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Introduction. H ersh  has made a characterization o f  hyperbolic
mixed problems ( [ 1 ] ,  [ 2 ] ) ,  where it seem s that there are some rough
discussions, especially about analyticities. Recently, Sh iro ta has also
made its characterization by means o f Lopatinski's determinants with
some restrictions ( [ 3 ] ) .  In this paper, we deal with the same problem
as Shirota without his restrictions.

Now we state our problems, assumptions and main results. W e
consider the mixed problem

A(D„ D x ,  D y )u= f(t, x , Y) for 1 >0, x>0 , y e R n - 1 ,

B i ( D„ D x ,  D y )u = g J (t , y )(j=1 ,..., p ) for 1 >0, x=0, y E R 1 ,

Diu= hi ( x, y)(j =0, 1,..., m -1) for t= 0 , x> 0 , yeR n - 1

(D t =  1 a 1  D
x

-
a( a1 a 
ax D y - A 8

y1  ' • '  j  a . Y . - 1 ) »

where {A , B A  are differential operators o f orders {m, r i } with constant

coefficients and {f, gi , hi } a r e  given d e t a .  W e denote the principal

parts of {A, Bi }  b y  1A0 , BJ 0 .  We assume

i) A  is hyperbolic with respect to  (1 , 0 , 0), i.e.

A0 (1 , 0 , 0)40,

A(T, ) 0f o r  I m  < — yo, ( 9R n ,

(P )



94 Reiko Sakamoto

ii) A 0 (0, 1, 0) 40,

iii) B. 0 (0, 1, 0) 40, 0 and r i r i  i f  i 4 j .

Remark. Assumptions i i )  and iii) can be removable, but here we
assume them in  order to avoid some troublesome discussions about
adjoint problems.

W e say that the problem ( P )  i s  g-well posed, if  fo r every f e

g (R1 x RI1), g i eg (R_1, x 1 ), hi  ES (R r t ) with compatibility conditions
of infinite order there exists a unique solution u e g (R.! x  R i) ,  where
S (X )  means a  Rréchet space of infinitely differentiable functions in  X

with semi-norms

lull,K= E suplDvu(x)I,
xeK

where / is a positive integer and K  is a compact set in X .  Of course,
if  ( P )  is g-well posed, then the mapping from data to solution becomes
continuous.

Now from the assumption i), there exists no real zero or A(t , ri)

with respect to for Im T < — y 0 ,  1)E R ' ' .  Therefore we denote there

A(r, 17)—  f l ri))nif( —  ..7(r,
J -1 i=1

= c 21,(- r, 11; )A _ (-r , Om -())

Here we define Lopatinski's determinant of {A, Bi l  by

R(T,ri).---clet( Bi(T 'c g )
27ri ( ri; g)

for Im T < — yo and ri R n —  1 . We say that {A, B} satisfy Lopatinski's

condition if there exists y 1( y 0 )  such that

R(T, ) 40 for ' m —  y 1 an d  fi E R n —  1  .

Remark. Let
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1 det(Bier,Mer, n; N)

Byi - ner , n; n; G-1, Ai.)13(i0 ) (T, n; /4.)

13 n e n; n; ii)Bc1)(1.,n;

where

B iN t =  B i(T n),

B ( i ) (T, n; G -p -1 , • • • ,

_  n ; "et n; 1,—, 
G- i -

(/= 1, P - 1 ) ,

then we have

R( y, n)= n; , n),..., n)) for Im  <  —yo , ri eR" - 1
.

Our main result is

Theorem . In  order that ( P )  is  i - w e l l  posed, it is necessary  and suf-
f icient that

i) R (T , n )*0 f o r I t r i t< — y , ,n eR n - ' ,

ii) ko(1, 0) ko,

where R o  i s  the p r ic ip a l part o f  R , which will be defined in  §3.

§ 1 .  Necessity of Lopatinski's condition for S-well posedness.

