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§ 1 .  Introduction

The mixed problem for linear hyperbolic equations with constant

coefficients in a quarter space has been treated by S. Agmon [1] ,

R. Hersh [2 ] and L. Sarason [7]. S. Agmon treated single higher
order equations and R. Hersh and L. Sarason the first order systems.

In the present paper we consider the mixed problem for hyper-
bolic systems o f first order with principal part having constant coeffi-
cients:

aa a
r a t   u+A   ax u+ ay, u— f (t; x ,y )

u(0; x , y ) =0
Pu(t; 0, y ) = 0

in a quarter space { (t, x , y ); t>0, x >0, y E R } , where u  is  a  N-
vector, A, B. ( j = 1, 2, ••-, n )  are N X N-constant matrices and A  is
non-singular, and P  i s  m X N-constant matrix and its rank m.
Already L. Sarason [7] also gave a priori estimates for the system
(1. 1), our approach is slightly different from Sarason's one. Moreover
we treat the problem (1. 1) under less stringent conditions in some
sense.

Our argument is based on Wiener-Hopf's method. Taking Laplace
transformation in t and Fourier transformation in y, the ploblem (1. 1)
becomes to the problem of a system of ordinary difierential equations
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depending on parameters with a homogeneous boundary condition:

( A d
(1. 2)

x  + r 1 +  i72B  )21 (r ; x, 72) =."(r ; x ,v )

Pet (r; 0, 72) = 0

where E r; x, 72) denotes the Fourier-Laplace image of u ( t ;  x ,  y).
Using a compensating function k (r; x02) which will be constructed
later and setting u =  +  v , we transform the problem (1.2) to the
non-homogeneous equation:

(1. 3) (A  d
d
x  +r1+i72.13)iii ( r ;  X, v ) =h z - ; x ,v )+ 'Or; x, 12) in x  R 1

and to  the homogeneous equation with non-hemogemeous boundary
condition:

(A  d
d
x  + rI +  i72.B )D(r; x, 12) = 0i n  x > 0

(1.4)
PiK r; 0, 72) = — 0, 72).

In §3 we tre a te  the problem (1 . 3 )  and Pai(r; 0, 72). Preparing
some lemmas, we determine a compensating function k ( r; x ,  72) such
th a t  Piii(r; 0, 77) I (C r ;  x , 72) is  the solution of the problem (1. 3 ))
is bounded by P -n o rm  of f ( r ;  x , 72). We construct a base of the
subspace E+ (r, 72) o f CI', solve the boundary value problem (1. 4)
and estimate the solution in P -sence  in § 4 .  In appendix we consider
a Puiseux expansion in a neighbourhood of a point such that the
characteristic equation has a real double root and characterize a pro-
perty of hyperbolic systems in a generalized sense. It is shown that
the ratios of the imaginary parts of two roots which approach a real
double root are bounded below and above. This inequality is used
for estimating PiIi(r; 0, 72) in §3.

The author is deeply indebted to Professor S. M izohata [5] who
suggested the problem and contributed much invaluable encourage
ment and advice. He wishes also to thank Professors M. Yamaguti and
M. M atsum ura for helpful conversations.
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§ 2 .  Assumptions and result

We consider the mixed problem

a aL[u]—
t

u+A u +E  B u— f(t; x ,y )a ax
u(0; x , y)

' Pu(t; 0, y ) =0

in a quarter space { ( t ;  x , y ); t>0, x >0, y E R 1.
We suppose the following:

Condition I
The operator L  is hyperbolic in a generalized sense, that is, i)

the matrix $A+E12,B, (we write briefly $A+ v/3) has only real eigen
1=1

values for any real ($, v) (0 ,  0 ) ,  i i )  the m atrix EA-H.2B i s  diago-

nalizable and the multiplicity o f any root o f det i$A + i)2B ) =
in 7  is  invariant for any real (e, )2) # (0, 0) where det A  denotes the
determinant of a matrix A, that is,

(2.1)d e t ( z i +  i$A + tivB ) = n (r- i2 J (E,12))Pi
i 1

for any real (C, I2) where 2, ($, )2) ( i =1, 2, • • •, s )  are real and distinct
for any real ($, v) (0 ,  0 ) ,  p , ( i = 1 , • • • ,  )  do not depent on C, 12 and

P1 - FP2+ •••  +p s  = N.

Condition II
For any real )2 and any pure im aginary ( = ir; r :  r e a l)  the real

roots o f det(r I+ EA+72B) = 0  w ith  respect to $ are at most double
for any real (r, (0, 0).

Remark 1. Let r =r° =iy °(r °: real), v  = °  and $° be a real double
aroot of det (71+ i$ A+ iv° /3) =0. Then this means that 2,(e° , 72°) = 0
ae

a2and 2, (E° , O ) + O  (i=1 , 2, • • s )  and a re a l simple root means
0$2

0 2,(e° , v o) + 0 .  A s shown in  Appendix (see lemma 7 .), the rank
6$

o f rI+iCA +i72B  i s  N— p i  i n  a  small neighbourhood o f  (r, $, v)
= (i21 ($°, e) , o  . , j 0 ) , when (r, E, 72) satisfies det (r1+ iCA + i7213 ) = 0.
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Let $°, (j =1, 2, • • • , q+ s+ s') be all real roots of det( rI+ i$ A + iv/3)
=0 in  $  for pure imaginary r  r°( =17-0 , 2-°; rea l) and real 72°, where

( j=1 ,  2, • • • , q) are real double roots and $? ( j= q +1, • • • , q+ s+ s')
are real simple roots. If E? is a real double root of det (4+ i$ A + ivB )
= 0  for r =,11(7, 72° )  and  72= e ,  i s  a  real root o f order 2p1 o f
det(rI+ i$A + iyB ) = 0  as mentioned in Remark 1. Let V  be a small
neighbourhood o f (i21 ($L 720 ), 720 )  and let us consider the problem (1. 2)
in  V r1 {Re r > 0 }  after this section.

