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Introduction

Ito-M cK ean [ 4 ]  p ro v e d  th a t  t h e  semi-linear parabolic equation

(1-a) Ou 
 ( t  x )—  

 1 
et ' 2

a2u
ax ,  (t, )0+1x1Yu(t, x ){u (t, —1),

(1-b) 0<u(t,

(l-c ) u(0, x)=1, 0 < t, — C O < X < C O ,

has no solution except a  tr iv ia l one  u  1  if  0<y a n d  th a t if  y >2,
i t  h a s  a  non-trivial one in  addition.

T he  purpose o f  th is paper is to  consider a  sim ilar problem  in the
following form:

(2-a)
au 

 (t A „u(t, x )+k (x )u(t, x ){ u(t, x )—  1} ,at
(2-b) 0_<_u(t,

(2-c) u(0, x)=1, 0<t, — 00<x<co,

where A Œ i s  th e  infinitesimal operator o f  a  one-dimensional symmetric
2 \

stab le  p rocess  w ith  in d e x  a(0< a < 2), i . e .  A „=— (—  2-1  O
a
x2 )

a / 2  
and

k  i s  a  non-negative continuous unbounded function o n  R.
O ne of the  essential difficulties arising in  th e  present case is caused

b y  th e  discontinuities o f  sam ple paths o f  a  s ta b le  p ro c e ss . T o  over-
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com e the difficulties, it is necessary to form ulate th e  problem  on the
basis  o f  t h e  general theory  o f b rach ing  M arkov  processes developed
in Ikeda-Nagasawa-Watanabe [2].

§ 1  is devoted to preparatory consideration o n  branching processes.
I n  § 2  f in d  § 3 ,  conditions w ill be  d iscussed  for (non-) explosion of
branching stable processes in connection with (uniqueness) non-uniqueness
problem o f the  semi-linear parabolic equation (2—a, b, c), where k(x) will
be taken to be x1 Y  o r  log (1 + lx1Y) (y >0).

T h e  au tho r w ishes to  express h is  deep gratitude to  P rofessor M.
Nagasawa w ho suggested th e  problem  a n d  encouraged him  to w rite
u p  th e  paper a n d  Professors M . M otoo, M . Tsuchiya, T. Ugaheri and
S . W atanabe who gave him useful advice in  preparing the paper.

§ 1 .  Preliminary

1 . 1  L e t  S  b e  a  c o m p a c t m etric  space, Sn th e  n -fo ld  product o f  S,

S =  S "  th e  topological sum o f  S ", where S° ={0}, 0  an extra point,
r = 0

and g =S L.1 {t1 } the one-point com pactification of S.
L et B (S) b e  th e  space o f  all bounded measurable functions on  S .

a n d  B ( S )  b e  th e  space  o f  a ll bounded m easurable  functions o n  S
w h ic h  v a n ish  a t J . The spaces 13 1 (S) and B t(S) are  defined a s  follows:

B,(S )= B(S); If 11" ,

Bt(S)= If EB,(S); f >01.

B1( S )  a n d  B t ( S )  a r e  defined similarly.
For f E B ,(S ), a  fu n c tio n  E B 1(S) is defined by

(1) f(x)—=

1,

f(x 1 ) • • fix.),

0,

if

if

if

x =0,

x =(x,,...,

x = 4 .

F o r  a  function f  o n  S, a  function f  o n  g  is defined by

1) Ilf =T2 f (x)I
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(2) f(x) =
i f  x =0 o r /1,

f ( x i ) + • • •  +f(x„), if x=(x,,•••, x„).

1 .2  A Markov process X= (W, X„ P .,) on S is called a  branching Markov

process i f  it i s  a  strong Markov process with right continuous sample

p a th s , a n d  i f  its  sem i-group  (T,) 1 0
2 )  o n  B (g )  h a s  t h e  branching

property  (B):

(B) Ttf(x) = Tlis(x), x f E B I (S ).

W e define som e random  variables concerning a  branching Markov
process X  as follows:

(3) Z r (W )= 1 E (X t (W )) , E E  a (S ) 3 ) ,

a n d  especially  w e denote  Z r (w)= Z (w ) .  Z r (w )  stands for the total
number o f particles in  the  se t E.

Put

(4) ro(w).= 0,

(W ) =  T (W ) inf {t, Z i (w )  Z o (w)} 4 ),

Tn(w)+ "c„-- (wiE(w)) 4 ) , n = 2 , 3,•• •

(5) eA(w)=inf It; X,(w)= A }.

C learly t h e  n- t h  branch ing  tim e  r 5  a n d  t h e  explosion t im e  e ,  are
Markov tim es f o r  th e  branching Markov p rocess. A nd  we can easily
show tha t z1 is  trap , i.e.

(6) P x {e4 = 0 0  o r  X f =z1, x S

(Ikeda-Nagasawa-Watanabe [2], I).

2) T t f (x )= E . [f(Xe)], where the right-hand side is the expectation o f  f  (X t ) with
respect t o  P .  Every sem i-group associated w ith  a  Markov process is defined
similarly.

3) a (S ) is  th e  topological a-field o f  a  topological space S.
4) W hen { }  = 0 ,  define r(w) = co, and when r„_,(w)= co, define r„(w)= co,
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Definition 1. W hen  P x {e, = co} <1 o n  S ,  a  branching Markov
p ro cess  is  sa id  to  b e  explosive, a n d  w hen  P x {e, = 00}=1 o n  S ,  non-
explosive.

