOVyyyy € {Zl’n’ Nn®Kpi1s '7/n+15}

= {7]” » Mat1°Kni2s 2l’n+16} by (3° 9)'

Now the lemma follows from the fact that the odd primary
components of =,,.,(S”) are zero for n>9, n==14 and that the
kernel of E"°: z3s— =}, is generated by oyo9,0 8, +n,0 00, (Cf.
Theorem 12.7, 12.17 and Ch. XIV). q.e.d.

Proof of Lemma 15.2. Consider the secondary composition
{Mz> 2ty3, .}, C r3s which can be defined since the order of #,, and
x, are 2. This composition is a coset of the subgroup

7,0 E*m3e +mitor, = {9,0E%0, 171,001,900, 71,0C.,, 7i20k,},
where #,,0E*'p" = 5,,02p,; = 2(9,,0p5) = 0 by Lemma 10.9
7129013905 = 0 by (10.18)
and  79,,06; = o, =0 by (15.3) and (15. 4).

So it consists of a single element. As =33 is generated by o0,

SO {"712) 2”13, ’Cls}a = a(a‘lzo[lxlg) where a = 0,1
= a(7,,°P1,) by Proposition 12. 20.

Therefore, if n>12,

{"/n s Lbpirs ’Cn+1} n-9 2 E"* {"712 y 203, ’613} 3D En_lz(a"hzopm) = a("?nopnﬂ) .
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This concludes the lemma. q.e.d.
Lemma 15.3. There exists an element @ of m,(S®) such that
2% = vior,, and 4z’ =0.

Proof. By the relation v,07,=0 (cf. (5.9)) and (15.4), we can
define a secondary composition {v, 7,, 7,,0%,}, from which we
choose an element #'.

2% = ko2, € {“e’ 7g» "7100"11} 025
= — 9,0 {9y, MKy s 2ty5} by Proposition 1. 4.

On the other hand, by Lemma 15.1 for »=9, we have

— 2
Ygo {"/9’ 7110°%115 2”25}4 = V0K,

mod l’s"’"79°E47t'-§2 + {”607790#'1000'19 + x’ts°°_9°"71s°lu'17}'v ’

where veomy = 0 by (5.9) and
V500,407,600 by, = Veo&yo fb, (see page 152)
= 2(Pgovy )0ty by (7.18)
-0.
That is,

2 _
VEOK, = Vg© {779: 710°%115 2"25}4

Cveo {"79» 710°K11 5 2"25} = - {Vs» Ury "/mo’cn} 02"26-

The last composition is a coset of

”e°”26(sg)°2"zs = UGOZ”%(SQ) =0, since ”26(89) = Zz@Zz@ZzGBZZ .
Therefore K = —vor,, = Viok,,.

This implies that 4«’=2v%ok,,=0. q.e.d.

Consider a cell-complex L=S"ue' where ¢' is attached to S*°
by a mapping of degree 2. Apply Proposition 1.7 to Lemma 15. 2,
then we have an extension Ext(y,,) € (L, S**) of 3,, and a coexten-
sion Coext (x,,) € (L) of «,,, such that Ext (%,,)oCoext («,,) =0. By
Proposition 1.9, Proposition 5.9 and Theorem 13.4,

vooExt (n,,) € (Esp)* {”9: 125 2"13}9
C(E°p)*x,(S°) =0,
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where p: S*ue*—S® is a mapping which shrinks S* to a point.
Therefore we can define a secondary composition {v,, Ext (7,,),
Coext (x,,)}. We choose an element z, from this. Then we have

2r, € {uey Ext (”12)) Coext ("13)} 02’/29
C {vs, Ext (n,,), Coext (i,;)02e,.} by Proposition 1.2
C {¥s, ExXt (9,), —141{2¢y, #43, 205}, by Proposition 1.8.

