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I. Let K  be an  algebraically closed field of an arbitrary characteristic
and let G be an  algebraic linear g ro u p . We consider only K-rational

points of G . L e t V  b e  a  vector space over K  on which G  acts as
a  group of K-automorphisms. W e ca ll V  a  rational G-module or G
acts rationally on V , if  fo r  any elem ent y  i n  V  the translates gy

for a ll g  in  G generates only a  finite dimensional subspace on which
the induced action of G  is  a  rational representation.

Definition 1 .  G is called semi-reductive if  it  h a s  the following
equivalent properties:
(1) For any exact sequence of finite dimensional rational G-modules

where K  is considered to be a trivial rational G-module, there exists a

positive integer i n  such that if w e take the m-th symmetric products,

the surjective G-homomorphism

V m — K m K

splits.

(2) Let X1, X2, •-•, X „ be indeterminates and suppose G acts rationally

on the polynomial ring K [X 1, X 2, • • , X ] as a group of automorphisms

o f K -algebra in  such a  way that the K-subspaces KX1+KX2+ ••• +

K X „ and K X 2+ K X 3 + • • • + KX „ are G-stable and that X , is G-invariant

modulo KX2+KX3+ • • • +  K X „.  Then there exists a G-invariant homo-

geneous polynomial in K [X l, X 2 ,  •  •  •  ,  X„ ] w h ich  is  monic in  X i.
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(3) Let S  b e  a finite dimensional projective space over K  on which
G  acts rationally as a group of projective transformations. Suppose
there exists a G-invariant point P  in S . Then there exists a G-stable
hypersurface in S  which does not pass through P.
(4) Same assumptions as in  (2 ) except that X , is  G-semi-invariant

modulo KX 2 +KX 2 + • • • +  K X „.  Then there exists a G-semi-invariant

homogeneous polynomial in K[X ,, X 2, • • • , X „] w hich is monic in Xi.
The equivalence of these properties can be proved easily. (See

[1] .) It is evident that reductive algebraic linear groups (i.e. every
rational representation is com pletely reducible) are semi-reductive.
Torus groups are reductive, hence sem i-reductive. Finite algebraic
linear groups are semi-reductive, but may not be reductive in general
(i.e . if the order of the group is divisible by the characteristic of the

field.).

The following facts are proved in [1] .

Proposition  1 .  L e t N  b e  a normal algebraic subgroup of an

algebraic linear group G .  I f  N  and G IN  are semi-reductive, then G
is itself sem i-reductive. I f  G  is semi-reductive, then G I N  is semi-
reductive.

T h e o r e m  1 .  Let R  b e  a commutative K-algebra of finite type.

Suppose a semi-reductive algebraic linear group G  acts rationally on

R  as a group of automorphisms of K-algebra. Then the K-subalgebra

h (R ) of G-invariant elements of R  is  a K-algebra of finite type.

The following equivalent conjectures were given by D. Mumford:

Mumford con jecture. (1) If the radical of the connected com-

ponent G o o f th e  identity of an algebraic linear group G  i s  a torus

group, then G is semi-reductive.
(2) I f  G is  a connected semi-simple algebraic linear group, then G
is semi-reductive.
(3) I f  G is  an almost simple algebraic linear group (in the sense of

[3 ] i.e . any normal algebraic subgroup is either G  itse lf o r a finite

subgroup), then G  is semi-reductive.
The equivalence o f  these three properties can be proved easily
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using Proposition 1. (cf. [1] .)

It is known that if the field K  is  o f characteristic 0 and if the
radical of the connected component o f th e  identity of an  algebraic
linear group G  i s  a  torus group, then G  is reductive (hence semi-
reductive). T hanks to  th is fact w e have a good invariant theory in
the case of characteristic O. The importance of Mumford conjecture

is  due to the fact that if the conjecture is  true, then  w e get a good
invariant theory even in the case of positive characteristic thanks to
Theroem 1.

Our purpose here is to prove Mumford conjecture in a very special
case, i.e.

Theorem 2 .  If the field K  is o f characteristic 2, then the almost
simple algebraic linear groups G = S L (2 , K ) is  semi,-reductive.

Our m ethod seem s to be peculiar to this special case and some
device will be indispensable to prove the conjecture in more general
cases.