Since A  is non-singular, the problem (1 . 4 ) can be written by
the form:

d{ P(r. x"  7)) + M (r, 72)P(r, x, 72) = 0  in x > 0dx  

Pz) (r ; 0, 77) = — Pet, (r ; 0, y)

where M (r , 12) = A ' (r I+ i v B ) .  Let .E±(r, y )  and E - (r, y ) b e  the
subspaces of CN generated by the ordinary and the generalized eigen
vectors corresponding to the roots in $  of det(i$1+ M(t- , y)) = 0  with
positive and negative imaginary parts respectively when Re z > 0 .  In
order to solve the problem (2 . 2 )  in L 2 (k + ) ,  we construct a system
o f  vectors {12; (r , y)} , __. i  ,  , .  lo ca lly  w h ich  is  a  b ase  o f E + (r , y)
(Re r > 0 ) ,  and the vectors hi (r, y) , • • • , h,'„(r, y )  are linearly inde-
pendent, continuous and homogeneous of degree 0 in r and v  (Re v> 0).
This fact is shown in § 4 .  Finally we suppose

Condition III

T h e  absolute va lue o f L opatinsk i determinant is uniformly
bounded away from 0  in  iri 2 - F 1771 2 = 1 (Re r > 0 ) ,  that is, there exists
a some positive constant 8  such that

det PS(r, 72) I >a for IT-12 + 17712 = 1 , R e r > 0

holds. Where ‘_qt(r, 72) is  a N x m-matrix (r, y) • • • , h: (r, y)).

Our theorem is the following

(2. 2)

T heorem  U nder the Conditions I, I I  a n d  III, w e have the
inequality
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x , i1L2(4) <   cRonesrt•  fif er; 0142(4)

fo r  any solution E r ; x , v ) of the problem (1. 2) where the constant
does not depend on r  and v.

§3. Wiener-Hopf's method

In (1. 1) we take Laplace transformation in t  and Fourier trans-
formation in y and denotes the Fourier-Laplace image of u(t; x ,y )
by E r; x, v), then the problem (1. 1) becomes to

(3.1)
{

A  d   ii(r•
' x '

 v )±  (rI+iv B )ii(r; x ,72)=1(r; x , v ) in x >0,dx
Pît(r; 0, 72) =0 .

From now on we treat the problem (3. 1) in stead of (1. 1).

Lemma 1. (Hersh [2] ) The roots o f  det (rI+i$A +i72B )= 0
with respect to E are never real fo r  any Re z>0  and real 72.

This lemma follows easily from Condition I.

Remark 2 .  This shows that the numbers of the roots in E of
det (rI+i$A +i72B )=0 with positive and negative imaginary part do
not change for any r  (Re r > 0 )  and re a l v . The number m  of rows
in the boundary matrix P  is equal to that of the roots with positive
imaginary part.

Using the notation;

(3.2), . _ 1 (   d
d
x  ;  r, 72) —  A  d

d
x  +ri+iv B

the problem (3. 1) is written in the form

,_i7( dd

(3  3 )
{ x  ; r, 72)7,1 (r; x, 72) =.kr; x, 72)

. 
in x>0

Pa(r; 0,72)=0.

In order to estimate the solution of this problem (3. 3), w e use a
compensating function k(r; x, 1.2 (R1)  with a support in which
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is constructed later, where r  and  are  parameters. Let us consider
the ordinary differential equation

(  d  (3.4);  r, 72)14,(r; x, 72) =./. (r ; x , 72) + k(r; x , 12)dx
in R .

The solution in L 2 (k )  of the equation (3. 4) can be represented by

(3.5) ' it, (r ; x, 77) —  1 e i ` E,A (i$; r, 72) - 1  { f  ( r ;  E, .72) +:i(r; E , 72)} c427r

where /(r; E , 77) denotes Fourier image of l (r ;  x, 72) in x. And

(3.6)P e t i ( r; 0 ,  7 2 )  = 1 r ,  7 2 ) - 1  { f  (r ; E, + ( r; $ , v )}dE.27r 3 --

Lemma 2. Under the Condition I, the inequality

(3.7) ,./ ( i E ;  r ,  7 2 ) _1 <   const•
IR e  r

holds fo r  Re r> 0 , where the constant does not depend on $, r and 72.

P ro o f. Let r= a + i r  ( 6 , y ;  rea l) and b y  the Condition I there
exists a non-singular matrix Q(E, 72) such that

Q(6, 77),A(iE ; r, 72)Q - 1  ($ , 72) i (r1+ Q(E, 72)($A+ i2.13)Q- 1 (e', .72))

— 2,(e, 72)) 0

i A i(E  72))

o + i( r 2 ,( 6  7 2 ) )  .
As

r, 0 - 1  (2-  1 ($, v) = (.!)(,.>2) ,-)7(i$; r, (6, 72)) - 1

+ i(r —  21.(,72))} - 1 0

• { a + i ( r —  21($ , 72))1 - 1

0 + i(r 2 s(e ,7 2 ))) - 1

Hence
<J7(i6; r, v) - 1  I <al Q($, )2)-4(iE; r, 72) - 1 Q- 1 (e, 72) I

<a {  in f 6 ±  i(r 2./(e , 72))I} _i< 
 const.c o n s t .

i,T,E,n a Re r
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x, 7i) + k ( r ;  x, 7)) IfL2 CRRe r
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This completes the proof.
Using this lemma and (3. 5) we can estimate C r ;  x, 72);

( r ;  x , ii2 L2(4) 2
1
7cr ,  7 2 ) - 1 {."(r; E, 72) - 1-  i(r; E, 77)}

< (  cRone srt.  ) 2

f (r; x, 72) + k ( r ;  x, 77)!I 2 L2 (RI) •

Thus we have the following

Proposition 1. If  we suppose the Condition land let ii i ( r; x, v)

be the solution of (3. 4), then the inequality

holds, where the constant does not depend o n d  r  an )2.