As E" ! 73— 77, s is an isomorphism onto and {2:,, «,,, 2t,11.}»-10
contains an element «,07,,,,=7,0x,,, by Corollary 3.7, so {2¢;, #,
2:,,}, contains the element «,;07,,=7,,0k,. Here, the composition
{2043, 6155 205}, 18 @ coset of 26,0 E%,(S™) + 755(S ") 020, = 2(7r ,5(S™)).
We have 27,,(S"*) =2:,,07,,(S*), by use of the isomorphism E: 7,,(S")
—=77,(S™).  As 14(2¢,,) =0, 14{2¢,, ©,5, 20,,}, consists of the single
element 7,(x,;07,,) =14(7,,01,). Therefore we have

2r, € {Vs , Ext (7712)’ - i*("?lao’cu)}
= {ps’ Ext (7,,), i*("?laol"u)}

C s, T¥EXt (715), M0} by Proposition 1.2
= {Ys, M5 MsOkse}
D {¥, My Maok}s D E°R by Lemma 15. 3.
Therefore 2k, = E%' mod v,07,(S %) +7340m,,0k, .
So 4, =2E°% mod v,027,,(S™?) + 77402(7055) = 0
= Vo by Lemma 15. 3.

Lemma 4.5 and the exactness of #J;— =8 — =i5=0 imply that
E: zl;—=}; is an isomorphism onto. That E: =%—=3 is an

A
isomorphism onto follows from the exact sequence 0=7}3} —> =3

E 7

—> w3 —> 733 =0.
By these facts, there exists an element «,€ z%; such that
4ie,=2FEi’ =viox,, and 8%,=0. Thus we have obtained

Lemma 15.4. There exists an element &, of =3, such that
4z, = 2Er’ = vior,, and 8k, = 0.

Hereafter we denote z,=E" "%, for n=>7 and E~k,==r.
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§XVL Computation of =, ,(S").
(1) 2-primary components of m,.,(S™).

We shall compute the 2-primary components of =,..(S").
First we have

Thy = {"]2071/, 7lz°"°/°/!’e°0'1s} = Z4®Zz

by (5.2) and Theorem 12.9.
Consider the exact sequence

s A E 3 H A .
T W4 > W22 23 723 > 21 >,
where 7723 = {gsoaxe, v0&,, "750/7'6} =7Z,DZ,DPZ,.

We have in the page 149 of [3]

A(Ls00) = £ (n,0400,,) mod {7,000} + {nief} ,
A(vg08,) = n,0v'0E,
A(ns07t) = 0.

Then we have Hr3;=Ker A= {05, 4¢;,00,}=Z,D Z,.

And E(n,0v"c fgo0y) = 0 by Lemma 5.7
E*(n,oF) = 9,0 EX#)
= n,028,) by Lemma 12.4
= p,02t,0C, by use of the monomorphism E: z3},—73s
=0.

So, by the fact that E: z3;— =z}, is a monomorphism, we have

(16.1) E(n,on’) =0.
Thus
(16.2) H: 73y~ Hn3; = Ker A.
Since H(V o) = o, by (5. 3)
and H(¥ ongop,00,5) = niopooy, by (5.3)

= 4§s°‘715 by (7° 14) >
we have that

iy = {V/OTI'G’ V/°775°Iu’7°°'16} =7Z,bZ,.

By (5.6), Theorem 12.7 and by the above result,
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4 _ - ’ ’ 2 —
o = {EU oft,, Evionopo0,,, vo0’on o, vioKk,,, V0T, 1‘)40"770#'s°6'17}

~7,02,DZ2,PZ,DZ,DZ,.
Next consider the exact sequence

. E H , A

9 5
TT26 T34 T35 > 735 > Thy tty
9 M ~
where 73 = {0-90"]160/1’1” PgOleyzy g, "790/1'1000-19} = 226922@22@22
9
and 25 = {0'90”?6’ G40 fhys, 007,49 ,, ll'goo-la} = 226922@22@22 .

We have, by use of Proposition 2.5,

A(ag0m50 ) = A(0407,6)0 g
= (v,0070m,, + Ev'o& o, by (7.16)
v,00’0n o+ Ev/ o€ 0,
Avgor,) = A(¥g)ory
= (£ 2v%)ok,, by (5.13)
= v,0(+2v,0k,,)
=0, by Theorem 12.7
A(7,) = A(t)om,
= +(2v,— EV)oji, by (5.8)
= po(E27,) + Evo(x )
= Evon,,
A(7730 Ho,40075) = A(75)0 fp00,
= EVon,omoa,,, by (5.11).