1 . 3  B ranching M ark ov  p ro c e sse s  th at w e  sh all tre at f ro m  n o w  on
w ill be supposed to
(C.1) Let X ps  b e
M arkov process X .

(W, P x )  o f  a
Px )  o n  S  which is
given by

satisf y  the follow ing condition:
t h e  non-branching p a r t  o n  S  o f  a  branching

X rs i s  e q u iv a le n t  t o  th e  e - vt-subprocess
conservative  strong  M arkov process X  =(W , X „

right continuous a n d  h a s  le f t  limit. H e re  çot i s

(7) 9),(w)= 
o

k(X s (w))ds

w here k  i s  a  non-negative measurable function o n  S .  W e shall call
the  function k  killing rate o f  a  branching Markov process.
(C .2 )  T h e  branching  law  o f  a  p ro c e s s  X  is  g iv e n  b y  a  stochastic
kernel 7r(x , F) o n  S x S 5 )

.

W e  s h a l l  c a l l  t h e  p ro c e ss  w ith  (C .1 )  a n d  (C .2 )  (X , k, 70-branching
M arkov  p rocess . G iv en  a  M ark ov  process X ,  th e n  th e re  e x is ts  a
(X , k , 70-branching M ark ov  process (Ikeda-Nagasawa-Watanabe [2], II).

1 . 4  N ext w e shall introduce M -equation and  S -equa tion  o f a  branch-
in g  M ark o v  p ro cess  X . Let (T,9) t 0 b e  th e  semi-group o f  t h e  non-
branching p a r t  X °  o f  X ,  a n d  a  non-negative kernel T (x , ds, dy)
on S x [0, co) x S be given by

(8) T(x, d s, d y )=P x { tE d s , X,Edy}.

T he  linear integral equation o n  B(S)

(9) u(t, x) = TPf (x) + 
to sV-1 

(x, ds, dy)u(t —  s, y), t > 0 , x S

w ill b e  c a lle d  M -equation ( o f  an  in i t ia l  d a ta  f  B (S ) ) . I t  is  e a sy

5) A  stochastic kernel 17(x, .1") on Sx S is  a  kernel such that for each x ES, //(x, .)
is  a  probability measure o n  S, and for each  rea(S ), 14 ., I ')  is a  measurable
function on S.
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to see that Ttf(x ) is  a  solution of the M-equation.
Let us take f , f  E B ,(S ) as an initial data of the M-equation and

restrict in  on  S ,  then we obtain the following non-linear equation on
B ,(S ), which will be called S-equation ( o f  a n  in itial data f )

(10) u(t, x )= f (x )+5 K(x; ds, dy)F(y; u(t — s, .)), t > 0,
o s

X E S,

where (t,), 0  i s  the semi-group of the process g ,  K  is  a  non-negative
kernel o n  S x [0, co) x S, F  is a  non-linear mapping on B I (S )  into
B 1(S ) defined as follows:

K (x; ds, d y ) = P x { E d s ,  )  E d y } 6 )
,

(12) F(x ; f )= jr(x , dy )f (y ).

u(t, x)=T tf (x ) is  a solution of S-equation (10).
Because

(13) K(x; ds, dy)=15
x I g s cdyl k(y)ds,

the S -equation (10) can  be w ritten  as

(10') u(t, x)= T t f ( x ) +:T s [k( • )F( • ; u(t —  s, *))](x)ds,t > 0 ,  x e S.

From now on, w e assume that initial data of the M-equation and
the S-equation belong to  B t(S ) and B t(S) respectively. Moreover if
u(t, x ) B t( [0 , co) x S) satisfies (9), w e  sh a ll c a ll it  a solution of M -
equation (9 ) , a n d  if  u(t, x) B t( [0 , co) x S )  satisfies (10), a solution
of S-equation (10). W e shall ca ll u(t, x) (4(t, x ) )  the minimal (maxi-
mal) solution fo the M-equation, iff

u(t, x )  u(t, x ) (a(t, u(t, x)) o n  [0, c o ) x S

for every solution u(t, x) of the M-equation. The minimal solution
of the S-equation is defined similarly.

6) =1im i .
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Lemma 1. L et u =u ( t , x) a n d  = ri(t, x ) be the m inim al and maxi-
m al solutions o f  th e  M-equation respectiv ely , then u an d  r i  are  given
by

u(t, x )=T ,f  (x ),

ii( t , x )=T ,f (x )+P x {ea  <t}.

Lemma 2. ( i )  L e t  u(t, x) b e  a  s o lu t io n  o f  S -equation (10) of
in itial d ata f ,  then û(t, x )  is  a  solution of  M -eguation (9 ) o f  initial
data f.

( ii) T ti(x )=P „{e ,> t1 =P .tea> tlis (x )

(iii) P,{e,= 00} = P.fe a = 001-Ts (x)

(iv) P„{e, = 00} is T i -harm onic function, that is f o r t >0,

T t [P .{e a = 00}](x)=Pje,= 001 on §.

R e m a rk . B y  (iii) o f  lemma 2, e x p lo s io n  (n o n -e x p lo s io n )  o f  a
branching Markov process is eqivalent t o  th e  c o n d it io n  Px {e4 = co} <1
on  S (P,Je j = 001=1 on  S ).

