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E . H o p f  discussed in  details o n  "Burgers' equation" in  his famous
paper [ 5 ] .  Since then, a  great m any papers o n  th is equation a n d  its
related topics have appeared . T he present author, however, thinks that
there lie s  a  very deep gap between th e  above equation a n d  th e  system
o f  equations fo r com pressib le  v iscous flu id s . T h is  p a p e r  a im s  a t
tak in g  a  s tep  tow ards th e  la t te r , especially, from  t h e  view-point of
treating temporally global problems.

A cknow ledgem ent. Many thanks are due to Professor M. Yamaguti,
of the K yoto University, who has encouraged th e  author to investigate
o n  nonlinear differential equations a n d  to  w rite  u p  th is  paper.

Contents

§ 1. Introduction and Notations ................................................................................. 129
§ 2. A  Fundamental Lemma ........................................................................................ 132
§ 3. The Uniqueness of the Solution ....................................................................... 134
§ 4. The Existence of a Temporally Local Solution ...................................... 139
§ 5. Preliminaries for the Temporally Global Problem ................................. 143
§ 6. A Priori Estimates fo r  I 6xo 10  and ivx  1 5 1
§ 7. A Priori Estimates for <v> V+a )  ................................................................................................................................................................................................................................................... 161
§ 8. Main Theorems ......................................................................................................... 168
References ................................................................................................................................ 176

§ 1 .  Introduction and Notations.

W e  h a v e  show n i n  [ 7 ] ,  [ 8 ]  th e  e x is te n c e  o f  a  temporally local
solution of the system o f fundamental equations for compressible viscous
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fluid:

+ .—17 .div) — (y • V)y — V p(p, 0)+f,at p 3

(y, velocity vector; p , density; 0, absolute temperature;
p, pressure; it, viscosity coefficient;  f ,  outer force),

a0 K— [4 0 + 0(17y)+pdiv v— c vpv• VO],at c„p

(cv,  specific heat at constant volume;  K ,  heat conduc-
tivity; 0(17 v), dissipation function),

a
P   + d i v  p v = 0 ,at

where 11, K, and cv a re  assum ed to be constants as functions in  p  and
O. The problem  of the existence of a temporally global solution in
(1.1) presents very great difficulties because of the complexity in  non-
lin e a r ity  th a t th e  system  (1.1) o f  differential equations contains in
itself. In  view  o f such circum stances at present, w e attem pt in  this
paper to  d iscuss on the temporally global behavior of the solution of
a  much simplified model of the system (1.1), i. e. :

(1.2) 1 ava 2 ,
(x  — avv ( x ,  t)—v(x, t)• (x , t)at ' t) p (x , t ) a x 2

(1.2) 2
4  cx ,t)+ (pv)--o ,at vx (

or  Op a vo r  at +  v ax  —  p

where y  i s  a  scalar function and x E R 1 . W e nam e the above system

(1.2) of differential equations the "generalized Burgers' equation" after
the well-known Burgers' equation

51) 525 1 2
2 v—vaT '  ax ex(1.3)

As w e sha ll see  in the course of discussing on the subject under



<L,' d i  liu (x)I ( n ) L li(X )1(13),
i= O  dxi

d" u(x)1 ( 2 ) ,dx"

d " u(x)1 ( 1
) , (n = 0 , 1, 2,...)

dx"

(1.4)'
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consideration, it seem s that the study of the generalized Burgers' equa-
tion itself gives a  grea t m any  suggestions on the treatments not only
of the system (1.1) but also  of non-linear problems in  general.

N otations. In  this paper w e follow  chiefly  the notations used  in
[ 7 ] ,  [ 8 ] .  Generally speaking, the functions to  be considered here are
defined in IV  or R 1 x [0, T ] (OS T< + 00) and as many times continuously
differentiable there as necessary.

(1.4)

lu(x)— u(x9I lu(x)1 0 ) - suplu(x)1, lu(x)1 0 ) s u p
xeR ,x , x '  e l 2 ,I X  —  X 'I Œ

x4x'
(0<oc<l),

lu(x)1 ( 0 .-- s u p  u ( x ' ) J
x,x' 02 1—  I

I V ( X  
1
4 °)s u p IVOC, 01,(x, t)E12,

 x [0 ,1]

Iv(x, t)1:07, sup Iv(x, v (x', 
(x, (x, , ooti x'iOEx4x'

x(1.5) Iv (, O N ?) sup 1v(x, t)— v(x, t91
(x ,t ),(x ,t ' [0 ,n t'141 2

5
14 e

ito, iv). ko , ovr + Iv(x, t
) ( , 2 ) ,

(Iv(x, t)11N. , etc. are defined in an analogous way to

1u(x)V').
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a a 114x, 011V)t  I D sxv ) (D = ,  D .=  ax2r+ 0

M ' + E  1R;Dsx v11,:),.
2r+s=n

Dsx  vl ( al 2 )
t,T▪ 2r-Fs=max [n— 1,O1

n-1
<v>.(n,a)-..= ID sv i(0 )+ 1D xsvit(aT/2),

T x  IT
s=0 s=0

' <v > V o l)  t.Dv1V ) , (n=0, 1, 2,...),

where r and s  are non-negative integers.

H n —= {U(X): ( 12111( n ) <  0 0 }

Hu-1-a(0r+L) {1.0 ) :  04 11(n+ce(or+L))< c o } ,

1-114,±1{ V ( X ,  t):  111)11V'± ' )  < + 001,

(1.6) {v(x, t ) : < v> ro< + co } ,

▪ {v(x, t): ±' o lg D I V I (79) < ± 001,r +  

Bra --.{v(x, t ) : E  i p rt D;c vi(79)< +  E  ID ;Dsx 0 ) <  + .}
r+s=0 r+s=n

If notations, not described above, appear hereafter, then they
will be explained where they appear.

§ 2 .  A  Fundamental Lemma.

W e assume for (1.2) the following initial condition :

v(x, 0) = vo(x) a H 2 +1 ,
(2.1)

p(x, 0) = po ( x )  Hi ,( O < (constant) —<Po(x). Po =1Po 1(9.

(1.5)'



{ (t; x, 0 =x.
(2.2)

d  - ( t;• x , t)=  v (2  (r ; x , t), r ), (0 T ) ,
d r 
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L e t  (v ,  p )  b e  a  s o lu t io n  in  Hi+Œ x B o f  (1.2) satisfying the initial
condition (2.1), a n d  (r ;  x ,  t )  be  the solution curve o f  th e  characteristic
equation for (1.2) 2 a s  a  linear equation in  p:

W e n o te  th a t, s in c e  E H + Œ ,  th e  s o lu t io n  curve  f o r  (2 .2 ) starting at
a n  arbitrary p o in t (x, RI x [0, T ]  is  u n iq u e . F ro m  (2.2), w e  have

(2.3) 0,
.x("E; x, t ) = 5C- (T • x"

c i  v ;x,t),e)de
aX 

I f  v(x, H P  i s  g iv e n  in  (1.2) 2 ,  then  p (x ,  0  is uniquely determined,
being expressed by

P(x, ()=P0( 540 ; x, l x(0; x, t)
(2.4)

=  P o (x (0 ; x , 0 ) e -
S t o v '( x ( s ; x , t , ) s ) ( 1 -  r

F or simplicity's sake, we put

(2.5)
r 0 (r ; X, t) p ()7 (r; x, T ) ,

15(r; X ,  0  V ( X ( T  ;  x,r ) ,  etc.

Directly from (1 .2)', we have

(2.6)Ø ( r ;  x ,  t) c-1  Der ; x , t)=  fiv x x (r  ; x , t), (0 T ).
d r

We remark here that

(2.7)Ø ( r ;  x ,  t ) :  x (t ; P o()7 (0  ; ..t."(r; x, t ),  r )

e - f`ovx(e;x(r;x,t),,r)dr' 
x  e -

r ov ,  ;x ,r) d r.r —  

—  Po(x (0 ; x , t))e - i ot-i-,;(e;x,t)dr,
=  p ( x ,  t ) .

Therefore, by (2.6) and (2.7) we obtain a  result that
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,  d  LAT ; X , 1)=15("C ; X,  t ) ( 2 ;  X ,  t )
CPC

x d  
y
_, — ,, k.r ; x, [t AV,c t  ;  X , 1) ( r  ; X , t).a 2

Hence, by integrating both sides of (2.8) over [0, t ]  we have:

Lemma 2 . 1 .  I f  (y, p) is  a solution of  (1.2) in  Hi+ 1  x  B i satisfying
the  in itial condition  (2.1), then  the follow ing equality  holds, i.e.,

(2.9) vxx(r; x, t))7x (r; x, t)dr

= p(x, 0{v(x, vo (x o (x, 0)1,

where

(2.10) xo(x, t) i - (0; x, t).

§ 3 .  The Uniqueness of the Solution.

N o w , le t  u s  d ire c t  ourselves towards th e  problem o f  uniqueness
concerning th e  system (1.2) o f  differential equations. We assume that
there exist tw o solutions (v, p )  a n d  (w, p„,) o f  ( 1 .2 )  in  111-+OE x

satisfying one and  the  same initial condition (2.1). (N. B.: p is uniquely
determined by v E lira  u n d er the  cond ition  (2 .1 ).)  T hen , the  follow-
ing equalities hold:

vr =  1 2  v ,— vv ,,  (Pv ),+ (P v v )x = 0,
P v

v (x , 0) = v o, Pv (x , 0)=p,

{ w, = —11 w xx —  w w . ,  (P .) ,  +  ( p w ) =  0 ,
P .