Lemma 1.1. In  order that ( P )  i s  g -w e l l  posed, it is necessary  that
there ex ists p > 0  such that

R (r ,  n )* 0 f o r IM  < — p { lO g  - EH+ 111D+ I }, nE R n-1.

P ro o f . 1) W e assume th a t fo r an y  p  there exist { t p , rip } such
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that

+Inp  - - - >  0 0

ImT p <— plog(Tpl+1 11pD,

R(T p , np ) =0.

Then there exist (c, p ,..., cp p )  such that

2E• = 1 ,C  JPj= 1

t 
d•(lerpl +1141)" ,v (x) = E •C  JP •j= 1 27u A ± (Tp , tip; )

and

f
A(T p , D x , np)vp(x)=0, x > 0,

1 B i (T p , D x , p )v p (0) = 0 ( j ,

Now we denote

up (t, x, y )= v p (x)•ei"P+iYnP,

then we have

{A (D„ D x , D y )u p  =0 for 1 > 0 , x > 0 , y e R " - 1 ,

B i (D „ D x , D y )u p = 0  ( j = 1 , . . . ,  p )  for t > 0, x=0, y E  R" - 1 .

2) L et p = 1, 2,.... Since E  jP 12  = 1 , there exists p o  such that
i= 1

c l i p , Cp_ . • , Cp_p 0 + I p ->e, 0,

CP—PoP • CI,

therefore we have

cp_p o pkC O

3) Now we denote
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alu p (0 , x ,y )=T -lo p (x)elYgP=h i p (x, y).

Since

sup 1/Yx v̀p (x)1 CkGrpl +x>o

we have

sup IM D;h i p (x, y)1=!r p l ilil p liVi sup ID v (x )1
x>0yeR" x>.-0

Ck Grp( gp l) i+k+ I v I

therefore we have

m-1
E +1141)"1- 1 +̀

i =o

4) On the other hand, we have

v (0 ) 0 ..........
..•

0
•

1
..

Cip

Grp ' +1np 1) - 1 Dx vp (0)

(ITpl +111p1)- "+ 11301- 1vp(0) 1

• *.
•••

CX1P

•

•••
•••

ati,—

°tip

1P

C

C I p

2p

where

1CXjp! =  127ri A j r
i + A  1

n ;  d “ i T p l <C.

Then we have

(IT pk i ±I rlP k i)_
P o D oUp,(0 )

= C p _p o p k +  p k e  p — p  0 +  p  k  + • • • ±  ap  o p k C pp k C

therefore

Igzcoup k (t, 0, 0)1 = 1/4 0 vp k (0)eitr1k1 = ID vp k (0)Ie_t l m p k



98 Reiko Sakamoto

.1/)'°v„(0)1(1 -rp +11/„I)Pkt e
2 (1t,„1+ (k _ k o),

which is a contradiction to  S-well posedness. Q.E.D.

Lemma 1.2. I f  there ex ists p >0 such that

r,17)*0 f o r h i l l . <  -  p{log(1 +10+1}, PieRn - 1 ,

then there ex ists y  >0  such that

r, * 0 f o r  'M T <  —y

Proof.
Let us denote

til =c R 'n +aie r, q g . - 1  +  - Earner, 0/ ,

and

m r= { T , —  tramer,

1m >0,..., Im 0,

1/ .12 +1- 2ig i < r 2 , 1m t<  —yo ,

Then we have from Seidenberg's lemma ([4 ] )

M,...- ct• or pt(r)= sup{ — Im  -=Cra(1 +o(1)) (r-4 + 00).

On the other hand, we have from the assumption

120  p{log (1 +r)+ 1},

therefore we have a <O. Q. E. D.

Here we have from lemmas 1.1, 1.2

Proposition 1.1. In  order that (P) is i-w ell posed, it is necessary
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that { A , B . satisf y  L opatinsk i's condition.

§ 2 Hyperbolic functions.

