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§1 . Introduction

I n  th e  present artic le  w e shall derive  a  necessary condition (say,
Lopatinski's condition) for the w ell posed m ixed problem  o f  th e  first
order hyperbolic system s w ith variable coefficients. H ere  w e say  that
th e  m ixed problem  is w ell posed, i f  th is problem  has a local solution
fo r  any sufficiently smooth deta a n d  a  finite propagation speed.

In the case of constant coefficients, R . Hersh in  [5 ]  a n d  T. Kasa-
h a ra  in  [1 0 ] proved the global existence of the solution for the mixed
problem o f  th e  first order hyperbolic systems under Lopatinski's condi-
tion , a n d  H ersh in  [ 6 ]  a n d  [ 7 ]  researched into the existence and the
finite propagation speed o f the  so lu tion  fo r the  higher order hyperbolic
system s. M oreover T. S h iro ta  in  [1 4 ] studied precisely the  finite pro-
pagation speed o f  th e  so lu tio n  fo r  th e  s in g le  higher order hyperbolic
equations. Recently R . Sakam oto in  [ 1 3 ]  characterized completely the
necessary a n d  sufficient conditon fo r the  ex is tence  and  the  finite pro-
pagation speed o f the  so lu tion  fo r the  sing le  higher order hyperbolic
equations.

In  th e  c a s e  o f  variable coefficients, M . Ikaw a proved in  [ 3 ]  that
the m ixed problem  f o r  th e  w ave equation w ith  a n  o b liq u e  derivative
boundary condition is w e l l  p o s e d .  J. Chazarain i n  [ 2 ]  a n d  R. Beals
i n  [1 ] proved  the existence o f  the solution in  G evrey-class for the
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mixed problem fo r  hyperbolic systems (not necessary strictly hyperbolic)
b y  use  o f sem igroup  theory  a n d  derived a  fin ite  propagation speed.
I n  [ 7 ]  th e  a u th e r  show ed a  necessary c o n d itio n  fo r  th e  well posed
m ixed problem  fo r  2  x  2  hyperbolic system s with analytic coefficients.
In  th is article we shall extend the  result obtained in  [7 ]  to  the general
system s. N am ely, w e shall prove that L opatinski's contid ion for the
principal part of the hyperbolic systems considered and for the  boundary
condition is necessary under som e assum ptions, i f  t h e  mixed problem
fo r  th e  system s is w ell posed. It is seem ed that th is problem  is cor-
responding  to  those  w hich  P . L ax  in  [1  ]  a n d  S . M iz o h a ta  in  [1 2 ]
studied for the  C auchy problem.

W e consider th e  following mixed problem i n  52 a  neighbourhood
o f  th e  origin in  R'4. x (0, oo)

a k
L [u ]— — E t) a  u — B(x, t)u =f(x, t), (x, t) in S2ct ;,1 ax •

u (x , 0 )= g (x ), x  in D=42 n {t =0} ,

P(x', t)u(x', 0, t) =  h (x ', t), (x ', t)= (x ,,..., x k _ 1 , t)

in G =S2 n {x,=0},

where A i (x, 0  a n d  B (x , t) a re  in  x in  m a tr ic e s  o f  infinitely differentiable
elements, u(x, t ) ,  f (x ,  t )  defined in Q  a n d  g (x ) defined in  D  are vector
valued functions o f  k components, P(x', t) is  a ix  m  m a tr ix  o f infinitely
differentiable elements a n d  h (x , t) i s  a  vector valued function defined
in  G  o f  1 components.

W e pose  the  following assumptions,
[ A .  I ]  L  is h y p e r b o l ic  a t  o rig in , t h a t  i s  t h e  characteristic matrix

E Ai (0, 0)n i  h as  on ly  rea l e igen  values for any nk) in  Ric — {0}.
.i=1
A k (0, 0 )  is  non singular.
[ A . I I ]  th e  ran k  o f  P (0 , 0 )  is  e q u a l  to  1 a n d  1 i s  th e  number of
negative eigen values of A,(0, 0).

