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Introduction

L et E (X ) b e  th e  se t  o f  a l l  Cr-structures on a topological manifold
X .  T h e  s tu d y  o f  t h e  diffeomorphism c la sse s  o f  E (X )  h a s  b e e n  an
important subject in  differential topology. W e, however, consider E(X)
itself paying attention to  its  dependence  relation (  c )  defined below.
W e give som e results w hich a re  chiefly reduced to a  lo c a l  theory of
homeomorphisms o f  R " . W e begin  by  th e  following problems.

P roblem  I G . F o r  g i v e n  C r-structures 9 ,  g '  e  E (X ) ,  c a n  w e
fin d  a  th ird  g "  e l (X )  su ch  th a t 9  c g " , 9 ' c  .9 "?

Problem II  G .  F o r g i v e n  Cr-structures g, e E (X ), ca n  w e  f in d
a  th ird  g "  e l (X )  su ch  th a t 9 " c  9 , 9 "  c  g '?

These problems a re  quite  raw  and  m ore  suitable presentations will
be found according to  the  stages o f our study . F irst, w e  loca lize  the
problems.

B y  a  local Cr-structures o n  R " w e m ean the germ  a t 0  o f  a  C r
structure o f  a  neighbourhood o f  0 e R" (we shall give a  m o re  detailed
definition in  Section 1). By a  local homeomorphismw of R n we mean
th e  g e rm  a t 0  o f  th a t  homeomorphism between neighbourhoods o f  0

(1 ) W e use this term following Sternberg, who investigated local homeomorphisms in
connection with the theory of flow and found normal forms o f  conjugate classes
of local diffeomorphisms.
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w h ich  leav es  0  f ix ed . A ll the local hom eom orphism s of R " fo rm  a
group ,sc  w ith  respect to  th e  operation (o) induced by the composition
o f  m a p s . I f  tw o  local Cr-structures 3  a n d  g '  are  given, take admissi-
b le  charts f ( t )  a n d  g ( t)  o f  their representative Cr-structures in neigh-
bourhoods of O. The germ fog - '  of fog - q t)  is a  local homeomorphism
of R .  W e  s a y  t h a t  g  is dependent o n  2 '  a n d  w rite  2  c  9 ' when
fog - ' i s  o f  c la s s  C r . T h is defines a n  order in  th e  space o f  lo c a l Cr

structures. T h e n  w e  o b t a i n  th e  lo c a l  fo rm s, (I  L )  a n d  (II L ) ,  of
th e  problems (I G )  a n d  (II G )  in  a n  obvious w ay . G lo b a l dependence
is defined by the pointwise dependence of admissible charts (see Section
4).

( I  L )  a n d  (II L )  a r e  easily  reduced  to  problem s a b o u t  th e  sub-
semigroup ( 2 )  „E r  OE„C that consists o f  th e  germs o f  c lass Cr. Church's
sm oothing lem m a (2.1) gives a  sufficient co n d itio n  fo r  ( II  L )  to  b e
answered in  th e  a ff irm a tiv e . N e x t, w e  show  b y  th e  examples (2.4),
(2.5) and  (2 .6 ) neither (I L ) nor (II L ) is unconditionally answ ered in
the affirm ative. These examples reveal somewhat complicated aspects
o f  „ C  relative t o  E .  I f  w e restric t ourse lves to  the 1-dimensional

case w e ob ta in  a  sharp  positive result ( a s  a  consequence o f  Theorem
3.1):

Theorem 0 . 1 .  I f  n = 1  an d  if  ( IL )  is  an sw e re d  in  t h e  affirmative
f o r a  p a ir (2 ,  9 ')  then ( II  L ) is also.

In  substance th is  assertion gives the  sim ple  expression  1 E,7 1

o f  th e  subgroup o f  , C  generated by 1 Er (C o ro lla ry  3 .7 ) . A  difficulty
in  th e  proof lies in  the  removal o f the  singularities o f  a  function which
is  sm oo th  a lm ost everyw here . W e rem ark  tha t the  converse  o f the
above theorem is false for every R" (Example 2.5).

A ll o f  these local results yield corresponding answers to (I G) and
(II G ). T he positive  results for (H  G ) are  best explained by a  reduction
theory o f  s tru c tu re s  (4 .1  an d  4 .4 ) . W e can also treat subsem igroups
of the hom eom orphism  group  o f  a  C r manifold (see (4.6), (4.7) and

(2 ) A subsem igroup of a group is a  subset closed with respect t o  multiplication.
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(4.8)). I n  th e  la s t  section w e rem ark on the diffeom orphism  class of
a  C -s tru c tu re  in  some dependence relation w ith  ano ther. B y  the way,
transform ing Schoenflies theorem , w e show  th a t  M iln o r 's  g ro u p  „A

o f  exotic spheres is a  quotient group o f  a  subgroup o f  „C (Theorem
5.3.)

T h e  essential p a r t , S e c tio n  2  a n d  3 , o f  this paper depends upon
real analysis. Especially w e u se  a  b a s ic  knowledge o f  measure theory
a n d  th e  simplest case of Sard 's theorem ( 3 ) . W e  re fe r  to  re su lts  in
ordinary differential topology only in  th e  additional section 5.

I  w ish  to  express m y thanks to  Professor S . M izohata for various
advices and to Professor R .C . K irby for kind encouragement.

1. Preliminary consideration

F irs t  w e  c la r ify  t h e  relationship between local homeomorphisms
and local C r-structures. W e shall o ften  express a  property o f  a  germ
by one of its representative.

L e t  u s  f ix  a n  a f f in e  coordinate  system  t =(t' , t 2 ,..., t") o f  th e
Euclidian n-space t  assins naturally a Cr-structure on  R ' .  T h e n
it determ ines th e  following subsemigroups o f  t h e  g ro u p  „C  of local
homeomorphisms at 0 e R :

,,D, = {the elements of „C of class e except at O},

,,Er = {the elements of „Dr o f  class Cr}

„Jr  = {the elements of „Er r-fla t at 0} .

H e re  a  (local) hom eom orphism  of c la ss  C r d o e s  n o t  m e a n  th e  Cr-
differentiability o f  its inverse. r-flatness m eans vanishing o f  a l l  the
partial derivatives o f order up  to  r.

L e t „D,! (resp. „E:, „J!) denotes th e  su b se m ig ro u p  o f  ,,D r (resp.
„Er , „J r ) consisting o f  all t h e  e lem en ts  w hose  Jacob ian  d o  not
van ish  excep t a t O . L e t „Er* *  b e  the subsemigroup of „C.K consisting
o f  a l l  th e  elem ents w hose Jacobian d o  n o t v a n ish  a t O . W h e n  w e
d o  no t need  to  restric t the d im ension of the Euclidean space, th e  left

(3) According to Sard [8], this case is  due to  M. Morse.



290 S huzo /zum i

subscrip ts n  o f „C , ,,D
r
 e t c .  a r e  o m itte d , r  is always assumed to be

a  natural number o r  co. D :  and  E,.** a re  subgroups o f  C  a n d  satisfy

D: -  I  =D,*, E:*-1 =E'rk*.

