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1. Introduction.

I n  th is  pape r w e  trea t th e  regularity of solutions of the D irichlet
problem for elliptic equations of the second order in a domain with edges.

In  the  case  where th e  boundary o f  a  domain is smooth, we know
well th e  regularity of solutions of the D irichlet problem.

T . Carleman [ I ]  h a d  s tu d ie d  th e  boundary value problem  of the
Laplace equation  f o r  a  dom ain  w ith  edges. M. B irm an and G. E.
Skvortsov [2] d e a lt  w ith  a  k in d  o f  regularity  o f  so lu tio n s  o f  th e
Dirichlet problem in  the case where the  boundary o f  a  bounded domain
in  R2  consists  o f  a  finite number o f  three times continuously differenti-
able curves, w hich m eet w ith the angles different from 0 o r  27r.
V. A. Kondrat'ev [3] studied th e  general boundary value problem  for
a  dom ain with conical o r  angular points in  R .

W e shall extend th e  result o f  M. s§. B irm an and  G . E . Skvortsov.
Let Q  b e  a  bounded domain in  R2  a n d  le t  th e  boundary o f  0  consist
o f  a  fin ite  num ber o f  three times continuously differentiable curves,
which may meet even with the angles 0 o r  27r, b u t they have not con-
tact o f order 00.

Consider a n  elliptic differential operator o f  th e  se c o n d  order:

2 8 2 u 2 auLu = — E a • •(x) + E a .(x ) +  a(x)uax .0 x • I a x
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where the coefficients a ( x )  are real functions continuous on 12 having
the bounded first generalized derivatives, and a i (x )  and a (x ) are real
bounded measurable.

W e set

D(L; S2) = {14 E  12(0); Lu E L 2 (Q)} . 1 )

T hen  ou r main theorem  is the following:

Theorem 1 .  T h e  c o -d im e n s io n  o f  91,2(Q)n Sb(S2) in D(L; S2) is
e q u al to  th e  num ber o f  th e  edges w ith th e  an g le s  larg e r th an  7T.

In section 5  th is theorem  w ill be  p roved  w ith  he lp  of the result
of M . g . Birman and G . E . Skvortsov and of the following theorem.

Theorem 2 .  Suppose that

C2=1(x 1 , x 2 ); 0<x i <d, 0<x 2 <x11,

w here oc> 1. T hen the solution u (X ) E 2 ( 0 )  o f  t h e  equation Lu =f
belongs to Si2 (0 ), if  f E L2 (2).

W e prove Theorem 2  in Section 2. In Sections 3  and 4 , we prove
the propositions w hich  are needed in Section 2. Finally w e prove
Theorem 1 in Section 5.

2. Proof of Theorem 2.

In th is section we prove Theorem 2  with help o f three propositions
below, which will be proved in Sections 3  and 4.

Proposition 1. I n  th e  c as e  w here L=—z1, Theorem 2  i s  t ru e , that
i s  t o  say , f o r a l l  f(x)e L 2 (52) the solution u (x )e  g i2 (Q ) o f  t h e  equ-

1) Throughout this paper, ‘ 1 7 ( Q )  denotes the Hilbert space o f  all functions u ( x ) e
L 2 (12) whose derivatives (in  th e  sense of distributions) u p  to  o rd e r  k  belong to
Lz(Q ), and S it :  i s  th e  closure o f  .9(12) (in Schwartz' notation) in emQ). For
u ( x ) E  61,2(Q), we denote its norm by II u (x)ii k , L ,  Namely,

Ilu(x)111,2= E Ç 1 1 , , 1 ( X ) 1 2 d X .
1■■I k a
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ation  du =f  belongs to S 2(52).
By definition, th e  s e t  C ( P - ) c o n s is ts  o f  a ll functions w hich  are

k-times continuously differentiable i n  12 a n d  v a n ish  a t  t h e  boundary
of O.

Proposition 2 .  c8(,(2) is  dense in  g  j2 (o )n  eb(o).