H .  According to the "rational cohomology theory -  of algebraic linear
groups in  [2] , the extensions of left rational G-modules 0—>

K — .0 are classified up to equivalence by ExtL(K, W) W )

= Z (G , W )/ B 1 (G, W )  for a given left rational G-module W, where
Z i(G , W ) i s  the vector space o f  "rational crossed homomorphisms -

form G  to  W  i.e . morphisms of affine schemes f  from G  to  W  such
that f(gh ) =  g f(h ) +  f(g ) for all g  and h  in G , and B i(G , W ) is  the

subspace of "principal rational crossed homomorphisms" from G  to W
i.e. rational crossed homomorphisms dw for all w  in W, where dw(g)

=gzv—w for a ll g  in G .  To f  in Z ' (G , W ) corresponds a rational

G-module V =K -T -W  w ith a decomposition as a vector space over K,
w here G  ac ts  on  V  on  th e  left according to  the ru le  g(k+w ) =
k+ kf(g) + gw for a ll g  in G , k in K  and w in W .  A change of f
to another rational crossed homomorphism f '  in the same cohomology

class modulo 131 (G , W ) corresponds to a change of the 1-dimensional

K-subspace of V which is complementary to W  (only as a vector space
over K ) .  Let H  be an algebraic subgroup of G .  The complementary



278 'Tadao Oda

subspace K  in  V = K C )W  is H-stable if and only if the corresponding
rational crossed homomorphism f  vanishes on H . This is also equivalent
to the following: f ( g h )= f ( g )  for a ll g  in  G  and h  in  H.

W e denote by K [G ] the affine ring of G  and by the maximal
ideal in  K [G ] o f functions which vanishes at the identity element e
of G . Then K [G ] is  a right rational G-module under the right trans-

lations F--->Fg, where Fg (h) = F(gh) for F  in  K [G ] and g ,  h  in  G.
W e have another action of G , namely the le ft translations
where (L g F )(h ) = F (J ig ) for F  in  K [G ] and g ,  h  in  G.

L et W  be a finite dimensional rational G-module and le t HomK( W,
K )  b e  the dual space o f  W . W e  m a k e  it  in to  a  right rational G-
module v ia  th e  dual action of G: ug (w) = u(gw) for a l l  g  in  G , w
in  W  and u  in  HomK( W, K ) .  F or an  element f  in  Z i(G , W ) we
have a  K-homomorphisrn f *  from the vector space Hom K ( W, K ) into

the subspace 931 of K [G ] defined by f *  ( u ) ( g )  u ( f ( g ) )  for g  in  G
and u  in  Hom K ( W, K ) .  Note that f (e ) = 0 .  It is easy to  check that
[f  * (u)] g = f * (zig) + [ f* (u)] (g) for u in  Hom K  ( W, K )  and g  in  G.
Hence K +  (the image of f * )  is  a finite dimensional G-stable subspace
of K E G ] .  I f  t h e  s e t  theoretic image f (G )  generates W  a s  a  vector

space over K , then f *  is  in jective. In  th is case we can consider the
right rational G-module K +  (the image of f * )  to be the dual rational
G-module of the left rational G-module V = K 8- -)W  determined by f
through the pairing <c+f  * (u), k+  zu>  ck+  (w ) for c, k in  K, u in
HomK(W, K )  and  w  i n  W  i.e. th is pairing is non-degenerate and

< [c+ f * (u)] k + w> = <c + f* (u) , g (k + w)> . Conversely for a  given
finite dimensional subspace M  of W1 such that K +  M  in  K [G ] is  G.
stable under the right translation, we consider the dual vector space
HomK(K+ M, K) w ith the dual action of G  on the left. I t  is  f in ite
dimensional and  it  h a s  a  canonical decomposition a s  a  vector space

HomK(K+11/1, K) = K7r -O EH O M  K  ((K+ M) / K, K) w here n  is the pro-
jection K+ 11,ID F E  K .  It is easy to check that the set-theoretic
image of the crossed homomorphism f  in Z 1 (G, Hom K ( (K +  M ) /K, K ))
defined by f ( g )  n  generates the whole Hom K  ( (K+ M) / K, K)).
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Lemma 1. A finite dimensional left rational G-module V=KEGIV
corresponds to such a f  iii Z '(G . IV) that the set-theoretic image f (G )
generates the whole IV a s  a  vector space over K. i f  and only if  it is
dual to such a finite dimensional G-submodule of the right rational G-
module K [G ]  that contains th e  constant field K .  F o r a n  algebraic
subgroup L I of G  the decomposition V = K + W  is Hstable if and only
if  the corresponding finite dimensional G-submodule of the right rational
G-module K [G ]  is contained in  th e  K-subalgebra I i i (K [G ] )  o f H-
invariant elements under the left translations.

