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§ 1 .  Introduction

The present paper is one of our series on the homotopy groups
of simple Lie groups, following from the previous paper [7 ].

We shall consider the homotopy groups 7r1(S p (n )) of symplectic
groups Sp(n).

When i < 4 n + 1 , the groups are stable and computed by Bott

[ 3 ]
Z i 3, 7 (mod 8), i 4n +1 ,

7r i  (SP(n)) Z, i 4, 5 (mod 8), < 4n + 1,
0 i 0, 1, 2, 6 (mod 8), i 4n +1 .

For almost stable cases i = 4n + 2, 4n + 3, 4n + 4, the following
results are obtained (Theorem 2. 2).

Z,t2ri+1)!
7r4n-1-2(SP(n)) 7

z-
,
(2 + i) !

Z 4 n -1 -3 (S P (n ) ) Z 2

7r An 1- 4 (SP(n)) 7Z
L.:201DL' 2

f o r o d d  n ,
f o r  e v e n  n ,

f o r o d d  n ,
f o r e v en  n .

These results were already computed in [ 4 ] ,  except the last one
which will be determined in § 2 by use of secondary compositions.

For i < 2 3 , the groups z i (Sp(1)) (S3) and 7r1 (S p (2 ) )  are de-
termined in [11 ], [ 6 ]  and [ 7 ] .  Then the following table of 7z-i (S p (n ))
is established by the computation of the groups 7r1(Sp(3)), 17< 1< 23,
and 7r, ( sp (4 )) , 2 1 < i < 2 4 .  The computation will be given in § 3
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by the aid of lemmas in  § 4 and § 5. Generators of the 2-primary
components are also given in § 4. In the table, the symbols 00, +
and an integer r  indicate an infinite cyclic groups, direct sum and
a  cyclic group Z r  o f  order r. The notations and terminologies in
[7 ] ,  [6 ]  and [1 1 ] will be used in the present paper.

1 2 3 4 5 n > 6

1 ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

2 ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

3 (°°) ("n) (°°) (°°) (°°) ( '" )

4 ( 2 ) ( 2 ) ( 2 ) ( 2 ) ( 2 ) ( 2 )

5 ( 2 ) ( 2 ) ( 2 ) (  2 ) ( 2 ) ( 2 )

6 2 .3 ! ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

7 2 (on) (°°) (no) (on) (°° )

8 2 ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

9 3 ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0 )

10 15 5 ! ( 0 ) ( 0 ) ( 0 ) ( 0 )

11 2 2 (no) (°°) (°°) ( " ' )

12 2+2 2+2 ( 2 ) ( 2 ) ( 2 ) ( 2 )

13 12+3 4+2 ( 2 ) ( 2 ) ( 2 ) ( 2 )

14 84+2+2 7 !/ 3 2-7 ! ( 0 ) ( 0 ) ( 0 )

15 2+2

6

2 2 l o c ) (°°) (co)

16 2+2 2 ( 0 ) ( 0 ) ( 0 )

17 30 40 0 ( 0 ) ( 0 ) ( 0 )

18 30 7 !/ 2 + 2 3-7 ! 9 ! ( 0 ) ( 0 )

19 6+2 2+2 2 2 (°°) (°° )

20 12+2+2 2+2+2 2+2 2+2 ( 2 ) ( 2 )

21 12+2+2 32+2 12+2 6+2 ( 2 ) ( 2 )

22 132+2 44 •51+2+2 11 !/ 120+ 2 11!/2 2 .1 1 ! ( 0 )

23 2+2 2+2+2 2+2 2 2 (°°)

24 2+2 2 ( 0 )
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§2 . Almost stable groups

Consider th e  following exact sequence associated with the
fibering (sp(n+i), p, S 4 n+3, SP(n)):

(2. 1)„ • • • (SP (n )) 2z- (SP(n+1)) (.54". 3)  
A

i -1 (SP(n)) .

where i*  (resp. p* )  is  a  homomorphism induced by the injection
(resp. the projection) and A is a boundary homomorphism. There-
fore we have isomorphisms

i* : (S P(n)) (SP(n  +1)) f o r  i < 4 n + 1 ,

since we have z 1 , 1 (S4' 3) =0  for i<4 n +1 .
In this stable range the following results are well-known. (See

Bott [3].)

i) 4 ,,  2 (S  P(n )) =  O,
ii) 7r4 1 (Sp(n))=-2 Z ,

(2. 2) iii) 71. (S  P (n )) .(Z) 2

iv) - i ( S p ( n ) )
( Z2

2-t 
1 0

f o r odd n,
f o r even n,
f o r odd n,
f o r even n.

The following diagram is evidently commutative and exact :

7-c4 „, 3 (SU (2n+1))

(SU(2n+1)1Sp(n))

t
Z  n  4 „+ ,(S 4 " 3 ) A 7t4flk2 (SP(n)) ---*7-tin+,(SP(n+1)) = 0

1 1*
7r4.+3 (S4 n 1 71- an+2(S U(2n + 1)) 4.4-2(SU(2n 4 2 ))

P*
4n+ 2(SU(2n+1)1Sp(n))

I A 3

t 4n +1 (SP(n))

7r4„ 1(SU(2n+1)),



7r4n+2(SP(n))
Z2 .(2n+ 1 )! for odd n ,

for oven n.Z ( 2,1+1)!
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where (SU (2n +1)) = 0  b y  [1 0 ] ,  7r4n ,,(SU (2n ± 1 ) SP (n))
71- 4,• 2 (SU (2n  +1 )1  SP (n )) 7r4n+i(SP (n ))---= Z 2  fo r odd  n  an d  = 0  for
even  n ,  7r4. 2 (SU (2n + 2)) =  0  an d  7r4 „ ,(S U (2 n  + 1)) Z  b y  E n
71-4.-_2(SU(2n+1)) Z(2.+0 , b y  [2 ], [10 ].

First w e have th a t A , is  an  epimorphism and thus a n  iso-
morphism. It follows that A, A „  and i *  a r e  epimorphisms and
A 2  is a monomorphism. Thus we have that 7-(4.+2(SP(n)) is cyclic,
and

W e denote by 04n _1 a  generator o f  z44(SP(n))=- Z .  Then
we have the following

Theorem 2. 1. W hen n  is odd, the generators of  7r4„(SP(0 -'----Z2
and 7rAn (SP(n)).----'Z2 are 9 4.-1 n° .4n-1 and 04 „_,0972

4 ,_ , respectively, where
n4.-1 is  the generator of  71-4„(S4" 1) - Z2.