It is also easy to see that

Er . E; 1 = J r .J ; ' ,r

E ; .E , =  J;'Jo r ,  E: -  ' 0E: =

N ow  take a n  element f  e C  and  its representative f ( t )  defined on  a
neighbourhood U  o f  0 .  Regarding (U , (tof )(0) a s  a  cha rt w e  can
define  another C r-structure  o n  U .  T h e  s e t  e r ( f )= ( f )  o f  th e
germs o f  a ll th e  C r func tions a t 0  in  th e  new sense is determined by
th e  germ f  a n d  is independent o f  th e  choice o f  th e  representative (U,
f(t)). I t  i s  c l e a r  t h a t  g r(f ) r ( g )  (resp. g r (f )  =g ,.(g )) i f  a n d  only
if  f e  E r . g  (resp. fe E r**.g). T h u s  a local C r-structure defined in  the
introduction can  be  natura lly  identified  w ith  a  s u b r in g  g r( f )  of the
r in g  o f  germs o f  continuous functions at 0 e Rn . Dependence of local
Cr-structures ju s t  corresponds t o  inclusion  of subrings. T he left coset
space E* \ C can be also identified with the  space of local Cr-structures.
W e rem ark that E r* *  is  n o t  a  norm al subgroup o f  C , which we see in
the following:

Example 1.1. Put

a(x) =2 + sin [(42)— rt log Ix!],

13(x)=5
o

ot( ) d  .

The germs f ,  g  a t  0  o f the  maps

f (t)=66(t 1 ), t 2 , t 3 ,..., ,

g(t)=(eti, t 2 , 13 ,...,

belong to E :*  respectively. Suppose th a t  E ,”  is  a normal subgroup
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o f  D ` .  h =f - 'o g o f  belongs to  E ,* * . The first component 111 ( t )  o f  h(t)

depends only upon t  and then we have

Putting

we have

0)> 0

k(x)=h'(x , 0, 0, ..., 0)

fiok(x) e fl(x) (0  x  <6) ,

k(x) E C10, 6), k (x )> 0 (0<x  <6)

fo r  a  small positive 6.
(If A  is  a  subset o f IV , b y  Cr(A ) we mean the  se t o f functions obtain-
e d  b y  restriction t o  A  o f  Cr-functions o n  a n  o p e n  s e t  including A.)
By differentiation we have

aok(x)x k'(x) = e a(x) (0 < x <6) .

Since

lim a(x) = I, lim  a(x) = 3, lim k (x ) = +0
x-rci x o

we deduce

k' (0) =lim k'(x)=e .
x o

Then

k(x) = ex + o(x) .

Putting x = e -  2 'n we have

«{e - 2 'n+ [1+ o(1)]). x k'(e - 2 ") =e a(e - 2 m) .

O n the other hand

fim Œ{e- 2 'n+ ' [1 + o(1)]). x - 2 n') = e ,
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lim ea(e- 2 ")=3e .

T hus our first assum ption  lead  to  a  con trad ic tion  and  E r  i s  n o t  a
normal subgroup o f  Dr*.

Rem ark. It is easier to  find  f  in  E r t h a n  in  W .
(I  L )  a n d  (II L )  a r e  translated into th e  following problems about

local homeomorphisms.

Problem  I L '. L e t  f  a n d  g  b e  e le m e n ts  o f  C .  D o  h o ld  the
follow ing m utually  equiv alent statem ents (i)—(iv)?

(i)

(ii) E » of  n g (/ )

(iii) f, g E E,.. 9 f o r som e 9 EC .

(iv) r ( f ) ,  e r (g) c r , ( 4 9 ) f o r  som e 9 e C.

Problem  II L '. L e t  f  a n d  g  be  e lem ents o f  C .  D o  ho ld  the
follow ing m utually  equiv alent statem ents (i)—(iv)?

( j )  f  0 e E,..

(ii) E r . f n g  0  .

(iii) f ,  g e C - 1 .0 f o r  s o m e  eC

(iv) e , . ( f ) ,  e r (g) r (0 ) f o r some J ieC .

W e  sh o w  a  s im p le  exam ple to  illustra te  the  s itua tion  m eant by
these problems.

Exam ple 1.2. W e put

t (t 0)
f(t)=  t, g ( t )=  2 t

(1 < 0) ,
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(40=

exp ( — 1/t)

0

(t > 0)

(t = 0) #(0=

—2exp(1/t) (t<0),

— 1110g t (t >0)

0 (t =0) /i(t) =

1 /log( — t) (t < 0),

Then we have

exp ( — l/t) (t > 0)

0( 1 = 0 )

— exp (2/t) < 0) ,

exp ( — 1/t) (t > 0)

0 (t = 0)

— exp (1 /t).( t < 0).

f =0°4 9 e 1 E„otp, f= 0 - 1 .0 e  tE V o t l f ,

g=ctotpe,E,,otp, g= fl - iotke

and hence

{16%0(f) n 1 1 0 (01 c { 1 s 0 (f) u

T h u s  th e  problem s (I L )  a n d  (II  L )  a r e  answered in the affirmative
for the germs f  and g.

N ow  w e m ake som e notational agreem ents. W e  put ItM = t t t
i=

f o r  t = (t 1 , t 2t n )  e R n . L e t  f ( t )  b e  a  C r - f u n c t io n  o n  a  domain
52cR n , A  a  subset o f  0 ,  v =(v i , v 2 ,..., A/ )  a n  element of {0, 1, 2,..., r}"

ivi ± v2 + ••• vn . W e put

f(t) II =  su p  su p
01 vlf (t )

(Ot )ri(8t 2 )v 2. • • • ( a tn )v -

Next, le t I  be  a n  interval o f  R .  W e define M r(I) to be th e  se t o f  all
properly monotone increasing function o f  C r ( I ) .  W hen w e mention of
th e  m easure  e  [A ] o f  a  subset A  c  R " , it i s  t h e  ordinary Lebesgue
measure.

2. Dependence of local homeomorphisms

I n  th is  section w e show  a  sufficient condition for the assertions of
(II L') in  S e c tio n  1  a n d  a  few examples o f f  a n d  g  f o r  which (I L')
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o r  (II L ') a re  answered in  t h e  negative. We illustrate these situation
in advance.

Here discs mean subgroups of C.

Lemma 2 .1  (C h u rch 's  sm o o th in g  le m m a ). L e t  M  a n d  N  be

connected paracom pact C r m an ifo ld  w ith o u t b o u n d a ry , A  = {x ,} b e

a  discrete subset o f N  and {(U i , t?..... t7))} coordinate neighbour-

hoods centered at x i . I f f(t): M -■1‘1 is continuous and proper on  M

and  C r  o n  M - f - ' ( A ) ,  the n  th e re  e x is ts  a  C r  homeomorphism g(t)

o f  N  sa tis fy ing  the fo llow ing:

(i) g .f( t)  is  Cr on M .

(ii) g (t) can be expressed in the form

(tj i(Ilt ill), tt • a ill),..., t7

su ch  th a t a i ( x )  i s  f la t  a t  0  and  c i( x )= 1  f o r  x k i ( > 0 )  w here  {t:

IItill -5 k i }
(iii) g ( t )  is  a  C r  diffeomorphism on N  - A  and the identity m ap

on N  - u  U i . I f  N  is  a  C s (s_ r) manifold, g can be chosen to be Cs.

Remrak 2.2. The condition (ii) has a  special meaning. The homeo-
morphism g ( t)  induces a  new 0-structure (pu ll back by g ( t) )  o n  N.
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I t  i s  e a s y  t o  s e e  t h a t  (ii) m ean s th is  structure i s  diffeom orphic to

orig inal one . See (5.3) and (5.5).