And in the page 150 we have the following results:

A(o,0vds) = v,0m,08,+ E(&0ovd;),
A(ogofhy) = v,o0’o b, +E(Eop,),
A(oy0m,608,,) = v,0E'+ E(E0n;08,,),
A(p,00,,) = Evop,o0,.

Since oyovds, oo, o,07,06, and p,o0,, span =3; and their images
under A are independent, the kernel of A : z3;—=3; is zero. From
these facts we have

5 2 —
s = {pso;cn, V5O Ly s "’so"lao/'l’soo-w} = 226922@22 .

We have seen also
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(16. 3) Ker A(: 756 —> 7rf:4) = {vgolclz} =Z7,.

By (5.9), E(¥somsote00y) =0. Thus Os=von0 o0, € Ker E=
Azyy. Since wi=Z, is generated by o,om,, we have

(16~ 4) A”E = {A(Guoﬂ'w)} = {v5°778°lu'9°0-1n} ’
Eﬂ'gs = {V%olcm, “6072'9} &= Zz@Zr

We have that the A-image of #li={E*’, &,}=Z D Z, is trivial
by (12.15). So we obtain an exact sequence

00— En}s—— nl¢——> m3t —— 0.

Since A(E,) = A(nyoky,) by (15.3)
= A(n,5)0k,, by Proposition 2.5
= A(H(d"))ox,, by Lemma 5. 14
=0,
the image of A: =3} —=§; is generated by Ap,,.
As H(A(2p,,)) = H(A(E*'')) by Lemma 10.9
= +2E%’ by Proposition 2.7,
(16.5) H(Ap,)= = E*’ mod {8E*’, E,}.
So H(A(Bp,) = +8E*’==0 and H(A(16p,,)) = +16E*’ =0.
ie., A(16p,,) € kernel of H=E=3;.

Therefore InANKer H=Im A NIm E is generated by A(16p,,).
Obviously 2A(16p,,) =A(32p,,) =A(0)=0. By the definition of &,,
E(veozy) = viom,, = 1"101‘27{;’1’;«’ 24,5, 8012}
= {v;, My, 2t} ,980,, by Proposition 1.4
C w3080, =0 by Theorem 7.7.
Thus voiz, € Azt N Exds. As voi,==0, we have
(16. 6) Voo, = 16Ap,, .
That is, the order of Ap,is 32. In Lemma 15.5 we have chosen
such an essential element @’ of #$; that 2&’=viox,,. Then we have
”26 = {Apxa’ ’?/} = Zaz@Zq

and
Er$s = {Er'} = Z,.
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Consider the exact sequence
H A E

6 7 13 6 7
0——’E7l'26 T2 27 725 726 Tty

where =)= {ols, .} =Z,;®Z,. By Theorem 12.9, Az} =Ker E=
{26} =Z,. Thus Hrl,=KerA=Z,, and we obtain the exact
sequence

0 —— EnSs—> 7i; Z, 0,

where EnSs=7,.

Here 4, = vior, by Lemma 15.4
= 2E/’ by Lemma 15.3
=+=0.

Therefore the order of %, is 8 and
i = {&;} = Z,.
Remark that
16.7) 2k, = £ E®’.
We obtain immediately
w5 = {&} = Z, by (5.15) and =3;=0.
Since 7} ==t =0, E: #ls— =3 is an isomorphism onto. Namely,
e = {7} = Z,.
Lemma 16.1. There exists an element B of =3y such that
EB = 0'0¢,;,, HB) =1, 28 =A&,)
and the order of B is 8.