Proposition 3 .  L et L ,  an d  L 2  be tw o ellip tic  operators o f  the form
(1.1). I f  t h e  inf im um s of  the coef f icients a(x )  a re  suf f iciently  large,
we have

(2.1) L2u)la cllu L 2 f o r  u  C ( P),

w here  c  is  a positiv e  constant independent of u(x).
From  Proposition 2, the estimate (2.1) also holds fo r  u(x)E912(s2)

n 61,2(s2).

Proof  o f  Theorem  2. S e t  L , = L - 0 .  a n d  L2 = + A , w h e re  A  is
a  sufficiently large positive num ber. It is easily checked that

= { L IU  ; u E 9 j 2(D)n ei,2(Q)}

i s  a  closed subspace o f  L 2 ( 0 )  b y  se tt in g  L 2 = L ,  in Proposition 3.
O n  th e  o ther hand , w e see, from  Proposition 1, that

(2.2) R(L2)= R (—  + A) =L 2 (0).

I n  o rd e r  to  show  th a t  R(1. 1 ) = L 2 (52), w e have only to verify that
R(L 1 )  i s  d e n s e  in  L 2 ( 0 ) .  In  fa c t , su p p o se  th a t th e re  e x is ts  a  g E
L 2 ( 0 )  s u c h  th a t  (g, L i u) = 0  fo r a l l  u E 91,2(o) n 6'1244 Then there
exists a solution w(x)E 91,2(0)n 612 (0 ) o f  L 2 w = g  owing to (2.2) and
(L2 w, L i w) = O .  B y  v i r t u e  o f  P ro p o s it io n  3 , w  = 0 , therefore  g =O.
Accordingly R(L i )  is  dense in L 2 (0).

N o w , le t  u s  ta k e  th e  so lu tio n  in  q u e s t io n  u  g L 2 (0 )  o f  Lu =f.
This equation can be rewritten as

L i u =L u +) u  =f +u .

T h e  righ t hand  side  f + A t i  h(E L 2 (Q ))  is  the image of a v E 91,2(0) n
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2(52) b y  L ,  a s  is show n just above. H ence, w e have two equations
L i u = h  a n d  L i v = h .  B y  t h e  uniqueness o f  th e  s o lu t io n  in  31,2(0),

w e have u  v, th a t is , u  itself belongs to Si 2( 2). Thus, our Theorem
2  is proved assuming Propositions 1 , 2  and 3.

3. Proof of Propositions 1 and 2.

R em ark  a t f irs t tha t w e  m ay  suppose th a t  d  is sufficiently small,
because i f  necessa ry , w e  m ay  take  a  COE'-function yo(x) w ith  a  small
com pact support w h ic h  is  e q u a l to  1 n e a r  th e  o r ig in , a n d  we may
consider you in place of u;

a, au a , 0 u "+L(sou)=wLu+uLso+ a i i (x ) (a x i  a x i a x i  a x ii,J=1

—a(x)wu E L 2 (0 )

W e begin  w ith  the change of variable  (x 1 , x 2 ).-+ (, ri)

(3.1)

1 
=

(/
(3 —

 O X 1  fl - 1

a 
11= x 1 a - 1  • .x.

2

or

{  

x i  = (#— 1)fl-1 . 1-I1

x2 --= (fi — 1 )/T-fi '  11,

w here 1 /a + 1 //3 = 1. T hen  th e  dom ain Q  is  m apped  homeomorphically

onto the domain :

11)E R 2 ;  >A , 0< ti< 1}

where A = ( f l - 1 )d f i 1 1 . W e  o b ta in  t h e  fo llow ing  ru les o f  calculus :

aua U a u(fl 1 )-1 3 V3f l ( 1 3
ux

au Ou

8 2 , a2 8 2 u 
a x

 = ( / 3 - 1 ) - 2 # 2 / 3   7   + 2 / 3 0 - 1 ) c.?