-

W e  p u t  M(2, in)= (0,
k 1E A ; (0, 0)10 then it follow s from

hyperbolicity o f  L  th a t  th e  r e a l  p a r t  o f  e ig e n  v a lu e s  o f  M(2, i n )  i s
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not z e ro  fo r  R e  > 0, ti in R " 1 a n d  th a t  th e  num ber o f these  eigen
values w ith  negative real p a r t  is  e q u a l  to  /. W e d e fin e  b y  E - (2,
(resp. E ( A ,  q ) )  t h e  generalized e igen  sp a c e  c o rre sp o n d in g  to  eigen
values w ith negative (resp. positive) real p a r t  o f  M(.1, 17). We define

(1.2) Q±(2, ti)= 1
1
7ri

where T  (resp. F_)  i s  a  Jordan 's curve containing only eigen values
w ith  positive (resp. negative) real p a r t .  W e define A(A, ry),

A (;, ti) —   2tri1( ( — 'A l(0 ,

[ A .  I I I ]  (i) E - (1, ti) consists o f  o n ly  eigen vectors o f  M(À.,11) (has
not generalized eigen vectors) fo r  Re A>0, ti in Rk -  .
(ii) ti)u (Ker P(0, 0) n ErF(A, ti))) n {A(A, 11)(E- (A, n Ker P(0, =
{0}. a n d  rank A R  ti) > dim (E - (A, 17) n Ker P (0, 0)), f o r  Re A> 0, in
Rk -  1  .

Rem ark 1. W e  p u t  E“,1, ti) = Ker F(0, 0) n E±(;., pi) a n d  Ef (A, ti)
= {h e E±(A , ti) a n d  h ti)}. Then (ii) o f  [A . III] is equivalent
(ii)' A  i s  a n  o n e  t o  o n e  a n d  o n to  m a p  f ro m  E-o(A, ti) t o  Et(2, ti)
fo r  Reyl>0, ti in R " t

.

 2. In  th e  c a s e  o f  m =2 (cf. [7 ]) , ( i i)  o r  ( ii) ' is valid, if
a n d  only i f  it  h o ld s  th a t fo r  R e  > 0,

(1.3) E-(A , 0) n Ker P(0, 0) ={0} .

W e  sa y  th a t (1 .1) h a s  a  finite propagation speed, i f  there exist a
positive number 50 a n d  (x o , t o )  such that (1.1) has the  unique solution
i n  52(x0 , to ) ={ (x , t); Ix— x o I < 3 0 (t0 — t), x k > 0, t > 0 1  f o r  a n y  (xo , to),

X 0k> °, t > 0 ,  in  a  neighbourhood o f  th e  origin.

Definition 1. W e  sa y  th a t th e  mixed problem (1 .1) is well posed
i n  a  neighbourhood o f  th e  o r ig in , if  fo r  a n y  deta If(x , t), g(x ), h(x ',
t ) }  infinitely differentiable i n  a  neighbourhood o f  th e  o r ig in , w ith  the
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compatibility condition, there exists a  neighbourhood S2 o f  th e  origin
such that (1.1) has a solution u(x , t) in Cc°(0) and has a  finite propaga-
tion speed.

Definition 2 . W e  d e n o te  b y  Lo th e  p r in c ip a l p a r t  o f  L , th a t  is,

L 0 - --  aE  A •(x, t) . W e  s a y  th a t  (Lo ,  P )  satisfies Lopatinski'sat J . 1 a X i

condition a t  the  o rig in , if  it holds
(1.4) E-(.1., n Ker P(0, 0) = {0}, f o r  Re /1.>0, ti i i i  Rk- 1 .

Now we state our result,

Theorem. S u p p o se  that [A. I ] ,  [A . I I ]  a n d  [A . I I I ]  are valid .
Then (L 0 , P )  satisfies Lopatinski's condition a t  the  orig in , if the  mixed
problem  (1 .1) is w ell posed  i n  a  neighbourhood of the origin.

Remark 1  I f  w e  d o  n o t  assum e (ii) of [A.III], our theorem does
not generally h o ld . F o r  example (m=2, k =2 a n d  1= 1 ) ,  w e put

L _  a  _( I 0   e ( — I  0   a  _( O  1
et 0 l,Iêx10  1  )  e x , I 0  )  '

P=(0, 1).