In this section, we consider hyperbolic functions in  general, laying
aside the matter in  h a n d  Let us say that f ( )  i s  a  hyperbolic function
with respect to E R "  — {O}), i f  there exists an open connected cone
C (c R n ) , where C  and + Cc C , and the following conditions i)
— iii) are satisfied:

i) there exists yo > 0  such that f ( )  i s  holomorphic in  R" —iC y o ,
where Cy0 =C+Y0 , 0,

ii) there exists fo ( ) t  0 ,  which is holomorphic in  C= Z (R n

z e C  (0 )
—iC),

f o ( z )  = » f o (c ) for z E Cl, E C ,

and

z - h f ( g ) — fo g ) 0 2- 0.+ 0 ,  0 for c ER^ — iCyo,

whose convergence is locally uniform in R" —iC 7 0 ,

i i i )  f ( ) 1 : )  f o r  G  R "  ie y o , ( e = { 2 ;  2>o }, ey 0 = e + y o o )

f o ( ) = o  for c E C.

Lemma 2.1. Let us assume i), i i)  in the above definition, and assume

f ( ) 0 f o r  E l?"  — ley°,

fo (co )4 o ,

then we have

f 0 ( ) k 0  f o r  e R — ie .

Pro o f . It is sufficient to show that

/0( 11— i) 0) 40 for ti e R n , Re A>0.

Let us assume that there exist no R n ,  Re 2c, > 0 such that f 0( , 0 -  ago)
=0. Since
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( - 0 .)—hf0 (?lo — i2
0 )= .fo (i

1
2
° +

and f o ( 0 )  0 ,  we have f o ( lo — ig o )  0 , therefore

f 0( /0 —  ig o )  =  —  /1-o) i so(A), 49(2 0 )*0 ,

hence

Ifo(1/0—igo)i for IA —

Since

ic h f O n io 7 ,- --7-z-0.>f0(770 — ig o )

uniformly for — 6. By Rouches theoren, we have for a n y  P >
Po, f(irl0 — itig 0 )= 0  has 1-roots with respect to within 1A— Aol< 6 ,
which is a contradiction to f ( ) 0  f o r  ER" -1e y o . Q.E.D.

L em m  2 .2 . L e t  f ( 0  be a  hyperbolic function with respect to with
cone C .  Then we have

f ( ) 0 f o r  E Rn —iCy .,

I f0 (0 0  f o r  E C .

P ro o f .  1 )  L et rio  R n , E Cy  0  be arbitrarily fixed, then f(q o  —
ig  0 —  ip,4) i s  holom orphic in  Re y 0 , Re it O. It is  su ffic ien t to
show that it is non-zero there. Since

'JoR "  - i e y . for Re /1>y o , Re tt =0,

we have

f ( /0 — iA 0 — ig '0 ) 4 0 f o r  R e  ,> y 0 , Re it =O.

2 )  Since

— i  o—g'o)101.-.+.> 0

1.1

uniformly for > Co Ai, and
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f o (  —g ) =(— Oh.fo(W  0 ,

then we have

f ( 110 — 0 — *0 for Re1>y0,Rep>0, IPI>C1/1.1.

From 1), 2 ), we have that the number o f  zeros o f f (n o —ig o —ig b )

with respect to #  in  R ep> 0 is finite and independent of A in ReA>y o .
3) Since

1- V -(n0—ig o—ig ) —foC 1°
.

uniformly for <c1 , 11, and fo( — go )= ( - 0".f0(0) 4 0 ,  then we have

f0/0 - - i2 co — ig 0  0 for Re2>y 0 , Rey>0, 121>M.

4) We have

— i

uniformly for cl.11<lpl<C1/1.1. Let A.>y o  and R eft> 0, then Re  2   >0,

therefore 2   c,-F }  a re  contained some com pact set in  (R" --10)u
(12" ie) U C, whenever c 2  I i  C A . Hence we have from lemma 2.1
that

f o (
A

- - - o + ) >b>0 for 2>7 0 1 Rep>0, c1<lpi<CA.