Corollary 2 .3 .  I f  r s it holds that .14  = E',!̀  =(C.') - 1  0E1%

Since (E;!) - ' °E'r' E,7 1 . E „  (II L ') is answered in the af f irm ativ e
f , g  E C satisfying fog -

Example 2 .4 .  H ere w e give f , g E  C  such  tha t (II L ')  is answered
in  the  negative i.e. fo g Er.

Take a  function a (x )  defined o n  [ — I, 1 ]  w ith th e  following properties.

(a) a(x)e W [ -  1].

(b) a(x) is not differentiable on a dense subset A  o f  [ — I , 1].

(c) a (0 )  =  O.

W e can construct such a  function summing monotone increasing func-
tions w hose graphs a re  o p en  polygons. T h e  germ f  of

f(t)— (c((t'), t 2 , t 3 ..... t )  a t  0  belongs to C .  I f  E » .E r = C  we may
assume th a t f  = h '  o k  for some h, k e E , . .  F o r sufficiently small positive
(5 w e have h o f(t) = k(t) (t e In = [  (5, s r )  a n d  hi(t), k (t)e C V " ) .  W e put

l'(x)= 111 (x, t6, t ) .

I f  (li)' oc((a)00 (a E A n 0, there exists th e  differentiable inverse function
(19 - 1 (x ) defined in  a  neighbourhood o f  li oc((a) such that

c((x )=(li) - 1 . k i(x , t ,  0 ,— , t )  .

T h is  con trad ic ts to  th e  assum ption  that a ( x )  is not differentiable at
a. Thus w e have proved (P )'. a(x) =0 o n  A n I. Since A  is  dense and

a(x) is continuous,

o a(x) = (0W /00)f (t)=0

a n d  h o f  i s  constan t on  I x t6 x ta x • • • x t 3 ,  a  con trad ic tion . Thus f
E '
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Example 2.5. I f  r  1  w e  have E » oE r E ,  o E 1 a n d  hence
there is a pair ( f , g) c C  such that (II L ') is answered in the affirmative
and (I L ') in the negative.

I f  r 2 ,  th is  e x a m p le  is  w e a k e r  th a n  the n e x t  simple example
(2.6). T h u s  the reader can neglect this.

Let A  be a subset of I =( - 1,1) such that :

(a) A  is  a closed subset of I.

(b) A  has no interior point.

(c) A  has positive measure.

ti(d) 0 is a density point of A , i.e. 11m[ A  n (a, b)] 
ba i 0 ,610 — a = 1.

( e )  A  is symmetric with respect to O.

W e  c a n  re a liz e  su c h  a  s e t using  a  generalized Cantor set. Let
(i =l, 2, 3, ...) be the connected com ponents o f  I — A  and p i ,  2r i b e
the center and the w idth  of I .  T ake  a C°-function a(x) such that
a(x) =-- — 1 (x — 1), o ( x ) =l  ( x and o-(x)I E_ , , E M '[—  1, 1]. p(x)
is defined by p(x )=o - a.(x). If we put

= max { P(x)II 1101x)II iR1

and

a(x) -= E 2- i
1=1

fi(x)= t' 2 - i
i= I

r ri

c i

c i

[P( x ; p i ) + sign pi l ,

[a(  x — p , ) + sign Al ,
r i

th en  a(x), 13(x) e M 0 ( / ) .  I t  i s  a  consequence of the condition (b) that
Œ(x) and  ig(x ) are properly monotone increasing . T o  see  the smooth-
ness, confer the proof of (3.2) given later. Obviously we have

0 (i'i±  ri)=f l(Pi± ri).

If  x e a(! i) =fi(1) we have
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r( - 1

oa- '( x ) =2 - " o- ' i)] 11c i

x  o p -  { [ x  — ( p  r  i )]2i —11 ,

13' ofl - ' (x ) = cr' ri)] 2i — i} .c

Thus we obtain

1 (x),
/3, 0 fi-t( x )  —a op 1 t 2  — 1}

---, 0 (x1rx(p 1 —r1) = 13(p i — ri )) .

Similarly

cx' oc-  i(x )0  ( x t c t (  pi+ ri)= f i(Pi+ rt)) •fl' (x)

We put

f  '( t ) =( a ( t 1 ), cx(t 2 ),. . a ( t " ) )

g - 1 (t) =O (t' ), fl(t 2 ),..., f l(tn))

an d  then fo g
- 1  E  n E,T i o n  Er Assume th a t  th e re  e x is t  h , k e „E , such

that

f og = h o  k -

then

f k = h

Comparing each component on the 0-axis we obtain

'.f l.k l(t', 0 , 0 , .., 0 )=11 '(t', 0 , 0 , .., 0)

fo r i =1, 2, 3,..., n  an d  It' I .45. W e m ay  assume that

h'(6, 0, 0, 0)> 0
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without loss of generality. Putting

/(x)=k'(x, 0, 0, .., 0)

we have

cx'occ'.(,60/)(x)  _ l ' ( x )  
- 1  0(flol)(x) (Oh' 1 at 1 )(x , 0, 0,..., 0) •

T h e  numerater a n d  th e  denominator o n  th e  r ig h t a r e  continuous on
J =[0, .5]. T he  le ft expression tends t o  0  w hen 1(x) approaches pi + r
from the inside of I .  T h u s

1'(x)=0

provided

1(x)= pi ±  ri e K,

w here K  i s  a  c o m p a c t in te rva l such  tha t K  1(J) a n d  p[A  n 1(]>0.
Then

B — {pi+ ri}  n K

is inc luded  in  th e  s e t  o f  th e  critical v a lu e s  o f  1. Being closed, the
latter includes the set

B =A nK

a n d  th u s  h a s  positive m easure . T h is  contradicts th e  theorem  o f  Sard
on  critical value and proves

f  o g- 1 ( 1E1 n E i I q.e. d.

Example 2.6. W e  g iv e  a n  element f e = tha t does
n o t b e lo n g  to  E ,.0 E ' for

Put
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fi(t)= / pOlt11 2 ) • ti (i =l, 2, 3,..., n).

Then the germ f  of the map

f (t) =(.f l (t), f f n (t))

a t  0 belongs to Dto , because

OW I f 2  • • f n ) d e t( titi + jilla 2 ) +0 (Iltd 2 n " ) 
o(i', t2 9 . . . ,  tn) [N/ POIM2 n n

2  0112n +O(110 2 n +  2 ) 
[Vp(11t112 ]"

B u t  f  Er . E,7' if 2. T o  se e  th is  let us assum e that

f  e E, E,7 1 =  J  e rr-

o r f o  cp e J, for som e go e j r . Then VP[119(t)11 2 ] - 9 l ( t)  and p[ii49(0112 ] •
119(0112 a r e  r-flat a t  0 .  Putting

(7(X) = 119(X, 0, 0 ,— . O ) ,

t(x)= p[a(x)] • o- (x) ,

we have

T"  = cr • (01 2 ' p " (a)+ 201 2 ' p ' (a)

+ • a" • p' (o-) + • p (a) .

Since a( x )  an d  t (x ) a r e  r-flat (r 2), t ."(x ), o (x ) , oi(x), o -" (x ) and
p[cr(x)] approach 0 and p ia(x ) ] is bounded when x  tends t o  0 . Then
a•(cr')2 • p"(a), and consequently

' N /  C OS 0 .13

approaches 0 .  On the other hand, putting

1 1 /4;•(x)= 1cos 
 s

3 d s
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we have

lim  [a (x )] =- lim
xto

The previous observation means

cos —

s

1
—3 d s  co .