W e can  see  easily  that th is exam ple  does not sa tisfy  (1 .3) and (1.4).
B u t  th e  m ixed problem  f o r  (L , B )  is w e ll  p o s e d  (cf. [13]). I n  t h e
case of constant ocefficients, (1 .1) is w e ll  p o s e d  a n d  (1 .3 )  i s  valid,
i f  a n d  on ly  if (L o , P )  satisfies (1.4) (cf. [6], [13] and [14]).

T o  p rove  ou r theo rem  w e  sha ll app ly  to  th e  mixed problem the
m ethod o f  th e  asymptotic solution w hich P. D . L ax  in  [ 1 1 ]  used for
the C auchy problem.

§2. Proof of Theorem

W e shall prove our theorem  by contradiction. T o  d o  so , we need
a n  inequality  derived  by  t h e  c losed  g raph  theorem . W e deno te
(xo , t o ) = {(x, t); —x0 1 _6(t o —t); 0 to , x  E  R } ,  w here x o i n  R l_f.
and  t 0 > 0  a r e  fixed, a n d  6  is  a  positive  constan t. T hen , if  the  mixed
p rob lem  is  w e ll posed  i n  a  neighbourhood o f  th e  o r ig in , it follows
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from the  closed graph theorem that fo r any (xo , to)  in  a  neighbourhood
of the  origin and  fo r any  ti(x , t) i n  C(Q (x 0 , to )) there  exist a positive
constant C(xo , to)  and  a  positive  integer s o such that

(2.1)l u I 0s2(x., ,,, ) <C(x o , t o ){  I Lu 0 + l u I so,
D ( x o , t o )

+ I P U  I so ,G(xo, to ) }

where D(xo , to )=Q(x o , to) n 0=01 and G(xo , t0)=0 (x 0 , to ) n  fx ,  =0 1 . We
n o te  th a t  C(xo , to)  m ay be generally  dependent o f  (x 0 , t0 ). B ut we
c a n  se e  a  behaviour o f  C(x 0 n- 1 , to n-  I )  f o r  n o o .  W e  wtire 52(n)=
S2(x0 n- I , t 0 n- 1 ), D(n)— D(x o n -  ' , t 0 n- 1 )  and G(n)=G(x 0 n - 1 , to n- '). Then
w e have,

Lemma 2 .1 .  S uppose th a t  th e  m ix ed problem  (1.1) is w ell posed
i n  a  neighbourhood of  th e  o rig in . T h e n  f o r  an y  positiv e integer n
th e re  e x is t  a  positive constant Co a n d  positiv e integers s o a n d  s 1

(independent o f  n )  such  that f o r an y  u (x , t)  in Cs°(2(x 0 , to )),

(2.2)l u I 0 ,S2(,1) < C o n s i l  I Lu Iso ,.0( , ) +  I u Iso ,D 00+  IPu Iso,G ( 01

W e  c a n  d e r iv e  th is  le m m a  fro m  (2.1) b y  t h e  sam e m ethod  as
Lemma 2.1 i n  [9].

W e put

a aM (n)= Ak- 1 (n -  ' x, t)in — n E A •(n -  x, 't) — 'f it ) }Ot . J
1=1 aX •.1

and

P(n)=P(n -  ' x ', n' t) .

Then w e have,

Lemma 2 .2 .  S uppose th a t  th e  m ix ed problem  (1.1) is w ell posed
i n  a  neighbourhood of  th e  o rig in . T h e n  th e re  e x is t  a positiv e  con-
s ta n t  C ,  an d  positiv e integers s o a n d  s ,  such  that f o r  any  positiv e
in teger n  an d  f o r an y  u (x , 0  in C'D(S2(x 0 , to)),
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(2.3) u I o,p(x,/ C os ' + s° {I M(n)ulso,n(x.,/) + so,ocx040)

+  P( )ulso,c(x0.(0)}

P ro o f .  T h is  lem m a w as suggested  by V . J. l v r i i  [ 4 ] .  We apply
th e  inequality (2 .2 )  t o  u „ (x , t)= u (n x , n t). W e obtain easily (2.3) under
th e  c h a n g e  o f  v a r ia b le s , y = n x  and  s=nt. q. e.d.