Therefore we have

f ( q o — i g o — i l l ' o ) k 0 for A> yo , Re it>0,

c2 iI C2, 2 >M '.

From 3), 4), we have



102 Reiko Sakamoto

f(flo — ig o — ig b ) # 0 for /1> y 0 , R e p > 0 ,

A> max (M , M '). Q.E.D.

Finally, we state a  result of the theory of Fourier-Laplace trans-
form.

Lemma 2.3. L et C  be an open connectted cone. Let

i) f ( ) be holonzorphic in R"—  iC y o ,

ii) f o r any compact set K c C y 0 ,

I f ( )1 <c K (1+1)"K for ..1?"—iCK ,

where CK= f g ;  E K , A,.>11 . Then F [ f ] (R n ) is defined by

< F [ f ] ,  So> 1R '— g o
 f(O (F [4 0 ])(0 cg , C'o E C y o , 2(R"),

and supp F [ f ]  c C ',  where

C' = {xER" ; x . 0, '4 E

§3. Lopatinski's determinants.

L et us denote

c r ( ,  n ) =  m a x  T
Ao(r,,n)=0

0- ( 11)= min o '( ,  ti)
E R '

for R",

for nE R " - ' ,

= { ( c, n)ER"+ 1 ;  T > //)}

= { (T , r i)e R " ; r>a(n )} ,

and r +y0(1,0,0), t y „=f +y 0 (1, 0).

Lemma 3.1. R (r, t i )  is holomorphic in R "— ifyo.
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P ro o f. Since

A(T, ri) *0 for Im  < — y o , /1) E R " ,

1 Ap e ,  0 4 0 for (T, ri) e r ,

we have from lemma 2.2 th a t A(r, n )  is  a  hyperbolic function with
respect to  (1, 0, 0) with cone F .  Let us denote for ( r, ti) E F

m ax(r, /1) =  sup 11) =  inf
(T ,4,q)er (r,4 ,n )e r

then

r=  { ( r, ri) ERn+' ; er, „,„;„(r, 11) < < „ , a „(t, ri)}

therefore the zeros of A(T, n ) satisfy

1m  4 ( T ,  0 >  r n a x (1111 t ,  Im

Im ri) <  „.,; „,(1m t ,  Imri)

for (T, n) ER" — 0 . Hence, denoting

A jT , 17 ;  ) = Vi(r, ti))= -Earter, ri) e - 1  + •••+ 4 ,(T ,

{ at(r ,  ri)}  are holomorphic in  Ra — iF Q.E.D.

Lemma 3 .2 .  L e t  K  be a com pact set in R n —if, then there exists

AK >0  such that

, 1
A

1R(AT, Ap) = A ) h {Roer, n + R i(x , n) ri) +•••}

(h=r. — 1) 
f=1 2

)

whose convergence is uniform in K  x  {A E C ' ; 21> AK}, where

i) {R j (c , n )}  are holom orphic in t= J  z ( R n — if ) ,
zeC , —{0}

ii) R i (AT, 2p.)= n) fo r  (T , n)e  f i ,  AE — {0}.
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R e m ark . Let

Ro(T, n)=- Rier,

R ( z ,

then we denote Rk(T, 11 0 ( t ,  n) (ho=h—  k).

P ro o f .  We denote

Aer, n)=A o(T, 1/) +A i(T , ••• +

where Ak ( r, 11 )  is a  homogeneous polynomial of order m —  k . Then

1A (AT , g  , An) =AmiA 0 ( T , 17) + 1  A l ( c, ri) + •• • + A m }  .Ant

Now let us introduce a  real parameter v and consider

A( v ) ( T , n)=A 0 (t, n)+vA i er, ID+ ••• + vn'Am .