• dl irn  - -  [a (x )]  = 0 .dx

These tw o lim it equations a re  n o t  com patible. T h u s  w e  have proved

f e D , f  Er . E,.- 1 ( r  2 ) .

3 .  The case of R'

I n  t h e  previous section w e  have  se e n  th a t the assertions of the
problems (I L') and (II L') suppose some condition on f  and g .  Corol-
lary 2.3 gives such a  c o n d itio n . I f  we restrict ourselves to one dimen-
sional case , w e  o b ta in  a  sharper result which yields Theorem 0.1 in
Introduction.

Theorem 3.1. Fo r r, s__1 we have the following:

then

(i)

(ii) If

,E,.. ,E,7 IE r .

o f  n g 4)

,E,. o f  fl 1E 5 ° 0 4)-

(iii) I f  f ,  g  i Er . go for some go e ,C then f  E g
f o r s o m e  e I C .

(iv) I f  , ,. ( f ) , i ' , . ( 9 )  f or som e go e 1 C  then
1 g 0 ( 0 ) c  i d's ( g )  f o r  some eC,.

T he  asse rtions (i)— (iv ) a r e  m utua lly  equ iva len t. W e arrange a
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few lemmata before proof.

Lemma 3 .2 .  Let Q  b e  an  o p e n  subse t o f  R", f(x) e C °(Q ) and
let f(x) 0. T hen there ex ists a  f unction cp(x) e Cc°(2) such that

0<  q (x )< f(x ) i f  f (x) > 0 ,

(p (x ) is c o - f l a t  a t  x, i f  f(x 0 ) =0 .

P ro o f . W e may assume that

f(x) M  < oo

without loss o f generality. Put

P = {x : x e , f(x)> 0}

a n d  tak e  a  countable covering V;  o f  P ,  where V i i s  a n  o p e n  b a ll of
center pi a n d  r a d io u s  ri < I a n d  th e  c lo su re  Vi is  c o n ta in e d  i n  P.
Let p(x) be a C°-function on /in such that

p(x)>O (M4 < 1), P(x)=0 1)

Putting

ci= Ilp(x)1114, in f f(x ) ,
xcv,

we show that

(p(x).=  p(  x — Pt 
1=1 ci \ r i

has the required properties. Since

w e have

x p j
 )1 (v ) Poo(x — P i  <  

r t / 1 —

2 ,n 1   d p (  x  p ;

c i \  r i/
< 2 M .

R"
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Then go(x) is  in C ( R u )  and co-flat on 52 — P.
By the inequalities

0< f ( x )  ( x  E  V ) ,

1  p (C1r i

we have

0 <go(x) L °( x ) r i  <  f ( x )  ( x  e  p )  .

This completes the proof.

I f  r 1, th e  se t o f critical points o f  a  function o f  M r(/) is  a  closed
subset w ithout inner p o in t .  W e can  see  tha t the converse is also true
putting f (x )=x  in  the  next corollary.

Corollary 3 .3 .  L et I  b e  an  in terv al o f  R  a n d  Z  a  closed subset
o f  0  w ithout inner point. F o r  a  function f(x) e Mr(1) 1 )  w e put
J =f ( I ) .  T hen  w e  can  f ind  a  f unction F(x) e _W M  s u c h  th a t  the set
o f  z e ro  p o in ts  o f  (F' of )(x ) is  Z . (C o n se q u e n tly  t h e  s e t  o f  critical
po in ts  o f  (Fof )(x ) i s  the  un ion  o f  one  o f  f ( x )  and Z .)

P ro o f . Since f  i s  a  homeomorphism, f (Z )  is  a ls o  a  closed subset
without inner po in t. P u t

cr(x)=(the distance of x  a n d  f (Z )),

th e n  cr(x)e C°(J), o.(x )_  0  and the set of zero  points of  a ( x )  i s  f (Z ).

By (3.2) th e re  is  a  function t ( x )  s u c h  th a t  t(x)e C ( J ) ,  t(x) >  0 on

J — f(Z) and r(x )= O  on  f(Z). I t  is  c le a r  th a t  a n y  primitive function
o f  t (x )  h a s  th e  required property, q.e.d.

Lemma 3 .4 .  Let Q  b e  an  o p e n  se t  in  R "  an d  A  its closed null
s u b s e t . I f  a  hom eom orphism  f(x ) o f  Q  into R "  is  C 1 dif feom orphism
on Q — A   then f -  1 ( x )  is absolutely  continuous o n  f ( Q ) .  I f  g (x ) and

an d  h(x ) are  C 1 hom eom orphism s o f  Q  into R "  such  that th e  critical
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set, Z, o f g(x) includes that, W, o f h(x), then g oh - 1 (x) is absolutely

continuous.

P roo f. L et S  be a  null set in f ( 0 ) .  f  1 (S) n (S2 — A) and f - 1 (S) n A
a r e  obviously  null sets. T h i s  m e a n s  th a t f - 1 (x) is absolu te ly  con-
tin u o u s . hog - 1 (x) is a  diffeomorphism o n  g(52—Z— W)=g(S2—Z).
This set is  the  critical value o f  g(x) and  hence a  null se t b y  th e  Sard's
th e o re m . I t  is  a lso  c lo se d . T h u s , w e  have o n ly  to  a p p ly  the former
part to  hog - 1 (x), q.e.d.

Lemma 3.5. Le t I  b e  a n  interval o f  R  an d  A  be its closed sub-

se t. Let f(x) be a  continuous function that takes a fixed value on A.

I f  f(x) is differentiable o n  I — A  and  if f'(x), defined o n  I — A, has

a  continuous extension g(x) over I which vanishes almost everywhere

on A, then f(x) is of class C ' and f'(x)=g(x).

P roo f. W e  m a y  assum e th a t  I  i s  a  co m p ac t in terval [a, b ] .  If
we put

s(x) =f(x) — g(Ocl ,
a

s(x ) i s  a  continuous function with differential coefficient 0  o n  I — A.
W e  have o n ly  to  p ro v e  th a t  s(x ) i s  a  c o n s ta n t function o n  I. Let
I I , 1 2 , /3 , . . .  b e  th e  connected component o f  /— A. Then f(x) takes a
sam e v a lu e  o n  th e  boundary o f  I n , so  that

f '()ck =0 .
"

If x 1 , .X 2 E  A ,  [x 1 , x2 ]  i s  a  d is jo in t su m  B  o f  som e o f  j i ,  / 2 ,  / 3 , . . .

a n d  a  subset C  o f  A .  Then w e have

(X2 (
 —1 a  g()ck B  f  ' cg ()ck =0 .

Thus each of

f(x), 1xag(Ock
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and  consequently s(x ) takes a  fixed value on A .  Since s(x) is constant
on  /„ , so  is o n  I, g.e.d .