P ro o f. The form er part has already been proved. As for the
latter we know from  the remark before that f ( g h )  = f (g )  for a l l  g
in  G  and h  in  H, hence we have L h (f* (u )) = f*  (u ) for a ll h  in H
and u in  Hom,( W, K ).

Now we reduce our problem.

Lemma 2. (1 )  L et 0---> W--> be an exact sequence of
rational G-modules, and take its in-th symmetric product W'-->

Vm—>K---->0. If the n-th symmetric product of Vm—>K--->0 splits, then
the mn-th symmetric product of V—>K--.0 splits.
( 2 )  Let u : W--> W' be a homomorphism of rational G-modules and let

f  be an  element o f  'Z '(G , W ) and f '  be the im age of f  under the
homomorphism u* : Z '(C , W ) .  I f  th e  m-th symmetric
product of the exact sequence of rational G-modules 0—>W—>V--->K—>0
corresponding to f  sp lits, then  th e  in-th symmetric product of the
exact sequence of rational G-modules 0— >W ', V'—>K-->0 corresponding
to f '  splits.

The proofs are  both trivial.

To prove that an algebraic linear group is semi-reductive we may
restrict our attention to such finite dimensional left rational G-modules
V = K-œ W  that is determined by an f  in  7. 1 (G , W ) whose set-theoretic
image f ( G )  generates the whole W  a s  a  vector space over K .  In
fact th e  subspace W ' o f W  generated by f ( G )  i s  G-stable because
g f (h )= f (g h )— f (g )  for a ll g , h  in  G .  Consider f  to be an element
of Z i(G ,  W ')  and apply Lemma 1  ( 2 )  to the injection W'—> W .
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W hen an  algebraic linear group G  is connected, we denote by
N( 7') an d  W (  7 ' )  N (T )/  7' a maximal torus of G , the normalizer

o f T  in  G and the W eyl group of G  respectively. It is well known
th a t th e  torus group T  is. reductive. H e n c e  fo r  an  exact sequence
of rational G-modules 0—> V-->K—.0, w e have a 'l'-stable 1-dimen-

sional subspace o f  V which is com plem entary to IV . T he element f
in  7.'(G, TV ) corresponding to this decomposition vanishes on 7', or
equivalently f (g t )  - - - f (g )  for a ll g  in  G  and t  in  7'. 1 1. the order r
of the W eyl group W (T )  is not divisible b y  the characteristic p  of
the field K , then N (7 ')  is reductive and  the same argument can be
applied. However to prove that a  connected algebraic linear group G
is semi-reductive we may suppose that f  vanishes on N ( T )  even if  r
is  divisible by p .  In  fact w e first take such a  f  in  Z' (G, W )  that
vanishes o n  T  as above. T hen  w e take the r-th symmetric product

Wi—>V'—.K—>O. The subspace K i ll (1+ f (a i ) )  which is com-

plementary to E W i is evidently N ( T ) -stable, where 6,, 62 , • ••, a , are

the representatives of N ( T )  modulo T  Then apply Lemma 2 (1).

Combining Lemma 1 and Lemma 2 we get:

Proposition 2 .  (1 )  An algebraic linear group G is semi-reductive
if and  only if  for any finite dimensional subspace M  of K [G ] which
contains the constant field K  and w hich is G-stable under the right
translations, there exists a positive integer I n  such that th e  surjective

G-homomorphism o f the ,n -th symmetric products [H om ,(M , K )]

[Hom ,(K, K)] m K  sp lits. A n  algebraic linear group G  is semi-
reductive if and only if the connected component Go o f  the identity is
sem i-reductive. A s for a  connected algebraic linear group G , G  is
semi-reductive if  and only if  there exists a  positive integer in  such that
the surjective G-homomorphism [Horn, K ) ] m [H o m , (K ,

splits fo r any finite dimensional right G-stable subspace M  of K [G ]
which contains K  and is contained in  the K-subalgebra IT (K [G ]) (or
in  Lq n (K[G] ) )  o f T-invariant elem ents (resp . N (T )-invarian t ele-
ments) of K [G ] under the left translations.