1ISince A ( v ) er, .0= vm A ( z, n ),  4 ) (T, I ) )  * 0  for (r, ri)v v v
ER" -" — ir y o  a n d  0 < v <1, therefore the zeros o f  A ( V ) (r, to are in
the analogous situation to those o f A (T, / 1 ) ,  which we denote by
{mt., {(Ter,

1111C1. (T , n; >  m ax (In i r, l in  n),

bn j ('t, n; y )<  rn in (IM  T , IM O

for (T, W eR n — i f y o , 0 V < 1 .

Then, denoting

fl (  — ( z ,  ;  v ) )=-  + b t( r, v) '  ••• v),

we have that Ibler, n; 01 are holomorphic in  { R"— ii', 0 } x {0 < v
Since

riy(A,T, = , n;
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for er, OeR n— ii' v o  and A> 1, we have

cfy(kr, An)= Ai {4  0 (T ,n) + c, P1) -144 21T  , 0+ • • •}  ,

uniformly in  K x ;121> (K : any compact se t in  R n — iF yd.
it is easily shown that al-k(r, n) are holomorphic in  Rn— ir y o ,  and

at (AT AJ-ka* n)j k Jk for (r, R"— i f  and A >1,

therefore th e  homogeneous extensions of a l  r, n )  in to  È  are also
holomorphic there. Q.E.D.

Proposition 3 . 1 .  Let the problem  (P) be S-well posed, then w e have

Ro1 1,

P ro o f . Let Ro (1, 0)=0 a n d  o (ro , no ) 4 O. F ro m  the expansion of
R , we have

R (s + tr o , tri o ) = sholg o (1 +÷ , To, 7
t
s -1 7 0 )+ s

1 1 1
1 (1 d- T,t  T o ,  ÷ no)+••.}

for s
t  <1, I  

<c.

Now since

R 0(1 + r 0, wno)+ z11,(1 + w t  wq0)+ •••

is holomorphic a t  (w, z )= (0, 0), its zeros are given by

w (z )= ci z , (1z1<ce),

which become zero a t z = O . Set

t ( s)= sw ( )
1

œ  ■  C O )

then we have

I t (s)I >C1si'
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R (s+t(s )r o , t(s)110)=0.

Now set

s p = — ip  (p : integr, P.->-13 0)

and

= Sp  + osp)T 0 ,  tip = t ( S p) 110

then we have

l m  x ' 4,

R(r p , ri ) = 0 ,

and zeros of A.,.(T p , tip ; have positive imaginary parts. Here we are
in  an  analogous situation to that in  the proof of lemma 1.1, that is,
we can find { c i p } i = 1, . . . , ,, , M 0  such that

E I C j. p
i =

1 l2 j ,  vp (X) = E 27,i A + (t p , tip; )
cg(Tp

t=t

A (rp , D x , tip )vp (x) = 0  B p ,  Dx , tip )up (0)=0 (j=1 ,..., p ) ,

and then u p ( t ,  x, y)= vp (x)e"TP+ 0 'n,  w ill lead  us to  a contradiction to
posedness. Q.E.D.

Example 1. Let

j
A =  r 2 — —

1 B =

then

R(r, ri)=-.-1- ( r,q)+T  + 1 , R o (t, /1) = ( z, n) + 2,

therefore
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R(r, ; ) = 0
2 + I

 

R 0 ( t, R0(1,0)=0.

Example 2. Let

A  _  ( T 2 —172)2,

( B 1 =

B2 = 0 +  T 2 — 172 +1 ,

R(r, II) = 1, R o (r , TO =0.

§ 4 .  Existence theorems.

Hereafter we assume

f
i) R (r , ri) * 0 for lint< —y,, ti eR n - 1 ,

1 ii) R o (1, 0)40.

Let us denote

a(n) if  R o ( t ,  j ) cO f o r  >  CT(TI),

for oeRn -  1
 ,  and

sup
rto (r, ry)=0,s>cr(ry)

otherwise,

±= t(r, q) E R ;  t> 0.001*

Example. Let

Â = T 2
— B=-Fb•ri (b e R n -'),

and

then

then
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r, r,q)+ b •

{In1 2 + 0 •0 2 } -2-

0- 0 (0 =
Inl

Remark. From lemma 2 .1 , we have

if  bm>0,

if  b•r/ O.