P ro o f  o f  T h e o re m . Suppose t h a t  (L 0 , P )  d o e s  n o t  s a ts ify  the
L opatinski's condition, th a t  is ,  there exist linearly independent vectors
Z1,... , z i . i n  C " ' a n d  2 ,, Re 20 > 0, /1 0  in  Rk - ' such that

(2.4) {z1,..., z i . } .E- ( 2 , ,  0 ) f l  Ker P(0, 0)

We denote

M ° 0)(2, —

Let j  = 1 ,  . . ,  /  b e  th e  e ig en  va lues w ith  a  negative real p a r t  o f
m o  a n d  hi  ( r e s p . to; )  th e  r igh t (resp. le ft) eigen vectors corresponding
to 

j .
 F o r  simplicity, we assume that j = 1 ,..., 1, are sim ple eigen

values.
W e shall construct th e  asymptotic solution o f  (1.1) having the  fol-

lowing form,

(2.5) u (x ,  t )=  E E exp {n( p
-  X k  -F AO/ — )1 u ( P)  (x  t )o 5 9

here, /top a re  functions to be determined.
Applying M (n )  t o  (2 .5), w e have,

M (n ) [u ] =  E [n2(4—itio)u(0, )-1-ni(4—M°)u(P)
p=1

ax,  m o(D i, m i (x , t ;  o , no)u (g i+  •• •

(2.6) m  (Dn -  j+ M O )0 1 1 ,) + (  x  k 0  t ,  D )

— M i ( x, t; g o ))  u(iP),

j> 0 p 1
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— m i(x ,  t ;  Ao, tti0)/1 (! ) —  E
i+s=J-1s<J-1

M i(x , t, D „ D ,e )u (
s P) }

where,

+ • • •1 exp {n(T,x k + /lot — ix' • no )} ,

 

ak - 1
Mo(D(, Dx•)= A17 1 (0, 0)(  E  A JO, 0)  n

a  
 ),ut j =1 - äx

M1 (x, t, D „ D x .) =  E  x v iim i
0

,,(  at ,  0
ax , )+ xvtiBvi,

IvI+i i

a n d  operating P(n )  to  u ,  we get

P(n)[1t] I xk=o= E  exP n (4 t  ix 'n o ) [P o u (P  ix k --0
P= 1

(2.7) + { Pou/' ) + P 1 (x, t) 1 1 (oP ) }  x k=o +

+ { P o u (? ) +  E  P i (x ', t)u (
s P) } I x „, o + • ••]

where P o — P(0, 0),

t ) =  E x' vti (y ! j ! ) -  la  e '
a  lv ( yp )(o , 0 ) .\ \  x

Thus i f  we work o u t  formally the coefficients of n - i  in  (2 .6) and
(2 .7) a n d  se t  each o f  them  equal to zero , we obtain th e  sequence of

th e  recursion formulas,

Mo(Dt, D .) — M1(x, t; ttlo)) 4 ')  =0 ,

M o (D„ D ) — Mi (x , t; /10, ino))u7 ) =1 7 )

p = 1  , . . . , I

M °)u (
oP) =0, p  =

_ m o) u y) + ( a axk

_ m o) u wi + ( a axk

E Pott (oP ) I =0
p = i
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(2.12) E  (P o u?)+ P i (x' , t)u (
oP) )1 x ,= 0 = 0