Lemma 3. L e t  u = u ( t ,  x )  b e  t h e  m in im al so lu tio n  o f  t h e  S-
equation, then u is giv en by

u(t, x )=T ,f (x ).

(cf. Ikeda-Nagasawa-Watanabe [2]).

R em ark. W hen fE  g ( g ) ,  a n d  k  is a  continuous function on
S , u(t, x )= T :f(x ) i s  the  m in im al so lu tion  o f

au (t x )=gu(t, x )+ k (x )1F(x ; u(t, • ))—  u(t, x )} ,at

(14) 0  u(t,

u(0, x) =f(x), 0 < t, x  E  S.
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where V  is  th e  infinitesimal operator o f  a  M arkov process X.
(cf. Ikeda-Nagasawa-Watanabe [2]).

1.5
Theorem 1. T he follow ing tw o statem ents are  equivalent.
(i) Fo r every  in itial data, the  S -equation has a unique solution.
(ii) T h e  branching  M ark o v  process is non-explosive.

Theorem 1 is  a  d irec t consequence o f  lem m a I, 2  a n d  3 ,  and the
proof is omitted.

Theorem 2. L et the  non-linear m apping F  def ined by  (12) satisfies
the following condition:

(15) F(x ; f )—  F(x ; g) q(x) on  S,

f o r f ,g E B I ( S ) ,  w here N  is  a p o sitiv e  c o n stan t. If

(16) Ex[e(N-' ) (P, ] < 00 o n  S,

f o r  som e t0 > 0 ,  th e n  th e  branching M ark o v  process is non-explosive.

P ro o f. F irst w e  rem ark  tha t because  sti, is non-decreasing i n  t,

(16') Ex[e(N-' )4 ', ] < 00 on  [0, to ] x S.

L e t  u s  prove th e  uniqueness o f  so lu tio n  o f  th e  S-equation u p  to  t o

under th e  assumption (15) a n d  (16). Let u 1 a n d  u 2  b e  t w o  solutions
and set

Y r(t, x )= I t i i (t, x) — u2(t,

Then Ift satisfies

,
0 < __1,*(t, x) NS

o

T s [k (•)Y r(t— s, • )](x )ds,

because of (15). Moreover we have

(17) 0 ._117'(t, x )  ArnE„Le - ot q-1n = 1 ,  2,—,
i=n 1
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b y  induction. W hen 0 < N<1, the r ig h t h a n d  s id e  o f (17) tends to
zero, while in the case of N > 1 since

NnEx r e- 0 ,  2  Ç
4
  - I_ Ex re-9, ( N9'

,Y1
L ;=n  i ! L J

and

oco> Ex [e (1" ) 0 1_ E„Le.( Arç)i - 9 ,  E 1 \ 0 (n-+ co),
i=n

on [0, to] x S according to (16'), we have

ir(t, x)= lu i (t, x)— u2 (t, x)1=0 o n  [0, to ] x S.

F ro m  the uniqueness of solution of the S-equation u p  to  t o , w e
have Px {e,>t 0 } =1 o n  S .  Moreover by the Markov property, we have

Px {e, > nto } =1 o n  S, n=1, 2,..•,

and P x {e4 = col =limPte,t > nto } =1 o n  S,

th a t is, the branching Markov process is non-explosive.

§ 2 .  Non-explosion of branching stable processes

L et X =(W, X ,  P x )  b e  a  one-dimensional symmetric stable process
w ith index a(0 < a < 2) and k  b e  a  non-negative continuous unbounded
function on R  and i t  b e  the stochastic kernel on R x R n )  given by

n 0

0 0

(1) tc(x, dY)= b(x,x)(dY), X E R, dy c S= k J R".
n= 0

W e call the (X , k, 70-branching Markov process (a-)  b ran ch in g  stable
process.

In the following, two different kinds of functions will be considered
as killing rates:

(i) Ix1Y, (ii) log (1 +1.xly)

where y  is any positive constant.
For the functions of the second type (ii), w e have
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Theorem 3. The branching stable process is non-explosvie when k (x )=
1og(1+41 7 ) (y>0).

Appling theorem 2, the theorem follows from

Proposition. I f  k(x)=log(1+1x1 - ) ,  then

Ex [e‘P , ]<  CO on R, f o r 0<t<  O E

Y

Ex [eq't]= 00 a on R, f o r t> .
Y

To prove the proposition we need

Lemma 4. L e t  P (t ,  x ) b e  th e  probability  density  o f  a  symmetric
stable process w ith index  a, that is

P(t, x)= (2n) -  ' Y ° cos(xz) exp{ —t ziOE} d z

Then f o r c > 0,

(2) P (t, x )=c 11 "P(ct, c 1 Imx),

and for t>0,

(3) lim lx1'+IP(t, x)=tv(a),

where v(a) is som e positive constant depending only on index  a.
(2 )  is w ell k now n. A  proof  o f  (3 ) is found in  Polya [6].

Corollary to Lemma 4 .  F o r a  symmetric stable process w ith index
a,

(4) Ex[1-Yriq= IYIYP(t, x—y)dy<co, 0 <a,

= CO , y  a.

Proof of proposition. From  th e  sp a t ia l homogeneity of stable
processes and from the form of the additive functional v „  it is enough
to prove the convergence or divergence of E [ e t]7) .