Proof. By (i) of Proposition 11.11 in the case that ;i =29,
n=9 and a=7,08,€ 7%, it follows the existence of B such that

EZ(B) = A(7,:9€,) and H(,B) € {21”, Tho > 77200821}3 .
On the other hand
E(0'0¢,,) = E0'0¢,,

= A9,08,, by (7. 30)
= A(n,08,,)=E*B by Proposition 2. 5.
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As An3) = {A(9508,,)} by Theorem 7.3
= {A(H(Oo )} by Lemma 7.5
=0 ,

(16. 8) E: =}t — =33 is a monomorphism.

Thus ¢, = EB.

Next we consider the secondary composition {2, 7.6, 750°€a} 2-

H(B) € {2619, 115> 12°C} =&, mod 27,(S*) by Lemma 9. 1.
So H(B)={, mod 274,(S ™) + 73107206,
= 2m3(S™) + {nloou}
= 2m,(S") + {4v,40&,,} by (5.5)
= 2m,(S") by Lemma 6. 1.

For some odd integer », H7B)=¢,,. Set B =rB, then EB =rEB
=7(0'08,,)=0'0&,,, because 26,,=0. We have E(28)=2EBR =2(0'<¢,,)
=0'0(28,,)=0. That is, 28’€ Ker E=Ar3i={A{,}. Therefore 25
=xA¢, for some integer x.

As 88 = 4xA¢,,
= xA(4é’21)
= XA (7510 23) by (7.14)
= xA(H(0 opp,) =0 Lemma 7.5

and the order of H(B)=¢,, is 8, so the order of 8 is 8.

Since 2¢,, = H(2B)
= H(xA%,)
= +2x¢, by Proposition 2.7,
we have = +2x mod8

l=+x mod4.
Therefore A, = +28 mod 4(28’), and 88'=0. We have
(16.9) AL, = +28. q.e.d.

" Since Azi={Af,} =0 by (12.22) and =3}}=0, we obtain the
exact sequence

9 10 19
00— 7T 29 T30 30 0 »
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where =3,= {%,} =Z, and = {¢,o} =Z, by Theorem 7.4.
By the above lemma, we conclude that this sequence splits.
Therefore we have

”%g = {’Em; 18/} = Zs@Zs .
Lemma 16.2. There exists an element B’ of =i such that
A('wzs) = EB”, H(BN) = 12°M 0, and 28" =0.

Proof. Let i=30, n=10 and @ =y, in (i) of Proposition 11. 10.
Then the existence of 8" such that EB”=A(p,) and H(B")=7,0m,,
follows immediately. Since the order of u, is 2, we have

2ER" = 2Am, = A(2p,) = 0.

E: #3l — 71} is a monomorphism by (16.8). Therefore 268”7=0. q.e.d.
In the exact sequence
21 E 11 H 21

10
32 7T 30 731 731

.o
’

zi= {1} =Z, and #3l= {n,om,,}=Z,. We have that A== {28}
=~7, by Lemma 16.1, H is an epimorphism, and we have the
following result by Lemma 16.2:

i = {’?11: 0'0&,,, BN} = Zs@ZzeBzz .

Lemma 16.3. There exists an element B € ni% such that

E’B" = 8Ac,, H(B")=t, and 28" =0.

Proof. Consider (ii) of Proposition 11.11 in the case that
n=11, {=31 and a=80,,€ =3, then we easily obtain an element
B of =33 such that E’8=8Ac, and H(B)€E {7,, 2t,, 80,},.

Here {7235 2034, 803}, =#,, modG by Lemma 6.5,

where G = 7,0z + 732080,
= {720, 725°7,,} by Theorem 7.1 aad 7.2
= {72065, ¥3s} by Lemma 6. 3.

That is, H(B)=p,, mod {7,°8,,, vis}. :

As H(008&,)=1,,°&,, by Lemma 7.5 and H(f05,,)=1,,00,,=v3; by
Lemma 7.5 and Lemma 6. 3, there exists 8"/ € »3% such that 8=
mod {60¢&,,, 6o5,.} and H(B")=p,,. Also
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EB" =E8 mod {E*(608,), E*0°5,)} =0 by (7.30),
EZB/// — 8A0'29 .