The difference v— w satisfies

(2.8)

(3. 1)1

(3 . 1)2

w(x, 0) = vo , pw(x, 0) = p o , (0 T,
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I(v — w), —  1 1  (v— w)„ + 1(  I I  —P . )w — v(v— O .P v
. pv p w  x x

We note here that v—wx E 114+2 an d  that  /I  a n d   I I E  H . S in c e  i t
puP .

is know n that the bounded solution of a linear parabolic equation is

unique, b y  u se  o f  th e  fundamental solution F(x, t; y , T;.-1 ) of thep u  

linear parabolic equation

,, 0
(3.3) W (x , t )=  109- 2a x 2  W (x , t),

v— w can be expressed as follows:

(v— w)(x, t) =1 : (IT f (x ,  t ;  y ,  ; )
0 Ri Pv

(3.4) x  — )(y , t)w y y —v(v— w) y — (v— w)•w y }d y,
v P w

( N.B.: 11{— }ir < + co).

Lemma 3.1. The f lo rin  Ilv— w IR ) ( 0  To S T )  is estim ated f rom
above in  such a  w ay  that

(3.5) w6c:,) C  i (T  0  P v 1 ( o )  ±
I T

CS( , T )
=

{ *
—

}  in  (3.4)),

pu
(1) ) 1 -R ,  T )1 (T°0) ,

 

w here C 1 (T 0 , . . . )  is m onotonically  increasing i n  b o th  argum ents and
decreases m onotonically  to 0 as  To \O.

P ro o f . Calculating in  the same way, for the case that the dimen-
sion of x is  1, as in  [8], we have

DTF(X, t ; ; 
11 )1 C (n 1 ) ( 7 'o ,— o 

(3.2)
—  (v—  w) •w x } , (v —  w)(x, 0)=0.

pu
 (0)
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(3.6)
e x p l  — d(m ) } , (m = 0 , 1, 2),

t— T

( T .. T o  1̀>- -r 0),

w here d(m )(m  =0, 1, 2) have the form, respectively,

(3.7) d(m) —  A ( I n ?, ) ,  (N .B .: (i Pv1V ) ) - -  1  . 1),71 <110 ,11.1

A (m )'s are positive constants
depending only o n  m).

P  v  T

Thus, for m=0, 1, it holds that

(3.8) IDT(v—w)1(7P0) C,!)"̀ )(To,

    

PU
(0)

Pt, (1))171(13)
To

    

X t d t (t — t )
0 12(

1+n,, _ d ,m 2  
2 e "  t - r  (21

(0)

To

=0,'" ) (  T o ,• • • )
N I ( 0 ) ( 2

I T °  0 7 2 )  )
2

1
(3, (t — i ' dT

(o)

To

01")  (  To, •  •  •  )  gi (0)( ) 2 2 "  T 6  —2—II/

T O  d ( I n )

  

(0 )

 

(c,))
=

P
IL
PU

   

(3.8)' Ckn ) (
d ( )

 )  2  •  2'n • TV  ( m/ 2 ) ).m

Therefore, we obtain

(3 .5) i l v — wili-10 ) - ( CR) +'CV ))1/S7 1(4 )

( a )  

• My
) , (C CV )PU

 (0 ) Il 

Q. E. D.

Lemma 3.2, The follow ing inequality  holds:
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(3.9)
I ( 0 )

C2 [T 0 ; y, w]•11v — wil
( 1 )

T,
P 1,P w  T O

where C2 [7'0 ] \ 0  a s  To \ 0.

P ro o f . Firstly, we have an equality

1 
—  

1  _  Pw — —  1   [ { p 0 (x 0 (x, t); w ))
v  Pv•Pw

— po (x o (x, t; y))1.e - f o t'x' t ) d ' + p o (x o (x , t; y ))

X {e -f (t.;x,t)dr e -f to 1 7 .( r ;x ,e )d rn .

Therefore, we have the inequality

(  1 1— )(x , t)
P V PW

V i5 o) - 2 1Pb1( 0 ) . eT o ( l i v x 1 (2, ° )+ 1 v 4 " )

x lx 0t ; w) — xo (x, t ;+  (P or
(3.11)

x e
.)o

x, t)— yx ( r; x , t))d r

pb=—
d

Now, we note that

'  d  
.)4 Z  • X

"
t . —  X ( r ;  X, t ;  IN) = VOZ(2 ; X, t ;  V))

Cl2 

—  w(.R(r ; x , t; w))= y()7(r ; x, t; y)— y( -(r ; x, t; w))

-F{VOZ(2; X , t ;  IN)) — WOT(T; X, t; w » } .

Hence, it follows that

Toi v „I (O(3.13) t; y)— xo (x, t; w)l (e T  -  ) .

In  the  next place, we have an estimation that

(3.10)

(3.12)



{ Ig (x, t)I Vo) - tt I wxxl (70

+ IvIV) 1(v — w)( + I wxr lv — w

Pv Pw  To

1 (o)

(3.16)
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{W x(T , X, — X , 0}CIT

10 {W .x(X (T ; X , t; T) — Vx (X(T ; X , t ;  ll), T)ICIT

{wx (Az; x, t; t)—v x ()7(t; x, t; -Oldt1

< lw„„Vi .
0 )  • iv — w lfroAe Tolv„ i(

T
o )

 1 )  +  T o i  ( y  —  w ) x l v o
)

.

Thus, by (3.11), (3.13), and (3.14), we have finally

I  I p Iw 1(: ) < ut r i o )-21p
,
0 1(o)e Toduxi";! ) +1..1 (: ) )v 

± ( 0 0 ) - '  e
2 Tociv.i T" ) +IWA(

T
O) ) •  1W xxl (19 ) }

( p o y i e .2Y0(iv„I r("+ iw i T
(°)

x 1) -E T d 1

y,

w here C2 [T0 ; ...] i s  e q u a l  to  [ . . . ] ,  i n  t h e  right-hand side o f  th e
inequality in  (3.15) a n d  has th e  above-mentioned property.

Q. E. D.

Theorem 3.1. I f  (y ,  p )  and  (w, p*)a H ra  x ./31, satis f y  (1.2) and

(2.1), then (y , p) =(w , P *), (P = P * =Pv).

P ro o f . We note here that

(3.14)

(3.15)

Therefore, by the  lemmas 3.1 and 3.2, we have

P - 1 1 41-1
0
) ..Ci(T0)1 1\7 1(79°)

(3.17) x C2 [T0 ; ...]+(lv1 (
2
9 ) + w

=C 3 [T0 ; y, w]

where C3 is defined by
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(3.17)' CAT° ; C1(T0)C2[T0

+ C1(T0)(1v1V ) + lwxr )

and C3 [T0 ] \ 0 as T 0 \0 .  S in c e  i t  h o ld s  th a t ,  fo r  a  sufficiently small
e (0, T],

(3.18) OE C3 [T,; ...]<1,

we obtain

— (ji) 5 0,
(3.19)

0<1 —C3[T1] 1.

Hence, it follows that

(3.20)1 1 v —  w =0,

tha t is  to  say,

(3.20)' v(x, t) = w(x, t), ( 0  t T).

A ccord ing  to  the assum ption o f th e  th e o re m , w e  c a n  continue this
procedure again by starting at t= T1 . A s a result we have

(3.21) 1w1-1-,,.. +ronr= (a A b = min [a, b]),

w here T t  i s  a  num ber such  tha t (3.18) ho lds fo r C3 a s  ( -00 ) - 1
- and

Ip'0 10 ) are replaced by I (p v )- 1 1V) +1(P.) - 1 1V) a n d  1(P v)x1V) +1(Pw)x1V ) ,
respectively. In  th is  way, a fte r  a  finite num ber of repetitions of this
p rocedure , it is  show n  tha t the assertion of the theorem  holds. (W e
rem ark  tha t T t  can be taken uniform ly w ith respect t o  the repetitions
of the above-mentioned procedure.) Q .  E .  D.

§ 4. The Existence of a Temporally Local Solution.

In th is  section, we demonstrate the existence of a temporally local
solution of (1.2) satisfying the initial condition (2.1), in  a  way analogous
to  th a t  in  (8). The m ethod of dem onstration is m uch sim pler than in
(8), so  tha t w e restric t ourse lves to  g iv ing  just an  ou tline  o f the de-



Vo V •V x  

( 0 0

+  11V011(2),P 
Pu

P ,  v . vvo x  
1(a) lifoTŒ ) ,

Pu

PL, T )

Pt, T ) .

(0) y 1(0)
-E

P o  T

#  I (a) II ( / 2)
+  

P  v  x ,T Po I t ,T
(4.4)

Pt,
Pt,

140 N ob u to sh i I ta yu

monstration.
L et u s  ta k e  a n  arb itrary  function  v(x, t)e RIVŒ satisfying (2.1).

Then, i t  is  o b v io u s  th a t  p v E 1 3 ,  because it satisfies (2.1). Now we
define a  non-linear mapping G T from

(4.1) ST= {V :  V E fiVŒ , v(x, v o (x)E H2+.}

into itself in the following way :

(4.2) b (x , t)= (G T v)(x , t)=  v o (x )+ 1 1 d-r1 (x , t ;
o 111

a y , ) •  
(

Cg(y) v(y, -c)  v(y, "c)}c y,
P uY , t )

as for F ,  cf. §3).

W e  note t h a t  ST  0 ,  because v(x, t) = vo (x) E S .  Referring ourselves
to  §5  of [8 ] , we have

C4 ( T,

C 5 (T ,

(a )
; we note that I p - II V) <p -

PIV ) ) - 1 )

a r e  monotonically increasing i n  e a c h  argument,
C4 (T, .)\ 0  as T \ 0 ,  an d  C ,(T , . )\ a  certain positive constant inde-
pendent of Illy/p„IIIT a s  T V .  As fo r  11111 /PvIIIT, it holds that

< v > (
T

2 , /)
(4.3)

' < v > (
T

2 , OE)

(4.3)'
Pt,

where C 4  and C,

Pt,
 (0 )

It Pt,

Po  eT•Ivx1 T( 0 ) +p(0 0 )  
i env.. 17 ) +211[{(P o )  2 '119 '01( ° )

+ (p o )_ i e 2r1uxI T
( 0 )  • 7' ( 0 )vx x Vr

0 ) } (fl0 ) -1 e TI v„ IT ]
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+214(p o r v. 1,“ " •(1 + ( 0 ) \ j ( 0 ) 1 - I vl V) { -00) - 2

1 0 )  + (PO- 27.1v,,,,d( 0 )

19  v„xl

since, for example, we have

(4.5) 1 ± -1 (x , 1) — g  (x ', t) g (x, t) — g  (x ', t)
PvP u PuP 0

x
Pv

( 0 ) \  1—cc

) (  P v ) x

(0)
x'1) 1 (21  g 

P
(0))1—a

2/t
( (o) 1(o)± Flx—
\\Pv x  TP IT

I n  (4.5) we have used the  re la tion  fo r a  a n d  b  0  a n d  fo r  yE [0, 1]

(4.6) av•bl-Y a+ b.