The proof is sim ilar to that of Lemma 2  o f [5 ] ,  b y  use of
Bott's periodicity Sp(00)=s -28Sp(00).

Consider the exact sequence (2. 1)„ for i =4 n +  3 :

7r4.-, 3 (SP(n)) Tc4.+3(SP(n + 1 ) ) 7r4„+3(S4n+3) z4n+2 (SP(n))
7
r4 .+2 (SP (n  + 1 ) ) • •

We have that 7r4.+2(SP(n +1)) — 0 by i) of (2. 2), 7r4.+2(SP(n)) .=-- -Z2.(2.-1) ,

fo r  odd n  a n d  —= Zund-o! fo r  even  n  a n d  7 r 4 n + 3 ( S P ( n + 1 ) ) - - - - = !  Z.
Therefore the degree of the homomorphism p * i s  2 .(2n+1 )! for
odd n, (2n + 1 )! for even n  and i *  i s  tr iv ia l. That is,

2.(2n+1)k. [3
(2. 3) p* (04„1-3)

(2n +1)! 14,,+3

Whence we have (for n :  even)

f o r odd n,
f o r even n.

P* A n i - 30 9 74n -1- 3) P* (O 3 ) 0 1 7 - 3 ( 2 n +  1 ) !  1 7 4 n + 3  =  0

and P* ( 0 4-1-3°n24,,-1-3) P * ( 0 4,,,- 3)°11 2471i- 3 (2n +1)! 71 2
4 , 3 =  0

for the generators 047 7n -1-3°  , 4 ,1 + 3  o f  Z4n1-4 (SP(n ±  1 ) )  and 04, 3 .7/42 ,  of
7r4 „+ 5 (SP(n + 1 ) ) .  Thus we have the following two exact sequences :
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0 4.+ 4 (S 4 ') — ± 71 .  + 3(SP(n)) 0 ,

A i*0 4n, 5(5 '47' 1 - ±  
7r4 n  'A( SM ) ) 7r4ni-4 (SP (n  +

1 ) )0 ,

where 7r4.-F4(S4 n + 3 )'-1---  7r4.+5(S4 n ± 3 ) = Z2, 7-e4n+4(SP(n + 1 ) )  { 0 4n+3°n4„+3} -=Z2
for even n  and = 0  for odd n .  For odd n , obviously,

4n-1-4(SP(n)) f:=--  Z 2 .7r

But for even n, w e must determine the following extension :

0 --' ZZ 7r4n+4 (SP(n)) Z 2 °  •

Let n  be even and X= Ac4„  „  then

X,0((2n + 1) ! 14 „,) = (2n +1) !

=  AP* (0 4.+3)
=  0.

Sp(n + 1 ) contains a  subspace Sp(n)V e4n+3 such that p sp(n)v  e 3:

(sp(n)v e4"+3 , Sp (n )) (S 4" 3, * )  is  a relative homeomorphism pre-),
serving orientations.

L et f :  S 4 '3 — >Sp(n )V  e ' S p(n + 1 )  b e  a  coextension of
(2n + 1) ! t4 2 . T h e n  f  represents 04 „+3, since p o f  represents
P* ° .in+3

=  (2n+1)! t,„ + 3 . It follows from Proposition 1.8 o f  [11]

0 4n+30174,,+3 i* (a ) , E 11164n + 3 ,
 ( 2 n + 1 ) !

 6 4 n + 2  274n-1-21

where i  is the inclusion of Sp(n) into Sp(n +1).
W e have

— fAt4n+3, (2n+1)!  t
4 n + 2 ,  1 7 4 n + 2 1  0 2 1 4 n + 4

- t4.+3° {( 2 n  1 )! + n14 n  2 ,  . 4 n + 2
,  2 6

4,-1+3}

by Proposition 1. 4 of [11]

- At4„H3°((2n+1) 2)9i24.+2
= 0 ,

since (2n+1)! is divisible by 4. Therefore, 2a= ao2t 4 n + 4 = 0, for
even n , and the above sequence splits.



Z
(2n I 1)!

4„13(SP(n)) f7 Z2,

7-c 4 (S P(n ))
Z2

Z 2  e Z 2

f or odd  n ,
f o r even n ,

f or odd  n ,
f o r even n .

Z471+2 (SP(72))
Z2.(2n+1)!
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Summarizing the above results, we have the following

Theorem 2. 2.

§ 3. Computation of (Sp(n)), i < 2 3

The groups 7-c, (Sp(1))- --_-, 7r, (S3), i G 2 3 ,  are  determined in  [1 1 ]

and [ 6 ] .  The groups z 1 (S p (2 ) ) , i< 2 3 , are determined in [ 7 ] .
The groups z i (SP(n)) a re  given in  § 2  fo r i < 4 n + 4 .  S o , it

is sufficient to  com pute th e  groups z 1 (S p (3 )) , 1 7 < i < 2 3 ,  and
p(4)), 2 1 < i< 2 4 .  The computations will be done algebraically

by use of the exact sequences (2 . 1 )„  and b y  the aid  of Lemmas
3 . 1  to  3 . 6 , which will be proved in the next section.

Lemma 3. 1. T he hom om orphism  A : 7r 18 (S 11 )--›-n- 17 (SP (2)) i s  an
epim orphism .

It follows from Lemma 3 . 1  and the exactness o f (2. 1) 2 th a t
the sequence

0 —> (S P( 3 )) 7E' ( S " ) 6 (S P(2 )) e 6 (S P(3 ))

i s  ex ac t. z16(SP(3))L'-=' Z2 b y  T h eo rem  2 . 2 , 7c,6(SP(2)) -- Z2TZ2 by
Theorem 5 . 1  of [ 7 ]  and 71- 17 (S 11 ) It follows

17 (Sp(3)) = O.

From ( 2 .  1 ) ,  w e have an exact sequence

zi9(S") 18 (S P(3)) —> 7r (S P(4)) - „(S ') (SP(3)) O.

W e have 7T,8(SP(4)) Z9, by Theorem 2 .2 , 7c19 (S' 5) — 0  and 7r.Z  2 4
It follows

7r 18(S P(3)) —= Z 9i124 --- 471

It fo llo w s fro m  (2. 1) 3 t h a t  i * : z i g (Sp(3))--->z 1,(S p (4 ))  i s  an
isomorphism, since 7r20 (S i l =  1 9 (S 15) --= O. T h u s
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7ry, (SP(3 )) 7r1 9 (S (4 )) Z (Theorem 2. 2) .