Next consider the secondary composition {o,, ¥, #,,}, Which
can be defined by (7. 20) and (7.25), and choose an element vy from
this secondary composition. By Proposition 2.6,

H(y)€ H{oy,, vig, By}, = —A7(0y,00,)0 Hyy
D — 00ty = [hy by (7.21),
ie., H(y) = p,, mod H(o,om3s +mhiott,) = 0.
As H(y—PB"") = pryy—ti, =0, v—B" € Ensit = {%,,, E¢'°E,,, EB"} .
Here 27 € {0, Vi, H3},0205, = 0,0 E{Vyg, My, 204}
C o,0my =0 by Theorem 6.7,
2(y—B"") = —2B" € 2E=3i = {27,,, 2(E0'08,,), 2EB"}
= {2r,, E00(25,), A(21,)}
= {2%,} by Lemmas 6.1, 6.5.

Therefore 28"/ =2xx,, for some integer x.
The kernel of E*: =3} — =3; is generated by E6'0&,,, Ap,, bov,,

and 60&,,, since 735 = {9,508, V35, My}, wii= {9y, 4} and the follow-
ing relations hold :

(16.10)  A(P,) = A(tg)07,5 = Ebory, by (7. 30),
A(&;) = A(eg)0€, = E00E,, by (7. 30).
(16' 11) A("725°826) = A("]zs)°824 = E0'0¢,, by (7. 30),

A(¥3s) = A(¥3s)ov,, = A(H(A))ov,, =0 by Lemma 12.18.
As  2xr, — EX2xk,) — EX28") — 16Ac, — A(160,) — 0,
so 21k, = Y(E0'08,) + 2(A k) +u(0o5,,) +v(00E,,)

by the above facts, where ¥, z, u, v=0, 1. Operating H we know
u=v=0. Then

2%, = Y(EO'0&,,) + 2(AM,,)
= yE(eloeza) +zEB” .
By (16.8) 2xk,, = Y(O'o&,)+2B".

Since #,,, 0’c&,, and B” are independent generators of =3i, we
have y=2=0. Thus 28" =2x#,,=0. g.ed,
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E
In the exact sequence -+ — =3} 73 2 73— e

b

E is a monomorphism by (16.8) and H is an epimorphism, since

=33 is generated by v3;, #,, and 7,,05,,, and

H(605,,) = 5,,09,, = v, by Lemma 7.5,
(16.12) H(008,,) = 7,,08,, by Lemma 7.5,
H(B") = py, by Lemma 16. 3.

Obviously the order of fop,,, 88, and B is 2. So the following
exact sequence splits:

0 731 73 753 0.
Therefore  #3} = {&,,, E0'0E,,, A, 08,,, Oo5,,, B}

=Z,PZ,PZL,PZ,PZ,PBZ,.

Consider the exact sequence
25 A 12 E 13 H 12

N 25 .
7T 34 T32 733 733 731 A

where ﬂ%i: {Vgs» My, 77250826} and ”gg: {’725’ 825} .
By (12.26), A : 73— =i} is a monomorphism, so H is trivial.
Therefore we obtain

7} = Eni} = {%,y, E00&y, EOovy, ER"Y = Z,DZ,DZ,DZ,,
by (16.11).
As A#3l={Ac,} = {£,,07,,} by (12.26), we have Hr}i= {20,} =Z,

in the exact sequence

A
27 13 14 27 13
T35 733 T34 T34 T32 EAY

where #31={p,,, &,;} and =}i={o,}=Z,.
By the use of (16.10), E=zY={7,, E*8"}=Z, D Z,.
Then, we have obtained the exact sequence

0— {’213 , EBNI} — 7wy ——> {20-27} —0.

Since 8Ac,,=FE?3”==0 by Lemma 16.3, the order of Ao, is 16,
We have also HAo,= +20,. Therefore
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75:})2 = {Ao-zg) Eu} = Z16®ZB .
Consider the exact sequence

A
29 14 , 15 29 L la A
36 T34 7’35 T35 > 733 Tty

where 73— {029} , ”%g = {"'29} and wi3= {C‘)nopso: (7 fu} .