T h e  proo f  o f  T heorem  3.1. F o r  arbitrary elements f , g e ,E ,  we
have only to find suitable elem ents h e 1E,. a n d  lc e 1E „ such  tha t

hof =k og

W e m ay assume that f  a n d  g  are orientation preserving. Let f (t), g(t)
be representatives of f  and  g  respectively, which a re  defined o n  a  finite
interval I =(—  a, a )  a n d  belong to  M r( / ) . The set Z o o f  critical points
of f ( t )  is  a  closed se t without inner p o in t .  Applying (3.3), we can find
a  function F(t)e M °°(J) (J =g(1)) su c h  th a t F (0 )  = 0  a n d  th e  s e t  o f
critical po in ts  o f (Fog)(t) i s  the  un ion  o f Z o a n d  o n e  f o r  g(t). Since
th e  germ  Fog o f  (Fog)(t) belongs to  1 E o g  w e  c a n  replace g  b y  Fog.
Thus w e m ay assume th a t  the  se t o f ze ro  po in ts  o f g '( t)  includes one
fo r  f '( t) , Zo . S im ilarly  w e assume th a t  Z , c o n ta in s  0 . ( 3 .2 )  assures
the existence of  q(t) e C ( J )  such that

0 < (p(t).< f'o 1(0 if  f ' o g -  '(t)>0 ,

(PO): f la t at to if f' o g - '(t 0 )= 0 .

N o w  ta k e  the Cm-function 0 0 ( t )  o n  R  defined by

00 (0= exp ( — 1/10 (t 0), 0,(0) = 0 .

Then

= sign t • 00 (0

defines a  function o f  M s° (R ). It is flat a t  0  and has a positive differ-
ential coefficient anywhere else.
We put

=1:300. yo(t)d-c ,

h(t) = 0 otli g of -  '(t).
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Since th e  s e t  o f  z e ro  p o in ts  o f  C (t ) ,  o r  equivalently o f  f'og - 1 ( t ) ,  is

homeomorphic to  th a t  of f ' ( t )  and  h as  n o  inner point, w e  have

E Mcc(J) , h(t)e M°(K),

where K = f (1 ) .  Further w e shall show th a t  h (t)e  M r(K ). It is obvious
th a t  h (t) i s  o f  class C r outside th e  se t  Z  o f ze ro  po in ts  o f f 'o f - '(t).

By mathematical induction  on  y  we can see that any higher derivative
h(v)(t) (1 is  a  linear combination o f  terms o f  th e  following type
o n  K — Z  excepting possible multiplication by sign t:

0 4 .  g  f  ( t ) [0.(pogof -1(t)]6 
g o f  1  (t )]" [cp. g o J  1  (t)]fl [f" (0 ] Y

x ri [(pm o g or i ( t ) ]a l  x  H  [g (
n) o f  I (0 ] b m x  H  [  n ) (0 ]

1=1m =  I n=2

Œ, fi, y , S, al , b,„, c„, L, M, N

are all non-negative integers and M, S>0.

Since

0 < yo(t)<f '(t )

and

li m 0(t)/P =0
t-o

every factor of (* )  is bounded w hen t  tends t o  a  p o in t o f  Z  from  the
inside  o f  K — Z. Especially  th e  se c o n d  fa c to r  te n d s  t o  z e r o .  Then
h(v)(t) defined o n  K — Z  has a  continuous extension hv ( t )  which vanishes
o n  Z .  W e  have  assum ed that th e  s e t  Zo o f  z e r o  p o in ts  o f  f ' ( t )  is
included in  th a t  o f  g'(t). T h e n  b y  (3 .4 ), w e  se e  th a t gof - ' ( t )  is ab-
solutely continuous o n  K .  T h e n  h (t )  is a lso  absolutely  continuous
a n d  its derivative o n  K — Z  h a s  a  continuous extension h , ( t ) .  Since
Z is  a  null set as well a s  W, hT(t) is  the derivative o f  h(t). We proceed
b y  induction  on  v. Assume th a t  h(t)e Cv - ' ( K )  a n d  h(v-  ) (t)=h ,_ ,(t)

(*)

where
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(2_._ v _ r) .  Applying (3 .5) t o  the  trip le  7:,_ 1 (t), K , Z , w e have

h( v) (t)--- (t)=Z (t).

Thus we have proved that

Putting

we have

h(t)e M °(K) n Cr(K )=M r(K ).

k (t)=0.0(t) E Mœ(J) ,

of (t)=k og(t).

Taking the germ  at 0

hof =k og , he 1 E ,., k e  E co

This completes the  proof of the theorem.
L e t  u s  deduce  som e  re su lts  from  th is  theo rem . T o  d o  this we

prove an  algebraic lemma. (W e use only (iv)).

Lemma 3 .6 .  L e t G  be a  group an d  A , B , C  an d  D  be its subsets
satisfying

ADD, B C ,

AB - 1  c C -  ' D (i. e. BA -  ' C)

(i) I f  C  a n d  D  a re  subsem igroups o f  G ,  th e n  C D  n D- 1 C
is a  subgroup of  G.

(ii) I f  A  a n d  B  are  subsem igroups o f  G ,  then A - 1 B n B - 1 A  is
a  subgroup of  G.

(iii) I f  An B 9  (id en tity  o f  G )  an d  i f  A  an d  C  (o r  B  an d  D)
are  subsemigroups, then

A - 1 B n B -1 A = C -1 D n D -1 C
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is a  subgroup of  G and

A - 'B =D - ' C (i.e. 13 - 1 A =C - 1 D).

(iv) If  A =B al and  if  A =B  and one o f  C , D  are  subsem igroups,
then

is  a  subgroup of  G.

P ro o f . (i) Since

(C-1D)2cC-'41B -1DŒC-1C-1DDcC-1D,

(D- 1 C) 2 cD - 1 BA - IC cD - ' D- 1 CCcD - 1 C,

we have

(C - 1 D nD - 'C) 2 c C - . 'D n D - ' C.

While it is obvious that

(C - 'D n D - 'C) - 1 =C - 1 13nD - , C.

Then C- 'D nD - ' C  is  a  subgroup o f  G.
(ii) S ince  A B - ' cC -  ' D  B -  ' A ,  w e  h a v e  o n l y  t o  p u t  C =B ,

D =A  in  (i).
(iii) Since

B - 1 .4 =1.B - 1 ,4 cA  B - 1 24cC - IDA cC - 1 A  A A =C - '11

=C - '11•1 c C - ' C- 'DŒC - 1 D cB - 1 A ,

we have B - 1 A =C - ' D  and then

(C - ID) 2 c C - 1 C - ID  D cC - 1 ,4  A cC - 'A c B - 1 A =C - 1 D,

(D- '-C) 2  =(C  'D ) - 2  cD -  ' C

Again it is obvious that
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(C- 1 1)nD - 1 C) - 1 =C - 1 DnD - ' C.

Hence

A - 1 8 n A =C -  ' D n ' C

is  a  subgroup o f  G.
(iv) Immediate from (iii).
Combining (2 .4), (2 .5), (3 .1) and  (iv ) o f (3.6), w e have the follow-

ing:

Corollary 3 .7 .  I f co, i E o i E r i s  th e  subgroup o f  ,C
generated by  ,E r  and

iEr-101E,.1 C,

l E r  ° l E s i  °  l
E

r
=

 l
E

r  
1
 °  l

E
s •

Corollary 3 .8 .  I f  r, and f  E  I C  (i =1, 2 ,...  ,  m )  belong to
the sam e lef t coset o f  ,E,7 1 0,E,A 1 C, then

(i) 1 E 0 o f 1 n  n  i E r of
i= 2

o r, w hat am ounts to the same,

(ii) i s,(1/1) 16 0( f1 ) , 16",(t 1 ) ( f i )
i= 2

f o r som e tl/ e C.
T h e  p ro o f  is  fo rm a l a n d  w e  o m i t  i t .  I w o n d e r w h e th e r th is

corollary can be generalized to the  case  o f enum erably infinite number
of

Corollary 3 .9 .  I n  (3 .1) (i) (iii), ( 3 . 7 )  a n d  ( 3 .8 )  ( i ) ,  w e m ay
replace ( 1 E,., ,E s ) b y  ( 1 E `,  l E n  o r  ( 1 E;.', 1 E ), w here  1 E ;  denotes
th e  subsemigroup o f  „E r  consisting  o f  elem ents w hose critical points
are  at m ost enumerable. Hence

1 E :* ,E : = ( i E  r a y i  0  i E fr, 1 E , 7 1 0  i E r



L ocal hom eom orphism s and local Cr-structures 309

are  proper subgroups o f  1C.
T his  i s  a  consequence o f  th e  fa c t  th a t  th e  s e ts  o f  critical points

o f  h(t) and  k (t) in  th e  proof o f the  theorem are  at most homeomorphic
to  the  un ion  o f those of the original f ( t )  a n d  g(t) and 0.