From the last sequence, we have that p * : 7-1-„(Sp(4))---7r i s (S")
is  an epimorphism. L e t [1,

1 5 ]  be an element o f  z 1 8 (S p(4)) such
that P*Ev i5i=i5 G v i 8 (S" : 2) C 7-c1 8 (S"). Obviously P*([1).]°1-',8) ---
v i 5 ov i s = v 1 5 •  2 4 ,  generates 7-e21 (S").Ç-----Z 2 . It follows that the homo-
morphism p *  in the following sequence is an epimorphism :

7r 21 (ISM )) 1; )•1' 7r2 , (S") 7-c,0 (Sp(3))---71 , 2„(Sp(4)) 71' 9 0 (S 1 5 ) =  O.

Thus we have

v20(SP(3 ))= - -"". 7r 20  (S P (
4 ) ) ZEDZ, (Theorem 2. 2) .

Lemma 3.2. T he  im age  of  A : 7r20 (SP(2)) is isomorphic
to Z2F13Z2.

Lemma 3. 3. The im age of  ix: 1t2„(S 1 1 ) —, 7-r2,(SP(2)) is generated
by 4[0 - '0-

1 4 ]  and isomorphic to 4 .
In [7 ],  we have obtained the results :

7r20 (SP(2)) Z2EDZ,G.Z, ,

71-2, (SP(2)) Z32 ez TOE'cr,J, i*YAI •

Then it follows from the exactness o f (2. 1)2 th a t the sequence
0 Z  7r2i (SP ( 3 )) ---> Z6 ED Z2 —> Z2 ED Z ,  0  is exact, where
ZGEBZ2--`2=--'7r21(Sl l )  by [1 1 ] .  Thus we have easily

2 1 (Sp(3)) 2 GDZ2 •

Lemma 3..4. The image of  ix: 7r22(S15) 7r21(SP(3)) is isomorphic
to  Z4.•

We have seen that p * :  7r21 (SP(4)) 2 1 (S'5) Z ,  is  an epimor-
phism . It follows from Lemma 3. 4 that we have an exact sequence

*
0 Z z 2ez, (SP(4)) Z ,O .

Thus 7r21 (SP(4)) is isomorphic to Z 6 EDZ, or Z12 • If, 7r21
then i * -7r (S P( 3 )) — 2(7r 21(S P(4))) . Then the injection homomorphism
i*  :  7r21(SP(3)) - - ->v21(SP(5 )) v a n is h e s ,  since 7r,i(SP(5))---=' Z2 . T h e  group

7r 21 (S P(5 ) )  is generated by 0,9 0nL (Theorem 2. 1). In § 2, we have
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seen that i *  : 7r20 (Sp(4)) --a-,,(Sp(5)) is an epimorphism. We have
seen also that i * : 71-20 (Sp(3))—> z20 (Sp(4)) is an isomorphism. Thus,
there exists an element crEn- 20(SP(3)) such that i * ( 4 1 ) = 1 9 1 9 ° 9 / 1 9  fo r
i *  : z20(SP(3)) - - -> 7r20(SP(5 )).  Consider the composition aon„. Then
i* ("°2720) = 6 i ° n19 +0, on the other hand i * : 7r„ (SP(3)) (sp(5))
vanishes as stated above. Thus the assumption r(•Sp(4)) Z .
leads us to the contradiction, and we have

7r21 (SP(4)) Z,(DZ, .

Consider the exact sequence (2. 1)4:

P*
0 ---- 7r23 (S 1 9 ) 7r22 (SP(4)) 77'22 (S/0 ( 5 ) ) 71-22(S19)  —  n -21 (S P ( 4 ) )

i*
21 (S p (5 ) ) .

The last homomorphism i*  is  an epimorphism and its kernel
is isomorphic to Z , by the above discussion. Then the image of
P *  is isomorphic to Z 4 ---='Z 24 /Z6 , since 7-( 22 (S I g )-- Z24 . By Theorem 2. 2,
v22(SP(5 ) )  Z2.ii! •

It follows that

7t 2 2  (S P (
4 ) ) Z11112 ZI99514400 •

Consider the exact sequence (2. 1)3 :

i* P * A
7r23 (S15) v22 (SP(3 )) 7r22 (SP(4))2 2 (S'5)Z 2 1  ( S

P ( 3 ) )  •

The group 7r22 (S1 5 ) is isomorphic to Z 24, [11 ] and the image of
the last homomorphism A is Z, by Lemma 3. 4. Thus the cokernel
o f i *  is isomorphic to S i n c e  7 r 23 (S15 ) - ---'Z 2 EDZ2 [11 ], it
follows that the sequence

(3.1)Z 2 6 9 Z 2 - 7 / - 2 2 ( S p ( 3 ) ) Z 3 .3 „ , o0

is exact.
Next consider the exact sequence (2. 1)2 :

71'23 (S11 ) 7r 22 (S P ( 2 ) )  1 ± ±K 7r 22 (SP( 3 )) 2 2 ( S " ) r e 2 1  ( S P ( 2 )) •

The group 7r22 (S " )  is isomorphic to 4 04 [11 ]. It fo llow s from
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Lemma 3. 3 that the cokernel of i*  is isomorphic to Z5,'------'Z504/4.
We have 7r22(SP(2 )) =- Z528069Z2694 [ 7 ]  and n-

23 (S")---- - Z 2 [11 ].
Now apply

Lemma 3. 5. T h e  hom om orphism  A :  7r23 (S") 71- 2,(S P(2)) i s  a
monomorphism.

Then we have an exact sequence

(3. 2) 0 Z 4280EDZ 2eDZ 2 7r22 (S P (3 )) Z 6 ,0 .

There exists an element of order 332640=5280 x 63 in 7r22(SP(3))
by the exactness of (3. 1), but the element cannot be divisible by
2 by the exactness of (3. 2). Thus 7 r 2 2 ( S P ( 3 ) )  h a s  a direct factor
isomorphic to Z .,3 2 6 4 0  •  It follows from the exactness of (3. 2)

V22 (SP( 3 ) ) ."1-**= Z332640 Er)Z.2 z iv 3 2 0 e 4  •

It follows immediately from the exact sequence 0= n. 2 4 (S 1')

7r23(SP(4 ) ) - -> 7r 23 (SP(5)) 7r2 3 ( S )  =  0  that 7r.23(SP(4)) Z., where
7r23(SP(5 ) ) - Z2 by Theorem 2. 2.