R oe  0 4 0 for Im T * 0 ,

Therefore, since 0 ( r, )7) is analytic on er, a o ( i i )  is continuous.
Since i'c  f and 1 '+(1, 0)c we have from lemma 2.2

Lemma 4.1. Rer, i s  a  hyperbolic function with respect t o  (1, 0)
with cone

Lemma 4.2. Let K  be a com pact set in  i, then there ex ist c K >0,
a K > 0 such that

IR(T, c:Ic(i"cl +1111) - a K f o r ( t ,  ti) Rn— iCK ,

where

CK= Ati); , ti) e  K, ) l} .

P ro o f . Let (T o ,  no ) e f , , ,  then there exists s> 0  such that

ugero, no)={(T, 17) R  I,T — T01 2 +1q — n012 < 8 2 } C iY i ,

therefore

.1(1,( 0 ) c 1 for A> 1.

Now let us denote

9 rero, i/o; {r = at" ,  = q' — /A ir ; if)E R ", (T ", 17") E Ucero,

1212 +11/12
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and

ffreco, no ; {(T, n )eg r(ro , no; 8 ) ,  ( 1 , • • • ,  „ , ) e  Cm;

where

fin

11), E n),..., ( — W arn ( r, n)

A (r, ti) =c g m +a i (r, ti)in - 1 +••• +a„,(r, 0 1 .

Since

we have

Im ) > 1mn ) for ( r, n)

therefore

a(t, n; ) = R ( r ,  11) in, ( T o ,  no; e),

g ( r, n; ,L)4121 in  ff,.(To , no; e ).

From Seidenberg's lemma, we have

s u P  la(T, Pi; ,4)12 
—sup

9, 1R (T , n)12

+ o (1 ) )  as r + 00. Q.E.D.

Let us denote

„ 1L  R i k( r, n)  ,
R( T , A+ ( t ,  n;

where

,x  -1,kR i k ( t ,  n): (k, j ) -cofactor of(  1 n» 
27ri A +er, n;

Then the solution in Hm(R1) of the problem
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{A (T , D x , ti)D(x)=0, x >0 ,

13 j ( t ,  Dx , n)6(0)= C, j =  1,..., p,

is given by

A  16 (x )= E ile`x, 9 k (T, oduk, x > 0 .
k= 1 ZIT

Now let us denote

{(T, n ) E F ; 0 E 1 1 ,

then we have

Lemma 4.3.
i) g i er, 0  are holomorphic in R" '  12

ii) l e t  K  be a com pact set in E y i , then there ex ist c K >0 , a K >0
suct that

(t, in )  I _ cic(IT1+1111+1 )aK • f o r  ( T , ,n ) e R n + 1 — icK,

where

CK= { (A T ;Z, )ij); (T,

From lemma 4 .3  an d  lemma 2 .3  w e have P ;  F  [ . 9 i ] G g'(/?^ -1- 1 )
and supp [P i ] c I '.  T herefore, i f  g i  E (R n) and supp [g i ] c  ' ,  u =

AE P .1* {g i C)(5 x } E  ' (R n+ ) and  supp [u] c  ,  moreover i f  g i eg (R n),

then u g'(IV .V "). Now we denote for a set S  in R n+ 1

P s =F '+S ,  E 's = 2 '+ 1 ,  K s = n s u

then we have

Proposition 4 . 1 .  L et the supports o f  data be contained i n  S ,  then
there ex ists a so lu tion  o f  (P), whose support is contained in  K s . M o re -
over, let the data be inf initely  dif ferentiable w ith com patibility  conditions,
there ex ists an  infinitely differentiable solution of  (P).

110

(P )
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§5 . Adjoint problems.