First we note E [e 9 0 ]= E [e ° ]= 1 .

7) For abbreviation, we denote E 0 b y  E , and P o b y  P.
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N ext, fo r 0 <t<--9L-
Y

E[el) , ]=  Etexp it5 log(1 + Pfs i d
t
s

o

ft e x p  log (1 + x .  
7)}  d s

Jo t i '
where we used the Jensen's inequality for convex functions. Changing
th e  order o f  integration and  using th e  space-time transformation of
stab le processes:

d

(5) Xt=tilaXi, in  P 8 ) ,

we have

dE[eQ , ]_<_1( E (l+sY 1 1 1X1 1Y)'
s

-=-o

=1' sv f /IEU X 1

ds 
t  = (y t la + 1 ) - 1 tvilaEux i lytt

Therefore if  yt<a, then by the corollary to lemma 4 we have E[e(P1 <
co.

Now suppose t>
Y

a Let N  be any integer and  take to = N
 th en

E [e`" N ' ' ' 0 ]= E [e ` P ` o ( - ) e"`o ( wi'd]_ E[Ex
t o [e l " " ° ] ]

Nt
E

t o  
< n+1;Ex t c tsup1X,—X0 1; exp { -

n

log(1+ Ws (
)dSIT1

n=1

oo

E (1 + In-11Y )N t0E [n_X t < n + 1 ; Px,n{
 s u p

 X s — X 0 1 1 } ]-
n 10 5 S 5 N t 0

P u t Q= P y { s u p  1X5— X01< 1 } ,  th en  b y  the spatial homogeneity of
osssNto

stable processes, Q  is independent of y and N  (note Nt o = ). There-

8) This indicates that the two random variables X ,  and t i / " X ,  have the same distri-

bution with respect to  P.
9) The proof given here is due to Prof. M . Motoo.
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fo r  w e  h a v e  th e  following inequality

(1 + 110 ' 4 ° P{n_ X t o  <n+ 1}
n=1

( 1  +  — 11Y )N1 0 P {nt -61 1 " X  <  (n +  1 )tF ,' 1 2 }
n=1

1(n+  1) -  h /n

> Q  E (I + n— 11Y )Nto 'v(x)x-1-"dx,
n = M

where M  is an  integer statisfying

P(1, x)>2 - 1 v(x)x - f o r  x > M t - i—Œ.

Existence o f  su c h  M  i s  guranteed  b y  (3 )  o f  lemma 4. Therefore we
have

{1+  (n— 1 p r i t o
1E [e (P " '" "` (const.) •

n=M (n+1 )" n+ 1

Since yNt o

and hence

+ (n  _  I )Y } N to

(n + 1) 1
(n-+ 00 ) ,

E [e (p(N+ 11 , 1 = E [ 6 ,4)(1+ 1 /N ln l  =  c o , N =  1, 2,•••.

Because w, is non-decreasing i n  t, w e h av e  fo r  t> ,  E [e(P] = co .
Y

This completes th e  proof of the proposition, and of theorem 3.

§ 3 .  Explosion of branching stable processes

I n  th is  section, following th e  id e a  o f  Ito-M cK ean [ 4 ] ,  we shall
consider a n  e x p lo s io n  c o n d itio n  o f  branching s ta b le  processes when
k(x) =Jxf Y.

Let G ( . ,  f )  be  a  mapping o n  B t(R ) t o  B t(R ), a n d  k  b e  a  locally
bounded non-negative measurable function o n  R .  Consider a n  integral
equation of an initial data f  B t (R )
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(I) u t(x )="1 ;f (x ) -1  T s [k( • )G( • : u t _)](x )ds,
o+

where (7;) t o  i s  t h e  semi-group o f  a  sym m etric s tab le  process and
ut (x ) stands for u (t, x).

Lemma 5. E v ery  solution ut o f  t h e  equation ( 1 )  ( i f  e x is ts )  is  a
continuous function o n  R  f o r ev ery  t >0.

P r o o f . First w e n o te  th a t  Tt f ( • )  i s  a  continuous function o n  R
because o f  th e  strongly Feller property o f  a  symmetric stable process.
Next we set

1 ( t , x )=5 :d s[k (  •  )G ( . : u i „)](x )

dyP(s, x—  y)k(y)G(y:
o+ -00

a n d  w e shall prove the continuity o f  1(t, ). L e t  T  b e  a n y  positive
constan t. Taking positive num ber N  sufficiently large, w e  have from
lemma 4,

P(t, x—  y)  _  P (l , r 1 / ( x - y ))
P(t, y) P(I,

ixy - 1 I < 21+C( 0 <t<T ,

Therefore we have

(2) P(t, x —  y )_2 1 +2 P(t, y), 0 <t

Devide / ( t ,  x) into tw o parts

t 2N
I(t, x)= ds dyP(s, x—  y)k(y)G(y:u e _ s )o+ -2N

ds dyP(s, x —  y)k(y)G(y: u t=  1 (t, x) + 1 2 (t, x).
o+ tl y i>2n0

Because the probability density P(s, • ) is continuous and  k  and  G( • : ut „)

a re  bounded o n  [ -2 N , 2 N ] , / ,( t ,  •  )  is  c o n tin u o u s . F o r  th e  proof of
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the continuity of I 2 (t, • ), define a function W t (s, y ) by

P f (s, y )=2 ' -"P(s, y)k(y)G(y: u 1 „ ), 0 < s < t <T .