We note also that

(

-) = = {po•.)7x(0; x, O r '
P x P2P o

x  v xx er; x, O x (r; x, t)dr,

CA= _  Pt =  Pv« p+2 vpx  _  
p

i vp 

N ow , we take a n  arbitrary constant Mo such that

(4.8) ilvoll(2)<Mo<+ 00,

a n d  consider functions CP(T; Mo)(i =4, 5) i n  T , such that

{ C7 (T; Mo ) _= Ci (T, A(T, Mo)){ivgi(1)A(T, M 0 ) +M } ,

(i= 4, 5),

where

(4.10) A (T, M o)- { 1± )-- + 145  +2M0)(00) - 1 1em °T  +2P(1 + Mo)

x {(1 5 0 )-2 .1 A 1 (0 )+ (p 0 )-1 M o .e 2 M 0 T T I .

(4.7)

(4.9)
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By the property of e l ,  for a sufficiently small T ,  (0, T],

(4.11) cuT,.; .A40+11v011, 2 )- mo.

Thus, if  we choose T  from the beginning in  such a  way that T =T ,,
and if we define 

T
 by

(4.12) ST= {V : <V> ,(T2 ' 2 )  1110 , yES T } ( c 5 T ),

then it is obvious that

(4.13) GIST c  5T C ST.

For an arbitrary y E gT „  we have

(4.14) <y >V ,Œ)..q(T ; A 1 0 ) +Iv 0 " ) <+ co.

Furthermore, defining St. by

). (4.15)S _ <y >;- 2 . ..<_1 ) Mo , ' <y>. 2 , C ' t ( T ;  M„,)+` 2 )

yES T } ( c g T cS T cR i+ 2 ), (Si.' 40),

w e have likewise an inclusion relation

(4.16) G T S c S .

As is easily seen, SI.'  i s  a  convex set. Next, i f  w e consider S  as a
subset o f  a  Fréchet space E (0, 1)) defined by a  countable
system of seminorms

(4.17) <V>(2'213)
N J

(N =1, 2,... ),

where the suffix 'N , T ' indicates that the supremum is considered on
{(x, t): x E ,  t  E  [0, T ], 'xi + M o (T— t)} instead of RI x [0, T ], then
it is  sh o w n  th at ST, i s  a com pact subset o f  M .o • F in a lly , it  is
demonstrated in  th e  same way a s  in  § 5 o f  [8 ]  th a t GT is  a  con-
tinuous operator from ST. a s  a  subset o f  I:IP P  into itself. Thus,
we can apply Tikhonov's fixed point theorem to the result obtained
above. Hence, we have the proposition that there exists at least one
y satisfying
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(4.18) D(x, t)=(G T  v)(x, t) = v(x, e  c  R P ".

I n  virtue o f  Theorem 3.1 a n d  th e  fa c t th a t p„e B1, we have:

Theorem 4 . 1 .  F o r som e Te(0, +o0), there  ex ists  a u n iq u e  solu-
tio n  o f  (1.2) i n  H P "  x B ,  satisf y ing th e  initial condition (2.1).

P ro o f . W e have only to rem ark that, fo r v E1-41-", i.3=G T •vEHrŒ.
Q.E.D.

§ 5 .  Preliminaries for  th e  Temporally Glodal Problem.

T h e  m a in  purpose  o f  th is  section is  to  dem onstra te  som e pre-
paratory lemmas necessary fo r  obtaining a  p r io r i estimates fo r  vx ,  etc.
T he well-known following lemma plays an im portant role here (cf. [4],
[11], etc.).

Lemma 5 . 1 .  (i) I f  a  continuous f unction u(x , t)  def ined i n  IV
x [0, T ] is b o u n d e d  i n  m o d u lu s  b y  A • exp {Bx2 }  f o r  c e rt a in  non-
negativ e c o n s tan ts  A  an d  B , an d , m oreov er, i f  it satisf ies regularly
the equation

10u Ot =a(x, t)  azu
O x 2  

+ b(x, t)
au 

 + c(x, t)u +f(x, t),ax

w here a(x , t), b(x , t), an d  f (x , t)  a re  continuous i n  10 x [0, T ]  and
satisfy

(5.1)'
{ 0  a(x , t)S lalV )  < + co, ILO )  < + 00, IciV )  < + 00,

IfIV ) < + 00,

th e n  it  satis f ie s  (5.1) uniquely  in  t h e  c lass  o f  f unc tions hav ing  the
abov e-m entioned property . (ii). Especially , i f  B=0, then, f o r  u(x, t)
satisfy ing (5.1), it holds that

(5.2) 1u1(2.0) {1u(x, 0)1( 0 ) +

Directly, by the above lemma, we have:

(5.1)
(0 <t
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Lemma 5 .2 .  I f  (y, p ) E H x B  s a t i s f ie s  (1.2) and (2.1), then  it
holds that

(5.3)

Pro o f . Put in (5.1)

a(x , t) = , b (x , t) —  — y, c(x, 0=0. Q.E.D.

I f  (y, x B I- satisfies (1.2) and (2.1), then, by the lemmas
2.1 and 5.2, we have

(5.4)

 

(a) 1(°)=
TP I T

I (a )

I +x,T

p I (a/2 )
-5(00 - 1

P t , T

  

x 1)7x(o; x, 01V ) + 2 1 - "Ii{(00) - 1 15 (0; x,

+ (p0) - 2 1Pb1( 0 ) + -1—
i »v — vo(x0(x, 0)1 (79 ) } + 2 1 -O E PC(00) - '

X 1. x ( 0  x (1 +IV xr) IVIV ) {(15 OY  2  '0 1 (0 )

+ V 0(X o(X t))1 (19 ) }] 5- ( 5  ± 2 11, A P) ) PC 5 Or  1

x expi
(o)

y x (-t ; x, t)d-t1 1+411)0 1( °)(1+ 11)01(e )) )
JO T

+2p(o0)'IP'01(°)( 1+1v0V° ) ) .

From (5.4), we know that, in  order to h ave  a  p rio ri estimates for
( a )

,  w e  have to obtain beforehand those fo r fox

§ 5  and §6, we shall endeavor to have an a priori estimate fo r  vx l;P).

Now, we perform, under the same assumption a s  in  Lemma 2.5,
a  co-ordinates transformation such that

(5.5) xo =x 0 (x, t) AO; x, t), to r=t0 (x , t)=t,

( 0 )  H ereafter inT  •

where we remark that A r; x , t )  is  the solution curve o f  the charac-
teristic equation for (1.2) 2 a s  a  linear equation in  p. Since v E 111+2,
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t h is  transform ation is a  one-to-one m apping from  R ' x [0 , T ]  onto
itself. W e  c a l l  (x0 , to) t h e  characteristic co-ordinates f o r  (x, t). It
is obvious that x a n d  t  a re  inversely expressed by

(5.5)' x=x(xo, t o ) At ( ) ; xo , 0), t =t(xo, to)==_ to .

If  we define î(x 0 , t o) by

(5.6)1 3 (x0, to ) =v(x(x o , to), t= to ) ,

then w e see that v  is expressed by u se  o f 1.3 in  th e  form

(5.6)' v(x, t) = b(x o (x, t), to = t) .

From the relation

eX o eX o 
eX et

ax ax 
ax oa t  — v

(5.7)
e t o   _ 0  a t o  _ 1
eX e t  —

atO t  
=o =1ux oa t o

1 0
=

0  I

where we remark that

{

ax  _  a  .R-0 0 ;  xo, 0)=4)7(to; x 0 , 0), to)at oa t o

=v(Ax o , to ), to)=P(xo, to),

it follows that

axo _ (  axa x o  (5.8) — — v.(  ê x .ax 0.x0 ) ' at \axo

Lemma 5.3.

P t
(5.9) x° =exp {—  v x (t; x , t)c/r} =( 

 u
,
°x

ax x0
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= ti:)=t° Dx 0 (x o , T)dt} .

Proof.

d  _xec; x 0 , 0)=145(T; x o , 0), t)= (x 0 , .

Hence, we have

(5.10) d  _
xxo( r ; x 0 , 0) = Dx 0 (x 0 , ,

u t

where, a s  fo r  th e  differentiability o f  D in  xo ,  w e re fe r to  (5.6) and the
theorems on inverse functions in  genera l. T hus, th e  following equality
is obtained.

= = 1 + 1t o  ( x o , t)dt,
(5.11) axo x° o °

0)=1) .

F o r simplicity, we put

(N .B .: x x 0 (0; xo,

Q.E.D.