A t first, we shall construct an adjoint system o f  {A , B i } a s  fol-
lows. H e re  w e  m a y  assume that il 0 (0, 1, O)= 1 and B i 0 (0, 1, O)= 1

(j= 1 ,..., 12) without loss of generality. We denote

( j=p +1 ,...,m ) ,

where {r i } i =p+ 1 ,...,„, is the complement o f {rili=1,...,12 in  {0, m— 11,

and denote

1B i (T, i , n)

= B ( t ,  ri)

rn -1

then we have

det B(T, ri) = sgn r i ••• r m

( 1 ) .

Now we denote

Ao, —Aer, _ Bi ( r, n)wi (T ,
i= 1

that is,

I B '1 ( r, ,  n)

13 (T, c ,  n)

= '{13 - 1 (r, n) }

1

..*
\ 1 a j t , ro

0

--= B'(r , n)

,
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where

A(r, ii) = " 1 +aler, rig " '  ••• +am er, n).

Here denote

' 131(T, n)

,  A *(t, q )=A (T , 17),

B ( T, q) /3n(r, n)

and we say that {A*(D t , Dx , Dr ) ; Dx, D y ) , •••  B (D , D x , Dy)}
is an adjoint system o f {A (D„ D x , Dr ); B i (D „D x , D r ) ,...,B m (D „D x , D y )}.

Since we have

A(T, n)=A+(c, n; n;

t/ ; +di ( t, n)V - 1  + • • •  + r, n),

A -(T, n; )=Ity - m+aT(T, n)

for 'MT< —y i , nERn - 1

we denote, ( r, 17) being fixed,

A( ) = A (r, 11),

A ± ( )  = A jr, 11;

;IA - ( ) = + a t ( T  11)V  +  •  + 4 , ( T ,  n),

T4 - ( 0 = +aier, ngm - A- 1  +••• +a;_ u (t, n),

and

(u, v )= .
o

u(x )v (x )dx ,

<u, v > =u(0)•v (0),

then



 111

....... fiAA

13 1A+ 1

/IAA+ 1

fl 1 „, u(0)

u (0)

1 1A fill+ 1 1 • •fiii+  1m A ± (D )u (0 )

....f l m , i fi m g+ I fl mm Dia- g- 1 A ± (D x )u (0)

 

I i i

fiA 1

Pm 1
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(A (D x )u, v )—  (u, A (D)v )

m-g- 1
= 1  E  a,{ < A+(D x )u ,

k 0

v >  + • • •  + <A .I.(Dx)u, D t, >1
= 

A-1
+1  at{  <D 1 u ,  A _ ( D ) v > +• • •+ <u ,1 4 - 1 - 1 71_(Dx )v >1 .

k=0

Here we denote

u (0) D 1 A _(D x )v(0)
D x u (0) D'1- 2 A _(D x )v(0)

D u ( 0 ) A _(D )v (0)
U = A + (D )u (0 )

D21 + (D )u (0 )

,  v = D rI t - i v(0)
v(0)

A jD , c)u(0)

1

at  .• .

•.
a+ 1 .-at 1

o

o o

0 d_

=

then we have

(A (D x )u, v )—  (u, A (D x )v )=iV * d U .

Let us denote
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l 2(  a l l a  )
U=au,

4 2 1 .4 2 2

then we have

i) det sgn \  
1 2  •••
r i r 2 ••• r n , j '

p ( p - 1 )
ii) R = (—  1) 2  d e t  , ,

because i )  follows from

 

B =

 

and

det B = sgn ( 1 • • • m
\ r ,  • • •  r m ) '

and i i )  follows from

/
6

1 1 ..... 16112 217riA +
1( )

e -1
f ip p 21.7ri 1A .,(0 27ri

Now let us denote

where

then we have

V *Jz f u= (a '17)* . au

Â2:( -;)
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B't

B;4+ 1(0
= a ,

A 0 a u i2

1'21

A )

13;:1(0

Let us denote

1 B 'tt-F 1(0 I km +

2ni 13A _ ( ) 2ni
R' =

1 .13 ( I B ()'n -1 1 .-  1

2ni A 0 2ni

then we have

iii) =det a '2 2 ,

because

d .......
2 ( , n - P - 1  )

2m1 2ni A )
R' =det '22

rç,1 I tri - d
217ri j A _ ( 0 2 ni A_(0

=deta'22.