+P(/3— 1) - 2 fi 2 P-
2 n2

(3.2) a2 u
a 2
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Oufl o  _ (2132 _ fl ) ( 13 _
au

'  an

a2 u a 2 u a2u)-2 /1 2 /3 /?‘ i ) - 2 2fl- 1 
ax,ax2 q an2

a 2 u a2 U= ( (1_1) - 2/1 2/3
8112

au0 -2 f l ,r211 1-
' eq

a( x t , x 2  _ — ) 2 q -(3.3)

H ence , th e  r e la t io n  betw een t h e  Laplacians corresponding  to  tw o
systems of variables can be expressed as

_ 02 2  - 2  2   o 2  (3.4) e 2 = 0 -1 ) - 2 /10/3 iz i,„+ 2 R
,

a v i i  +fl 0112

± ( 2 , 6 , 2 _ ,6 ) - 2 4 _ } .

The formulae (3.2) and (3.3) lead us to  the following;

Lemma 1. 1 )  u ( x  1 ,  X2 ) E L . , i f  a n d  o n ly  i f q )E L to ;
au2) u(x l , x 2 ) E i ,  i f  a n d  o n ly  i f a4  and e L tn ;

3) u ( x  x  2 ) E  h ,  i f fi t I,a u - 1   au0 2 u 02 .
aq ' W r i  and

(32u
e q , ;aq 2

where L 4  and L i , ,  a re  understood as  L 2 -spaces w ith  respect t o  the

usua l Lebesgue measures dx 1 dx 2 a n d  d O ii respectively.

W e introduce som e functional spaces, at first define

e t, n = {14( ,  11); D ',„ug,

with the norms

fo r  lid _k}

n)
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f011k=  E q)1114.,„.
II k

Because { ,\/ 2 sin nirrj} i  i s  a  complete orthonormal system  in
/4(0, 1), w e can  deve lop  eve ry  func tion  u(, ri)E  8 i n  a  F o u r i e r
series with respect to  ri;

(3.5) ,j) = u , ( )  sin rum,
n=1

w ith  coefficients Lin( )  su c h  th a t Vu n ( ) E Li(A, 0 0 ) .

W e deno te  by  9 th e  s e t  o f  all functions in  g 2  
u  which

satisfy the following two conditions

(3.6) u(A, 'j)=0

and

(3.7) {n4gflunili2+n2ltv  au. 112+1
n=1 oa e

2u fl
<  0 0 •a 2

T h e  norm  o f  u  in 9 e ,, is  de fined  a s  th e  square  root o f  th e  left hand
sid e  o f  (3.7). T h e n , fo r  every function belonging to the  norms
i n  4 , ,  a n d  i n  3 a r e  equivalent. T he  cond ition  (3.7) im plies a
boundary condition a t  ri = 0  and  '1= 1  to each elem ent o f  9 4m .

I t  i s  e a s y  t o  s e e  t h a t  tl i s  a  bounded linear operator from
t o  < o r  O u r  first step  is  to  construc t a n  operator G:

which is the inverse of
F o r  gg, n)E61,1,  w e  d e v e lo p  g ( ,  n )  in  a  F o u r ie r  series with

respect to  ri;

(3.8) i) = g , ( )  sin nnii.
n=1

We define un ( )  by

C° f 4—sl e nn(2 A— 4— s l}  g n (S )d  S(3.9) u n ( ) -1
A  2 n n  

— e(  

In  fact u ( )  is  the solution of the  ordinary differential equation:
d 2 un( )(3.10) — (rnr) 2

cg2 u„+ g n
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w ith th e  boundary conditions u„(A )=0  a n d  t i„ (0 0 )= 0 . Set

(3.11) G g (, n )= u„( ) sin turn.
n=1

T h is  i s  t h e  opera to r w h ich  w e  h a v e  looked  f o r .  W e  a r e  going to
check  u p  (3 .6 ) , (3 .7 )  f o r  u  =G g  and 4 „ G g  = g  on Assuming
the  cond ition  (3 .7 )  f o r  u  =G g, th e  co n d itio n  (3 .6 )  a n d  th e  equality

= g  a r e  easily  verified  from  (3 .9 )  a n d  (3 .1 0 ) . W e  n o w  show
(3.7).