It is  easy  to  see  tha t W t (s, y )  is  a  non-negative integrable function on
(0, t]x  R .  In fact, because

t
ds dyP,(s, y ) = 2 1 \ d y P (s , y ) k (y )G (y : u t _ s )-1to+ to o+ -oo

=2 1 4  { Tifn Ut(0)} < 00

And using (2), we have

0 <  the integrand of 1 2(t, x )  P i (s, y),

0 < s< t< T .

Therefore, using the theorem  o f  Lebesgue, w e  have the continuity of
I 2 (t, • ) o n  [— N , N ], and hence on  R  because N  is  a rb itra ry  large
number.

Because u1(x )= T ,f(x )-1 (t, x ), the assertion of th is lem m a is now
proved.

Corollary to lem m a 5. Ev ery  solution u ,  o f  th e  S-equation o f  a
b ran c h in g  s tab le  p ro c e ss  is  a c o n tin u o u s  f u n c tio n  o n  R . H e re  the
S-equation is  of  the form

(3 ) u t (x )=  t f (x )+ 4 . ts [ktd -] (x )ds

=  T tf(x ) — t
o + T s Uclu t - s — ui-sn(x)ds

L em m a 6. (0 -1  law  of  the ex plosion probability )
L et X  be  an  a-branching stable process (1 :< a< 2 ), then

P x {e,,, = co} .=_O o r 1, on R.

P r o o f . In  t h e  case a  = 2 , a  p ro o f  is  fo u n d  in  Ito-McKean [4].
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F o r  a  proof o f  th e  c a s e  1 <a < 2 , define hitting times, j u  o f  th e
symmetric stable process and j u o f  t h e  branching stable  process by

j o = in f{t> 0 ; X t e U },

j u =inf [ 0 < t< e , ;  (I —/u )( X,) -=0},

where U  is  a n  o p e n  s e t  in  R .  It is known (cf. e.g., McKean [5])
that f o r  1 <a < 2  a n d  f o r  U = 4), Px{ lu< œ)}  =  1 , o n  R ,  then we can
show  for a-branching stable process (1 <a <2),

(4) P x i lu = c° , œ I =CI, on R .

L e t  U  a n d  V are arbitrary open intervals i n  R .  Using (4 ), we have

(5) P t e = =Pxtiv < 0
0 , eA= °(3 1—  Px{iv < co, e (w L )=  0 0 }

= < 00, Px(iv){ezi= c o l ]  13 „fiv< 00} . suPPyleA =
yeV

. su pP  y te A = col.
y . v

Taking the suprem um  of the left hand side o f  (5 ) in  U , we have

sup P x {e A = 00 } _<_sup Py le A  = 001.
xcu ycv

Because U  a n d  V are  arbitrary open intervals, we have

(6) sup P x {e, = 09} =c
xEu

where c  is a constant independent o f  U .  Because o f  ( iv )  o f  lemma 2,

P x {e, = 00 } is a  stationary so lu tion  o f the  S-equation, a n d  P x {e, = 00}

is  a  continuous function o n  R  o n  account o f  corollary to lemma 5.
Therefore we have

(7) P.„{ej = 00} =c, on R.

Because

c= P x {t <c o , e A = 00}= P x {t < 00 , e A (tv,+)= co}
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=MT< co; Px ,{ e  co l] = c 2 ,

we conclude c = 0  o r  1  which completes th e  proof.

Lemma 7 .  I n  the case k ( x ) = x ,

Ex [e'P]= oo, o n  R , f o rt  >0.

R em a rk . I n  th is  c a se , theorem  2  gives no  in form ation  whether

th e  branching stable process is explosive or not.

P r o o f .  L e t N  b e  a n  integer satisfying Ny > a , then

because

E [ e ] ds ds 2 .•• dsNEDX,,
o 1s,,_ a x„1"—Ixs,ly]

e '= I ço''," = Y
o
 ds, ds dsNIXsalv 5 2 SNN! S N -  1n=0 n!

However we have

(8) EDXs ,

= E [iX s t lY

P(s 2 —  s y 2 )d y 2 - 5  P ( s N  — S 1 ,  YN)dXN
-c o -c o

Y

+ Y 2 1 ' . •• .1' Y 2 • ± Y v 7 P ( s 1 , Y i)dY

Because o f  Y i Y 1Y 1 + Y 2 +  2 .+ • • •  +  YN1 Y = 0 (1Y 11N Y ), (1.1)11— 'co )
and  o f corollary to lemma 4 , the  right hand side o f  (8 ) diverges, which

proves E L eo  = 00 .

Here we shall give the m ain theorem o f  th is section.

Theorem 4. L e t  X  b e  an 2 -b ran c h in g  s tab le  process (1<a<2)

w ith k illing rate k (x )= 1 x1 , then w e have
(i) In  th e  c ase  1 < 2 < 2 , the  branching stable p ro c e ss  is  explosive
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w ith probability  1 w hen y>2/(Œ—  1).
(ii) (Ito-McKean [ 4 ] )  In  th e  c ase  a =2 , th e  branching B row nian

process is  non-explosive w hen y <2, and ex plosiv e w ith  probability  1
when y> 2.