(5.12) co(xo , t0 ) =1
0  

vx 0 (xo , t)d-c

By theassumption tha t v H + Œ ,

(5.13) 0<e - T IT( 0 ) S ( Y 1 _  1 e + T • l v „ 1 7 ,(0)
OX0 1+  CO(Xo, to)

Lemma 5.4. Under the sam e assum ption as  in  L em m a 5.2, it holds

that

(5.14)1 3 (x0, to) GRP - a

P ro o f . B y (5.9) a n d  th e  assum ption that v ein+ 1 , we can easily

show tha t (x0 )x x  a n d  xx o x 0  ex ist and are  expressed a s  follows:

(5.15) (xo)xx= x, t)• t
o vx x (t  x , t)5e,x (r ; x, t)cit
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0  I 3x0T  _1O X 0   )- 2

XX0 aX0X0 a  k X (X 0 , 10)1 0 J ax1 X

.02 X °  Ox3 x0 D 2  
X X° — {. ) ,(0;0x2 0 x 0a x  ) 0x2 X , t ) } - 2

x Sro 
vx x (r ; x , tr i x (r; x, t)d'r

Furthermore, Dxo, Dxraro and  1%0 ex ist, being expressed in  th e  forms

ax (5.16) Dx0(xo, to)=
 3

0

x0  v(x(xo, to), t=to) — v, A ,ux o

a,   ax
o x o x o ( X 0 ,  to) = •Vx(X(Xo, to), t = LO )

OX0 0x0

= v . ( - --
3 x  )2  

+ vx . xx o x o

, , DX 
Dt0 (X 0 ,  to)=-- - - R X (X 0 ,  to), t = to) = Vx • + V t •at 0o t 0

By making u se  o f  (5.7), (5.8), (5.9), (5.15), (5.16), a n d  th e  assumption
th a t E H r l ,  it is easily shown that  f3E H Œ .Q . E . D .

L e t  u s  describe (1 .2 ) in  t h e  characteristic co-ordinates under the
above-mentioned assumption. I n  a  way analogous to (5.16), w e have

0x0(5.17) vx(x, t)= w 13(xo (x, t), to =t)=Dx 0 (xo , to )  a x

=Dx0{ 1+ co(xo, 4) }-1 , vxx(x, t) =--aa_7(°x0 aax;c" )

DX0  )2 a2x0
f3x0x0 ( ax + ° x 0 ax 2

By Lemma 2.1 and (5.15),

(5.18) (x0)xx= — P o (xo )( 1 +co(xo, t 0) } - 2  .1 ) (x
0

' t
0

) — v 0 ( x 0 )

1+ 0) xx 0 x0 = ( 1 +(o)x o
—P o ( D — v o )  •

/2
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Finally, we have

(5.19) Pt° = vt + vv v —  1'4 1 +  ( D ) •  ( 1  +  ( . 0 - 2X p p 0 (x 0 ) X0X0

1 i t 1 
+Pxo• - 1 9 °  ( I +  w ) - 2 ( P — v ° ) f P o (xo ) 1+ w(xo, t0)

—1, 0  x Dx 0 x 0
—

 1 + 0 ) P ( x ,  t ) — Po(xo(x ,t))(  °x 
\ax o  )

= po(x 0)( 1 + (0) - 1  = P(xo, to )

where p is defined analogously to f). B y the second relation in  (5.18),
it holds that

(5.20) 1x°  w x ° dx 0 =S x °  v o ) d x o ,
a  1 + w a  P

where a  i s  a n  arbitrary fixed constan t. T hus, w e  have

(5.20)' log (1 + w(xo , t o ))— log(1 + co(a, to ))

= x°  P° (b — vo)dxo.
a P

Let us define T(x o ,  to) by

(5.21) T(xo, to) = 1x ° P c '  • P(xo, to)dXo•
a P

Then, P satisfies

(5.22)   !['(x0, to) P t.(x o , to )d x 0 =  1 x °  {(1 + co) - 1

°t0 a  P a

Px0(x 0, t o )  x 
P x o x o —

 (1+ (0) - 2 (1+ ( 0 )xo*Pxo}dx° 1+ co(xo , to)

_  Px.(a, t o )  f x 0 {  a  
I + (1+ co) - - 1 }Pxo dxoco(a, to) ia OX

Exo P ic 0 (X 0 , tO ) — (1 ± C.0) - 2 (1 C O ) x o •Px o dX 0 ,
a .1 -I- 0)(X 0, 1 01
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tx.(a, t o )   _ 1   p
1+ co(a, t o ) 1+ co(x o , to) \ P o  x° )xo

fix .(a, t o )
1+ o.)(a, t o )  •

Hence, we have

a (5.23) IP (x0, t o ) +log(1 + (0(a, to))/

r
,

a  
 Iwoc o , to)1+ 0.0 0 , t o )  axo L Po cxo

+log(1+  co(a, t o ))}1.

T he  function P(x o ,  t o ) + log(1 +a)(a, t o))  ta k e s  a t t o = 0  the value

(5.24) Vf(x o , 0) + log(1+ w(a, 0)) = W (x o , 0) = P° vodxo •
a

Lemma 5 .5 .  I f  (v ,  p )  Hi+2 X  131- satisfies (1.2) and (2.1) an d , more-
ov er, i f  vo e L l( R I )  an d  po  I - 1 1 +1 , then  w e  hav e  f o r  (1

 + w ) '  =(•xo)x
the follow ing a p rio ri estimates:

1 1 (5.25) expi----H Po•vollL f(Rok- + w (x o ,  t o

liPo•voliLi(Ri)} •

P ro o f . By Lemma 5.3, it holds that

+ co(x o , t o ))1 T i v x r ,
( 0 ) 1 1 0 0 - 1e - T1 vxI r  <

P0(x0) 1 + 0)(x°, to)

< 00) - v - 1r(°) .

(5.26)

Furtherm ore, by the  condition  for p o a n d  b y  th e  fa c t  th a t  PeHrŒ ,
we have



a
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(5.26)' I II  a n d 1iP°  E
1 + 0 ) P o 1+ 0)  p 8 .•

Next, we have, by Lemma 5.2 and (5.16),

(5.27) IT(xo, t o )+log (1+ a)(a, to )) P° Ivo I(°)Ix —al

+ r v x Ir ivoV°)+ Tivx i V) ))e
tt

2+1.1.e2x2.

Therefore, th e  fir st assertion  o f Lem m a 5 .1  guarantees that T(xo , to )
+ log(1 + w(a, to ) )  is to be expressed by utilizing the  fundamental solu-
tion of the linear parabolic equation

(5.28) V
t0 (14V° v 0 0  + 11

1 + co 19P'i, yxo

in the following way:

(5.29) T(xo, to )+ log(1 + w(a, t o ))= R i F*(X o , t0;

X V/( , 0)Q= r* (X 0 , to ;

X 114 P o (')  
a tt

where f *  i s  th e  fundamental solution for (5 .28 ). B y  th e  well-known
property of f *

(5.30)
RI 

F*(xo , to ; 0)ck =1,

we have

(5.31) 1P(x0, t 0 ) +log(1+ co(a, t o ))1(°)

1
liPo'voilLi(Rt) •

Finally, by (5.30) it holds that
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(5.32) Ilog(l+co(xo, to))l = W(x o , to )+ log(1 + w (a , to))

X 0 t I
- ( L  VoaX01

a p

A s a  result, w e have (5.25). Q. E. D.

§6. A  P r io r i  Estimates fo r I Px o  IV ) an d  I vx

Lemma 6 . 1 .  Under the initial condition (2.1) and  an  additional one

v o , Co , vW EL'(R 1),
(6.1)

Po e H 2 + 1 ,

is  b o u n d e d  b y  a  constant depending only  o n  t h e  quantities
appearing  in  (2 .1 ) an d  (6 .1 ) (b u t  independent o f  T).

P ro o f . The procedure of the dem onstration is divided into three

steps.
((1st step)). Firstly, we note that (5.25) holds by Lemma 5 .5 .  Now,

we define V(x o ,  to ) by

(6.2) VAxo, t0 )_P x 0 (x 0 , t 0 ) 2 +113(x0 , t 0 ) 2 ,

w here /1. i s  a constant to  b e  d e te rm in e d  a t  a  la te r  tim e. The fact
th a t  po E H 2 +" an d  fi 1 / 1 + 1  g u a ra n te e s  u s  th a t  Dri 0 Dsx 0 f3(2r + s =3 or
4 ;  r  and s ,  non-negative integers) exist in R 1 x (0, T ] , being continuous
there, since, by the fact that

(6.3) p , 1 P— vo H - +OE, (cf. Lemma 2.1),
Po 1 + 0 )  '  1 +0 )

the well-known theorems on the differentiability of the solution which
are based  upon the a priori interior estim ates can be applied to  this
case, (c f . [4], etc.). W e  note h e re  th a t Dx .  satisfies the equation

(6.4)
po
IL(Px.)t I ) 10 P o  + co X 0  X 0 X 0 l + w ,x 0

v o ) (O xo)y°x d x 0  ( 1 + xo— 1+ c o  (O
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Let 2  be defined by

(6.5) .2  —  a 2j _  f)(x0  10) V O  a 
p 0 (x 0 ) 1+ w (x  0, to) ax 1 +  o ) a 0

+  .
ato

Then, we have

(6.6) 2 V,1(xo, to)
a2 (b2 ) 2)

P0 (1 + (0) a x 6

P— v a a  „+ 0 ( 0 2  + ) 0 2, ± (v2 + )p2) = 2pxo
1+ co axoe t o

x [(P xo ) to — p o o
ti

+ co) ( P.X0)X0X0 { .61 + vaC; ptio

1 
1+ w ixol 1+ co

P— vo 
 )x.(Px0)1+2,1bort)

_ r 2 1 /  o x  x  _ rtx ) 2
p 0 (1 + co) ° po(1 +o))

2.11. . (,,+
( p 0  ( 1 + co) ) x 0  ' X O ' X o x o 1 + w

6— vo 
 ) x 0  k V X 0 )

Now, we see that

( i i  

I )  
(P' 0 P—vo

po 1+(u  x oI  + PC,
(6.7)

(  1) — vo_  ô 0 —v o  P 0 ( 1 1 — v0) 2  

1-F( o )x, 1+0) 141+0))

a n d  th a t, f o r  a n  arbitrary positive num ber e,

(6.8) Pxo• Px0x0( 0 ) 2 2 *

Hence, it follows that
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(6.9) VA(xo, to) — ox x  ) 2 _ 2 , 1 1 /1,
( ) 2