Define two operators;

K 1 ,„g() =S A e- nn1 4 - sl g(s)dS

(3.12)

and the space;

with the norm:

K 2 m g ( ) = A en.( 2 A- 4 - )g(s)ds,

g? = {u( ) ; VU() E  L 2 (A, c o ) }

Ilu(0114 =11Vu(011q

Then the following lemma holds.

Lemma 2 .  K 1 ,„ an d  K 2 ,„ are  bounded operators o n  61 , moreover

( 3 .1 3 ) 111 C c
n 1, 2)

w here c  is independent o f  A  f o r suf f iciently  large A .

P ro o f  W e a r e  g o in g  to  sh o w  th e  inequalities:

(3.14) e- nni d s  
A
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(3.15)

(3.16)

(3.17)

K azuh iko  lbuk i

çc° e — n n i 4— s l ( C  
.1A n '

5OE,
e

nir(2A- 4
- s) ds <

c
—

A n

co 2/1
e n n (2 A -4 -0 (

A
"``.==

where c  is independent o f n 1  and s, A.
(3.14) and (3.16) are trivial. For (3.15), we can write

,t) 2a 2fl Go
e - nnI 4 - s1( " e n n (4 -s )( ' ) 2 d +  e ( )2/3 Cg,

A A

the first term of the right hand side e n l'(-s )c g  < 
 n

1

7r In  order to
A

estimate the last term, w e set = s t  and integrate by parts,

.0
the last term  = s  e

s ( t —  1 ) r 2 f i d t

1

1 2,6 e -snscr-1>t 2fi-id t
nit nn

< —
c

, because s A.

W e  h ave  th e n  p ro v e d  (3.15). (3.17) is s im p le r  t h a n  (3 .15). From
(3.14) and Schwarz' inequality,

11(1,„g(012

A A

e- nIt14 - s1 •ig(s)1 2 ds.
n  A

Moreover from (3.15) a n d  Fubini's th eo rem , w e  have

roe
Vfl • 1 K  ,,„g (012eg

r .  
2 /icg • e - " 1 4 - s1 •!g(s)1 2d s

A n  A A

0  co
-s1

2fl2
—

n A

s  flIg(s)1 2 ds5
A

w  e-nn14 (-`.—)
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2
11g (01 1 ;7

w hich  is  p rec ise ly  t h e  estim ate (3 .13 ) f o r  1= 1 .  Sim ilarly , w e can
treat the case of K2 , n . (Q.E.D.)

By definition of K 1 K 2 ,  we can write

(3.18) un( ) — 211
1

7c {K 1 ,n g .() —  K2,..gn()1.

From Lemma 2,

(3.19) 2 ogflu c.± cgP g  (Dilb 011;..

Differentiate the both sides o f (3.9), then

(3.20)  d
d

ui  —  2
1  c'')A sgn((;

Therefore

(3.21) n2
n=1

du 
d c'

2 co

-5-- E n2 { + IIVK2,„g„n=1

 

And from (3.10) and (3.19),

2
2 11)11k ,

B y  (3.19), (3.21) a n d  (3 .22), w hich together m ean (3 .7 ), w e find that
G is  a  bounded operator from 6 1 „  to

Proof  of  Proposition 1. By (3.4), the equa tion  Axi,x2u = f  turns out
to be

a t ia2 U(3.23) 2 —2 2  3 2 1 1    ( 2 ) 6 2z1,„u +2R - + 1 31 n a o n 1 1  0 1 2

o u r 2 p f .

s)e - nirl - sign (s )d s -
2
1 c':e t t i r ( 2 A - 4 - 8 ) g„(s)ds.