P=

(2.13) E  ( Pou'JP ) + P1 (x', Ou7)1)1„„=0 =
g

P= 1

where

f (
i P) =  E  m i (x, t;i n  o )u (! ) +  E  m i (x, t, D„ D x .)u (

s P)

i+s=i+s.c.;

j= 1 , 2 ,...,

and

= — E E P/(x', 01 , 11'1 x„=/), j = 1, 2,...
j= 1

i < 2

From  (2.8) and (2.11), w e  have

(2.14) u(oP) =-(1)( , t)h p , p= 1, 2,..., I, and

(2.15) E  u (oP) I =  E  &If)  (x', I)Z p
P= 1P =

where a(
0° ) a n d  "6-"(0P)  a r e  scalar functions. N ext, w e seek u ( 1° )  satisfied

with (2.9) and  (2 .12 ). W e can find the  particular solution 117 )  of (2.9),
i f  t i f f )  a r e  satisfied with

a 
—  M  (D  D  .) — Mi(x, 1; Ao, o ) )  i t (

o
P )  =0 ,co •p  (a x k 0 t5  x

th a t is,

(2.16)
( k

— a p (D „ D x .) — b p (x, 0 )4 0 =0 , p = 1 ,..., 1,

where

ap(D„ D r .) = cop . M o hp a n d  bp = cop • M 1 h,,

The C auchy K ow alw eski's theorem  guarantees the  ex istence  o f the
analytic solution 6. (

0P) o f  (2 .1 6 )  w ith  the intial conditions (2.15). Here

w e  n o t e  that er(oP)  ( x ' ,  t), p = 1, 2, ..., I', remain undetermined.

p= 1 ..... I
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From above reasoning we obtain the general solution of (2.9) as follows

(2.17) u (! ) =0 - (! ) (x , t)h p  + 11?) ,

w here  6 ? ) i s  t h e  particular so lu tio n  o f  (2.9). Next, we determ ine
er(

oP) ( x ',  t ) ,  p = 1 , . . . ,  l ',  s o  t h a t  u (,P) lx ,,, 0 v e r i f y  (1.12). W e  p u t  H =
(h 1 , h 2 , . . . , hr ), a =t (a? , a (P), f ay)) a n d  Z = (z 1 , z 2 , ...,

z r ). Inserting (2.17) in to  (2.12), we obtain

(2.18) (x ', 0 ,0+  E  (Po ei7)+ P l u( P ) )I —0o xk=o — •
P= 1

F ro m  t h e  assum ption, t h e  r a n k  o f  P o H  is l —l'. H e n c e  th e r e  are
le f t  nullvectors r1, o f  P 0 H .  W e  w r ite  R =r(r,,..., r,.) ,  x  m

m a tr ix . I f  II? )  a n d  u (
oP)  verifies

(2.19) R• E  (Po LV»+ P i (x' , OutP ) )1 x ,= 0  = 0 ,
P=

there  ex ists a  so lu t io n  o- ,(x ', 0, 0  o f  (2 .1 8 ) . W e express (2.19) as an
equation o f  do . T o  d o  s o ,  w e m ust so lve  tV,P)  ex p lic itly  fro m  (2.9).
W e use  operators Q ±  defined in  (1.2). W e p u t  M± = Q ± M . W e note
th a t  Q± i s  an orthogonal projection into E (/10 , hi ( ) )  a long  E (A 0 ,  irk) ).
Since Q- 6 (,P) i s  in E ,  R P02 -  6 (,°) =0. H e n c e  b y  v ir tu e  o f  (2 .9 ), we
obtain

(2.20) Q+11 ( f ) =( ;;- 1 1 /1 +) 'W ( A lo ( D „ Dx •) + M , (x , t, 20, 1110))1t (oP )

Noting that

(4— M + ) - 1 Q+  = 21
n i

and

( ; —  0 - 1 hp = (M - '  hpf o r p=-1,..., 1,

w e have by virtue o f  (2.14) a n d  (2.20),

E Q+1, ? ) 1x„.0 — — M o r i  {mo(Dt, D r.) +
p= 1 2tri F +
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+ (x', 0, t; ino}

•

x E h„0-(0P )(x ',  0, 1)
p= 1

k - 1 a
27ri (0, 0) + A 17 E A ; (0, 0)  ex  +  M 1 }et J=1

( — M ) d  x  Z • 5-
0 (x ', t ) ,

which implies with (2.19),

(3k  - a(2.21) To- i f  +  
1

E  T • 5'0+ S(x' , oa-- 0 =0 ,at ° • •

where, T 0 = R P 0  A Z , A = 
Z7C1

. ( M 0 ) - 1  Ai l (0, 0 )( M - -

and

=  ,
1 . R P(—  M °) - ( 0 ,  0 ) A ; (0, 0) (At- — ,

' r.