P0( 1 + (0) " + co) s°

+
1+0)

 Q 0 t){ 8 0 x 0 x 0 )2 !le  x 0 )2} 1 +2 w  x  0

Po
It

( _v0)2}(ox0)2=
 1+2 w

: )

+ 8 Q ° } 2(Px " ° ) 2 +  2 11+w {4e Q ° — 2:91-0±

—tx o +co +  fi t'o  ( —v0 )2 1( 5 0 )2 _S  1 .. co ;5
11

0

+ 8Qo}(Px oso ) 2 + 1 +
2

c00
 --p4  t

o

( 0 xo) 2 "
/px o l(TO) +  Ity01(0)4.  4P0(11)1101(")2  /

We choose g =8 0  in  such a  way that

(if ipb1+ iv 0 lo ) 40),
Qo—fio(6.10)

For such a  fixed number 80 (> 0), it holds that

(6.11) -Trz(xo, to)5 1  4_2 (0  4 8
1

0 Q o  +1Psol(P)
Po

+1,,b1(0)±  000 1) 01( 9 2   lox 0 )2

It

Thus, if  w e take  /1= 4  in  such a  way that

_
(6.12) Â0 4180 Q0 -1- iPx.I(79)+ 4-fio

It

(11)01(0))2}

then we have an inequality

11 Q0= PI Ptii (°) ( P  0)-2  + 2 1v 01 (a ) •

t
I , (if Ipb1+ 1vol ( " = 0

) .
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(6.13) 21720(x0, to) O.

F o r  a n  arbitrary positive num ber N , w e define N T a n d  S (N )  by

f N] x [0, T] ,
(6.14)

1 S (N T ) { N }  x [0, T]c { — N}  x[0, T] .

B y (6.13) and the m axim um  principle, it holds that

(6.15) m a x  VA o (x o , t o ) [  m a x  VA0 (x 0 , 0) ,
(x0,to)ENT xoe[—N,N]

max VA o (x o , t o )] 5_.max[ m a x  v'o (x 0 ) 2

(x0,t0).s(isTT) xo.[-iv,N]

+ /10 m a x  vo (x 0 ) 2 , max Px o (x o , t0 ) 2

xoct-N ,N i (xo,to)eS(NT)

+2 0 m a x  P (x o , t0 ) 2 ] __. max [041(9 2

(xo,to)es(F/T)

+ (I v o  I ( ° ) ) 2 , max Dx .(x o , t0 ) 2

(x o ,to )eS (W T )

+  A o ( Ivo I
( 0 ) ) 2 ] ...1 ( v 10 1( 0)s 2)  + ,1 0(1v01( 9 2

+ { max Px 0 (x o , t o )} 2 , (c f. Lemma 5.2).
(x0,to)ES(E(T )

Thus, we obtain the  result that

(6.16)m a x _ Px0 (x 0 , t0 ) 2 = {  m a x  Ivx .(x o , 4)1}2

(x ø , to )e ir (x 0,to)eisTT

m a x  VA0 (x 0 , t o ) (11)'01 (92 + Ao(ivoi ( 9 2

(x0,t0)EYT

+ { max I Px 0 ( x o , to )1} 2 .
(xo, to)eS(NT) -

((2nd step)). According to the assumption of the lemma,
in 0 <  t T  the equation

(6.17) (Pxoxe)t = # 1v  ^0 P o  1  +  co°  vvxoxo — 1 +  co x oxoxc

Px0x0 satisfies

_   t 1 1 0— vo 

Po
 1 + w

 ( P
xoxo

)
x0x0 

+  { 2 (
p o  ld -co lx ol + o ) 1 1
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x (Dx . x0 )xo +   ,  — 2 1) — v ° Px x
Po t + 0)10x0 (1 +  0 ))x .} ° °

( _  p 1 
P o  1 4  _c oPo1+ 0) ix0.0 v x °

+ { — }10x0xdx,+[{ . - }11 i
P1 1 1 1%,x,

bx o   P o  — 00)(D x 0 — vb) — (D— v0)
2

1+  t p

+(—  0 0 ) 3 + 0 }

We put

(6.18) F(xo, to) 1
11
±
x °

0 )

Since H24+1 , IPx 0 „0 1(
79)  is finite. Therefore, by Lemma 5.1, which asserts

the uniqueness of the solution, bx 0 x 0  is expressed by m aking use of the

fundamental solution P(x o , to ; t )  o f th e  linear parabolic equation

(6.19) Wto— p 0  ( ( ) )  W W I )  + { . . . }1 W X0

(N O  B e  po(iP± co) E H ',  I{ •- } il V ) +i(***1 + co

(i = I  o r  II)) ,

in  the  following way:

(6.20) Px0x0(x0, to) = to; 0)v'g()cg 

1:0+  d r f (x o , t o ;
0 121

Analogously, Px o  i s  e x p r e s s e d  b y  u s e  o f  t h e  fundam ental solution
r (x o , to ; T) o f  the linear equation
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(6.21) 17, = V  +  
° P o ( 1 + (0 ) x °x °P o

vu ) x j  V

1- I- c o )
—  0

x 0 —  1+ 0)
1 

in  the  form

(6.22) t).0(x0, to) = tO 0)C0()d.

As is well known, t  is estimated a s  follows:

(6.23) 0 <i" t)--fexpl—A2 —

x exp {to P 11 + c o  x o  T

Therefore, since v'0 E L I  ( R ') ,  we have

(A 1 , A 2 > 0) .

{

11 x o (  to) E L i  (R 1 ) , (t 0 E [0 ,  7 ] ) ;

(6.24) bx0(., t 0 )  is continuous o n  [0, T ]  in  th e  topology of

L 1 (1 0 ) .

H ence, t h e  sa m e  assertion a lso  h o ld s  f o r  F(x 0 , t 0 ). T h u s , w e  have
the results that

(i) the proposition (6.24) as

v 0 0

,,
a n d

is replaced by

(ii) fo r  a n  arbitrary positive number e ,  there exists a positive
number N (e) uniformly in  to  [ 0 ,  T ] such that

R i-t-N ,N ] 0 x °
lbx (X 0 9  tO ld  X  0  < 3

1 (N  N (e ))  .

If  we note tha t t  is estimated in  a  way analogous to (6.23), i . e.,

1 (6.26) O < P A e x p  —  11'2 
IX°

1 2
to —

(t0 r )  2

(6.25)
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x exp {toi , (A'1, A'2 > 0)

then the assertion (6 .25) (ii) is ascertained in  such a  way that

(6.27) 1 iPxo.o(xo, t0)Idx0 CbCo
RI-[-N,Nl 121-[-N,N]

X r()Co, t o ;  0)11V O IC g
R'

dx(To 
dr f (Xo, t o ;  T)IFG, 01Cg10-[-N,N] 0 R1

.
1 2 1

11)U ()IC g1 P(X0, to; T )d X 0

CIT T)Icg P (X 0 ,  to; t )d X 0
0

5  e x p  { 7 1 {—} 1 1 1 ( 1 9 ) } [

[ - I '  41 
Ivu(01.(g

x • exp {— A'2  °

2  

d X 0
10

leoV)Id exp {— A 2
x o —  ld x

to

t o+  d r 1F(, T)Icg ,(t o — Tr . 20 [-1'1111 121-[-N,N1

X eXpi— A '21 2
t o
 d x  0 +  0 d r iz i _ [ 4 , 4 1 IF( , T )I‘g

t 0

x (to — T) - ÷expi—  A '2   Ix  ° }dx01R1 to — 't

exp [TI {. •.} led () ie g
LE -2 -

x (A - 4D e-Y2 d yRi-[-v A 1(u+ 4)1,7ïj,s/
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+ ( An )  2  1 0 - E- 1-1-.4] Ivw(
"

d4
N

+ 0  ° (IT T)1Cg.(112)-÷

x  R1 --[-VA•2(v+4)Nto-r. , IA&(N-4)Airo-de - Y 2 dY

+ t 0  d x  .(  )÷( 01(141J oA ' 2  

AI_

( ' - ‘ )  2  N C - 2  )  2 1
L  2  \ T /  ' 2 ‘ T /

e - Y2 d  y  +(  • f
R'

ieg(D id
J - [ - ÷ ' ÷ ]

V▪ (A '2 ) - 2 '0111.,i(Ri)dt

x /0—E— N e d yN (  ) 'T - i
2 T ' 2 ‘ , 7 ."

a ! I —y2

Y- c h IF(5• A l2. 0 J R 1 - [- i -2 ,

Now, we note that directly from (6.22) and (6.23) follows the inequality

10-[-N,N)1Dx.(xo, 
t0 )Idx 0 <8 (arb itrary  number >0),

(6.27)'
N ( ) ,  uniformly in to e [0, T ]),

and that a  similar relation holds for t). Furthermore, it is to be
noted that

(6.28) pxo (xo, to) fixo (xo, 10 )=  x 'o 'Dx0x0(x0, to)dxo,

and, therefore, that

(6.28)' if).0(x0, to) - Px0(4, to)i
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xo
vx . x o (x 0 , t 0 )d x o , (xo

xo

T hus, by  (6.25) (ii), w hich is ascertained by (6.27) and (6.27)', for an
arbitrary num ber g>0 , there exists a positive num ber N6'(g) indepen-
dent of to G [0, T ]  such that

(6.29)
{  iPxo(xo, t0) — Px0(4, t o )l < g , ( if  x o and x'0- N'0'(8 )

or —Ng(g)).

H ence , from  the f a c t  t h a t  Oxo(*, to)E L l (R 1)(to G [0, T ] ) ,  w e  have a
result that

(6.30) Px0(x0, t0 )—>0 (as Ixo l—*+ cc, uniformly in to  G [0, T]) .