Consider the exact sequence (2.1) 3 :

7r23(SP(3 )) 7r23(SP( 4 )) 7r23(S15) 7r22(SP(3 ))

where n.2 2 (SP(4))----!--zZ ,  an d  7r23 (S15) =2 Z,EF)Z2= 6,51. B y  use of
Lem m a 5 . 3  i n  §  5  w e  have .6.1-.3„ =  0 , hence w e know  that
7r22(SP(4))--=----'Z2 is generated by [D15] ,  and that

(3. 3) i* : V23 (SP(3)) 7r23 (S P (4 )) is triv ial.

B y th e  isomorphism i *  :  71.23(SP(4))=-7r23(SP(5)), w e see that
7r23(SP(5 ) ) ---= Z 2  is generated by i * [ P i i .

In the exact sequence (2. 1)5 :

A
7 t2 5  (S 23) V24 (S P ( 5 ) ) V24(SP(6))2 4 ( S 2 3 ) 7 1 . 2 3  (S P(5 ))

we have i r 2 5 ( S 2 3 ) -'1"-- - '  Z2 = 7r24(SP(5))--'---Z2 (Theorem 2. 2) 7t-24(SP(6))
---- 0, n-24(S23) =-- Z2 = { n 2 3 }  ,  an d  7r23 (SP(5 )) Z2  =  {i* [ i ] } .  T herefore,
An.= i* [ P35], hence we have that .60A 3 = 4 , . . .r i 5 ]  o n 2 ,  and 7r24(SP(5))- Z2
is generated by 4[17, 5]0,723 .

Consider the homomorphism
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p * .A :  n. „ (S ") n.„ (SP(4)) n- 24 (S ")

where n25(S")--- - Z7= f 1  and n-24(S15) --- ----'Z2S3Z2EDZ2= {245, P 1 5 ,  9715 8 16}

We have ZS.149 = 0 4 8  since A : z 19 (S 19 ) - , 7r33 (sp (4 )) is an epimor-
phism and since n- ,3(SP(4) : 2)--='-Z 128 is generated by [1),5]. Whence

P* (A 149) * ( [ i B i  °  148) = 145 . Therefore n-24(SP(4)) is isomorphic to

7-1- ?5(S'')e7r4(SP(4))/7r-b(S"), where n-,,,(S19 )- - Z , and n ,(S P(4)) I  , s (S 1 9 )
ir (S (5 )) Z 2 b y  the exactness of the sequence :

71'25(S") 7r24 (SP(4)) 77'24 (SP(5 ) ) n- 24 (S i g ) =  0.

Thus n - 2 4 ( S P ( 4 ) ) - Z 2 E D Z 2 .  O n e  o f  its generators is [ v 3 3 ] ° 1 4 . a .  L e t
a be another one such that P * (a )=  O (: 7r24(SP(4)) - > 7424 (S15)). Con-
sider the element r V._ 1')  15_, .23 +  X o 48 • Since i *  [1, 15] °2723 0

in n . 2 4 ( S P ( 5 ) ) ,  w e  have [v 15].9723 E n-„ (S P (4 )).  Applying p * ,  we have

P* (ED ,j° 77 23) = P 159723
= by Lemma 6. 3 o f [11]
= p * (a)+ .v45 .

Therefore x = 1, and

=  [15] 0 7/23+[15] 0 .

The exact sequence (2. 1)3

24(513(0 7r24 (S") „(S P(3)) 7-t- 23 (SP(4))

is reduced to the exact one :

0 Z2 Z2 ED Z2 ED Z2 7r23 (Sp(3)) —> 0,

by the above discussion and by (3. 3). Thus we obtain

7r 23 (S P ( 3 ) ) Z2 EBZ2 •

§  4 . G e n e ra to rs

In this section we shall study the generators of the 2-primary
components o f n-i (Sp(n)), i < 2 3 , and prove the lemmas used in the
previous section.

W e omit those o f n-,(Sp(1)) and n-i (Sp(2)), as they are already
stated in [11 ], [ 6 ]  and [7 ].
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It follows easily from (2 . 2 )  that

7r3 (S p(n)) = f i * 631 Z f o r  n >  1,
4 (S p(n)) fi * 71 3} Z f o r  n > 1  ,

7r5(SP(n)) = { i*n } --- - Z, f o r  n >  1,

7 (S P(n ))  = * 0  = i * C126.11 Z f o r  n  >  2.

Consider the exact sequence (2. 1) 2 :

n-11 (Sp(3)) „(S 11) 7r1 0 (SP(2)) 7r.10 (SP(3)) = O.

We have that (S 11 ) = and 7r„(SP(2)) ----='Z51 by (2. 2). There-
fore 7.t.11 (SP( 3 ))  is generated by [ 5 !  t i i ] ,  that is,

71.1 1 (SP(n)) =  fi * O„ =  i *  [5 ! c„ ]). Z f o r  n >  3.

Next, 7r10 (S p(2) : 2)---- Z 8 is generated  by [1)7 ]  by Theorem 5 . 1  of
[ 7 ] .  Restricting our considerations to the 2-primary components,
we may consider a s  (cf. Lemma 2  .3  of [ 7 ] )

(4. 1) z t1 1 =  [ y7] a n d  A (Ece) = Epjoct f o r  a E  (S 7 : 2) .

Consider the exact sequence (2. 1) 2 :

13 (S 1 1 )7 r „  ( S P ( 2 ) ) v 12 (SP(3)) --* 7E- 1 2 (S 11) TC„ (SP(2))
i* (SP(3))Z ,

where 7r1 3 (Si') =  {977.1} Z 2 , 7r1 2 (S 11) — {711,}---='Z ,  b y  C M , z12(SP( 2 )) -

{i „  4 384}, z 2 ez 2 , (sp(2)) = 146
3
1 =2 '2 b y  T h eo rem  5.1 o f

W . W e  have

(4. 2) Ann -  i* 6 3

since i * n-1 1 (Sp(2)) = O . By this relation, we have

A n T i =  A (n ii ,711 - 4 6 3 n ii =  4 9738 4 , by (7 . 5 )  of [1 1 ]  .

Hence v12(,SP(3)) {0 °9711 = i*P31 --̂ 2- Z2,
and i2(S P(n)) = { i6 3} Z, f o r  n> 3.