A construction of k  (r; x ,)2)

In order to estimate 1Piii(r; 0,72) ! by Iii ( r ;  x, 72) IfL2(k) only we,

construct a  compensating function k(r; x, ,2). For simplicity let us
—

put f ( $ )  =f ( r; $, 72) and i ( E ) = -g(r; $ , 77 ), then
— —

(3.9)P ii i ( r; 0 ,7 2 ) — 1Pc_11(iE; r,  0 - 1 { f  (E) + dE

and change the variab les (r, $ 0 2 )  t o  (r ', $ ', 72') where
1 

= (r, E, v )  and c = ( I ri 2  + 1721 2 ) 1 / 2 ,  and write

(r/, E /, 72. )

Pû,(r; 0,v)—  2
1
, , D 3,1(iE'; 12 , ')/) - '{ i7 c$ 1 ) --F  (cE')}  d$'

r', v') —( CAW (W ) (1E.

Here we decompose det /2, 72') into factors:

(3. 10) det , q ( i e ;  r', 72') i N  d e t  A• A+ (6; r ', 77') A- r '

( 3 . 11 ) A+ ($; r', 7)9 = 1-1 ($ (r', 72')).1=1
N -

( 3 . 12 ) A--($; 72') 11 (E— E;(r', 77'))
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where E 7 (r',  72' )  and ET ( r' ,  7 2 ')  are the roots of det ,AiE; 77') =0 in

E w ith positive and negative imaginary part respectively (v.--
= • • • $ ; , , ••• = $ - ; , + h ,  • • • ) .  We define the matrix g ) ($; 729  by

(3. 13) g ' ( e ; il) — EA(iE ; 7i/)-1A(E ; 72') A— ( ;  r',  72')

and each component o f g ) ( E ;  r ' 7 2 ')  has degree at m ost N - 1  as  a

polynomial in E. A s  explained in  Remark 1  i f  A+ ($ ; r ',  72')  and

A(E , t.', 7 2 ')  has zeros o f  degree p ,  a t  $= , .)7') and $ = $37 ( r i , V')

respectively, that is,

A+ (E. ; r',  71) ( E  -  E P  ( r' 7 1 ) ) h (E  - E +7(r' , 71 )) • • • C E  -  ( r '  ,  7 1 ) )

and

(E; r', V I )  = eT ( r ', ') ) "  C E  - E +7(r' , 71)) • • • ( E - 71)),

then each component o f  2 (E ; 7'07') has zeros o f  degree p i - i  at
(r " ,  v ')  and $;- (r f , 72') when ( ri , 771)  lies in V '  fl {Re r'> 0 }  and

V' =.
1

 V  is small, where (r' , 72')  and E,7 (r/ , 72')  approach a  real

double root 72°' ) as ( r ' 7 2' )  tends to  ( ir o', ,20) • H ence w e can
rewrite

(3.14) CE r', 7)') 0 ( $  r', V ')
A + (E; r ',  72') A -  ( E ;  r ' v ') ; r' 7 2 9  IV; (E; V I)

n i t

w here Al- (6'; , 72 ') = H  (E- 'V)), Ao-  (E; r',  7 7 9  = II  (E — C1(11 , g ')).
=1i 1

Here we changed the notation in the following w ay: we denotes
EP = • • E;, simply by Ei, E +i= • • — $ 7 , + p ,  by M  •  •  •  and $i', , • • •
are a ll distinct roots of det ,A(iE, = 0 w ith  positive imaginary
part.

Thus we can decompose

(3. 15) Kiy(iç ; 17 ) -1 To' ( . ; 7 ) ')   +  ; 72') 
A (E ; r' 7 7 ') A, (E; r ',  71)

w here ( ;

r , 7//) i s  holomorphic in Tm [E] <0 and i t s  inverseE; r,17)
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Fourier image has a support in x> 0  an d  1 3 ° (E ;  r ' '
.21. (E; r',

in Tm > 0  and its  inverse Fourier has a support in x<0.

Hence

(3. 16) P a , (t. ; 0, y)

is homorphic

=  1  r  ( E ;  r', )   + -
(47 (E; r', E') 

27r J A(1- (E; AcT(E;
1 r  -g)61

-
( E; r ' ' V

;
)  k (c0 A cT ( ;

g),
277 3-- (E; V ' ,  )

Cr(c$) (cE)} d$

 : .RTCE; ' cE)} dE.
• 72')

Concerning

tions hold:

(E; r', 72')
i40- (6 ; -12 ,72')

an d  g ) ";  (E ;  r ' ' '7 t h e
(6 ; r', 77')

following decomposi-

(3. 17) -ç-Ni-(e; .V)
240•(E; ti,729

(3. 18)
9 ) 0 (6; 129 q

($; 129

129 T 0 ($1- ; 1 1 , + R + (E; r', 72')E—

c; 62 , 729-T0 r'' + R - (E;6 — El

q

where y ') denote the roots which approach the real double root
e " ) ( j=  1, 2, • • • , q )  a n d  C; (r', y') ( j= q + 1 ,• • • ,q + s = p ) and

E; (t.', y ') ( j= q + 1 , ••• , q+  s') denote th e  roots which approach the
real simple roots e ( i 1 ,  72') and e.;± . (iy°

' , y" ) respectively when ( t .2 , y')
tends to  (iy" , )  .