4. Global versions

H e re  w e  tre a t  t h e  dependence o f  C r-s tru c tu re s  o n  a  topological
m an ifo ld  and  the  dependence o f hom eom orph ism s of a  C r manifold.
In  th e  lo ca l theory these a re  m utually equivalent. (com pare (I L) and
(II L ) w ith  (I L ') and  (II L '))  bu t n o t in  the  g lobal th e o ry . The prob-
lem s (I G ) and  (II G ) in  In troduc tion  a re  concerned with the former.
T h e  negative exam ples (2 .4), (2 .5) a n d  (2 .6 )  im m ediately yield the
corresponding negative examples f o r  ( I  G )  and  (1 I G ). T he  positive
results (2.3) and (3.1) have also global versions. We will explain them
a s  a  reduction theory o f  som e structures. There a rises  no  topological
obstruction as far as w e a re  concerned with the global versions of the
local results w e have ob ta ined . T he  dependence of homeomorphism is
defined by subsem igroups o f  th e  h o m eo m o rp h ism  g ro u p . W e  show
g lo b a l v e rs io n s  o f  (2 .3 )  an d  (3 .1 )  a ls o  i n  th is  se n se . Hereafter we
assume th a t a  m anifold X  is  a  connected paracompact topological one
without boundary.

W e review  th e  definition o f s truc tu res  on  X  i n  our terminology.
For a hom eom orphism  f (t): U— W  o f  o p e n  s e ts  in  Rn

,  we define f , o

to  b e  the germ of the homeomorphism

1 0 (0 =f(t + to)— f(to)

at 0. J  i s  a n  element o f  „C  fo r  t e U .  If  (U , p(x )) is  a  chart o n  X ,
w e  d e f in e  x o  t o  b e  the  germ  of the homeomorphism

(79.0(x) = (p(x) — q(x 0 )

at x o . N o w  le t  H  be  a subsemigroup of „C (n =dim X )  which contains
the identity and satisfies the following condition:

( f )  If f(t): U—■1/ i s  a  hom eom orphism  of open sets in  R " and if
e H , then f,  e  H  fo r  a l l  t  near to.
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I f  tw o  c h a r ts  (U , (o(x )), (V, t/i(x )) a n d  x e U n  V  sa tisfy  Cpx  e H
w e say  tha t p (x )  i s  H-dependent o n  iii(x) a t  x .  T hen  by  ( f ) ,  the

set

IX0 E U n V : (p(x ) is H-dependent on ,/i(x) a t  xo}

is  o p e n .  I f  G  i s  a  subgroup o f  „C , G-dependence is a n  equivalence
re la tion  and  hence  w e  ca ll it G-equivalence. L e t  0 = {(U A , TA (x))), E ,
b e  a  c o lle c t io n  o f  charts covering X .  I f  9 , ( x )  a n d  9,v ( x )  a re  C-
equivalent f o r  a l l  A , A' e A  a n d  a ll  x e UA n UA ., w e ca ll 0  a  G-basis.
I f  th e  jo in  o f  tw o  G -basis  0 ,  0 ' is again  a  G -basis, w e  say  0  and
Q3' are (G-) equivalent. A n  equivalence class o f  a  G-basis is called a
G-structure o n  X .  A  G -structure  c a n  b e  id e n t if ie d  w ith  its  unique
maximal G-basis. I f  a  c h a r t b e lo n g s  to  th e  maximal basis, we call
i t  a n  adm issible c h a rt  o f  th e  G -s tru c tu re . I f  G  G ',  a  b a s is  o f  a
G-structure g  i s  a  G-basis o f  a  uniquely determined G'-structure 9'

a n d  th e n  w e  s a y  9  generates g ' .  L e t  Y  b e  a n  o p e n  s e t  o f  X

a n d  0 ={(U A , 9 (x ) ) } " A  b e  a  basis o f a  G -struc tu re  g  o n  X .  Then
t h e  restriction 0  I Y= {(U A n Y, ((pA I U, n n(x))),E A  i s  a  G-basis o n  Y
and (Y, 91 Y)=(Y, g )  becomes a manifold with G-structure.

Consider a  subgroup G  a n d  a  subsemigroup H  o f  C  sa tis fy in g
G =H  I f  a n y  admissible c h a r t (U, cp(x )) o f  a  G -s tru c tu re  9
is H-dependent o n  any admissible chart (V, iii(x)) o f another G-structure
g '  o n  U n V , w e  sa y  g  i s  H-dependent o n  g ' .  T h is  i s  a n  order
relation. Er-dependence o f  0-structures (i.e . E r-structures) corres-
ponds to the "dependence" of local Cr-structures.

T he  group D :  satisfies ( t ) ,  so w e consider 13;.'-structures. L e t  0
b e  a  basis of a  D '-structures  9 .  W e define S ,  to  b e  th e  closure of
th e  s e t  o f  a l l  x  w here  a ll charts  o f  0  containing x  a r e  n o t  E *
equivalent. I f  0  is  loca lly  fin ite , S ,  is  d iscre te  a n d  0 I X  — S, i s  a

E r-b a s is  of a Cr-structure on X —  Sz .

Proposition 4 .1 .  A n y  „M - s t r u c t u r e  g  is  g e n e rate d  b y  a  Cr-

structure g ' .  I f  a  locally  f in ite  basis  B ={ (IJ A, (pA ( x ) ) } " ,  o f  9  is

given, w e can choose g '  such that:
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(i) 9 '1 [1  is  E r -dependent on cp,t (x )  f o r  a n y  e  A  i n  a  obvious
sense.

(ii) is  a  basis o f  g ' I x-s,B •

The proof is easy by Church's lemma (2.1).

Corollary 4 .2 .  L e t  g  a n d  g '  b e  t w o  C r-structures differing
o n ly  o n  a  discrete subset A .  T h en  th e re  is  a  th ird  Cr-structure 9"
such that

(i) g "  is E r -dependent both o n  g  an d  9 ' .

(ii) 91X — A =9'IX  — A =g"IX  —A.

(iii) (X , g " )  is dif f eom orphic to (X , 9).

( i i i )  follow s from  th e  special form  o f  t h e  m a p  g ( t)  i n  (2 .1 ) (cf.
(2.2)). I f  n=1 , 2, 3 , 5 , 6 , 12, ( X ,  9 ) ,  ( X ,  g ')  a n d  (X ,  g " )  can  b e
c h o s e n  to  b e  difkomorphic to  e a c h  o th e r  b y  (5.6). T h is  corollary
gives a  positive answ er to  th e  problem (II G) (cf. (2.3)).