(2 )  Let be a finite dimensional G-stable subspace of K [G ] con-
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taming t h e  constant field K .  I f  th e  surjective G-homomorphism of
th e  m-th symmetric products [Hom,(111, Mom', (K, K)]m==-K
splits, the sam e is true for ]HomK(111', K)]rn--=-K.

(2 ) is nothing but (2 )  of Lemma 2.

I I I .  I n  this section we denote by p  the characteristic of the field K.
W e put G  S L  (2, K ) ,  T =  ( t ) = ( t EK* 1 and a= (

°
1  

—
())

E

N ( 7 ') .  Then the affine r in g  o f G  i s  o f the  form K G ]  = K [A , B ,
C, D] where AD— BC = 1 and A (g)= a, B (g)= b , C (g )= c , D (g )= d
for an element g =( g cd )  in G . W e have A g=aA +c13, B g=bA +dB ,
Cg = aC+ cD, Dg =bC+ dD for g= ( b

a
 d

c )  in  G .  Taking into account
that L ( ,) A =  tA , L ( ,) B = tB , L o r  = r 1C , L ( ,) D =  r 'D  an d  L, A= C,
L B = D , L „C = —A, I „D =  —B w e  have L ( f) (A C )=  AC, L o ) (BD)
= B D , L o)(A D+ B C ) A D +  B C , L o)(A D )= A D , L o)(B C)= BC;
L ,(A C )= —AC, L ( B D ) =  — B D , L ,(A D - I-  BC) = — (AD+ BC),
L ,(A D )= —BC, I„(B C )= — A D . For g =  (b1  cd )  in  G  we get

(AD + BC) g = (ad+ bc) (AD+ BC) +2abA C + 2cd BD
(A C)g = ac (AD-1- BC) + a'A C+ c 2 BD
(BD)g = bd (AD+ BC) +PAC+ d 2BD

From these and AI)— BC= 1 we get:
if  p =2 , 1 , ( , ) (K [G ])= K [A C , B D ] w ith  A C  an d  B D  algebraically
independent over K  and

(A C)g =ac + ci 2A C+ c 2BD
(B D )g  bd -F PAC + d 2BD

for ce,)

if p 2, IT (K  [G ])  K [ (AD + BC), A C , B D ] w ith algebraic relation
(AD+ B C) 2 =1+ 4 (AC) (B D) . Monomials {FE,,, J = (AD+ B C)E(A C)i
X (B D) 1 ; 6 =0  o r  1 ; 1 , j non-negative integers} are  linearly indepen-
dent over K  a n d  Fe, o ;  i s  in  / N ( r ) ( K [ G ] )  i f  a n d  on ly i f  ed- i ± j  is
even.

P ro o f o f  T h eo rem  2 .  For brevity we put X= AC, Y =B D , then
X (g) = ac, Y (g)  =bd  fo r g = ( c

b
i  c

d ), IN (r)(K [G])= K [ X, Y] and
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Kg= a c  a 2X-1- c2 I '

Y g  bd -I- b2 X -I- d '
for (:/)

We denote by M I - in ] for non-negative integer in the finite dimensional
subspace o f K [X , Y ]  consisting o f th e  polynomials in  X  an d  Y  of
total degree at most tn .  From the action of G  under the right trans-
lations given above we see that M  [ In ] are G-stable, hence we have
a increasing chain of finite dimensional G-stable subspaces whose union

equals the whole hi ( n (K [G] )

K=111[0] CM  [1 ] E M  [2 ] C • • • CM  [m] C • • • .

Every finite dimensional subspace is contained in M [ i i ]  f o r  some nt.