Rem ark 3. One of the roots which approach a  real double root
(i1-°',72°') has a positive imaginary part and the other has a negative

imaginary p art i n  V'n {Re r'>0} where V'=  1  V  an d  V  is  a  suffi-

ciently small neighbourhood o f  ( j10, vo) • T h i s  w ill be show n in
Appendix. We have denoted the roots with a positive and a negative
imaginary part by E.,'" (r', y') and 6,-  1 2 ' )  respectively.

W e prepare some lemmas i n  order to  estim ate Pa l  (r ;  0, y).
The following lemma 3 is  concerned about the above decompositions
(3. 17) and (3. 18).

Lemma 3. Under the Condition II, we have
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i) (r', 12')1- 0 ( 1 ) for j =  1, 2, • • • , q
$7' —  Ei

ii) (r', 1< c o n s t. for j=1 , 2, • • • , q( r ,  ,

iii) I cl"(ti, 729 I < c o n st. for j= q + 1 ,• • • ,q + s

I (r', 7 j )  < c o n s t. for j= q + 1 ,• • • ,q + s '

iv) I R± (e, 291 ‹  con st. for real E
1 + IC

for any (1-' 72') in  T r i { R e r '> 0 }  ,  where constants do not depend
on ( '  72'r , ).

P ro o f. Multiplying Al• (E; r ', 77')A (E ; r' , 72') to (3 . 14) and using
(3 . 1 5 ) , (3 . 1 7 )  and (3 . 1 8 ) , (3 . 1 4 )  becomes to

 

9D0($; y')
g + s

= E (E; ($ ; r ',  72')  c ;  (r ' , 7 2/)-g) 0($1. ; r', y ')  
$ — $1.

q+s ,

+ E At(E• 72')Aiir (E; r', c i 72').T0($;; r', 'V) 
1=1

Ao+ ($ , r', 729 ,4,'; ce ; 71) {R+ ($ ; r ', 729  + R - (E; r ' , y')}

(3.19)

 

and let us set E = E ,  then

( 3 .  2 0 )  20(Et ; r ', V') = g ) o (E;f

=  H (V . — ; 729c7.7 2 ' ) . g )  0(En •k*i

Hence

(3. 21) c ;-  (r', y') —
(V" — — G)

k*,

This shows that c ,' ( r ',  y ')  depends only on A c; (E; r',72')A,T (E; r', y').
i ) ,  i i )  and i i i )  o f  lemma 3  are obvious by ( 3 .  2 1 ) .  Next we show
iv ) o f lemma 3. Çi" ( r',7 2 ') ,  • • Ç , ( r ' ,  72 ')  are simple roots and approach
real roots , 72' ( e q  s  Ur' , 7 r ) respectively when (r', 72') tends
to ( i ° ' ,  y0') an d  other roots move in  a  fixed closed curve c which
has a strictly positive distance from the real a x is . Here we use a

lemma to show iv) of lemma 3.

1
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L em m a  L et (Ei ",••• , E,,) and  (E.:".-1 ,••• ,$ : , )  be variables and
move in compact sets whose distance is positive and in addition let

( 3 .  2 2 )  T oif() — aull(E — Ck) (a, '0 , r  depends on i  and j ; r<m ')
k=1

where T 01, (0  denotes the  (i, j)-com ponent o f  To(E; , 72'). Define
q+s

(3. 23) 241(e) == II (E - -$ : ) ,  242($) == I I  ($ - - Et)k=1k = q + s  + 1

and set

(3 .2 4 )  _   21.0(E; D', _   -Tg3(E)g 2 ( e )  
2401- (E) A61- (E; 'V, 729 Ai(E) A2(E)

where the  degree o f  A ,,($) in  e is higher than that o f  g)3(E)
(k =1, 2 ) .  Then the coefficients of  Œ 3 (E )  ( k = 1 , 2 )  are continuous
functions of  (Er, ;)  (i=1, 2, • • •, m', j= 1 ,  2, • ••, r).

P ro o f . Write 9 ) (1;3 (E ) by .g) 4 -  (E ) briefly. The proof is due to
the induction with respect to  ( q + s ,m '— q — s) .  W e assume the
lemma is correct for (k 0 , m 0 ) ,  then the lemma is also correct for
(k 0 +1 , m , ) .  In fact let us set Ai(E)= (E—E4,44) A k 0 (E) and 20(E )

(E — +  R ( E ) ,  then

(3 .2 5 ) g l   _   — Q  (0  +  R (0
A,;'.( E  —  V 0 +1)A,,o (0 A2(0

Q(0 R($)

  

A,,, (E) A 2 ($) E kI-0 +1) A O W  A 2 ($)

_   Q1(0 Q2(e) R(e) ei2(E) 
A ,(0 A2(0 ( E —  E , + 1 )  t Ak0 ( ) A 2 ( 0  )

where the coefficients of Q1(E) , Q2(0, 01(0 and ( 1 ( 0  are continuous
in EP, • • •, $4, • • •> Cr by the assumption of the induction. The last
term o f ( 3 .  2 5 )  is written by

R ( )  a ( $ )  _  R  Q  +  2 (e) 
 1.e e4+1 A2(E) e- e,,,+1 A2(0

and we obtain

n _  Q- 2(E4+1)
A 2 (g i r o  a n d  Q 2(E) Q Az —  2

$
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then Q A , ($) '02($) is devided by E— $4,1. Hence the coefficients of
glk ) (e) (k =1, 2 )  are continuous in (Er , Ci ). S im ila ry  the lemma is
correct for (ko , mo +  1 ) .  Thus the lemma is proved.