Since A(v}y)=FE%0’ =2(w,ov,)==0 by (12.27), the above H is
trivial. It is obvious that the kernel of E: =3i— =i is generated
by Ac,. Thus we obtain =3 = {x,;} =Z,.

A(v3) =A(H(v¥ov,,)) =0 by Lemma 12. 16, where v}, is a gener-
ator of =3. We have also z3;=0. Thus E: =} — #1i¢ is an isomor-
phism onto. Then

wye = {7} = Z,.
Next z}l={#,,} =Z, follows immediately from =3;==3}=0.
Lemma 16.4. There exists an element 3 of =3 such that
EB = A%, and HPB) = n%.

Proof. This follows immediately if we take #=18, /=38 and

a=q, € 73% in (ii) of Proposition 11. 10. q.e.d.
Now consider the exact sequence
A E H A
73 747 738 73 73 L

where 735=0, =ij= {Dss} and == {a’17°usa» [T En} .

Hriy= {2”35} =Z,, since Ay,=woov, and A(zuss) :2(&)170U33) =0
(see page 170).

H(Av,,)= +2v,, by Proposition 2.7. Thus 2Av,,-|-0 in =}}.

By the above Lemma 16.4 and (5.5),

4Av, = A(’?g7) = A(H(B°"139)) =0.
i.e., the order of Av,, is 4. Therefore the following exact sequence
splits :
E H
0 7[51;; ”%g {2")35} 0 ’
and wys = {7, Av,} = Z,DZ,.
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Lemma 16.5. There exists an element B of =3 such that
EB = Ay, and H@B)=n,.

Proof. This lemma immediately follows if we take n =19,
1=39 and a@=, in (ii) of Proposition 11. 10. q.e.d.
Now we note that E: 73} — =25 is a monomorphism, for, in the

A E
exact sequence =i, —>7i)—>=39, the generator 5} of =3 is an

H-image of Bo7,,. Since 2EB=2A7%,=A(27,)=0 and E: =} — =%
is a monomorphism, the order of A in Lemma 16.4 is 2. There-
fore the following exact sequence splits:

H
18 19 37
0 E”ss 39 739 >0 s

where Exi= {,} =Z, and =3 = {n3:}.
By the use of Lemma 16.4,

7{%3 = {/?19, B} = Ze@Zz-

Since A(z,)=0 and A(%3,)=0 by Lemma 16.5, we have an
exact sequence

39

00— 7l — 7 — 73— 0.

Lemma 16.6. The above exact sequence splits, that is, the order
of B in Lemma 16.5 is 2.

Proof. 1t follows from the homotopy exact sequence associated
with the pair (Q2*(S®), S') that the following sequence is exact:

(16. 13) e —> 7{;},3 —> ”ig —> 7-[38((92(520), Sw) . 2) —_ 7[%‘,; —> see

where 7r33 = {wa, A”;ﬂ} ~Z @Zu 7f {?13, 018} =7 692 and 7738((‘9’2(520)’
S®):2) denotes the 2-primary component of 7,,(£2%(S*), S™).
By Theorem 11.7 in the case that i=37, #=18 and k=2,

(Q(S¥), §*) : 2)=my(E"P15: 2) .

Here Pi}=S"we” which is homotopy equivalent to S®vS* For,
the attaching map of ¢ is trivial since 18 is even.
Therefore
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”18((02(820)) SIS) : 2) = ”37(835 V836 : 2)
= 73 B =l by (4.18) of [4]
~7,HZ,.

The element 23€ % is a multiple of E(B)=Ax,,, since E(23)
=2(A¢,,)=0 and since Av,, generates the kernel of E: z3—z3l. So,
there are two possibilities : #5o=Z,PZ, or =jo=Z,PZ,PZ,.

Since 73§ = {7, Ava,} =~7.®Z, and E: =3 — =% is a monomor-
phism, E’zi§ = {x,} =xZ,. Therefore by considering the exact
sequence (16.13) the lemma follows. q.e.d.

By Lemma 16. 6,
71'3.8 = {’?20’ An,y, E} = Zaeazzeazz .