This and proposition 2  permit us to restrict our attention to the dual

left rational G-modules V [m ] — Hom ,(111[m ], K ) fo r  a ll  nt. We

denote by { [in ; 1, j] ; 1 j > 0  and th e  dual base of V [m]
corresponding to th e  base {X  Y ; 1 ,  j > 0  an d  1 +  j 'a t  of

From X g= ac+ a' X -I- c' Y , Yg = bd + b' X  + d' Y we have

(X ' Yi) g= (ac + a' X + c2 Y )' (bd+b 2 X+ d' Y )'

= X "Y 'E(u, y ; j ,  j ) ( g )

a  cfor g = ( )
'  where 1,;(1t, y ;  i ,  j ) ,  defined only for 4-pies o f  non-b  d

negative integers (n, z'; i ,  j )  satisfying u + 7 ,_ i+ j ,  a re  in  the affine

r in g  K [G ] and easily computed from the form ula a b ove , in  the
following we only need the following explicit forms:

E (0, 0; 1, j) (g )  = (ac ) ' (b d ) l (X 1 Y ')(g)
for 1, j n i , such that i + X n t

E E ,  0 ; i, j) (g) e h "

E(0, in; j, j)  ( g )  = c " d "  for 1 , j, » t such that i + j =

The action of G  on V [ i n ]  dual to that on M [n t] is

g[nt; u, 7)] = E(u,v ; 1, j) ( g )  [m; j, j]

In  particular
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g [m ; 0, 0] = E  (ac)i (bd)- 1 [ in ;  j ,  j ] =  E  (X 1 7 ')  (g )  [ i n ;  i, j]

a  c= [ i n ;  0, 0]  -1-fm(s_4-) f o r  g = 
(

) ' whereb  d

f m  ( g )  =  E Y O (g) [in ; i, j]
0 < i

is  the crossed homomorphism with v a lu es  in  the G-stable subspace

W[m] = I  K [i n ; 1 ,  j ]  of codimension 1. A s  X 1 Y ' a r e  linearly
Ki, J
0 < i +  S 'rn

independent over K ,  th e  im ag e  o f f m  generates W [m ]  over K.
[ i n ;  0, 0] is G-invariant modulo W [m ] .  We also know that

g [in ; m , 0] = E  e l ,"  j, j]
o>1.i

g [in ; 0, m] = E  c 'd " [in ; j ,  j]
for 0-= ( a  c

d)

In  th e  following we prove by induction on in  that the 2m-th
symmetric product of the surjective G-homomorphism

V [m] = HomK (M [m] , K ) , HonaK (K ,

splits. I n  fact w e get a  stronger result, that i s ,  there exists a  G-
invariant element in  V [m] " of the form [m ; 0, 0] "+ R [m ] where n=2"'
an d  R [m ] is  a  homogeneous polynomial of degree n  in  the base

[m ; i, j ) ;  ( i ,  j )  (0 , 0 )) o f W [m] .

First we take th e  element [ i n ;  0, +  [m ; in ,  0] [rn; 0, i n ]  in
V [m] 2 . W e have

g ( [m ; 0, 0] 2 +  [ i n ;  i n ,  0] [m ; 0, m ])

E
{

(ac) 1 (bd)l [m; 1, j]} . 
2

 +  IE a2 1 b2 [in; 1 , j]}
+ i=  m

x 1 E  c"d"[m ; j ,  j1}

E  (ac) 2 1  (bd)"[in; 1 , j] 2 + (ac)21 (bd)"

X { (ad ) 2 ( m- i- "+ (be) 2 ( ' " )  [ m ;  j ,  i n [ m ;

Note that the characteristic p = 2.
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Lem m a 3 .  Let Y: and y  be elements in a field K  of characteristic
2 which satisfy x-Fy= 1 .  Let N  be a positive integer. Then -,CT-i-yN

—ENUy), where i s  a polynomial of one variable with coefficients
in Z / (2 ) w hose degree is  less th an  N /2 and  whose constant term

EN (0) =
P r o o f .  Let Z  be the ring of integers an d  le t x  a n d  y  be two

indeterm inates. In  the ring Z  [x  y]

y N  (1 / 2 N-1)  E )  + y) N-2k {(x  +y ) 4 }2,k

Hence in  the ring Z  3 ) ]  = Z  [x , y] / (x  +y — 1)

..e + 3 -/N= (1/2" - 1 )0 , .s1 N (
N  

(1— 4 ) k

21e)

This is  a polynomial in (13/ )  w ith 1  as the constant term, of degree
N /2 (resp . (N - 1 )  / 2 ) i f  N  is  even  (resp. odd) and w ith  ( - 1 ) ( N / 2 ) 2

( r e s p .  (  —  
1) [(N-1)/2]N )  a s  th e  leading coefficient if N  is  ev en  (resp.

odd). Reducing this equation modulo 2 , w e get the required result.