Now let us return to the proof of lemma 3. We set

R +  ($ )—   ,

k($) 

(ç —

Then the coefficients of k ( e )  are continuous i n  ii- , • • • ,E , ; (7 „  c i ,  • • • ,

by the above lemma. When (ti, 771)  varies in VT' f l {Re 71>0} , 72'),

•••, C,(r', ./2') move in  a bounded set and the coefficients of k ( E) are
bounded, and further $::+s4-1(r', 129, • • •, 1 2 ')  do n o t approach the
real axis for (r ', 7 2 9  in  rn {Re ri> 0 } .  Therefore let $  be restricted
in the real axis we have

const. ( +3. 26) 1 1? (E; r', 72' )  < 1 +  El

This completes the proof of lemma 3.

Lemma 4. Let a  and j  be not real, then the inequality

27ri- - 1-----a - fo r  Im [c]> 0, Im [8]> 0

(3.27)27) r 1 1 c/$— ' — 27ri 1 _ fo r  Im [a] <0, Im [13] <03-- E —  a e —  8 a— (3
, 0 fo r  Tm [a] • Im

holds. In Particular

(3.28)$  1 a  2
 dE—  im  [ a ]   sgn (Im [a] )

holds when a= [3.

We omit this proof.

Lemma 5. Under the Condition I, we have

(3. 29)1 1 m  $ (r ', 12') I > const. Re r'

where E(r/, 1 2 9  is a root o f det A (iE; r', •)2') = 0  in  E and the constant
does not depend on r '  and 72'.



On mixed Problems for hyperbolic systems 351

This lemma dues to P. D. Lax (see, P. D. Lax [3] ).

Lemma 6. If we assume the Condition I  and II, then

(3. 30) ]I m v i ) c o n s  t . ( j =  1, 2, • • • , q)
irn[$7 729i 

hold fo r  (13 ,71)E V i r-1 {Re r'> 0 }  where the constants do not depend
on (r', 17').

This lemma is proved in the appendix.
Again we treat ( r; 0 ,1 2 ) . By the decompositions (3. 17) and

(3.18)
1

(r ; 0 , = , 71)g) .($7)R +  ( E ; 729 1  (cE)d$72) 2 7 , E -

1  - (D', 729-g °(el )( $ ;  r', 72')} Rce)clE2n $ — El
/ 1 jc"1"(r', ') ° cen-k- (cE ) _p c j (el-)  R cE)IdE2rc $—E7

± Q
2rc 3 -- J=1

(3. 31) <

7 (r', 72) {-To(Ei) g ) ( E7 )}
 ( c $ )  d$e— El

+ 2n $±$7
1g + s (r', 77')To ($7)  ± R + (ic. ) d ez

\ 9 I

+ 1 + s ' E r ' ,  '')-g) 0W )  + R -(e ; r ', 7j)} :((cE)CIE
 i = q + 1 E EI

 above lemmas, we shall estimate ( 3 .  3 1 ) .  By the Schwarz in-
equality

I

•

1 1
2c/

)
1/2

(3. 32) the 3 - rd  term o f (3. 31)1 _const.
J=q+1 —

+ (
1

(1+ IEI Y clE)"21(7.1k (cE)I
2 4 12

g + s  1  <const.
V IM  [El] Ik(cE)12de

5 =2 +1  

<   const. 
i / R e  \3__ (cE) 1 2 cl$Y 2

sim ilary we have
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(3. 33) I the 4-th term o f ( 3 .  3 1 ) 1 ‹   const• 
-I/Re

(3. 34) I the 2-nd term o f  (3. 31) I <  
const. 

VRe r /

L-f(c$) 12de)
\1/2

1.-6 cE) I de)

concerning th e 1-st term  o f (3. 31), le t  u s  choose a  compensating
function k(cE ) such that

(3. 35) f 7 1 ) 2 0 ( $ 7 ) c + (r / ,  7 1' ) g ) 0 (61- )  —
1=1 3

—  ( E—E7 g  (cE )
-

f (cE)IdE = 0
—

holds and that the following properties:

1°) ( c )  I'd <const. L  17(ce)1 2 d$

2°) the support of ,e(p, X, 1 7 )  is contained in IL

hold. The condition (3 . 35) is called "reflection condition".

W e sea rch  (cE) under the form

G  ( 1 

where G  i s  an  unknown N x q-m atrix h ay in g  ( j ,  k)-elem ent g
(j = 1, 2, •••, N ; k=1, 2, • • •, q ) a n d  denotes transposed, and let 4 ,, be

(3. 36) L,k= r  1E — • 1 -  d$ (i, k  = 1, 2, •••, q).
3- 6 —

Then the reflection condition (3 . 35) is written in the form

(3. 37) g'0(6;') 161-7 I)G  •  ( i , •  •  •  ,

c ,  ( 7 ,  ,2, ) r  1  —f ( W d$1= 0.
3-- E — ET

Now let us put

-   1   —(3. 38) c.;' 63 , 72') G • ' • • , L1)+ c ', ')') f (cE)clE =0
E — 67

(i= 1, 2, •••, q)

and from this formula (3. 38), we can determine G.
In fact the k-th components o f (3 . 38) are written by
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Li g ki + Ii2g „+ • • • ± j i g  g k g —  _  CT (r', 12 ')  r 1   7 (cE)d$ci eri  0 2 9  3 - -  E — E 'ç  k

(3.39) 1 I2ig k i +Ii2 g k2+ • • • + 12 Q g, —  —  c
c.2. (

( r
r : :7,,i i,)) V $ _1

 E ; .4 (cE )d E

( 3 .  4 0 )  g fr,—  1
13

 

— 1 f—k(cE)d$, I „
E E

I Q i • • • , 1  -f k (C E)dE J, 1+ 1, •••, I„

(k=1, 2, •••, N ;  i =  1, 2, •-•, q).

