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§ 1. Description of the problem

In our earlier paper [1], we studied the characterization of spherical
functions on locally compact unimodular groups and obtained Prop-
osition 1 in [1]. But, recently, the author obtained a stronger result
which he wish to show in this paper.

At first, let’s recall some notations in [1]. Let G be a locally compact
unimodular group, and K a compact subgroup of G. We shall denote
by L(G) the algebra of all continuous functions on G with compact
supports (the product is convolution product). We can topologize
L(G) in the usual way (see [1]). For every equivalence class § of

irreducible representations of K, put
LE®=AfEL(G); Xaxf=f*Xs=F}
where %3=(dim &) Tr[8]. Moreover put
Lo@)={fEL®); f'=f}

where fo(x)= ./1( f(kxk—V)dk (dk is the normalized Haar measure on
K).

In [1], the author proved the following proposition: for every
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spherical function ¢ on G, we can find a finite-dimensional irreducible
(continuous) representation f— U(f) of L%8) such that

| #@)f (@)dx=(dim T U(F)]

for all f=L%8). But, conversely, for every finite-dimensional irreduci-
ble representation f— U (f) of L%8), does there exist a spherical function
¢ satisfying the above relation? This problem is not completely solved
in [1]. The purpose of the present paper is to give an affirmative
solution.

We shall denote by 7°(8) the set of all equivalence classes of finite-
dimensional irreducible representations of L%8). If a representation
F—U(f) of L%8) belongs to 7€ 7(8), we put

pe(f)=(dim §)Tr[ U (Xf*)]

for all f=L(G). Clearly p, is a continuous linear functional on L(G).

Let @4(8) be the set of all spherical functions in the generalized
sence of type 6 (see [1, p. 74]), and D(8) the set of all spherical functions
of type 8. If G is o-compact, Py(8)=P(8) as is shown in [1].

Now, our aim is to prove the following

Theorem. For every 17 (8), pr is a function on G and p. €
Dy(8), and T—p. is a one-to-one mapping from T (8) onto Dy(3).
Moreover T is p-dimensional if and only if p. is of height p.

§2. Proof of a proposition

We shall denote by € the measure on G given by f—f(x), f € L(G).

Lemma 1. If f€L(), pelfr8)=pelg*f) for all g L(G).
Proof. For f=L9%8),

pe(f +g)=(dim 8)Tr[ U(¥s* f2£°)]
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=(dim §)Tr[U(f ) U (Xs+¢°)]

=(dim 8)Tr[ UXsx¢") U ()]

=(dim &) Tr[ U(Xs*(g*/)")]

=p(g*f).

Therefore, for every 2K and feL%3),
pe((er*f)xg) =pc((ex* f*£)) =p((f*g*€i))
=pc( f*(grer))=pe(grentf) =p(g*(exf))-

Since {ex*f; AEK, fELO)}={f*ex; AEK, f&L8)} is total in
L(5) [1, Lemma 14], the above equation implies u (f*g)=pu (g*f) for
every feL(3). q.e.d.

If we put f'(x¥)=F(x"1), it is natural to denote by f'*u.(fEL(8))

the measure
L(G)2g — p(f*g)-

Now we must prove the following key proposition.

Proposition. p={f<= L(8); f'*u.=0} is a closed regular
maximal two-sided ideal in L(8) such that

dim(Z(8)/p) <+ oo

Proof. It is obvious that p is closed. For f&p, g=L(8), and
re L(G),

(g*f) *uc(B)y=pg*f*%)
=p(fxhrg)=(f"*pc) (h*£)=0,
(f*g) *pe(B)=p(f2g*h)=(f"*pc) (g*1)=0.

This implies that g+f, f+g €, i.e, p is a two-sided ideal in L(8). The
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regularity of p follows from the existence of a function x&L%8) such
that U(x)=1 (Burnside’s theorem). To show that dim(Z(8)/p)< oo,

we need some lemmas.

Denote by V' the space on which linear operators U(f), f & L%8),
act. For every 4K and veV, we associate a J/-valued continuous

linear function

Py, K(f)=U((f*ex)v
on L(8).

Lemma 2. 7ke set {Dy, k; £ K, vEV} spans a finite-dime-
nsional vector space W.

Proof. Let £#— D(£) be a unitary irreducible representation of
K belonging to 8, and dj(£) the matrix elements of D(£). Since

_ dim ¢ -
frex=flex=7+{(dim®) " dy(Bdy
dim & -
=(dim §) t;“lld”('é) (f*di)
for every f€L(8) and A= K, we have
Dy, k()= U((f*ex))v
dim ¢ -
=(dim o) tjz=l dij(R) U ((f *dsj)%)v
—(@im 8)"3 dyb f+d) (frdsE L)Y

where ¢ is the unit of G. Moreover @yiy, x=Py, x+Dw, x is obvious.