Next, we give the global version of (3.1).

Lemma 4 .3 .  (an ex tension o f  a  sm ooth  m onotone f unction) If

a < b < c < c '< b '< a ',

f(x)e Cr([a, c] U [c', a']) ,

f (x )i[a, c] E M r[a, c], f (x )l[c', a'] e M r[c', a'],

f (c)<f(c')

then  there  ex ist a  f unction g(x )E M r[a, a'] such that

g(x )=f (x ) (a b'

The proof is omitted.

Theorem 4 .4 .  L e t  dim X = 1 .  A ny  ( i Er- '0 ,E r )-struc ture  9  o n  X
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com es f rom  a Cr-structu re  g '.  M o re o v e r,  i f  a  lo c ally  f in ite  bases
{(U (1) A(x))) A E A  o f  g  is  g iv e n , w e  c an  c h o o s e  g ' s u c h  th a t  an y
adm issible chart (V , /i(x )) is  i E r -dependent on (U  A , cpA( x ) )  on U A  n  V.

P ro o f .  B y  o u r  a s s u m p tio n  w e  c a n  c h o o s e  a  c o lle c t io n  {(W,
Bi(x))1iEN of charts satisfy ing th e  following conditions ( (g )  i s  possible
by (3.8)).

(a) N  is at most countable.

(b) Wc Wi  im plies i =j.

(c) I4Ç n Wi  is connected.

(d) Three members from { Wi l iEN d o  no t intersect.

(e) X  =
ieN

(f) Oi(wi)  is  a n  interval o f  R.

( g )  01(x )  is Cr-dependent upon  q ( x )  fo r  any  ), satisying X E U .

T ake  a  p o in t  p = p u E W  n W e a c h  n o n  em pty  Wi n W .  From  (g)

W e have used (3.1) t o  show  the la st inclusion. Then we obtain
f i o0 i p (x) = If° i p (x) (X  E  W),

el fi(t) e Mr[B i p ( W )] , si  f (t) e Mr[Oj p (W)] (e s, e j  = + 1),

f i(0) = f ( 0 )  =0

fo r  some neighbourhood W C W, n Wi  o f  p ,  where A C B  means that the
closure o f A  is included in  the  interior o f B .  Narrowing W if  necessary
we may assume that

Ei f i o0 i p ( W )c Oip ( Wi n W; ),

ei  ,  0  i p (W) i p (W, n W1).

L et Z  be the  connected p a r t  o f  W n Wi n if ,  c lo se r  to  Wf n W1  and put
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w..I J  = w. n .7c n ( wk)c.
k * i , j

By Lem m a 4 .3  there exists a  function .fi j (t)e Mr[O, p (Wi i ) ]  such that

f i i (o =  e .f 1(t) (t E Oip ( W ))

1 t (t E Oip ( Wu n W )).

putting

Oi i (x)=fi re ip (x) (x e

w e have charts {(Wi i , w i*o• Then it follow s that

Oi i (x)—e i Ej  Oi i (x) (x E Wu n 147
./i )

ai i (x)+ oi(p i1 ) = -0 ,(x )+ 0 ;(p ik ) (x G W  n wi „).

H ence {(Wi i , Bi i (x))l i o i ,w i n w i , d,  i s  a  basis o f  a  Cr-structure g .  O i i (x)
is C r-d e p e n d e n t u p o n  Bip (x), i ( x )  a n d  th u s  u p o n  (pA(x). 9  is a
required Cr-structure on X, q .e .d .

Using this theorem and  (3.1) again w e have the following:

Corollary 4.5. L e t  g  a n d  g '  b e  ( ,E , - ' o  , E ,)-equiv alen t C r-
structures o n  a  1-dim ensional m anif o ld  X . T hen  there  ex ists  a  third
Cr-structure 3 "  t h a t  i s  ,E ,-dependent o n  g  a n d  9 ' .  A n d  hence,
i f  (I G ) is answ ered in  the  af f irm ativ e  f or 3  an d  g ' ,  (II G )  is also.

L et us consider the  homeomorphism group o f  X  and  obtain another
k in d  o f g loba l ve rsions o f loca l theorems. L e t  {(1.1,,,, 9,(x))), E ,, and

ii/p (x))1,, e m  b e  G -bases of G -structures g  a n d  g '  o n  X  and
K  b e  a  subset o f  C  satisfying
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(if)G . K . G = K

W e define  K [9 , g ' ]  t o  b e  the set of a l l  homeomorphisms f: X—)X
such that

OP,  o f .  (pi '  e K

for a ll  Â e A , tt e M  and a l l  t e ça(U, n f  ' ( V (11 ) assures that this
definition is independent of the choice of /1. and pt. I f K  a n d  K '
satisfy (if) we have

K[9, 9 1 .K I9 ',  9"]OE (K01(')[9, 9 " ]

K [9, g ' ] - ' =1( - 1  [9 ',  9 ] .

I f  f  i s  a homeomorphism of X  and 9  i s  a G-structure on X  then
there exists a unique G-structure P g  (p u ll back  o f  9 )  such that

f  e G [P g ,  9 ]  .

Theorem 4.6. L e t  H  b e  a  subsemigroup o f  „ C  a n d  G , G ' be
subgroups o f  „C su ch  th at H  1-1- 1  c H 1 oH, G cG' an d  H n 11- 1  =G.
S uppose that:

( i i t )  I f  tw o  G-structures g  a n d  g '  generates t h e  sam e  G'-
struc tu re  then  there  ex is ts  a  th ird  G-structure g "  H-dependent both
o n  g  an d  g '  su c h  th at G [g ,  9 1 0 4 ).
T hen w e have

G' [ 9 ,  g ] c ' [9 , 9 ] .  H [9 , g ]  (11- 1 0 H)[9, 9 ]

f o r any  G-structure g  on X .

P ro o f . If fe  G ' [9 , 9 ] ,  g  and P g  induce the same G'-structure.
H ence  there  is  a G-structure g '  H-dependent o n  g  and P g  such
t h a t  G [9 , g ' ]  0 .  I f  w e  t a k e  g e G[9, g ' ] ,

f= (fo  idog )o (g - 1 0 id) e H 1 [9 ,  9 ] .1 1 [9 ,  9 ]

b y  the following commutative diagram. This proves the theorem.
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(X, 9 )   (AT, 
9 ' )

 4  g e G [ 9 , 9 ' ]  ( x .,  9 )

Id Iid c H U I$9 . 9 1

(X , D )  f c G E f 4 2 ' 9 1  (X , f  '0 ' )

Corollary 4 .7 .  1 4 [0 ,  0 ]  =  (E : [0 ,  9 ] ) - 1 4, E : [0 ,  0 ]

This follows from (4.2) and (4.6).

Corollary 4 . 8 .  I f  X  i s  one  dim ensional Cr-manifold, w e have

9 ] ° 9 ] ) -1 iE r [ g  9 ]) - 1 ° iE r [g ,  9 ]

=  IE T 1 ° i E rA g , 9 ] .

( i E r [0 ,  0 ] ) - ' 0 , E , [ 9 ,  0 ]  is  the subgroup of  1 C [9 ,  0 ]  generated

b y  ,E ,.[0 , 0 ].
This follows from (4.4), (4.6) an d  th e  fact that two homeomorphic

o n e  dim ensional C r m anifo lds are  d iffeom orphic . T he la tter half is

obvious.