Now we denote

(  i e 1 1=
).1

0

21 . 4 0

22

then

ta ,= (

therefore we have

.re 12 d + J r  1  I 4 if- i-d r1 2

d re 2 1  . X 0 22 si-dr21  si— re22
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det .4 ,2 2  =det ,rt° 22.

On the other hand, we have

  

• .re12

 

1 0

           

• 21 .
0

22

 

'r
(

22 /

      

therefore we have

  

1 det . ed t 22.det -

Hence we have

i v )  det at22 d e td i ,  
det d  •

Here we have from i) —iv)

Lemma 5.1.

R'(r, ri)=sgn( 1 2  • • • m  ( —  1 )
o  R 

(T . ,  ti).r 1 r2 ••• r ,n
Pi2-1)

Now let us consider

A*(—D t ,  —Dr ,  —Dy ) u =  f for t > 0, x < 0 ,  y e R " - 1 ,

.131( —D t ,  —Dr ,— Dy )u = g i ( j = p + 1 , . . . , m )

for 1 >0, x=0, yeRn -1 ,

(j=0, 1,..., m-1) for t =0 , x<0 , y e R n - 1 .

We remark that

A* ( —- - 1 - 1 ) = A + ( — t ,

( -  2 ,  -  -  q ) = 1 3 ( - -t ,

( 13 *

where zeros o f A± ( — t, —in — )  with respect to have positive ima-



i-well posedness f o r hyperbolic mixed problems 117

ginary parts and zeros o f  A_(— t, - -n ;  — ) with respect to have
negative imaginary parts for er, E Rn —i(57 0 . Here we denote

1 B q — t , —77gk-1 cgR* (r , n) = clet( .
Lru — ;  -

f =g + 1 ,- , m

k =1,..., m— 1.1

then we have

Lemma 5.2.

R * ( r , n ) = ( - 1 ) m - 2  s g n  
ri ,: ••••rm,„) R ( — t ' — '2 ) .

Proof.

R * ( , )  =det  )( r B 'i(--f,— ,
_k-1 cg• r, 11 27ri 1 A_(_ t , -- -ii ; — 0

( m - gi)(m -11.- 1 )

 2 n i  
_ k 1

=  -  I ) 2 det  1 c g )—n;

= ( -  1 ) 
(m - 11 )(m - 11 - 1 )

2 R ( —  f
-

,  —

Corollary. R *  (z, t i ) is hyperbolic function with respect to  (1, 0 )  with
cone 2.

In  fact, since (— e, —  E Rn—i2 7 . is equivalent to  (T, E R"
— i2, 0 , R (— , — ii)  is holomorphic in Rn — 2, 0 .

Here we have

Proposition 5.1. L et the supports o f  d ata  be contained i n  S , then
there exists a solution of  (P * ), whose support is contained in  Ks.

Let us denote
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A *(D„D x , D y ) u =f for t <O, x>0, yER" - ' ,

(P*) B I(D „ D x , D y )u = g i  (j = k t+1,..., m) for t < 0, x= 0, yE R" - I,

D iu=u f  ( j= 0 ,  1 , . . . , in — 1) for t = 0, x> 0, yE R" - ' ,

then we have

Corollary 1. L et the supports o f  data be contained in  S , then there
exists a solution o f (1 ") , whose support is contained in  — K_s .

From  this corollary, we have

Corollary 2. A  solution of  (P) in  S  depends the data in  — K_s .

H ere we have the theorem stated in the introduction.

NARA WOMEN'S COLLEGE
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