Before proving theorem 4, we shall prepare several lemmas. Define
two events A c  and  A t h e  branching stable process by

= {w; X 0 (w )=x , e A (w )< co},

A „= ; X o (w )= x , lim io(X((w))=0},
n=1 ic—■co 05t<n

for x E R.

Lemma 8 . For /1„ and A e defined above,

P x {A „\A e }  =0 on R.

Proof.

(9 ) A „\il e = x, e A = co, lim  in f  i ( _„, K ) (X ,)=
n=1 K—oco OSt<ri

00 00
= j  I X 0 = X , 'Cm+ 1 , lim  inf ./ ( _ , „ ) (X,) -= 01.

m=0 1C—,co 05t<n

Using the  conservativity of stable processes, we have

(10) Px{X0= x, T,„ trn+l, lim inf / ( _00 ,1 0 (X t ) — 0} =0,
0 5 t< n

fo r  n=1, 2,• • • ; n2, =0, 1, 2,• • • .
From  (9) and (10), w e have the assertion.

L e t  p=(W , p t ; Po = 0 ) b e  a  P oisson  process with parameter 1, and
p  a n d  th e  symmetric stable process X  be independent. N ow  define a
ra n d o m  tim e  o f X  by

(11) (w)=inf{t> 0; p(so t (w), w) 401,
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w hich is th e  life  tim e o f  th e  e- vt-subprocess g o f  X .
B y  th e  general theory of construction  of branching Markov processes
(Ikeda-Nagasawa-Watanabe [2], II), we can construct a  branching stable
process by piecing o u t th e  process g  b y  th e  instantaneous distribution
(5(X  X  c_)(dy). W e need  th e  fa c t  th a t  th e  symmetric stable process
is continuous at a s  is proved in  th e  following lemma.

Lemma 9 .  L e t  X  b e  a  sy m m etric stable process, then

cX _(w)=X(w) a.s.(P„), x ER.

P r o o f ." )  S et Yt =X (ç9T '), where soT' is  the inverse function o f  çot,

tha t is  1 =sup {u ; yo„< t}. T h e n  b y  th e  genera l theory  o f  random
tim e  c h a n g e  o f  a  Markov process, the  process Y=(W, Yt , Px )  is a
standard Markov process.

D e f in e  =inf { t> 0; pr =1 }. Because so, is a  continuous and  strictly
increasing function in  t, then w e have

oo
PX{X #XJ =Px{ Y4- # 374) 50 Px{Yr- # Y tle- t dt.

Because th e  process Y  i s  standard, i t  h a s  n o  fixed discontinuites and
then

Px{ Yt _ = 0, f o r t>0.

T hus w e have /3 , { X _  X c} =0  a n d  w e have proved lemma 9.

R em ark . It is  e a s y  to  s e e  th a t  th e  above proof can be applied
f o r  a  w ider class o f  Markov processes.

N ext, w e define Markov tim es jf, a n d  j y o f  t h e  branching stable
p rocess, and  j ;  a n d  j y  o f  t h e  symmetric s ta b le  p ro c e ss . F o r  x<y,

j = in f{ 0< t< e A ;  4„,,](X,)=0},

j y =  lim j ; ,

10) T h e  author's original proo f w as lengthy. T h e  proof given here was suggested
by Prof. S. Watanabe.
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inf It> 0; / [ ,,,, i (X ,)= 01,

j y =  lim j 'yc.

Lemma 1 0 .  Fo r x < y  and z ER ,

00 , Z R  \ E x ' Y i ( j )  > 2} =0.

Proof.

(12) P z {j < c o ,  Z gqx , y](ixy )

>2} =P rjx= 0
9
 Z R \ [ x , Y ]  >21 + Pz {t„<py, <T„ + , ,  z R \ r x , Yiv yr) >2}.z y  0

n=0

Obviously the first term  of the right hand side of (12) is  zero, and for
the second term,

(13) Pz{T„ <i; T„ + 1 , Z R \ Ex ' Yi tiO >21

= Ez Etn <j;; Px( T )di; < T ,  Z R \ Ex 'Yl (W '21]

+E z [T„ <i;; Px ( r „) {j;= T ,  Z R  \ Ex ' Y1 00 >2)]

In the right hand side o f (13), every coordinate o f )(ern)  i s  in the in-
terval [x, y ]  because of the condition ; < j .  T h e n  b y  l e m m a  9 ,  the
second term  is equal to  zero. For the first term, because of the mutual
independence of every branch before the branching time T  and no fixed
discontinuities o f  a  stable  process, it i s  e q u a l  t o  zero.
Therefore we have

P 2 {t,, <.i.;, <Tn+ Z R \ Ex 'Yi (t) >2} =0, n=1, 2,••.,

which completes the proof.

Lemma 1 1 .  For x < y  and  (>0,

Px {jy >t} P„{ j y >t).

P ro o f. First we define a sequence o f random times of the process
X  by
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( vv) =0, t 1(w)=C(w), Uw)=C(w)+ C,,- i(wtoo),

n =2 , 3,--.