Accordingly, from (6.16) it fo llow s tha t for an arbitrary num ber g>0,
if Arf A z), then

(6.31) { max Px 0 (x 0 , to)} 
2  < 1 ( 0 ) ) 2  Ao (lv o l(0))2 4. 6 2.

(xo, W E N

Therefore, finally, we have

(6.32) 10x01V)-{(iv'oi(92 F Ao(Ivoi
( 0 ) ) 2 }

1

((3rd step)). By (6.12) and (6.32), we have

(6.33) (ipxolv))2 2(i l fo i(o)•I ) +Ao(Ivol(
0 ) 2  =  ( 1 e 0 1 ( 0 ) ) 2

(Ivoico))z .  PO  .  {   Q0i t ) 1(o) 4_ iv , i(o)
48 0 I  X O I T I 01

4 8 0(1v0l ( 9 2 _ ( i v oo) , 2 Po -I v 10:0•2) kl 0 1 )

.00 (ivo i(0 ))2 1xigoo -kleol(0)+

+ P °  (ivol( 92*AcAP)=ao+hoiDx0ii9),

where
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ao -=-- (1c01(0 )) 2 + (lvol(o))2  Po  {  Qo { p  4 e 0

Thus it holds that

(6.35) Ii3x 0 1(,o) <  bo + (b,i+ 4a 0+
2

This completes th e p ro o f o f th e  lemma. Q.E.D.

Lemma 6.2. U n d e r th e  in it ial c o n d itio n  (2.1)-(6 .1 ), as  f o r th e
solution (y , p )  o f  (1 .2 ) i n  1-11+1 x B , Iyx 1(19) i s  a  p r i o r i  bounded by
a  constant depending only  o n  th e  quan titie s appearing  in  (2.1) and
(6.1) bu t independent of T.

P ro o f .  By (5.17), (5.25), and (6.35), it holds that

(6.36) t)IV ) t o)IV). 1 + oi(xo , t o )  

(0)

<  bo + (b0
2 + 4(0-2- expi P °
2

which completes the assertion of the lemma. Q.E.D.

Thus, w e have an a priori estimate for

Lemma 6 .3 . F o r th e  f unc tion  p  i n  (y , p)EH i + 1 ><B1, satisf y ing
(1.2)-(2.1)-(6.1), the follow ing inequalities hold:

P(6.37) 1(°) <1)-°- exp 7.)
° lIvollyoo)}p I T  — I ii

( a )

< 5 J L  eXPI—P °  IIVOIlL'(R1)1+ 211[ 1
T 00 11 00

1
P' x  bo + (b a 4 a0 )  2   + (11)01())+ o( 0) 22

(6.34)

+  
 4150(1v01(° ))2 p 1)0P o (iv0io)) 2 .

P I (a)
p  I T  •

It I
P I
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x exp {—9--+  ''Ivol(°) 
Oo

P ro o f . See (4.5), (4.6), (4.7), a n d  th e  lem m as 5.4, 5.5, a n d  6.1.
Especially, remark that

(6.38) vx  _  Pxo 
P Po •

Q. E. D.

T h e  inequalities o f  (6.37) show  that

 

(8) .
also independent

o f  T.

  

§ 7 .  A Priori Estimates for  <y> (
2-2 +") .

A s fo r (y , p)e HP" x /11 satisfying (1.2), (2.1), a n d  (6.1), it has
been  show n in § 6  t h a t  ly V ) i s  a  p r io r i  b o u n d e d  b y  a constant
depending only th e  quantities appearing i n  (2.1) a n d  (6.1). Based on
th is  fac t, here , w e estim ate  Ily11(

7 1 +1 )  i n  a n  a  p r io r i  way from  above,

utilising th e  fundamental solution q x , t ;  y, T ;  -E) o f  th e  linear equa-

tion (3.3). Since Ivili P) a n d  fy.x l(i 9) a r e  already estimated, we need only
estimate N.2), t ,  ( 8 ) . ,  a n d

In  the same way a s  in  [8], we have :

Lemma 7.1. Fo r 1 .1 '> t ,

(7.1) 1"(x , t; y, T ;  
19 — r(X , l'; y, T ;

(o)

   

x expi— d  Ix
t lY1 ,

12 }( d  =  v o d(0), 0<v 0 < l) ,

i ;
It 

)—
F ( X

'  

'  y
"  

T
p ax '

(0 )

P I
( i ) )

{0— —  2  ±  0 — r)
1+a
2

   



162 Nobutoshi Itaya

3
X Tr-21 exp  {_a  lx—y12

t - - f

w here Cl,i)(T; A)(i =0, 1) increase m onotonically  a s  each  argum ent in-
creases.

L em m a 7 .2 . It holds that

(7.2) C7(T;
(0 )

 

( I ) )
. IRIV) ,

   

( g = v'o' —v.vx ; C7 (T ; • )\ 0  as T \ 0 ) ,
Pv

w here it is to  be rem ark ed that IR1 (
79) is f inite.

P ro o f . By (3.6), Lemma 7.1, and the expression of v(x, t)

(7.3) v(x, t )=  c t r F(x, t ; v, 2 ;  joi
T )R(y, -r)d y+v o (x ),

o Ri

we have, for t .t' >0,

(7.4) !v(x, t)— v(x, 01.5
St'

0 R i
C 1 2 1  i r ( X ,  i ;  y , 2 ;  LI )

t '

F(x, t;—F(x, t' ; y , 2 ;  -1- )}1P(y, t)d y+

y, ; t.)dy15. 11"(x, t;...)
Jo

—F(x, t' ;...)1 -17 1F(x, t;...)+ F(x, t' ;...)} 1 - c÷

x1R(Y, y + (t — O l g i r

F(x, t; y , 2; ) d y =  1 )

    

)11- • 12cp)(T;

   

T ) } 1 -

2
(t— t912

       

<LIC°) (T;

              

1 + 1 - d i x - Y 1 2 / ( t - t )
X  d t 1  (t' —2) 2 e d y

/21

t '
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T ) }
1-+ ( t - t ' ) t  T 1 - 1 1 -

2
•1-ce i2 C (0 )(T •

(t OIL {Cp ) (T ;

t- "2.

- • T 1 (ir I d) 1 I 2

IL

+ • ig  VT9 )

= (t - 19+ C 7 (T ;

     

where

(7.5)

       

[ . . . ] 1 ,

              

Q. E. D.

Lemma 7.3.

(7.6) vu ( c) y, (21vb1(0 )) ,+  C 8 ( T;

 

JL

      

P ro o f . Remarking (4.6), we have

(7.7) ivx(x, t) - vx (x', t)I !Wax) - vb(x')1

8 2
 ̀(LE r ( x -  t ;  y, t)(x - x')1+  o 10 0x 2 11 F (x tx "

a y ,  2)1+1 (x' " t • y  2)a X  

) 1-a
•IN IV ) d y

x - 3c l œ [(1q1 ( ° ) ) OE(2 114:11( ° ) ) 1 - o e  + {CS2 ) }  {20 1 } 1 - 1

o
(t - -r) - 1 - ( "1 2 ) d-c { e d ( 2 )  I x ' ;--TY12

121

e _4(1)  t  yr 12
e _dmix;2» 2 d y IV)

-51x — x'11 [(1rU ( 0
 ) )OE (2 1vblo ) ) I t +  {(0 2 ) ) t (2c 1 )) 1 - .
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2
X

1 - a
1—a T 2 ' 7 2 1  / 2  . (d (2 ) -

1 / 2 / 2 )1
A

. IRIV ) 1+ 2 d ( 1 ) -
1

=  ix— x'12 [ • • •  +  C 8 (T ; )(Sri(7 1,

where

(7.8) C 8-{ ...}  A,

an d  C8 (T ; a ) \ 0  a s  T \ O ,  and C 8  decreases monotonically a s  a\O.
Q. E. D.

L em m a 7 .4 . For iv,I N.2 ), we have the following a priori estim ate:

(7.9) lyx1N,2) . C 9 (T ;

   

) . 1RIV ) ,

      

where C 9 has the sam e property  as  C8 .

P ro o f .  1°). For t> t '> 0  and t> 2 t ' ( i.e ., t' <t —t', t<2(t —0), by
the relation

(7.10) Ivx(x, t)-w0(x)1 =

 

dr1 Tx(x, t; y, -t)R (y , 2)
R I

d y  0 , 1 ) (T ;

   

lx -y12
(t — T r l e-d (1 ) t - r

T).çO

   

x I iS(y, t) rdy _.-<C,S02(n/d(1))1/2. it /2 .119-1(To) ,

we have

(7.11) Ivx(x, t)— vx (x, P)1<lv x (x, t)—vax)1+1v x (x, t')

— vb(x)1 0 1 ) 2(n/d(1))
1 /2 tt 1 /2 +1.' 1 /2 }IR IV )

••• {V  2 (t—t9 1 /2 +(t—t0 1 /2 111s7M )

(t—r)"/ 2  [0 1 ) 2(7c /d(1)) 1 /2 (V 2 + 1)T( 1 - a ) / 2 I I I R I V )

= 0̀ — t9 œ i2 C9,1 . 1RIV ) , (C9,1 = .
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2 ° ). F o r  0< t— t'_ _ C  ( i.e ., t<2t' <20, we utilize th e  following ex-
pression o f vx (x, t) — vx (x, t'):

(7.12) vx(x, t) — vx (x, t')={v x (x, t)—vb(x)} — {vx (x, t')

—vb(x)} =5 dt Fx (x, t; y , T)R(y, t)dy
2 t '- t 12'

d t Fx (x, t'; y , T)R(y,t)dy,
2 t '- t R '

+1
21 '-t

C P C 1  tl x (x, t; y, r) — (x, 1'; y , T)}
O 12'

x g(y, t)dy

A s for .11 , we obtain

(7.13) J11_ 0 1 )(T ; li

=.1 1 +J 2 +

)11çW ) . 1 t CPCÇ "C
) - 1

2 t '- t r121

lx-y1 2

d y=01■1." (
79) (n Id(1)) 1 /2 .2 3 /2 (t —0 1 /2x e - d( 1 )

( t— t') i 2 C 9 , 1 (T ; )1&1( 0 )

T

where

(7.14) C 1

In  the  same way, we have

(7.15) 1J2 t )Œ / 2  . C 9 ,2 (T ;

   

) • I S 1 V ) .