Consider the exact sequence :
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O = 7r,,(S") - - ). 7r,,(SP(2) :2)n -14 (SP(3) : 2) - - - .7t.„(S' : 2)

ir13(SP(2 )) -- , 7i33(SP(3)) 13
- '-i )̀. 7r13(S") -

4 4 • - •

It follows from the above discussion that the last homomorphism

P* is trivial. We have that vi4(SP(2) : 2) = { P o l }  =4Z16, 71'13 (SP(2 ))
= {P71"10, 4 173/44} ----z 4 e z ,  by Theorem 5. 1 o f  [ 7 ]  and 7 r 1 4 ( S "  : 2)
=  So we have

n'13(SP(3 )) f i* , 72#41 z2

since Av i i = [1.7]ov,„ by (4. 1).

As the order o f ,6o, „  is 4, we have, by Theorem 2. 2,

14 (5p(3) 2 )  =  { [ 4 ] } Z 3 2

Here note that, for suitable choice o f [LILA

i* 
[ 2 a ' ] =  2 [ 4 ]  ,

(4. 3)
315A 6,5 [4 1)11] . m od 2 [4 1)11]

The exactness of the sequerce

0 7r16 (S ") vis(SP(2)) 7r15(SP(3 )) vi 3 (S ") =  O,

where 7r1 5 (SP(2)) = implies that

i5GSP(3 )) = { i [O•'17 1 4 ]} Z 2 .

Consider the exact sequence (2. 1) 3 :

7r15(SP(4)) ir,,(S") - - 7r14(SP(3 )) --■7r14(SP(4)) =  O,

where i t 1 4 ( S P ( 3 ) ) = 4 . 7 ,
 and (S I') = {/%5} -.7=-Z .  Whence we have

7r,5 (S p (4 )) =  0 1, =  [2 .7 !
 j ] }

Z .

Sov 1 5 ( S P ( n ) )  =  f i *
0 15 = 4 [2 .7 !  ta  Z f o r  n >  4 .

In the exact sequence (2. 1) 3 :

A
v., (S ") 7r.1 6 (Sp(2)) v i 6 (sp(3)) -16(S 11 )  = -  O,

we have that 7r36(SP(2))= [0-'7/14]°77151 '------- ZzEDZ2 and A0J1)=
P71.40 for the generator 1.); o f v 1 7 (S 1 1 ). It follows that
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v16 (SP(3)) = fi* Cojn.11 ° , 7i51z 2 .

Consider the exact sequence (2. 1)2 :

i s  (S p(2)) 711 8 (S p(3)) 7.E. 8 (S 1 ) „ (S P(2)) 7r17(SP (3)) •••

where n-1 7 (SP(2))--- - Z 4 0 , 71.1 8 (S 11 )=-,,, Z 240 , 7  r  „  (sp (2 ): 2) = {["7]°(7 1,} a n d
: 2) = {0-„ }  by [7 ]  and [11].

We have 6 k C r l l [ V 7 ] °  6 . 10 by (4. 1).

The exactness of (2. 1)3

7r.1 8 (S 15)Z 2 . 7 r  1 7  ( S  P  ( 3 ) ) 7t. 7 (SAO =  0

implies that z 1 7 (S p (3 )) has no  5-components. Thus th e  above
homomorphism A  is  an epimorphism. This proves Lemma 3. 1.

Since A0-„  is  of order 8, w e have that ir 18 (S P(3) : 2)=- 4 Z„ is
generated by [80-„ ] .

It follows easily from the exact sequence (2. 1)3 :

7t. ,8 (S P(4) : 2) 7r.1 8 (S " : 2) =  {v „ } (Sp(3)) = 0

that 7L-1 8 (Sp(4) : 2) Z 1 2 . is generated by Pisi •
In the exact sequence (2. 1)2 :

7r,9 (Sp (3 )) 9 (S 1 ) ---* 7  r  18(S  P (2) 2) ,

where n-,,(S")= {P„, &„} --Z,EBZ„ we have

(4. 4) A(ntio- i i ) by Lemma 6. 4 of [12]
8 30 •11 by (4. 2)

= 0

Hence z19(SP(3))=7ri9(SP(4 )).,;---- Z2 are genarated by F 111C1-12, •

Consider the exact sequence (2. 1 )4

A
i *

A
71-„(S' 9 ) „(S P(4)) „(S P(5)) 71- „(S") 115(Sp(4))

n -1 8 (Sp(5)) =  0 .
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It follows that z19(SP( 5 ) )  is  generated  by [ 9 ! 619], since n-18(SP(4))

•-=--Z9, by Theorem 2. 2. And w e have

(4. 5) A9719 = 1*

fo r  the generator ,7„  o f 7r20 (S 19) ,  since ir19(SP(5))--=' Z  implies the
triv ia lity  of i * z19(SP (4 )). Thus

7.1' 19(S P(n)) {i* O 19 i* [9 ! 1 1 9 ] } z, f o r  n >  5 .

Next consider the homomorphism  z :  7r. „(S")-->v 20(S P(2)), where
71'21 : 2) = 7711,a121 and Tr20(SP(2 ) ) =  {1.2711" -10u17 4/ 63 4 / 7 3 1 6 4°- 13}

To prove Lemma 3 . 2  it is su ffic ien t to  show the following two
relations

Ev711°°91.7

A ( 9714 612) = i* 973t6 4°-13 •

The f ir s t  relation is  e a s ily  o b ta in ed  b y  (4. 1). S in ce  w e  have
A (n ,4 6 ,2 ) i* 6 3,01( b y  (4 . 2 ), we shall show

4 6 3t6ii = i*Y3P4Œ13 i n  7r20(SP(2 ))

in order to prove the second relation.
By Theorem  14 . 1  o f [ 1 1 ]  w e have 6,0= npOE. As the kernel

of E :  7r 20 (S 3 : 2) (G ' : 2 )  is  E', we obtain

4 6 3/-611 4973t640-13 mod i*E1 i n  7 1 -20 (S P ( 2
) )  •

Here i * P  = 0  in n-20 (SP(2)). This shows the above relation.