Then,

P x {jy >  - - T x tj y > t ,  T  >  + P .„{jy > t >T}

=Px{.i y > t, t}+Ex[T T < jy ; P ,{ 0 u < jy } i„ ,]

=/3 { j y > t ,  C>t}-1-

<P { j> t , t} d x c _ a y > t —14 1,4 = c .
(cst, v ;

In  th e  last step we used the structure of the branching measure (Ikeda-
Nagasawa-Watanabe [2], I). Using lemma 9 , we have

(14) 1).„{jy> t,

+5
 

f t.C< iy ) 
d x {j y > t — u} 1„ .

By induction of (14 ), it is easy to prove

(15) P { j y > t }  P„{ j y >t, C„>t}

d Px P x ,{j y >t—  u }1„= „, n =1 , 2, •••.

Define = lim then from (15)

13 „{j y >t} y > t , OE) >t}  +

Because P x g eo < col = 0 , w e have the assertion of the lemma.

Lemma 1 2 .  F o r x <z <y  an d  t>0 , the follow ing inequalities hold:

P z {Z =14 Pz{C A t )  <C  1 1,
i=o n= 1, 2,• • •,

w h e re  M I is  the f am ily  o f  random  tim es def ined i n  lem m a 11, and
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Z  is  a  random  v ariable of  X  defined by

Z = Z( j A t).

F o r  a  p ro o f  o f  lem m a 1 2 , the structure o f branching measure
plays the essential role but the p ro o f  is  ommitted here.

Lemma 1 3 .  L e t X  b e  a  sym m etric stable process w ith index  less
than 2 , then

(16) PI oTp t 1X (t \,0) 1  1 ) .

P ro o f. First w e decom pose th e  symmetric stable process X  into
m utually independent sym m etric L é v y  processes X ( ' )  a n d  X( 2 ) as
follows : •

X ( 1 ) =Jim uN([0, t], du),
rn — , c o

XF) uN([0, t], du),
fu:lui>2)

w h ere  IN(A, B); A E a([o , œn, B E a (R \ 0 1 )} is  f a m ily  of Poisson
random measures (cf. Ito [ 3 ] ) .  Next we define random  tim es j  and
concerning to the processes X( 1 )  and X ( 2 )  respectively by

j=  inf It> 0 ;  X ')>  l} ,

=inf It> 0; X1 2 ) 4 V ) }.

T h e n  b y  the properties o f X ( 1 )  an d  X ( 2 )  a n d  b y  th e  definition of j
and

(17) P{ sup  PG <1}

'= P { j>  t ,  >  + p{ospl  ix si<1,.;.‹t}

+P{ ospl l x < i , ; > t ,

11) f ( t ) t  ( t  \ 0) 0<11111t - i fit) 11Int - 1 f(t)<  C O .

C10 t.140
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In  th e  right-hand side of (17), the second te rm  an d  th e  third term
a re  obviously zero , and  hence

P{  sup 1X,1 <1} =P{ j> t, t}
ossst

=P{ j>t} . > t}

=1— Pp  —  PR  <t}  + P{ jt} . PR

Here we used the mutual independence of X ( 1 )  and X( 2 ). A n d  we have

(18) P{ osA) t l X 1}s ! 

=P { j_ t } +P R _ t l— P { j t } .P R t l .

Now we shall investigate P{ j and P g . t 1  w hen t\O.

(19) P { j t } = P {  sup 1X(
s

1 ) 1>1}<Var(X 1 )) —  2 1  œ t .
2— a

Kolmogorov's inequality implies
Because N([0, t], [ —2, 2]c) i s  a Poisson random  variable with mean
(ct/21 a),

(20) PR  t}  =1 —  PIN ([0, t], [ —2, 2]c)=0}

=1 —exp{— ct122 a} / (t\0).

Combining (18), (19) and (20), w e ob ta in  (16).

Finally w e shall introduce som e sequences of num bers {h„}, {H„},
{ t„}  a n d  a  sequence o f  events {B } o f  t h e  branching stable process.
W e assume tha t they  sa tisfy  the following conditions:

(21) 0<h„\,0 ( n  co) ,  andh = co
n= 1

H 0 = 0  and H„= h i , n=1, 2,•••.
i=t

(22) < t \ O  (n—>co), and i =  t <oo .
n= 1



50 M ichio Shim ura

(23) B„= {w ; X 0  =0, bf, and Y , = 0(X (bil)),

fo r  a  b ranch  sta rting  from  Y , a t i t,

a n d  Y2 = 0 (X C I Y I + h 2 ) ) ,

f o r  a  branch starting from  Y „_  1 a t

r f. h n a n d  IT, =  0 ( X ( j_ ,„ n ))1,

n= 1, 2,•••,

CO

w here  0  i s  a  m a p p in g  f ro m  U  R "  to  R  defined by
!I =

0(x) =max{x,; 15 if x  = (x„•••, x n )eRn.

O bviously {B } is a  decreasing sequence o f  events, then we can define
a sevent B .  Clearly B Ç g A co gA  e . Therefore by lem m a 6,

FI CO

i f  w e  show  P 0 (B c0 ) >  0 ,  w e can  co n c lu d e  P x (Ae ) =1 o n  R , i.e. the
branching stab le  process explodes w ith probability 1. N o w  w e  have

finished the  preparation.

Proof of theorem 4. F irs t o f  a ll w e shall ca lcu la te  P o (B„) using
the strong Markov property of the process.