 

In order two prove the property 1 ° ) , w e must estimate g k i . If
V ' is small, then the inequality I DI >11ii• 12,•• • • 1„ holds because L i

becomes large as we want and I,,, ( i k )  is bounded by the definition
of /i l,  and lemma 4. Using the Laplace expansion, the Schwarz in-
equality and lemma 3  i i ) ,  we have

(3. 41) I g k i 12<const.{  (1m [Eii ) 2 Um [Et] ) 2 ±  Um [En ) 2 am [En ) 2  

[ET] I [ET]

+ . . . + (Tm [Er] )
2( l i n  [ E -g']) 2 (Im ) 2   t 1.r(cE) 2d$

IM 11E7 I IM [E'] k
(k= 1, 2, •-•, N , i  = 1, 2, •••, q).

On the other hand by the definition

(3.42)k k  ( c E )  — $ (k= 1, 2, • • •, N ),

and we have b y  (3 . 4 1 )  and lemma 6

(3.43)( V  I g— k (W I 2 de) 1 1 2  _const. I f k (c$)1 2 de

(k  = 1, 2, •-•, N )

1.41g41+ /q 2 g„2 +•••d- I„ g „ — c
;
.( " '  1 f— k (C$)C1$, $ E3 - — ;

(k=1, 2, •••, N )  where 7 ( c $ )  denotes th e  k -th  component of 7 c $ ) .
L et D  be th e  determinant I /01 formed by the coefficients of
(3 . 3 9 ) , then we get by the Cramer formula
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This proves the property 1° )  and the construction o f -ge (cE) shows
the property 2 ° ) .

Thus we have the following

Proposition 2. I f  we suppose the Condition I  and II, then
the inequality

(3. 44) I (r ; 0 , v) <   const. 17-'(E )  d E )
VRe r  3 - -

1/2

holds f o r  (r, 72) E  Vn {Re r > 0 }  where the constant does not depend
on r  and v.

§4. Lopatinski determinant

In this section we consider the boundary value problems of the
ordinary differential equations depending on parameters r  and 7?
(Re r>0, 72E R " ).  As shown in §2 , 22(1-; X, 72) =  i i ( r ;  X, 72) -  C T ; X, 17)

satisfies

d{ ( r ;• x, 72) + M(r, 72)i) (r ; x, 72) = 0
dx  

(r; 0, 71) = — Pet, (r; 0 , )

where M(r, 72) A ' ( r1 + tiv B ) . Let E+ (r, 7 2 ) and E -  (r, 72) be the root
spaces corresponding to the roots in E of det (iE/+ M(r, 7))) =0 with
positive and negative imaginary parts respectively. E+ (r, 72) and
E - (z, 7?) are named by the positive and negative root spaces respec-
t iv e ly . In order to search for the solution of the problem (4 . 1 ) in

we construct a base of E± (r, 72). Let (T. , 72) be in Vr1 {Rer>0}
and (r, 72) b e the root mentioned above ( j  =1 , 2. -•, q +  s ) .  Then
we can choose eigen vectors hi' (r, 72) , • • • , h 4; (r, 72) o f — M(r, 72) corres-
ponding to $P (r, 7/) • • • , Eq++s (r, 7?), where p  denotes the number of the
roots including the multiplicity which approach the rea l axis when
(r, 7 2 ) tends to  (iy°, vo) • I n  fact in the identity

(4. 2) (rI+iE A + iv B ) • icof (14+ iv l + i v B ) =  det (1-/-k + iv B )

(4. 1)

where cof A  denotes the matrix which consists of the cofactors of a
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matrix A , we substitute E by a root El- (r , v ). If a  root Ep(r, v )  is  a
Pi-tuple root, there exist 131 eigen-vectors o f — M(r, v) corresponding
to a root E; (r, v) by lemma 7 shown in the appendix. These vectors
are continuous in  (r, v) E  V fl {Re r> 0 } and homogeneous in r  and v.
Normalizing these eigen vectors and setting them  by hi (r, v), •••,
127(r, v ) ,  {14- (r, v), • • • , h  (r , v )} are linearly independent, defined on

(1 {Re r>0} , continuous and homogeneous of degree 0 in r  and v.
On the other hand the other root vectors o f  — M(r, v )  corres-

ponding to the roots which lie a set away from the real axis can be
constructed as following: let (r, v) = (ri, vi) be fixed (Re ri> 0 ) ,  we
choose a base (14, i(ri, vi), • • •> h:(ri, vi)) of the subspace generated
by all root vectors o f  — M(ri, vi) corresponding the above roots.
Define

(4.3) 1 2 ;  (r, —   2
1
7r § , (i$1+ M ( r , v ) ) - 1 12; (ri,

(j=P+1, •••, m)

where (r, 72) is near (ri, vi) and c  is  a simple closed curve containing
only the roots away from the real axis. As M(z-, v) is continuous in
r  and v , these 12; (r, v) ( j = p + i ,  • • • , m )  vary continuously in  r  and
v. B y  the construction (4. 3), h  (r, 72) is defined in  V fl {Re r> 0}

and homogeneous of degree zero in r  and v. Thus w e can obtain  a
base {hil- (r, v), • • h: (r ,12)} o f E+ (r, v )  in  V ri {Re r > 0 }  which is
linearly independent, continuous and homogeous of degree zero with
respect to  r  and v  in V f l  {Re r>0 } . (see, S. Mizohata [6] and M.
Matsumura [4] )

W e estimate the solution b ( r ;  x ,  v )  in L 2 (R 1
+ )  of the problem

(4 . 1 ). As b  (r ; 0, v) should be in E + (r, 12), b(r; O, v )  can be written
in the form

(4.4) b  (r ; 0 , v )  ci hi (r, 72) + c2 (r, + •  •  •  + c. h : (r, 7 i)

and by the boundary condition

(4. 5) P  ( r ; 0 , v )  = ( r ' ,  729 + c2 ( r ' ,  12') + • • • + c„, P h :  (r', 7/)
= — P  ( r  ;  0 ,1 2 ) .
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Using the Condition III and the Cramer formula

(4.6)c  ( r i  , 72')1 .<c o n s t . ; 0,12) I.