(3.22) d 2 U,, 
n=1
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Denote the  right hand side o f (3.23) b y  h( , q), then  hg, belongs
t o  n u. L ook for the solution u  o f  th e  form  u =G g  w ith  som e g

then, g  m ust satisfy

(3.24) g+T g=h,

where

82Gg2  — 2  2(3.25) T g= 2/g - ln + fi a2G g O G g  
(3

(2fiz _ /3)-2 17  eGr 

Since G  is  a  bounded linear operator from n u t o  g 4. ,7, T  is  a  bounded
linear operator o n  61 an d  if  we take sufficiently large A , the  operator
n o rm  o f  T  m a y  b e  sm a lle r  th a n  1 . Therefore I + T  h a s  the inverse
(/ + T) - 1 -. S ince  t h e  equation  Ax 1 ,x 2 u = f  h a s  a  un ique  solution in
gh (Q ), i f  w e  k n o w  th a t g is in c lu d ed  in 4(0), u =G(I + h
is  th e  unique so lu tion  of the  equation ti„, ,ti =f  a n d  belongs to
a  fortiori to r12(52).

Let us show the inclusion .91142). Take a n  infinitely differ-

entiable function Cg) su ch  th a t Cg) -=1 o n  <2A a n d  C g ) 0  on
3A, and define

C A 4 ( 0 — (

F o r  every  ug, r0= u n ( )  sin mu/ in w e  set
n = 1

(3.26) n)= M ( ) n ( )  sinn
n= 1

A s  M  00, ri) tends t o  uN g , fu ()  sin nng in and
n= 1

a s  N  co, uN ( c ,  11) tends to n ) i n  9 q . Because th e  topology of
is  s tronger than  tha t o f  ek i (Q) a n d  because th e  left hand side

o f  (3.26) belongs to  9 0 ) ,  u ( , ti) belongs to 4 (S 2 ) .  Thus w e see

th a t  9 4,,,c  9 1 (Q ). Proposition 1 is proved.

R em ark T h e  three transf o rm ations in  the  diagram
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h (Q )  n  é v h ( 0 ) L (Q )  (a-1)2 2,9X_, 201 G(1

a re  continuous and  the  com position  o f  them  is  iden tity  m app ing  on
j(S 2)n e2(s-2), therefore the norm  in  g i 2.( 0 )  an d  th e  n o rm  in  g 4 ,1

are  equiv alent on g W O ) n S2(52).

Proof  of  Proposition 2. By th e  above R em ark, w e h a v e  only  to

show th a t  C ( P )  i s  d e n se  in  g o r  F o r  every 17)= u ( ) sin mrq
n=1

in 9 ,  w e  e x te n d  u ( c )  t o  <A  in  such a  way that

if A
(3.27)

I  un(0
u g ) =

—u„(2A— ) if < A.

(3.28) 11)=1{Pg)*(Cm g)ung))1 sin n7rti,

where p 5( )* i s  Friedrichs' mollifier and p ( )  i s  a n  even function of
th en  uN , , , g ,  n )  be longs to  C(S?). 2 ) As +0, u" , g ,  n )  tends

to n )  i n  g n, a n d  a s  M  00 , u N ,m ( , n )  te n d s  t o  uN g ,
Finally  uN ( , /1 )  tends t o  u( , 17) in 9 e ,, a s  N -9 no. T hus C Z °, (S2) is
dense in 9 (Q. E. D.)

4. Proof of Proposition 3.

I n  th e  c a s e  w here  t h e  boundary o f  a  d o m a in  is  o f  c la ss  C3 ,
Proposition 3  has a lready  been  proved  by  Ladyzhenskaya [4]. If the
boundary is piece-w ise sm ooth a n d  h a s  n o  e d g e  w ith  th e  a n g le  0,
Proposition 3 also holds.

I n  th is  section, for convenience, L ,  a n d  L 2  a re  written a s  L  and
M , respectively, a n d  (x 1 , x2 )  a s  (x , y ). D enote several positive con-
stants by ci .