k —1,

a re  l' x1' constant martices, and  S(x, t )  is  a x 1' matrix with elements
analytic in  (x ', t). F rom  th e  assumption ( i i )  o f  [A .III] it follows that
t h e  l' x  1 ' m atrix  To i s  n o n  s in g u la r . H en ce  th e  ex is ts  non trivial
solution ii 0 (x ', t )  o f (2.21) and therefore we h a v e  a  so lu tio n  tr i (x', 0, t)
o f  (2.18) such that

(2.22) Ho-1(x', 0, t) = Z if,(x ', 1)+116 1 (x ', t)

w hereó (x', t )  is  a  particular solution of (2.18).
Summarising th e  above result, w e find tt o

( P) a s  follows,

u (
oP) (x , t) =crV) (x, t)h p , p=1, 2 ,...,1

Ho-
0 (x ', 0, t) =Z5-

0 (x', t

h e re  c o (x, =t( 3 1)(x , t) ,..., cr(
0

1 ) (x , t)) i s  a  s o lu t io n  o f  (2 .16) a n d  its
initial value ifo (x ', t )  i s  a  so lu tio n  o f  (2 .2 1 ). N ex t, w e  h av e  uP ) (x, t)
a s  follows,
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u(,P) (x, t)= er(P) (x, t)h p + ù (x, t), p =1, 

Hcr,(x, 0, t) =Z if ,(x ', t)+116- ,(x ', t),

where ii (! ) i s  a  particular solution of (2.9) and d -
1 (x ', t )  is  a  particular

solution of (2.18), and cr i (x, o-(») and
a re  arbitrary functions in  order to  construct u (

2P) (x, t), 1.
Generally, we p u t  ulP) (x , t) such that

u?)(x, t)=G1P ) (x, t)hp + trilP) (x, t), p=1,..., 1,

and

Ho- (x ', 0, t) =Z d s (x , t)+114,(x ', t).

where /7/? ) i s  a  particular solution of (2.10) w ith j = s - 1  a n d  He t)
is a  particular solution of (2.13) with j = s .  Then if  we choose alP) (x, t)
a n d  &(x', t )  such that,

axk - a (D  , D )  b (x, t))01P ) =AP) (x , t ) ,  p =1 ,.. . ,  1 ,x p

and

(

T o + kE l T  + S (x ', t))5-
s = J s (x ' , t),Ot J 0x ;

where J )  = w p  .f P) —wp •( a

0

x k — M0 (D1, D x ) — M,(x,t; /1 0 , iii))u;P )(x ,t)  and

"g1, = Rg s + , — E RP,(x', t)61P ) (x ', 0, t)— R P,(x , 01-16-
s ( x ',  t ) ,  w e can  con-

P= 1

struct successively u(S ),(x , t)  satisfying (2.10) with j = s  and  (2 .13 ) with
j=s +1 .

W e put

u(x , t) = E E exp {nW,-, • xk  + /lo t — ix ' PO } u (i P) (x , t )  ..frop 1

Then i f  N  is sufficiently large, it  is  o b v io u s  th a t u(x , t) violates (2.3).
Thus th e  proof o f  our theorem is complete.
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Rem ark. I n  a b o v e  s ta te m e n t , w e  a s s u m e d  th a t  t h e  m atrix M o

h a s  s im p le  e ig e n  v a lu e s . B u t th is  i s  n o t  e s s e n t ia l. In  fa c t , it follows
fro m  t h e  a ssum ptio n  (i)  o f  [A . III] th a t ,  if i s  a n  e ig e n  v a lu e  of
m ultiplicity vi,, th e r e  e x is t  th e  number v p o f  linearly independent eigen
vectors corresponding  to  W e  c a n  r e p e a t  t h e  above reasoning
b y  u s e  o f  those eigen evctors.
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