The solution (T.; x, 77) in L 2 (R )  of the problem (4 . 1) is

(4. 7) P ( r ;  x, 72) 1c ' E x  (W . + M (r,17)) - 1 i ) ( r; 0, 12) dE,--1 27r

+ 1  §  e q i e / + M ( r ,  72)) - 1 P ( r; 0, 72)d$27r ,
0

where c, i s  a small circle with center E ; (j = 1, 2, • •• , q+ s= p )  and
co i s  a simple closed curve containing only $ ;  ( j = p + 1 , - , m ) .  The
L 2 -norm of the first term o f (4 . 7) is

(4. 8) 0, 72) 1 dx

<COnSto P i  (v; 0, 72) I 2 'dx
0

< const. pinti ( r ;  0 ,  7 2 )  <   const. p g i ( r ;  0 ,  v ) 1 2
I M  [E7 (r, 72)]    Re

and that of the second term o f (4 . 7) is

(4. 9) Q § , o e'E (iEI-1- M ( t- , v)) - 1 01 - ; 0, v)d$1 2 dx

= ,

eì 4 '(iEI+ M (r',.>1)) - 1 1)(cr'; 0, crii ) d $ rd x

<  const. ,c y ;c o n s t .  Pgi(r; 0,12)1 20, ci/) <
c R er' —  Rev

by lemma 5  and (3 .6 )  w h e re  c= 12+ 1721 2 • Consequently from
proposition 2 , we have

—(4. 10)1  P ( r ;  X, 72)1 2c m st • .\ 1.f(e) 'de.
o— ( R e v ) 2

We have obtained this estimate (4. 10) locally in  y  and v. How-
ever we can also obtain a global estimate by using the homogeneity
and the continuity of a base {hi (r, 72), • ••, h, (r, 72)}  and a partition
of unity in  1v1 2 +  k1 2 = 1 (Re y > 0 ).

By proposition 1, (4 .10 )  an d (y ; x , 72) 'ù, ( r; x , v )+  ii( r ; x ,
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we have the following;

T heorem  Let û(r; x, 7 2 ) be a solution of (3 . 1 ) and the Con-
ditions I, I I  and III be supposed, then the inequality

(4. 11) jû(r; x,
const•  ilA r ;  x ,  „2)11L,( 4 )
Re r

holds where the constant does not depend on r  and v. Also we have

(4. 12) iiii(r; x, y) 14 2 (R
const.

n'')< qf (r ;
 x ,

 y ) ,IL 2 (R r i ) .—  Rey

R em ark 4. In the case that the Lopatinski determinant det P R

(r', 7 2 9  tends to infinity when (r', 7 2 ')  tends to  (i7-0 ',12°'), the solution

c= (c1 ,— ,c.) o f (4 . 5 ) is  the following;

c, (r', 72') — - 1 7 9
det E g { ( r '1 )  

{ P e l i ( r ;  0 ,1 7 ) } (i =1, ***,
.7=1 , 7

where u, denotes the j-component of a  vector u = t(u i , • • • , u . ) .  Let
us suppose that

4 2 i( r ' ' ') <const

1< c o n s t .

( j= 1 ,• • • ,m ;

( j  =1, • • • , m ;

i =1,
det P it  (r', 729

Ai , (r', 72')
det PN (r', 72') (Re r') 1 "

hold in  (r', ')29 V ' fl R e {r'> 0 }  where the constants do not depend on
(r', 729. Since Ç;'• (r', 77') ( j  = p +1 ,• • • ,m )  do n o t approach the real
axis by the definition, there exists a positive constant a such that
min Re [ ;'"(r', ')2/ )] > a  in  (r', ')79 E  n {Re r'> 0 } .  Therefore (4. 9)

follows immediately. In fact

Jo I § , e' (iEI + M(1- , 72)) - 1 { cp + , (r' 72')11;-+i(r / ' 129 + • • •
2

+c(t-',-)79h: ; 71)} dx

=1§ (i$1  + M (r/ , 729) - 1  {cp+ 1(r', 729 hp:1(r' ,
o 'Jo

+ • • •

2

(r i , 71)h: ( r / , 7/)d d x
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const. P û i(r ; 0, v )  2
c o n s t .

 Pû1 (r; o,2 .ca Re r' Re r

Hence under the above assumption, the same inequalities (4 . 11 ) and
(4 . 12 ) in the theorem hold as well.

Appendix
Puiseux Expansion

Proo f  o f lem m a 6
We recall the Condition I:

(A. 1) det(rI+ieA +i72B ) = H (r — i2,($,72))° , f o r  any real ($,72),=1

where 2,(e, ( j=1, 2, • ••, s )  are re a l and distinct for any real
(E,72)# (0, 0), p 5 (  j  1, 2, •••, s )  do not depend on $, and p,+ P 2  ±  •  •  •

+p= N. L e t  us z =ir°  and 72= 72° ( -°, v° : re a l)  and suppose that
M (ir

°
, 72

°
)  admits a pure imaginary characteristic root ie°. Then we

can suppose j = 1  without loss of generality . Let us set

(A. 2) ,t.c+ ir° = i 21(e , 72) i2 i (6 ° 12°) ( p ,  :  real; p >0 )

and expand (A. 2 )  in a small neighbourhood o f ($°,72°):

(A. 3) 1.— 21(e , 72) — 21(E° , 72°)  + 21(e°
 V ) E°)5e

a2 
21(E° , v) E°)2 ± • •

2 !  a e
and write

(A. 4) v —  i g = b0 (v) + b1 (v) (e E°) + b 2(72) (e E°) 2 •  •  •

where 1)0(72) = 21(E° , v) — 21(Ea
 ,  7 ,0 ) ,  bk(v)—

 E 0

7) ) ( k =1 ,  2, •••),

b k (v ) (k  =0,1, ...) are all real valued and b 1 (° )  * O  or 1,2 (2°) # 0  by
the Condition II  (see §2).