Now we divide L  and M  as

L =L 0 + L' +

M=M0 + M'+ .1,

2) C7(D) denotes 6 C ( g ) .
k .0
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where Lo and  M 0 a r e  homogeneous parts of the second o rde r o f L
and M , L ' and M ' are lower order parts, and i s  the positive num-
ber which will be determined later.

Lemma 3 .  I f  d >0 is suf f iciently  sm all, w e have

(4.1) Re (L o u, Mou cillulli,c2 — v2lialq,L2 f o r u  c (Q )

P ro o f  Denote

Lou = aux x + 2 bu x y + cuy y

(4.2)

M o u =a' ux x +2b'u x y +  u y y

and

(4.3) V = ux , UY9

then we can write

L o u = avx + bwx + bvy + cwy ,

M o u vx + b' wx +  v y +  w y .

Now set

Lo u.M o u =J o + J 1 ,

where

(4.4)J 0  =(avx+ bwx)(a' 15x+ b' x ) + (bv y +cw )(b' y I T O

( a V y  bwy )(b . ijx O x ) (bv x + cwx )(a' v + h' IT y )

and

(4.5) .11 =(avx  + bwx )(b . ( a  v g  bw )(b ' f) x + c' i )

+(bv y + cwy)(a'Dx + b'iT,x)— (bv„+cw,)(aTy+b'0,).
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Since vy =wx  =u x y ,  we have  J o c 3 (1ux x l 2 + 2 + lu,,y 12 )  w ith  c3 inde-
pendent o f  u  a n d  o f  (x, y ),  because o f  th e  ellipticity o f  L  and M. 3 )
Accordingly

(4.6) Ifodxdy_c3(111411i,L2—ilulq,e2).

N ext, w e look a t  J,. Because Re (vx r) — vy f x ) = Re (w„Oy — wy 0x ) =0,
we have

Re J 1 =F(v„ITy —r) ,ili- x —wx .Dy +wy i3x )

1where F = (a c '+ ca '-2 b b '). Furthermore,2

Re J,dxdy=F(dv A chT — dw A di)

=dr,F(vdrT, —wd6)1+(vdi-v" —wdr)) A dF

=dco+J 2 dxdy

w here  co=F(vd1T—wdb), a n d  J 2  is a  s u m  o f  p roducts o f  t h e  first
derivatives o f  F , th e  first derivatives o f  u  an d  th e  seco n d  derivatives
o f u. Therefore fo r an  arbitrary small positive number e,

3) Using the equality 7)5 = u.r, we obtain

J0 = (av.r +bv d-b'tTI,)-F(bw,r-Fcw
-F(aw.r d-bw v )(b'ii.,+e'o)-1-(bv d-cv y )(a'f y)

=a' f f ,(avd-bv ,,)d-r, y (bvd-cv v )}
fev (bv.r +cv ,)}

-Fb' ii (aw x - Fbw 5 ) - 1- f 5 (bw 5 + cw 5 )}
-Fc' , r (aw -Fbw i,) ± fe y (bw,+ cw,)} .
a  bS et A =[
b  c

l
'  

then there exists a  real orthogonal (2, 2)-matrix T such that

0TAT -=-E 0 1 2 2 1 (2 1, 22>0). Setting [rd= IT Ev
v :1 and [ T

TP21= 21. [ 1, we obtain

Jo=e( 2 11Y-112 + 2 21V212)1- b'(21V1TP-2+22172117 2)-1-
±b'(2 1PirVid- 2 2P5rV2) -Fe(211 TV112 + 2 21 W215)

_ ca(117112 +1 17211+1W112+1 W2 I)
= C8(1 14 5x1 2 + 2 1U551 2 +1U 551 2 ))

where we used the positivity of the matrix A ' =[Z  bc:
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(4.7) 2d xd y

We will estimate

K azuhiko Ibuk i

_5c, (Ellul li, L2+8- 1 111111i,L2 ).