In the exact sequence (2. 1) 2 :

7r12(S I1 ) 7r20(SP(2)) 7r20(SP(3)) 7r20 ( 5"1 )  — >A  7r19(SP(2))

w e  have that (rnb v* I  11 ( 7 1 2 ,  ° I , 19/ t1°-12 19 41 + 7/11812 ±  O. So, con-
sidering 47.„(Sp(2))--= {4 7 1 } ,  we see that

7r 20 (S P(3 )) *T43 k i l o - 1 2 7 . 7 0 z2e3z2 •

W e have also

2(S P(4)) {i 3 ,

which follows from the exactness of the sequence (2. 1) 3 :
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A
2r2 5  (S") 2-r2 0 (SP(3)) n- 0 (S P (4 )) 2r„(S 15)  =  O ,

2since A ( j =  A (v „ ) .1 . ,„  7 - c „  (Sp(3))0 =  0  fo r  a  generator 2 ,1 5  
of

21 (S 1 5 ).

 the exact sequence (2 . 1 )4

7r21 (S" ) > n-20 (S P ( 4 ) )  —> 7r20 (SP(5 ) ) •

where 7t 2 1(S 19) { i 7 9 }  '=-Z, and n-„ ( S P ( 4 ) ) = ik *,n.cr12_,°//12,

We have A(n1.9) .i* Enno- 107)i9 by ( 4 .  5 ) .  Thus

7r20(SP( 5 ) )  =  { 1* T63} Z2

and 7r20(SP(n)) = fi*O12on19 i*P3) Z2, f o r  n >  5.

By Theorem 2 .  1  we have

7r24 (SP( 5 ) ) {47/3/s4} Z 2 ,

since 97 L Ta3 b, 4 3 20 • Hence we have

21 (SP(n)) i i 0 1 9  "/ T 9 497377,41Z 2 , f o r  n >  5.

For A : 77. 2 2  (S 11) —> n " , (S P (2 ) )  and P * : 7r21(SP(2 )) --> 7-c2, (S7)  we have

h o l g -4 1 )  =  v 7 q -10 by ( 4 .  1 )

=  E 20 '0 0 •1 4 by Lemma 9 .  2  of [ 1 1 ]

=  4 (0 - '0 - 1 4 ) by Lemma 5 .  1 4  of [ 1 1 ]

E 7-c 2 i  (S7
 : 2)

So we obtain, by the exactness of (2 . 1),

.-11
4 [ ' ]  o r —  4  [ 0- ' 0-44] + le/464 •

In either case, is of order 8  in 7i-2 1 (S(2)).
Assume that =  4  [o

-'o-44] + 4973/-64, then we have

7r2 1  (S P ( 3 )  2 ) fi* Eaj..- 1411Z 8 .

But this contradicts that 77.24 (SP(5 ) )  is generated by 0 4,° 9 4 9 7 3 P 4  •

Whence we have ,6, -„ =  4  [0 -'0 -
4 4 ]  and have proved Lemma 3 . 3 .

Easily we have

7r21(SP(3) : 2 )  =  {[a'cr14], i*/72 -,-(64} Z,EDZ, .
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We shall prove Lemma 3. 4. We obtain by use of (4. 3)

A(20-
1 5 ) = 2 [41), 1].0- 1 4[ 2 0 - 1 . 0 - 1 4

We have that
P*(C2Grlocr14) = P*(2[0 - '0- 14]) =

Hence we get, in 7r21(SP(2)),

[ 2 °1 00-14 -" ." 2 [0-'0-14] m o d  { * 3 4 ,  8 [0-'0-14]}

since the kernel of p * :  7r21 (SP(2 ) )  7 c 2 , (S 7 )  is generated by i 3, 497 a
and 8 1[0-'0-„ ] .  So in 7r2i(SP(3))

* , 

[201 00-
1 42  [ 0-10-,4]

Thus the order of A0-.„  is  4.
Consider the homomorphism :

A P*
2 2 (S1 5  3 )  - >  7r2 i (Sp (3 ): 3) 7621 (S "  3 ) .

The la s t homomorphism p * is already known to be isomorphic.
By Proposition 13. 6 and Theorem 13. 9 of [1 1 ] we have that

7-c2 2 (S'5 : 3) = 1(0 5 ) 1  Z 3  and v„ (S " : 3 ) =  {Am» Z ,.

We have

P*(A(a2( 1 5 ))) = (P*(At15))°"2( 1 4 ) ,  since a 3 (15) is  a suspension
element

C : 3).a 2 (14)

= fa1(11)0a2(14)} by Proposition 13. 6 of [11]

= {3/3, (W} by Lemma 13. 8 of [11]

= 0 .

Thus A(a 2 (15))= O. As 7r21 (SP( 3 ) )  has no 5-components, we have
proved Lemma 3. 4.

Consider the exact sequence (2. 1) 3 :

A
2 2 (S 1 5  : 2) --).7.‘2 1 (SP(3) : 2)7 r 2 1 (S (4 ) : 2) - - ,P * 7t- 2 , (S 15 : 2)

where 7-1-21(SP(3) 2 )' --/- Z4EDZ2= { [ 0 10-14] , ie7,71.4} • 7r2i (S15) =--= Z2 = {45} .

m od 4973 7.-64 .
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We have known in §  3  that p * is an ep im orph ism  and the order of
the im age o f A  is  4. It follows that 7r „(S P(4) : 2 )  z 2 e  z 2 is
generated by r and 4973 7-1,4 .

Next we shall prove Lemma 3. 5. We have, for p * : 7r22 (SP(2))

- 22 (S7),

PA49/ P *A {Œ n,2v18,972iIi.

C p * { A a - 11, 2v17,7)20 }

C 2 1 , 1 7 ,  97201

— {v7cr10 2 1 17 9720}
D {v70-102),,, 2620, 97201

{0-'144 , 262,, 9720}

D 0- 1144, 2 620, n.}
3  c r ie l ,

(see page 141 o f [ n ] )
by Theorem 5 . 2  in 5
by Proposition 1. 2  o f [ l l ]
by (4. 1)

by Proposition 1. 2 o f [1 1 ]

by (7 . 19 ) o f [ l l ]
by Proposition 1. 2  o f [1 1 ]

by (6 . 1 ) of [1 1 ].