From these facts, the lemma immediately follows. q.e.d.

For every v&V and f=L(8), let’s define a V-valued continuous
linear function @y, y on L(8) as
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Dy, 1(8)=U((g*f) ).
Clearly we have @Pyiw,s= Pur+Puw s, Piv,s=APp,r=Pp, 2y (AE 0,
and (pv,f+g=@v,f+¢v;g-
Lemma 3. @, ;€W for all f€L(8) and vEV.
Proof. Let X be the dense subspace of L(8) spanned by
{ex*f; fELYP), k= K}, and put
Ho={Dy,5; fE€ LG},
Hy={Do,s; fE X}.

By the pointwise convergence, A, is a topological vector space.

Since the linear mapping
L(S) Bf — @v'fe Hv

is continuous, A is densely contained in' A,. On the other hand,

for every exxfe=X, we have
Py, 1(8)=U((grex*f))v=U((g*ex)’* f)v
=U((g*e))U(N)v=Pu(5)o,(£)EW.

This shows that A, W, and therefore A is finite-dimensional.
Consequently Ay must be also finite-dimensional and Hy=#H »CW.
q.e.d.

By Lemma 3, we can define linear operators 7y, f&€L(8), on W
by

(T7D)(g)=P(g+f)  £EL().

Moreover, f— 7't is a (continuous) representation of Z(8) on W. Using

the notation
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to denote the equivalence of statements 4 and B,

FEDP & pf*£)=0 for every g€ L(G)
& Tr[UAs*(f+£)))=0 for every g€ L(G)
& TriU((Xs* fg*15)°)]=0 for every g€ L(G)
& Tr[U((f+£))]=0 for every g L(8)
& Tr[U((frgrer))]=0 for every g€ L°%8) and €K
& Tr[U((ex*f*g)")]=0 for every g&L°(8) and 4K
& T U((ex* ) U(g)]=0 for every g€ L9(8) and 4EK
U(ex*f))==0 for every k€K

)

Ul(exr*ex*f))U(g)=0 for every 4, #€K and g€
L)

U ((ex*f *g+exr)®)=0 for every 4, £ €K and g& L°(3)

U((ex*f*g)?)=0 for every k=K and g& L(3)

U((f*g*ex)®)=0 for every 2K and g&L(d)

gooe

UR)U((frgrer)®)=0 for every k€K, h& L%(8), and
gEL(S)

I

U((hxfrgxer))=0 for every (=K, h&L%3), and
g L(d)

0

U((exxh*fxg)%)=0 for every k=K, r&L%3), and
gEL(8)

U((hxf+g)®)=0 for every %, g L(3)

U((h*f+g)v=0 for every vV and %, g= L(3)

T7®y, g=0 for every vV and g& L(S)

tgee

T;=0.
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Thus dim(ZL(8)/p) <+ oo is obvious. This completes the proof of the

proposition.

§3. Proof of Theorem

The proof of Theorem is similar to that of Proposition 1 in [1].
Only difference is that we don’t know at the beginning whether p. is
a function or not.

Let a be a maximal left ideal in Z(8) containing P, then a is closed
since dim(Z(8)/p)<+oo. Therefore

m={f&L(G); Ly+g+f*Is€a for all g= L(G)}

is a closed regular maximal left ideal in Z(G), and $=L(G)/m is a
locally convex topological vector space with respect to the topology
induced from ZL(G). If we denote by L, the linear operator on 9
defined by

La{f}=Aex*f}

where {f} = f+m, we obtain an algebraically irreducible representation
of G on D (the author does not know whether © is complete or not).
The space §(8), the set of all vectors in  transformed according to
8 under £— Ly, is identified with L(8)/a (see [1]), and therefore dim
D)< 4oo. If dim H(E)=g-dim 8, we obtain a spherical function
¢s in the generalized sence of type 8§ of height ¢. Then, there exists
a g-dimensional irreducible representation f— I (f) of L98) such that
@) V(f)=0 is equivalent to L;9(8)=0 where Lf:/Gfo(x)a’x, (#7)
/Gzﬁg(x)f(x)dx:(dim Tr[V(f)] for all f=L9(8). On the other hand,
U(f)=0 implies fep, and therefore L;9(8)=0. Thus U(f)=0
implies V' (f)=0. From this fact, two representations f— U(f) and
Jf—V(f) must be equivalent and

/  Po(x)f()dx=(dim &) Tr[V(f)]=(dim §)Tr[ U ()] =p:(f)
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for every f=L9%8). This implies p,=¢;&Py(8). The latter half of

the theorem is easily proved.

Remark. If G is o-compact, we obtain a concrete one-to-one

correspondence between @(8) and 7°(6).
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