P ro o f o f  Theorem  2  con tinued . D enoting by n  th e  rational
Frobenius endomorphism o f  G = S L ( 2 ,K )  w hich  m aps a n  element

2 e 2( a
g d )  

t o  n ( g )  
=

( b
a 2  d 2

)  t h e  last equality before Lem m a 3  be-

comes:

g (rin ; 0 , 01 2 +  [m ; m , 0] [m ; 0, m] )

=  E  (a2 6.2 )  (b 2 (12 )i [n i; i ,  j P0‹i,;
.i 7n —1
E  (a2 c.2 )  ̀(1)2 (12 )  P m_i_..; ((a 2 c2 ) (b2 c12 )) [m ; i] [ni; in— j, j ]

i+;<. -1
E  ()CY ) (n( g))  [n i ;  j ]

j

+ Y lP,,,_,._;(X Y )) (n(g)) [m ; i] ; in— j, j ]
oi+ -1

W e know that X iY l.P_ ; (X Y )  i s  a polynomial in X  and Y  of less
total degree than  i  +j+ 2 ((in —i —j )  /2) = in. H ence w e can w rite

g ( [m ; 0,01 2 +  [in; n i ,  0 ] [m ; 0, n i])  =  E  (K T ) (n (g ))  j ]
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f o r  g _ ( a  c )
'  w here [0, 0] ; 0, 0 1

 + (0) [m ; 0, m ] [ in ; in , 0] =b 
[ In ; 0, 01 

2

 - I-  [in ; in, 0] [ In ; 0, i n ]  and for 1, j>_.0 satisfying

0<1 - 1- j m - 1 ,  [ 1 ,  j ]  =  [ in ;  1, III 2 + [in ; m -  i i ] [ m ; j1, + • • • •

Note th a t [m ;  0 , 0 ] does not appear in j ]  for (1 , j) (0 , 0 ) . It is
easy to check that the elements { [1 , j] ; 1 , j 0 , 1+   1} in  V[m]
are linearly independent over K .  W e can rewrite the above equality as

g- [0, 0] = [0 ,0] +  E  (X i r )  (7 r (g ) )  [1, j]
o<i±ism-1

Compairing this with

g [ i n - 1 ;  0, 0] = [m - 1; 0, 0] + (X  17 0 ( g )  [in - 1 ;  1 ,1 1osi,0<i+ .1 1)7 -1

= [m -1; 0,0] +fm_i(g)

and taking Lemma 1  into account, we see that the subspaces

V'=K [ i ,  j ]  a n d  W '= K [ 1 ,  j ]  of V [m]
0 < i+  iS m - 1

are G-stable and that the rational representation of G  associated with
the rational G-module V' is equivalent to the composition Pm-io n  of the
representation n  and the representation pm•, associated with the rational
G-module V [ m - 1 ]  . A s  n  does not affect our induction hypothesis
for m - 1 ,  there ex ists a G-invariant element o f the form  [0, 0] ' +R
where n = 2 '  and R  is  a homogeneous polynomial of degree n  in the
base { [ i ,  j ] ;  ( i ,  j )  (0, 0) } o f W ' .  T he im age o f th is G-invariant
element under the G-homomorphism ( V ' ) ' - ( ( V [ m ]  ) 2 ) ' - V [ m ] 2 '  i s

([1n; 0 , 0 ]  +  [ in ; m , 0] ; 0 , m il)”  +  =  [in ; 0, 0] " +  (  [m ; m , 0 ]" [m ;

0, m ]"  - R ) where 2n = 2m and R  is  the image of R , hence is a homo-
geneous polynomial of degree 2/1-= 2M in the base  { 1 m ;  ( i ,  j )
(0, 0 )) . T h u s  w e  g e t a G-invariant element of th e  form [ in ;  0, 0] 2m
+  R [m ] where R [ m ]  i s  a  homogeneous polynomial of degree 2 '  in
{[in; i ,  j ] ;  ( i ,  j )  ( 0 ,  0) } . q .  e .  d .
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