W e  have P*A 0 1 --= . 0-'&14 m o d  7r21(S 7)°9721—{c/P14+0- '
9
14, K7 ?12 7 }. By

(10.23) o f  [ 1 1 ]  w e have K023 — The kernel of E 2 : 7r 2 2 (S7 : 2)

2 )  is generated by 0 7 4 a n d  cr'61 4 • S o  w e  have K79721

= ao-/D1 4 b a 1 6 1 4  where a, b= 0, 1. Thus we obtain

= cr'&1 4 + x(rid P14 + 0 •6 74) + y(6.7 + a0'13 14+ ho- 1 6 14)

where x ,  y = 0 ,  1 .  Apply the boundary h om om orp h ism  A : 2 2 (S 7 )
- 2 1

(S3)  to the above equality, where A ( 7 ) = 21E6 + 0  and A (o - '6 14)
= A(o-'1 1 4 ) — 0 by Proposition 3. 2 o f [7 ], and A p * 4 0 ' =  O. It fo llow s
that A 0' = [0 -'6, ] +  x ([0 -1 1;14] +  E Œ ' 8 1 4 1 —  [0 -1 6 74] or [ 0-1171].

In  either case w e  have proved Lemma 3. 5. Assume that,
x = 0 ,  then, AO' —[0-'8 1 4 ] .  Consider the exact sequence (2. 1)2:

(4. 6) 7r24(511) 2,(S P(2)) 23(S P(3)) -P2 -  7r2, (S")

where 7r2 4 Z , E 1 9 Z 2  7 1 - 24 (S11 2 ) =  {6'n 23  
Cr

11
1
4 . 8 1  f  

71.
2 3  (S P ( 2 ) )  Z 2  E B Z 2

14_. '38 15 7 2 7 _ .  ° ° - 101) .- ,69Z2= {V "  CŒ'n r and p * is  trivial by Lemma
3.5.

We have A(0/9723) = [ '1 4 ]° 22 by the assumption

EaJni4].&,5
AO- Ii="18) = E.71°',A 7 by (4. 1) .
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Therefore 7 1 - 2 3 ( S P ( 2 ) ) / A v 2 4 ( S " ) - -------- Z 2
 a n d

 n . 2 3 ( S P ( 3 ) ) - Z 2 .  B u t this con-
tradicts to the result obtained in §  3 .  Therefore x = 1 , i.e.,

AO' =  [o 'r'14]

Now it is obvious that n-22(SP(3): 2) - Z320Z2 is generated by
i * [p" ]  and i*[cr'6 14].

It follows from Lemma 3. 4 that 71-22 (Sp(4) : is generated
b y  [4 rr15].

Since Av19=rv1iovi8 is o f order 2 in the exact sequence

7C2 2 (SP ( 5 ) ) P j ) •1' 7 r „  (S ") n•21 (SP(4)) ,

we have that v 22 (SP(5): 2) ----Z 512 is generated by [2v 1 9 ].
In the exact sequence (4.6) we have that A( 0 / 2723)= 1:9''P14]°1/22

and A(cruvT8)= [y7]°criol'T7 • It follows immediately that v23(SP( 3 ))
f_----Z,EBZ, is generated by i i , [0- '//14]  and i* [ 01171,1 ° 6 15 •

The generators of 7r23 (SP(4)) and 71.23(SP(5 ) )  are already stated
in §3.

§ 5. Boundary hom om orphism  and secondary composition

Let Y be a CW-complex with a base point y , .  Let S "Y =  Y X S "
the reduced join of Y and the unit n-spheres S" and let E "Y =  Y X E ",
where E "  is the unit n-cube bounding S" - 1 .

For topological pairs (A, B, a o )  and (C, D, co ) ,  we denote by
n• (A , B; C, D ) the set of the homotopy classes of maps f :  (A, B, (10)
---> (C, D, c0).

We have the following exact sequence for an arbitrary topologi-
cal space X  and its subspace A  with a base point a „  as usual :

•• • 7r(S"+ 1 Y , X) L ç' 7r(E" SnY ; X , A ) --->a. x )  - - - ) -  • •

Let p: X---).13 be a fibre map with a fibre A = P -Ab„), b o e B.
Then p  induces isomorphims p * :  7r(En+1Y, S"Y ; X, A ) ----v(S" -FlY, B)
for all n > 0 .

Define a boundary homomorphism A : 7r(S"' 1 Y, B) --> 7r(S"Y, A)
by the commutativity of the following diagram :
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•• • 7 t ( S n  Y, X) LI 7r(E"' Y, S"Y; X, A)-->a  7r(SAY, 71:(SAY, X)

IJ P*
7r(Sn''Y : B)

For this A, we have the following

Theorem 5. 1. Let Z  be a  CW-complex with a base point z0 .
Then A(a.E13)= Ace.0 fo r  aE 7r(Sn 1 Y , B ) and OE 7r(SAZ, SAY).

This theorem is, as it were, a generalization o f (2. 2) in  [7],
but the proof is easy and omitted.

We shall prove the following theorem, which is the purpose of
this section.

Theorem 5.2. Assume that ao.E0=,807-0 for « E ir(Sn+1 Y, B),
OE 7r(ShZ, SAY) and y E 7r(Sn W, S"Z), where Y, Z , W  are CW-com-
plexes with base points. Then we have

A {a, EIS, Ey} i c 0,a, 0, .

P ro o f. We denote by Ext (a) an extension of a : SAI- JYV CSA+ 1Z

-->B  and denote by Coext (7 ) a  coextension o f  7 : ,;"+ 1 W -.
Sn+1 Y V CSA+ 1Z.

Ff{

By Proposition 1. 7 of [11], any element o f {a, EA  E7} 1 can
be represented as Ext (a).E(Coext (7)). By Theorem 5. 1 we obtain

A (Ext (a).E(Coext (7))) A (Ext (a))0Coext ('y).

We have a commutative diagram, by naturality,

A
(Sn' YuCSA -HZ, B)---> 7e(SAY■JCSAZ, A)

it I 41' I
A

v(S n +1 Y, B) (S" T , A) ,

where i, and i 2 a r e  inclusions : S ' Y -.Sn+4 Y U  CS 1Z  and
PIP

SAY ->SAYV CS"Z respectively. Therefore

itA (Ext (a)) = A (it (Ext (a)))
=  A (Ext (a)oi,)

A (a)
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by the definition of the extension. This shows that A(Ext (a)) is
an extension of A a , that is,

A (Ext (a )0 E (C o ex t (7))) = Ext (Aa)0Coext (7).

Therefore we have

Ala, EO, Efyl, C {Ace, $,7} ,

since the indeterminacy subgroups of the right hand side include
those of the left hand side. q.e.d.

We shall prove the following special lemma which has been
used in the previous sections.