I d  c o  =1y (1 ) ±  5 c o — W /2 -I- 1-3
=0 x=d y=xœ

0 5 x 5 d  0 5 y 5 d °  0 5 x 5 d

Because u =v =dv =0 on y=0, 1 1 = 0 . S im ila rly  12 = 0. A s v = — xu w

on  y =xa, so

d
13= • a(a — 1)x 2  • Irvi 2 dx

Jo

W e p ass  to  th e  coordinate system ( ,  11) defined by (3.1), then

dx= —68 —1)fl•Vfid, x1 - 2

and

au w= (fi — 1 )-PV x g , 1)

Therefore

(4.8)
oo

1/3 1.5. c .552/3-2 
A ag c 5 .4- 2

2

8u 12
d .

A a l l

I f  w e  take  a n  infinitely differentiable function y ( i )  such that

then 00au oo 1

2 d
a au I(4.9) /A V . . = 5/ Ni- {Y  (n )2  P 1-07- 211 }

c h i c  g

rcx,(1 I au  12
5- I Y' 07)1 .1V  an I d r icg+

A  0
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5 11 1 y (0 1 .
1 -1'1V 82u+ 2

A  0 ari 0772

5 C 6111i 114, -C7111111i,L,

So)! 8 A - 2 11u h i,“
ea

Taking sufficiently large A , w e obtain (4.1) from  (4.6), (4.7) a n d  (4.10.)
(Q.E.D.)

L et us fin ish  the  proof of Proposition 3. Writing

(Lu, Mu)=- (L o u, M o u)+ ft (L'u, M o u)+(L o u, M'u)} + ){(L o u, u)

+(u, M o u)}+A{(L'u, u)+(u, M'u)} + A 2 Hulii2 + (L'u, M'u),

we estimate each term,

Re (L o u, Mou)-cillulii,L2 - c2HuH,L2

Mou)+ (Lou, M'u)175-c9(eliulii,L2- 1- 8-1 110i,L2)

2Ref(L o u, u)+(u , Mou)I_Acio(iluili,L2 - 11u112)

'14 /Y u , u)+(u ,

i(L 'u,

Summing them up , we have

Re (L u, M u),(c 1 - ec 9 )1(ulli, L 2+0,c 10  — AEC i i — E- 1 C9 —  C2 —  Ci2)11141ILL2

+  ( ) 2 A c  1  1 —  AC 1 Og U l l i "

There exist a  la rge  À a n d  a  small e  such that

e l -  c 9 >0

Acto - Awn c2-C12 0

Thus

(4.10)

and



70 K azuhk io lbuk i

/12
_11C10 °.

Proposition 3 is hence established.

5. Outline of the proof o f Theorem 1.

U sing a  p a r t it io n  o f  un ity  in  th e  sam e w ay a s  in  [ 2 ] ,  w e have
o n ly  to  ex am in e  th e  ca se  w here t h e  b o u n d a ry  h a s  o n ly  o n e  edge.
And w e have o n ly  to  exam ine the case where the  ang le  is  equal to  0
and  the  case  where the  ang le  is  e q u a l to  2 n , f o r  in  o ther cases this
question is solved in [2].

In  case of the angle  2n, we can apply the method of M . S. Birman
a n d  G . E. Skvortsov after m apping a  neighborhood o f  t h e  edge onto
a  rec tang le  w ith  a  s l i t  O E  (fig. 1). B u t  t h e  tw o  s id e s  o f  O E  must
be distinguished.

   

A

   

0

 

D

   

fig. 1

In  tu rn , in  c a se  o f  th e  angle 0, this question is reduced to Theo-
re m  2  a f te r  m a p p in g  a  neighborhood o f  th e  e d g e  o n to  th e  domain
defined in  Theorem 2.

The author would like to thank Professor S. Mizohata and Professor
N. Shimakura for their many helpful and constructive suggestions.
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