Po(B„)=Eori :, . .H ,  - t i  E 0 (X (J n i ))[il 'I -1 -h 2

; E 0 (X (J Y 1 +1 1 2 ))[iY 2 +h 3
13  ; •• '

P0(X(JYn- 2 +  h n -1 )){i  Y n - 1 1 - h . I Y n - t= 0 (X 0 Y 11 - 2+ h n - 1 ))*”

I 2 = c b (X ( jY  ( + h 2 )) ]1 Y 1 = 0 (X (jH 1 )) ]*

Then we have

P 0 ( . )  II13 i n f  P r O r + h , ! g t i l ,1=1 H,_,sy

and taking n—).

(24) P 0 (1303 ) f i i n f  P y a y + h ,  <t il.
1=1
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F o r  Y  R and  h, t>0,

(25) PY{h+h --PYiiY+11(W+03),'A A t)) t2

"=-, Ey[Px(jr,A AD} h+h > t
2  /1

1
 — EY LPY — hifY -Fh >

t1  — E y  P  j 2 , >2 ' 2

by lemma 10 and 11, where Z =Z(JIr.T;,' A  t
2  ). Then from (24) and (25),

P o (B .) f l°s u p  E Y  LP i i2 h 1  >i=1

where Zi = Z 014LI: A  t2.

Set 1 = t° s u p  E y [ P { l 2 h i > t i i 2 } z 1 - 1 ] .  I n  order to prove Po(Boo)1=1 I I
it is sufficient to show  / < co .  Let positive numbers h  and t  be such
that 0 < = P{j 21 > 021 < 1/2 (g' =1-2g> 0). Then by lem m a 12, we
have

Er[P{i 2h> 1 12 } z - 1 ] =  q nP Y{Z= n+ 1]
,,=o

2 ( 2 0 "  P y lCi.-.< jr- ii, A t
2  < i+ 1

O n i 0

1, 2  ( 2 0  i p y  ( 9 i m  A  t2
q  1 . 0

=  I E y [ ( i ! ) - 1 { 2 q ç o ( j "  A t  ) } i eXPi — W(ir'A A 4 ) 1 1Y + h
2i=o

i,

 E y [exp{— g' ço(jr,_1 A + )}1q

1 exp{

1 h tE y [ i i ;} - h> ; exp q 'y o (2 t2 )11
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Therefore

/•. 2  su p  —
1
, E[expt— q'i llt—h i lYM ]

1=1 H 1 _ 1 s y  g i

+ 2  su p  - .expi—q i l Y —h 1' 1 1.
1=1 H I - 1 S Y  qi i 2

00

E

cO

+ I   expi — qi /H i _ hi IY 
 t i2

=1 1 +1,,

where qi = P lj 2 i >t 112 1, q=1-2q i and positive numbers hi a n d  ti are
choosen as 0< qi < 1/2.

N ow  take {h i }  and  It i l  o f (21) and (22) in  th e  following way.

(21') i =1, 0 < a < 1 , c > 0 .

(22') ti = i-b, i =0, 1, 2,—, b>1.

Using the space-time transformation of stable processes ((5), §2), we
have

qi= P I  s u p  X,<2h 1} = P{ sup X ,<(2 1 + 1 / G ( 0 0 / a t -
4 J

) .

0 5 s5 ti/ 2 OSs51

Take a, b and c of (21') and (22') as

(27) bloc— a = 0, c ;  sufficiently small constant,

then we can take qi (i=1, 2 ,...)  to  be a constant independent o f i  and
0 < q < 1 / 2 .  For such {h i }  and {ti },  w e have

(28) 2 1/1-1—hilv1:exp{ P{j17;'‘<u}du1  

= j— E c°exp{— q'iH i _, — hi lYku} • cl u P{ sup IX,1 > 1}
g '  i o osssu

.- exp{—K i i( 1 - 0 Y- bu}d„P{ sup 1X> 1}
g ' o osssu
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(29) i'2 —  1
'  

E exp { 1
f 

E exp{ — K2i ( 1 — a " — b },
q q

where q ' =1 -2 q  >0 a n d  summations of right hand sides are taken over
all sufficiently la rge  i, an d  K ,  an d  K 2  a re  som e positive constants.
U sing lem m a 13 an d  th e  Abelian theorem (Widder [7]) fo r th e  esti-
mate of LI , w e  have

(28') (positiv e constant) ( 1 — a ) y — b

Therefore suppose a ,  b  and c  satisfy (27) and

(30) (1 — a)y —b>l,

th en  P r < 00 and  /'2 < n o  h o ld  b y  (28') and  (29), <  c o  h o ld  b y  (26),
which implies P 0 (B )  > 0 .  I t  i s  e a s y  t o  show th a t  in  th e  c a se  1 <
< 2 , w h e n  y > 2oc/(a 1 )  w e can  choose  a  an d  b  a s  they satisfy (27)
an d  (30 ). N o w  w e  have completed th e  p ro o f  o f  (i) o f  theorem 4.

A  proof of (ii) is  fo u n d  in  Ito-M cKean [4].

R e m a rk . T he au th o r h a s  n o t su cceed ed  i n  p ro v in g  th a t i f  2a/
(a — 1) is  c ritica l o r  n o t  for explosion in the case 1 < a < 2 , and  does
n o t k n o w  i f  th e re  is  positive y  fo r which a-branching stable process
explodes in the case 0 <  a <  I.
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