      

It remains to estimate .13. By Lemma 7.1 and the formula

(7.16) (a+ b)l' av +by , (a, b O ,  a n d  O y_.1 ),

we have

(7.17) 1J3 1 (0 ,n )Y .(0 1 ) ) 1 - Y1A1(
79) . tCPC { ( t  - r )

0
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1+a2
x (t ,

 1 ) - 2 + 2  0 , ,  ,r ) - -T I 7 . e  c 7  Ix t- y , 12  

X  {(t e- y12,  
— 1 e - d( 1 ) 172çI2i - y

d y (CV ) + C ) td T { (t
0 R1

X ( r -  t)  1
-

Y (t —0Y(1+a)/ 2 (tt T y  1-(y/2)

_71 1x-y1 2  

x e d y , (d = 1/0 *d(0) fo r some y 0 E (0, 1)),

w here  it h as  been  u sed  tha t th e  inequality a < d (1 )  ho lds, s ince  it is
known concerning th e  A (m )'s  i n  (3 .7 ) th a t  A (0 ) A (I)>  A (2 ) (e.g., cf.
[ 8 ] ) .  Now, we put

(7.18) Y  -  
a  a(E  (0, 1 )) ,1+Œ

and as a result we have

(7.18)' Y E ( -2-OE 9 -D •

Hence, it follows that

(7.19) V31 -2(C'ô"+ C i ) )•
- t ,_  a

( 0 ) (t t ')/ 2 { 7 "  2

0

x (t —  t ) " 2 (t'+  ( t  'V) 1 / 2  (t' T r  ÷ d t

lx-yi 2  

Xe 2 t-r  •  ( t  T ) - 1 1 2 d y.
121

If  we remark that

(7.20) 0— .01 / 2 _ „cr i - p  _(  t — r t ' - 1 „

—
(t '

r  

{I ± ( t _ 191 12 (t,  7)-1  /2} ( t ,

t= ( t '  - 0 -0 1 / 2 (r -  t ) - 1 - f l ,
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where fl =y or y/2, then w e have

(7.21)

Therefore,

(7.22)

(.2t—t 0 1 1 2  . 0 . , -1-Pdt <( 1 — 13) 1 • T÷

+13- 1  (t
1  

—
) - 1  

-0 - 1 } T 2

2

1J31 — ryt/21fiil ( :/). [2 (0 ) 1)+ cV ))( n ia) 1 /2

x 1G -1+ — y } T 1 - Y  + y i +  ( - 9 12 2

1-Y  
X T  2 =  _ t/ r/2 C 9 , 3 1STIV)

11

(c9, 3 — [...] 119 Y ...F
cc ) •

Thus, if  we define

(7.23) C9 =C9 , 1 + C9, 1 ± C9,2 ± C9 , 3,

th e n  w e  o b ta in  (7.9). Q. E. D.

F rom  th e  lemmas 5.2, 6.2, 6.3, 7.2, 7.3, a n d  7.4 follows:

Lemma 7.5.

(7.24) livx11+2)C10[T; yo, Po]

w here Ci o [T ; ...}  increases m onotonically  as T  increases.

Thus, we have

(7.25) !IR V »  C „[T ; v o ,  Po],

where C11 h a s  the  same property a s  C1 0 .

B y m aking  use  o f the  expression  (7.3) a n d  th e  inequality (7.25),



T
) . 11R11 (18' )  + 1 V br )

 ) •  C  i [ T ; v 0 ,  Po ] ,

T
( f) VP1(a)

T ) . c ,  I [T ; y 0 ,  P o ] ,

(7.26)

Pt,
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w e can  estim ate  t h e  other quantities constructing t h e  n o rm  o f  y  in
+Œ (cf. [8 ] ) , i.e.,

w here  each  o f  C 1 2  a n d  C1 2 increases m onotonically a s  each  of the
arguments increases, a n d  C, 2 \ 0  a s  T \ O . F rom  the discussions made
thus far follows:

Lemma 7 .6 .  F o r th e  in i t ia l  condition (2.1)—(6.1), i f  there ex ists
a solution (v, p)E1/1+" x ./31- o f  (1.2), then  Ilv1 (

7 ,2 +1 ) + [ p ] ï ) h a s  a priori
bounds in  T , where

(7.27) [p]te=  E
r+s=

Dr,.1)13 I 01 ( r  and  s ,  non-negative integers).

P ro o f .  We have only  to  note that

(7.28) 110(3-24-')- <v» 2 )+ Ilvtre= <y> ( 2 ." ) + '<v> (
7,2 , " )

 

œl't  v x x —v.v x

( 1 )
< ll> (2  a)

    

(01)
• Il v xxl (Ta) +11v.v„IIV)

   

The discussions having been m ade since § 5  guarantee that each term
o f th e  right-hand side o f  (7 .28) has a  p rio ri bounds in T. Q. E. D.

§8. M a i n  Theorems.

(I). Basing ourselves upon Lemma 7 .6 , w e  show  here that there
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exists a  temporally g lobal regular solution, unique in  a  certain  sense,
o f  (1.2). F o r  th is  pu rpose , w e  p repa re  t h e  following three lemmas.

L em m a 8 .1 .  For the  parabolic equation

au0 2 a (x = a( x , t) u(x' t)+ b(x, t)at ax2 ax

(8.1) + c(x, t)u, (0 <t _<.T) ,

l i (X ,  0) = U 0 (X )E  H°,

if  w e require that

u(x, t)

a E l l f ,  0 <a ot ) + 00 (a0 , constant)
(8.2) ), L

 IblV ) +1b1(x2,)T<+ 0 0 , co,

th e n  w e  c an  c o n s tru c t  a  f undam ental sclution F(x, t; ; a, b, c)
o f  (8.1). [B y  L em m a 5.1, the f undam ental solution is unique, so f ar
as bounded so lu tions, regular in  R ' x (0 , T ],  a re  concerned.]

P ro o f . E . g ., s e e  [4]. Q. E. D.

L em m a 8 .2 .  F o r th e  inhomogeneous parabolic equation

=a(x, t)u x x + b(x, t).u x + c(x, t)u + f(x, t),

[0 < t5 T ; a ,  b, and  c satisfy  (8.2); f(x,
x exp {Bx 2 }(A , /3.. 0, tE [0, T])] ,

u(x, 0) = tio(X) E H o ,

if  we require that

(8
f (x , t )  is  lo c ally  Halder-continuousin x w ith  th e  exponent cc

.4)
in  R ' x [0, T ],  uniform ly  w ith respect to  t,

then the function

(8.3)
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(8.5) U(x , t)t )  = F(x , t; 0; a, b, c)u o ( ) d
Ri

+ tF ( x ,  t ; t ;  a, b , c )f ( ,
o

is  the unique bounded regular solution of  (8.3).

P ro o f . E. g., se e  [4]. Q. E. D.

I n  t h e  next place, by virtue o f  th e  above-mentioned two lemmas,
we demonstrate:

Lemma 8 .3 .  I f  (v , p )  satisf ies regularly  in  1V  x [0, T], the initial
condition i s  (2.1)-(6.1), an d , m oreover, y  an d  vx a r e  bounded there,
then, (v , p)e HP/ x ./34, (m ore particularly  speaking, pEB T -Fac B i), where
w e def ine vt(x , 0 )  an d  vt( x ,  T )  b y  th e  rig h t d e riv ativ e  at (x , 0 ) and
th e  le f t one  a t  ( x ,  T )  o f  v (x , t)  in  t ,  respectively.

P ro o f .  B y  th e  assum ption  that y  a n d  yx  a r e  bounded i n  R 1 x
[0, T ], it holds that

< po c , < p o • e +T Iv .Ir <  0 0 ,

0.< 1.1.(po )  I < < _
p(x , = I " ° )

x  e +Tl 7 ,e.1 ( o ) < +

(8.6)

By lemma 2.1, we have, e.g.,

_
p(x , t) p(x ', t)(8.7) pl (0 )

7)-

 (0 )
x — xt` 2 11.{(00) - 2 1/3bV° ) +2 [1 -1 10(79 )

+ (00) - 1 e '  I , (cf. 4.7) .

T hus, it fo llow s from  th e  boundedness o f  y  a n d  yx t h a t

t ) I f  u 0e1P+ a, th en  U  satisfies (8.3) regularly in  /0 x [0, 7 ] .
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(8.8) -1± e

By the assumption, v continuous in  12' x [0, T ] .  Therefore, — v.y, is
locally Holder-continuous in  x  with a n  arbitrary exponent f3E(0, 1), uni-
formuly with respect to  t. According to Lemma 8.2 (N. B.: (0, T]c [0, T ])
v (x , t)  is expressed in  the form

(8.9) v(x, t )= t;0 ;   I " )v o (0c4
R i Pv

-1-1t cl.r 1- (x , t; T ;  ) (—  W V 4 ) (g
0 R I Pv

= l l o + F ( X ,  t; T ;  ) { V U (0 — V • V 4 }d ,
0 /2' PuP v

where th e  fa c t h a s  b e e n  u se d  th a t v— vo satisfies

(8.9)'
(v— vo) t = 1

)
1
v (v — v 0 ) . .+( j . - -i

p ,

(v — vo )(x, 0)=0,

a n d  w e  n o te  th a t  S r( ,  - r)  h a s  th e  sam e property  a s  — v v .  In  the
sam e w ay a s  w e  d id  in  §7, it is show n that

(8.10) ilvIlr < + c °

Thus, we have the result that

(8.11) vEHrŒ, and pe./31+2 cB1, Q.E.D.