Since A: z3 —~#%) is a monomorphism, we have an exact
sequence

0—— Ezid —> zii—0,
where Exi= {7, EB}=Z,®Z,. Therefore
73 = {7y, A} =~ Z,PZ,, where Ay,—ES by Lemma 16.5.

As it is obvious that the kernel of E: =i — =3} is generated

by Ae, and #33=0, we obtain =3 = {7,,} =Z,.
The result for the stable group (G,,; 2)= {&} =Z, follows
immediately.

(i) Odd primary components.

We shall compute p-primary components 7,.,(S”:p) for odd
prime p in order to complete our calculation of =,.,,(S").

By Serre’s isomorphism [1]

(16. 14) i (ST P)BmAST T 1 p) = w{S™ 1 p)
which is given by the correspondence (¢, 8) = E& +[t,,, tym o8, We
compute only the groups =,,,(S”:p) for the case that # is odd.
First, there are no odd prime p satisfying
2((p—1)—2 =20 for i =2,.--,p—1,
or 2i(p—1)—1 =20 fori=1,2,..-,p—1.

Whence we have the next result by Theorem 13.4.
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(16.15) 7y 100(S** 1 p) = 0 for m>1 and an odd prime p_>5.

Next we shall compute the 3-primary component of
T opmirr20S ") for m>1. We shall use the following results of [2] :

(16.16)  3-primary component of G,, = {B,°8,} = Z.
For the simplicity we shall use the following notations.
o = ma(S":3) and QF = 7, ((Q((S™), S*?):3).

The next two exact sequences are mainly used in this last
section.

E? 0
16.17) - —— 77— 273 QrE zh_, > for n: odd
and
D+1 A 3 3 1
(16 18) R 71’?(_:‘2"’ ML, @bl Qn+1 — iy y+1 ..

for i >3n+1)—1 ana' n: odd

where AoE*=f,, for a mapping f,: S*"P~!1—S%*+L-1 of degree 3.

For the case n=1, we have the following exact sequence (see
Proposition 13. 3)

A A

(16.19) > T,y > 7} L LI > for i >5,
such that AoE*=f,.

73, =73s=0 by Theorem 13.10, hence we have =3,=0.

By (13.6)

Q2m+1+18 = for mz 3 y

3’721“19 = for m24.

By inserting these values in the exact sequence (16.17), we
obtain the isomorphism onto for m>3:

2 2m+1 n+3
E?: wintlioe = Timid 00 .

So by (16.16),
ittt =2,  for m>3.

Consider the exact sequence of (16.17) in the case that »=3
and /=23, that is
E*? 9 E* |

3 5 5 3 N
23 T35 Q35 732 24 > e,
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where 73;=0 and E?: =}, — =}, is an isomorphism onto by (vii) of
Theorem 13.10. Therefore we have
(16. 20) 7725 = st

Next consider the exact sequence (16. 18) in the case that #=3,
i=21, that is

.13 11 13
736 7T 24 Q33 —> w3t —> -

)

where 733 = {,(13)0B,(16)} =Z,, =}i={a,(11)B,(14)} =Z, and =}i=
by (i) of Theorem 13.10 and Theorem 13.9. As AoE?= f,,

A(e,(13)28,(16)) = 3(e,(11)28,(14)) = 0
Thus Q33==}i=~Z,. Therefore by (16. 20)
7whs = Zy.
Summarizing these results, we have the following

Theorem 16. 7.
Tomirs2S 7T 1 p) =0 for m>1 and odd prime p >5, and

0 m=1

TomirialS 1 3) = {Za m>>2
For even gimensional spheres, their homotopy groups are easily
calculated by use of Serre’s isomorphism (16.14) and the known

results for z,,...x(S**':p) where £< 20, and the results are the
following.

Theorem 16.8. The odd primary components of =, ,,(S**) are
isomorphic to

Z, for n=6,8 and n> 10,
Z,PZ, for n =4,9,
Z,.DZ, for n =3,7,

Z, for n =1,
Z, P Z, for n =5,
0 for n=2.
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