We consider the cases that b1 (v ) vanishes or not.

1 )  The case that b1(72°) *O.

Let and 172— v
° I be sufficiently small. Then bi ( v )  never

vanishes and the solution with respect to e—e
° o f  (A. 4 ) is uniquely
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determined in  1$ —6°1 <81 fo r  some small 81> 0 .  This $  is  a simple
root in  our sense o f d e t(r i+ i$ A +  i72B )  = 0  when (r, 72) varies in a
small neighbourhood of ( i 1

0 , ° ) .
2 )  The case that we) =0.

We consider first the case:
0  1)1 ( 2) = 0  in  a  small neighbourhood of 72°. (A. 4 )  becomes to

(A. 5) i) —  (72) — ifi=b,(72)(E — E°) 2 b 3 — E°) + • •

By b2 (e) k 0  and the analyticity of 21 ($ 0 2 ) in  $  and 72 there exists

Pi and p2> 0  such that when 72° I < P 1  and b0(72)— i i i  I < p i ,  we
have the development

(A. 6) Eo_ z if2+  c , ( 72) z 2/2+ c , 02) z 3/2± f o r 601 <p2

where z= (1, — 1)0 ( ) — ill)/b 2 (7 )) and c 1( )  (i = 1, 2, • • .) may be taken

all real values. Define C+ and C-  by the branches of V z  with posi-
tive and negative imaginary part respectively, then

(A. 7) C'=-12-{T —Imz —V121 -I-Imz

+ IT — I m z  +  2 I  + I m z  }  for Rez
>

0
<  •

(A. 8) C -=  2
1 { -± V Iz i — Im z  + V Iz I  + Im z }

+ zl —Imz — z I  + I m z }  for Rez
>

0
<  •

We have
(A. 9) 611211/2> I ImC± I >821 2 11/2f o r  R e  z < 0
and
(A. 10) 8itti z I ImC± I z I- 1 / 2 f o r  Re z > 0

where 82, 8; and ô , are some positive constants. Let us define

(A. 11) $±—$°=C±+ c2(72) (C1 ) 2+ 6'3(72) (C ± ) 3 •

where $±  denote the branches such that Tm  [E] > 0  and Tm [$] < 0
respectively for each of C ± . Using (A. 10) and (A. 11) we have also
for small z
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(A. 12) Kd z1 1/2 _11111 [$± ]1->K21z1 112 for Re z <0
and
(A.13) KLe21z1 112 >lIm[E]i>KLI2Lz1 - 1 / 2 for Re z >0

where K 1 , K 2 , K ; and K  are some positive constants.

ii) b1(72) 0.

Since E = E ° is  a  double root, that is , b2(e)— 21($°,72°) 0,

8there exists a real analytic function E = E° (72) satisfying 2, ($.°(72), 72)

= 0 in  a  neighbourhood of (E °,72°). L et 17)— e l be small and regard
(E, 72) as a function of E  and we expand AM, 72) in  a neighbourhood

of E= e° (72), there holds

(A. 14) 21($ 07) - 21($°,  ) 7 )  = 21($° (V ) n) (E—E°)
a2

+
2 !  aE2

2 1 ( e ° , — E°) 2 +

Since 21(E° , =0,
OE

(A. 14)' - 21(E° (v ) v ) = b2(v ) ($  - et))) 2 I-  b3 ( 72) ( E  e ° ) 3 ±  •  •

holds, where bz(e) +0, E ° ( )  —e° an d  21 (6° (e ) ,  e) = , vo) = r..
Put r— iy° —/i+ iv ,  (A. 14)' becomes to

(A. 15) b0(77) =A1(E° , 7?) — y° and bo (e )= 0.

This i s  the case treated before. Thus (A . 12) and  (A. 13) show
lemma 3.

Rem ark 5. The proof of this lemma shows that one of the two
roots which approach a  real double root when (I-, 72) tends to  (4.0,720)

has a positive imaginary part and the other has a negative imaginary
part in  Vn {Re r>0 }.

Lemma 7. I f  we suppose the Conditions I  and II  th e n  the
rank  of z l+ieA +i72B  is N — p, in a sm all neighbourhood of (y, E, n)
= (e°, e), Eo, v.) w hen (r,E,v ) satisf ies det(rI+i$24+iv B )=0.

P ro o f .  From the proof of lemma 6,
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(A. 16) =  el)  (72) z  1 / 2 ±  c2  ( 2) z  212 ±  c .3 (72) z  3/ 2 +

where z = 21(e° (72) , ±  2 1 ( e ° 72° )) b 2 .  Let T(r; E,v) be a minor

o f  th e  m atrix  (r/-i-i$A +i72B ) of order N — p1+1, T (r; C, >2) i s  a

homogeneous polynomial in  r ,  $  and a n d  l e t  72 be fixed in  a  neigh-
bourhood of 77° and substitute $  in  T (r; $, 72) by (A. 16), then we can
regard  T (r; $ 0 7 )  a s  a  function o f  z ,  th a t is, T (z )—  T(r; e, v ).
T  (z ) can be written by the puiseux expansion of z. In a segment
where z  is positive real, r  is pure imaginary and $± is also pure real.
From the Condition I, M (z ) = 0  fo r  some small non-negative real
value z .  Hence M (z ) = 0  for so> I z  > 0  where so is some positive
constant. (q.e.d.)
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