F rom  T heorem  3.1, t h e  a  p r io r i  estim ates obtained i n  §7, and
Lemma 8.3 follows a  theorem on  the  ex istence  o f a  temporally global
regular solution of (1.2).

Theorem 8.1. Fo r th e  in itial c o n d itio n  (2.1)46.1), there  ex ists  a
un ique  re g u lar so lu tion  ( v ,  p )  o f  (1.2) i n  12' x [0, + 00) such that,
f o r  a n  arb itrary  T E (0 , + co), y  an d  vx  a r e  bounded i n  12' x [0, T ].
Furtherm ore, it holds that
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(8.12) 114x, 015_ (0) , 0 < 0 0 .e — l i p o v 0 l l i i ( R 1 ) < p (x ,

0 e IIP0 vo..L 1 ( R 1 ) ,

IV X(X 5 - -K 1 ( i1 V O IIL I (R i) , 111) 011( 1 ) , IIPO 1 ) ,  
1 ) < CO

00

w here K 1 /  a s  e ac h  arg u m e n t / .  T h u s , y  a n d  vx a r e  bounded in
x [0, +  00) u n d e r t h e  above-m entioned conditions.

T h e  following theorems a re  va ria tions o f the above theorem.

Theorem 8 .2 .  Besides (2.1) and  (6.1), if  a condition

(8.13) P 0 E H 3 ,  v 'o" E ll"  n L i ( R ' )

is  ad d ed , th en , in  ad d itio n  to  the  assertion  o f  T heorem  8 .1 , we have

(8.14) I v (x, t)I-V( 2(IlvollLitR1p Por n , IIp 2 , (Po) i-)

< + 00, (1( 2 /  as  each argum ent/).

P ro o f . T he assertion  is ascerta ined alm ost i n  t h e  sam e  w ay  as
i n  T h e o re m  8 .1 . In  th e  course o f  dem onstration, w e h a v e  only  to
consider the function W,1, defined by

(8.15) W(xo, to) = (Pxo x0 )2 + ( 1%0) 2

in stead  of V (6.2). Q. E. D.

Theorem 8 .3 .  For the initial conditions (2'1) an d , instead of  (6.1),

(8.16) f
v0 — A , (v o — A ) ',  (v o — A )" e L 1 ( 1 0 )  f o r som e constant

A G ( -0 0 ,  + 0 0 ) ,  Po e 1-12 ,

there ex ists a unique  tem porally  g lobal regular solution (v , p ) o f  (1.2)
such  that, f o r  an  arb itrary  T  ( 0 ,  + c 0 ) ,  y  a n d  vx a r e  bounded in

x [0, T ] .  M oreover, w e have

(8.17) u(x, 015. 0 0 10 ), 0 < 0 e 1  I po l ' o I 11 ) ( R ' ) ( X ,  t )
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0 .e
+11p0v0iii.' ( RI ), Ivx (x ,t)l_K ,(11v 0 11" ) ,

iivo — ( P o ) - 1 ) < +  0 0 ,

where K , /  a s  each  argum ent/.

P ro o f . W e can rewrite (5.20)' in  the  following way:

(8.18) log (1 + w(x o , to)) = log (1 + w(a, to ))

+1"   P° (b—A)dx o + x °   P° (A—v o )dx o .
a a ft

I t  is  e a s ily  to  b e  se e n  th a t th e  function P *  defined by

(8.19) P*(x 0 , t 0 ) .  log (1 +0.)(a,t 0 ) )+ x °   P° (t—A)C1X 0
a it

satisfies the equation

(8.20)
1 

P * (X 0, 0) Po (V0 — 11)C1X 0.

7 1  .3k =  i +I w (+I:P  ) x . '

.x 0

a tt

S ee ing  tha t — A( e Hi + a )  satisfies

(O— A), 0 +  A )xox0  V ° A)x0,
(8.21) Po(I+ ()) 1+0)

— A)(x o , 0) = vo — A E H 2 +1 n L 1 (R I  ) ,

w e have  the  boundness o f  iiPo0 —AX• , ( O h  (R  i) o n  [0, T ] .  Thus, by
Lemma 5.1 it holds that

    

11. 1 (12 1 )•
(8.22) W*(xo, to)1

 

Hereafter, th e  proecedure of the  proof is analogous to  that o f  Theorem
8.1. Q. E. D.

(II). I n  (1), w e have demonstrated some theorems on the existence
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o f  a  temporally global regular so lu tion  of (1.2) under the initial con-
d ition  (2.1)-(6.1). There occurs a  question w hether w e have  not any
su ch  so lu tion  o f (1 .2 ) u n d e r o th e r  in itia l cond itions. H ere , we shall
discuss somewhat on it.

Theorem 8.4. For the initial condition

V (X , 0) = Vo ( X )  E  H 2 + 1 , v '0 O,

 ()) = P0(X ) 111+O E (0 < 0 0 -P 0 (x )P - - - Ip o l( 0 )(8.23)

there ex ists a u n iq u e  tem porally  global regular solution of  (1.2) such
that, f o r  a n  arb itrary  T E (0, + 00), v a n d  vx  a r e  bounded in  R l x
[0 , T ] .  M oreover, it holds that

I v (x, t) Iv° I 0 ) , 0  v x (x, t) 1,'0
 (0 ) ,

(8.24)
0< p o e-1 "1:)( ° ) . T p(x, t)

P ro o f . First we estim ate  « v »Ç2 a  p r i o r i .  B y  th e  assumption
a n d  Lemma 8.3, (v, p ) satisfying (2.1) and  (8.23) in  R.' x [0, T ]  belongs
t o  H T

 œ  x 131, a n d , moreover, v  a n d  vx ,  exist i n  R l x (0, T ] ,  being
continuous there. Thus, vx  satisfies the  equation

(v =  p
l i  (vxx).+ K -LI-) — v} '(vx)x

—  vx(vx) ,
p  x

(8.25)
(0  < t T )  ,

vx (x, 0) =14) (x) ,

where, by Lemma 2.1,

(8.26)
( 12p

) , —  v = P{Po(x0(x, t))1 2 'P'o(x0(x, t))+vo(x0(x, t))

It is obvious that

(8.27) E
--V1(0)HE\ P J x T (

IL) --v
P x

(I)

±  0 0 ,

x,T



(8.32)
{ 14't = L i  W x x  ± le-±) - V } *Wx , (0 G t  T) ,

P p  x

w(x, 0 ) =W0(x) 0), (N. B .:  —vx -vx 0),
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I - vx1(10  + I - vx1(z )T. < f00,

A ccordingly, w e can construct th e  fundamental so lu tion  F'(x , t; y, t)
of the linear equation

(8.28) V, = V„, +  {(I I—) v} • Vx  v x  • V.
p • p  x

W e  re m a rk  h e re  th a t F ' is  u n iq u e  so  f a r  a s  bounded solutions, re-
gu la r i n  R ' x (0, T ) ,  a r e  concerned. B y m aking u s e  o f  F', v x  is  e x -
pressed in  the  form

(8.29) vx(x, t) = 1R  P ( X ,  t; y, 0)vh(y)dy.

H ence, by th e  non-negativity (o r , strictly, positivity) o f  F ' a n d  b y  the
non-negativity o f v'o ,

(8.30) vx(x, 0, (0

W e  no te  th a t , i f  v b  0  a n d  vb  0 , then v> O. M oreover, clearly  w e
have

(8.31)

Furtherm ore, by th e  theorem  o f  comparison, vx (x, t )  is bounded from
a b o v e  b y  th e  u n iq u e  bounded regular solution w(x, t) o f  t h e  linear
equation

i.e., we have

(8.33) 0_vx(x, t) w(x, t) 51v0°).

T he procedure following this is analogous to those m ad e  in  § 5 — §8(I).
T h u s, w e  h a v e  th e  following a  p r io r i  estim ate f o r  ((v)A.2 +a):

(8.34) ((v»(72+") / (3 [ 7 '; y 0 , Po]<+ co, (K 3 /as T  / ) .
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Therefore, the  asse rtion  o f the  theorem is completed. Q.E.D.

I n  (8.23), i f  vb 50 and 0 , then — v satisfies

(8.35) (— v„), = 11-p  (— vx / x x +  ie t(1) -)x — .(— v x ), + (— l l x )
2

,

w hich suggests that vx m a y  b lo w  u p  in  th e  c o u r s e  o f  a  finite time.
T h is  problem  presents us a  great interest a n d  is  w o rth  w h ile  to  b e
so lv e d . W e  g iv e  a n  exam ple i n  w hich  v  a n d  vx  a r e  not generally
bounded i n  x  a n d ,  in  som e case , b lo w  u p  i n  a  fin ite  t im e .  I f  we
define v and p  by

(8.36)
v (x , t)={

P(x ,t) —  Po'

i a+xa t  

1 + at

(hence, v
x

= 
 1  + a t

a  and v o ( x ) =ax ) ,

s
1 (hence, P 0(x) = Pt) , ( t  - •-• 0) ,

where a  i s  a  constan t and  p i t  i s  a positive constant, then  (y , p )  satis-
fies (1.2). T he behaviours o f  v, v x ,  a n d  p  in  (8.36) vary according as
a  0  or a < 0 , a s  is easily to be seen.

Finally , w e add that, in  th e  one-dimentional problem  o f  (1.1), the
uniqueness o f  (y, 0 , p )  in H + Œ  x x B  u n d e r  th e  initial condition

(8.37) (vo, 0,, p 0 ) E H 2 +Œ x H 2 +1 x 11 1 +2

is  p ro v e d  o n  th e  b a s is  o f  a  lem m a sim ilar to  L em m a 2 .1  a n d  yet
m ore  com plicated. T h e  details o f  th e  p roof w ill be  g iven  o n  another
occasion.
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