Lemma 5. 3. For the homomorphisms A : 7.E.24(S'3 ) 7r23 (SP ( 5 )),

7i-23(SP(4)) 71" 23 (SP ( 5 ) )  and p : —> 7r2 3 (S 15) ,  we have

P*iVA ( 7/ 2 3 ) =  P 15 •

Pro o f . The following diagram is commutative :

,4 (S2 3 )
 A

7r23(Sp(5)) 7e23 ( S P (4 ) ) Te23 (S " )

A t P * 113*
2 4 (S2 3 )7 r 2 3 (Sp(5)1Sp(3)) V23(SP(4)/SP(3)) (S15) ,

where Sp(4)ISp(3)=S" and A in the lower sequence is the boun-
dary homomorphism for the bundle (Sp(6)ISp(3), p,S2 3 =Sp(6)ISp(5)).
we remark that the above two injection homomorphisms are
isomorphisms since 71- 24(S19 ) — 7r.23 (S ") -= O. SP(5 )/SP(3 )  is  a  bundle
over S1 9 with a fibre S " .  Then there is a cellular decomposition
S1' ve "ve 3 4  o f Sp(5)ISp(3) such that the class of the attaching map
o f e " is  ce= A ( 6 19) ( A  vi9(S 19 ) — > v 1 8 (S " ) ) .  Furthermore Sp(6)/SP(3)
has a cellular decomposition S p(5)/S p(3)ue 2 4 v e 3 8 v •• •  such that the
class of the attaching map o f e2 3 is  z  (62 3 ) E 7e22(SP(5)/SP(3)).

Here we consider the homotopy groups of dimension up to 24.
Then we may consider that

Sp(5)ISp(3) = V  e "  and  Sp(6)ISp(3) = V  e "  e".

W e  s e e  i n  §  2  an d  §  3  that A : 7r„ (S  9) 7c,„(Sp(4)) and
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:  7-e„(sp(4)),71.„(S") are epimorphisms. It follows that A : 7-c1 9 (S19)
— > 1 9 (S 1 5 ) i s  an  ep im orp h ism  an d  a= (t) i s  a  generator of
7ris(S 1 5 ) -=' 224.

We see also in § 2 and § 3 that A : (S 2 3 ) 7 r2 2 (S P (5 ))  i s  an
epimorphism and P*7r22(SP(5))=67r22(S")= {21-' 19} =  Z 4 . It follows
P*A(t , 3)= ±5,9 for the above At 5 3 • T h e n  w e  have that At2 3 i s  a
coextension

= Coext ( 21), 8 ) E 7z. „ ( S 1 5e " )

o f ±2 1)1 8 . Since E'° : 7.
8 (S 5 ) -->71- 18 ( S " )  i s  an isomorphism, there

ex ists an element (generator) a '  o f  7r 8 (S 5 ) such that E '° '  = a .
S "  e "  is  homotopy equivalent to 10-fold suspension S'°(.5 5 e 9 )

of S' e 9 . Thus we may consider that S " e "  =  S l°  (S 5 V  e 9 ).

Since a'0(±21) 8)E  2ir„ (S 5) =0 , there exists a coextension

Coext ( 21) 8 ) E (S 5 ■_) e9 )

of ±21) 8 . Then we have

= Coext (±5, 8 ) =  E "  Coext (±58)+4/3

fo r  some element /9e 7 .
2 2 (S 15 ) and the injection i :  S "  C S15 V  e",

since Coext (±21,
18 )  and El°(Coext (±5 8 )) are both coextensions of

the same element ± 2 v18.
Now consicer A n.. T hen

9.723 (A t 23 ) " 7 2 2

=  (E "  Coext ( 50+40)09722
E "  (Coext (±2), 8)0v,2)+4(0°/722)

E  E " i *  fa, ±58, +40809720 by Proposition 1.8 of [11].

a  and v, generates 7r 8 (S 5 ) Z  2 ,  and 7r8 (S 5 : 2 )-----_,  Z 8 . Thus there is an
odd integer t  such that ta=  ±1)5 . Then, by (6. 1) of [11],

+ 2 1 '9, nub =  fa , ±2t 1)8,
{± ta , 58, null mod G

= {v5, 2 1 )8, 9711}1
= 6 5 G ,

where G= ce.E7r, 2 (S 8 : 2)-1- 7r,2 (S5
 2

) o n . =  {C i . " 1 0  77,2 }  = 0  (c f . M I .  We
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have obtained
A623 =  1* ( 6 15 + 1 3 ° 1

122) •

Next consider about 16. Assume that 0 0 E 8 „ (S 7 ) =27 r 2 2 (S").
Then /9E a-„+27r 2 2 (S ") and we have by Proposition 8. 1 of [11]

Sq8 0  in  s"  y  e23 .

Note that in Sq8 =0 in S "  e " V  e " ,  7= El"Coext(±22",), since it is

a 10-fold suspension of S 5 \J e9 7 '  = C o e x t  ( ±2 1.',). Then it is

verified without difficulty that

Sq8 *  0  in  S" V  e" \.1 e"
2and S e "l l  (Sp(6)ISp(3); z 2 )  0.

Similarly we have Sq81-11 5 (SP(6)/SP(3) ; Z2 )=0 if 13 E F.: 9 7t 1 4 (S 7 ) = 2n-2 ,(S").
The projection homomorphisms

p*: H 1 (SP(6)/SP(3); Z2) —  Hi (SP(6); Z2)

are isomorphisms for 1=15 and 23 since H*(Sp(6); Z H *(S P(3); Z
OH* (SP(6)/SP(3) ; Z2) and 1-18 (Sp(3) ; Z 3 )=0, B y C oro llary  13. 5 of
[1],

Se (v.) =

w here v 4 a n d  v ,  a re  generators o f  H" (S p (6) ; Z 2 ) Z ,  and
H" (SP(6) ; Z 2 ) Z 2 ,  and 4 1 2 i s  the coefficient of ( 7 1 2  in the ex-
pression

E  x ?  • • • x x .  • • •  x  = (1 2  . 6 . 1 •  •  •  C r 12) C r 4  
C r8 ( T 1 2 mod 2.

Thus Se (1) 4 ) = v and Sq8 H" (Sp (6) I Sp (3) ; Z 2 )4 0. B y  the above
discussion, we have obtained

/3o 2n-2 2 (S 1 5 ) .

Since 2R-2 2 (S1 5 ) 270 , 22 7r22 (S1 5 ) °2772, 0,

Ann =  i*  (
6

15 ±  R o n 2 2 )

i * (
8 15 ± a - 1527 2 0

-  4 /715 • q.e.d.

Kyoto University
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