5. D iffeom orphism  classes of D*+-equivalent Cx'-structures

Finally  w e m ake a  rem ark on the diffeom orphism  classes of two

D t-equ iva len t C -struc tu res. D t-equ iva lence , o r a  hom eom orph ism

w hich  is a diffeomorphism except a t a  discrete subset A , i s  a  weaker

n o tio n  than M unkres's diffeom orphism  m od 0-dim ensional A  in  [5 ] .
H e re  w e  in te rp re t a  p a r t  o f  W ilson 's theory  i n  [ 1 3 ] .  W e restrict
ourselves to  Cc° c a se  fo r  th e  sake  o f  simplicity a n d  s o  w e  om it the
right subscript co o f  1 3 , E r  etc..

By the  induced map of the  n-th  local homology group , an  element

o f  „C is distinguished to be either orientation preserving or orientation

reversing. If G is  a  subgroup o f  „C , its orientation preserving elements
form  a  subgroup G +  o f  G  o f in d e x  o n e  o r  two. I n  th is  section we
m ake th e  following agreements on te rm s . I f  X  and Y  are orientable,
w e  f ix  th e ir  orientations and all hom eom orphism s of their open sets

a re  assum ed to  be orientation preserving. A C°°-structure on X  means
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an E*+-structure w hose admissible c h a r ts  are orientation preserving.
Let g  b e  a Cc°-structure on an n-dimensional manifold X  with

basis {(UA , goA (x))}" A . Take an element j  e D *+ and its representative
J(t) w h ic h  is  a diffeomorphism on Rn—{0} ( 1 ). I f  (V, i i (x ) )  is an
admissible chart centered at p e X , then

{WA— {131, T A (x ) ) } .1 c A u  {(v, Jo &(x))}

defines a  new  C-structure g '  on X .  L e t  g ' denotes the diffeomor-
phism class o f g ' .  B y the theorem of Palais and Cerf, the diffeomor-
phism c la ss  g '  o f  g '  is  de te rm ined  by  g  and f. Thus w e w rite
g '  r i g .  Let -S (X ) b e  the set o f  a l l  diffeomorphism classes of Cc°-
structures on X .  It is easy to  see the following:

Proposition 5 . 1 .  D * +  is a  tra n s fo rm a tio n  g r o u p  o n  E (X )  by

th e  opera tion r f  and i t  h o ld s  th a t tf Tg o f . T h e  D*±-orbit o f  g  is

th e  s e t o f  the  c lasses o f  th e  0 e -s tru c tu re s  d iffe r in g  fro m  g  o n ly  o n

a  s in g le  p o in t (o r  a fin ite  su b se t) o f X.
Let „A  b e  the set of diffeomorphism classes of those Cc-structures

on  topological n-sphere w hich, minus o n e  point, i s  diffeomorphic to
R". M i ln o r  [4 ]  h a s  s h o w n  th is  is  an abelian g ro u p  w ith  respect
to  connected  sum( 2 ) . The c la ss  g o of the standard n-sphere i s  the
identity of A . W e  d e f in e  a m ap c : „D*+ —* „A b y  cf---rf g o . It is easy
to  s e e  th a t  t h is  i s  a  g ro u p  homomorphism. Let K  b e  the group
o f th e  elements o f „D *+  with representative f ( t )  w h ic h  is  a diffeo-
morphism of R "  e x c e p t a t  0  and h a s  a compact support (f(t)=t

outside som e compact subset o f R"). For an element o f  „ K  such a
support can be chosen arbitrary small.

Lemma 5 .2 .  L e t (U, (p(x)) be  a  c h a rt o n  a  s tan d a rd  n-sphere (Sn,

g o )  c e n te re d  a t  p. T h e n  a n  elem ent f  o f  „R *+  is  co n ta in e d  i n  „K

(1) M oreover, if n*4, we can choose f  ( t )  such that f  (R ")=R n  using th e  uniqueness
o f  the diffeomorphism class o f  C - -structures o n  o p en  cell [11].

(2) L e t  r „  b e  th e  group of C - -structures o n  the ordinary combinatorial n-sphere.
I f  n *4,,, A= „ r  is f in i t e  a n d  in c lu d es  a ll th e  C - -structures o n  topological
n-sphere. I f  n = 4 , 4 .AD 4 r —1 [1].
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if  an d  o n ly  if  th e  germ  o f  the  map (,9 - 1 ofocp(x ) at p has a  representa-
tiv e  w h ich  is  a dif f eom orphism  of  (S a, g o )  e x c e p t  a t  p.

T he  p roo f is  om itted . T h e  following theorem is essentially due to
Wilson.

Theorem 5.3. W e have the diagrams

1 - 3  K „D*+ 1 (n=1, 2, 3,...)

of  group  hom om orphism s w hich  are  e x ac t, ex cep t th e  p art
4 1C ,D*+ , A  w h ere  o n ly  th e  triv iality  o f  c o i is proved.

P ro o f . The surjectivity of c  follows from the  fact that the represen-
tatives o f  two elements o f  „A  can be chosen to differ from  each other
o n ly  a t  o n e  p o in t . Triviality o f  col is also straightforward.

Let n 4 a n d  c f  =1 . L e t (U, (p(x)) b e  an adm issible cha rt of the
standard n-sphere 9e). T a k e  a  Cc° n-disc B  in  U n o f -  'ocp(U).
B y  the affirmative a n sw e r [9 ] a n d  [1 0 ] (c f . [3 ])  t o  th e  differentiable
Schoenflies problem (n0 4 ), B'=(/) -  V oT (B ) is  a  e °  n - d is c  o n  (Sn, g o ).
H ence there  is a diffeomorphism g (x ) of (S", g o)  su c h  th a t g(B )=B '.
S ince  c f  =1 , the diffeom orphism  (g -  V o y 9 1 0 B ) ( x )  o f  O B  c a n  b e
e x te n d e d  to  a  diffeom orphism  h (x )  o f (S " , g o) ( s e e  [ 5 ]  o r [12]).
Pasting (hIS"-Int B )(x ) a n d  (g -  ocp -  'ofoTIB) o n  aB w e ob ta in  a diffeo-
m orphism  of (S", g o) e x c e p t  a t  p. T h e n  it s  composition w ith  g(x)
i s  a  representative o f  th e  germ  9 - 1  4 0 9  defined o n  S " .  Thus f  e „K
by (5.2).

Corollary 5.4. I f  n 0 4 ,  „K  includes th e  com m utator subgroup of
„D*+.

The -r f j  o f  a  topological manifold X  is  ju s t  th e  connected sum
o f  9  a n d  th e  sphere cf. T hus w e ob ta in  th e  following:

Corollary 5.5. I f  c f =c g  then T f =t g . T h u s  „A  is  a  transformation
group on Z(X).

Corollary 5 .6 . L e t  n 4  a n d  „A  =„F =0 (e.g. n=1, 2, 3, 5, 6, 12).
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I f  t w o  C°°-structures g a n d  9 '  d if fe r  f r o m  e a c h  o th e r  o n ly  o n  a

discrete subset (i.e. H D*+-equivalent), then  g  g ' .
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Added in P r o o f :  T h e  naive generalization o f  (3 .1 ) does not hold i.e. „E,..„ET
„E ,.(n  2 ). (e .g . (x - FY,")° (x,Y) -  EhEi l  . 2 E1 . )  Accordingly (2 .4 ) an d  (2 .5) have

little meaning for


