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§ 0 .  Introduction.

L e t E  b e  a  o--Hilbert space topologized b y  a  sequence o f  norms

n = 1,...). A. N. Kolmogorov has defined the functional dimension
d1 (E ) o f  E  a s  follows:

log H (eU „, U.)d f (E )= sup inf lim 
n o log log Ile

w here H(eU,„ Um )  i s  t h e  e-entropy o f  Um  w i t h  respect t o  th e  norm

11'111. If , in  particular, E  is  a  space o f functions o n  a  compact manifold
M , o f a  ce rta in  ty p e , it  is  k n o w n  th a t th e  functional dimension d 1 (E)
o f  E  i s  in  c lo s e  connection w ith th e  dimension o f  M .  (Y. Kômura

[9 ] and S . Tanaka [16])
G iv e  a  L i e  g ro u p  G  a c tin g  o n  M  a s  a  g ro u p  o f  differentiable

transformation, th e n  w e  c a n  d e f in e  th e  representation 1:) =.(Tg ; g cG,
L 2 (M )) b y  m e a n s  o f  th e s e  transform ations. Throughout this paper
th e  general o--Hilbert sp a c e  is  ta k e n  to  b e  th e  space .4(1)) o f  analytic
functionals of the representation 1) in  th e  sense o f  E . Nelson [12], and
calculate t h e  functional d im ension  o f th is  s p a c e . L e t  5.) b e  o n e  o f
th e  following representation :

1) T h e  regular representation o f  a  connected compact semi-simple
L ie  group G  ( in  th is  case the m anifold A / i s  th e  group G  itself);
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2) T h e  regular representation o f  th e  n -d im e n s io n a l t o r u s  T"
(M  coincides with T a ) ;

3) T he  quasi-regular representation of S O (n ) o n  th e  (n — 1)-dimen-
sional sphere S" - 1 ;

4 )  T h e  c lass 1 irreducible unitary representations o f  t h e  group
M (n) of n-dimensional Euclidean m otions (in  th is  case M = S ' ) .-1) .

In  th e  above cases, w e shall prove th e  following m ain theorem.

Theorem. d f (a(z)) =dim M.

T o  p ro v e  th e  theorem  w e sha ll p roceed  a s  fo llow s: I n  § 1  we
shall d iscuss t h e  functional dim ension d f (E ) , in  th e  c a s e  w here the
c o u n ta b le  n o rm s 111„ o f  E  a r e  defined a s  11.11n= b y  u s i n g  a
positive definite operator A .  I n  th is  case we can calculate  d 1 (E ) with
th e  he lp  o f  th e  spectrum o f the  operator A .  In  §  2  a n d  §  3  we shall
consider t h e  space  a(z) o f  analytic functionals o f  a  representation
o f L ie  g roup  a n d  prove that .2(z) is  a n  example o f  th e  space E  dis-
cussed in  §  1 . In  § 4  w e  sh a ll show th a t the operator A  may be taken
t o  b e  the  C asim ir operator for a compact semi-simple Lie group.
In  §  5  w e shall calculate th e  spectrum o f the  C asim ir operator W . t o
p rove  th e  m a in  theorem  in  the  case  o f a  com pact sem i-sim ple  L ie
g ro u p . T h e  la s t  section w ill b e  d e v o te d  to  so m e  o th e r  applications
a n d  t o  th e  p roof o f  th e  theorem in  th e  remaining cases.

A  characterization o f  a (Z ) a n d  Lemma 2 in  th is paper have also
been given, independently o f  th e  present w ork, in  a  re sc e n t  w ork of
K. O kam oto a n d  o th e rs  [5 ], a  p a r t  o f  which th e  au thor w as able to
k n o w  b y  p r iv a te  com m unication. The a u th o r  expresses his thanks
t o  th e  members o f  t h e  Seminar on Probablity in Nagoya University
a n d  th e  m em bers o f  t h e  Sem inar o n  Representations o f  Groups in
Kyoto University, and especially to Professor H. Yoshizawa.

§1 . Preliminaries.

L e t  {E„, (n= l , . . . ) ,  b e  a  sequence o f  H ilb e r t  spaces which
satisfies th e  following conditions

and 11. II„ 11. 1In + I •
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T hen w e define  th e  a -H ilbert space  E  a s  th e  projective lim it  of the

sequence, E =Um E „ . N o w , le t  u s  introduce th e  functional dimension

d1 (E )  o f  E  fon llow ing A . N . K olm ogorov [8] a n d  I. M. Gelfand [3].
L e t U„ b e  th e  u n it  ba ll o f  E„ and

H(eU„, U,„)=inf {log 2 (1#1‘1); N c E,„, Vx e U m , 3y e N, x e y +W O .

D efin ition  1 . W e call

(1) d1 (E )= sup inf lim 
lo g 2  H ( B U t i ,  U

rn
)

f ,
E .°  lo g 2 log 2 1 /&

the functional dimension o f  th e  a-Hilbert space E.
To calculate th e  functional dim ension of E, we can avail ourselves

o f  t h e  fo llow ing  resu lts. A ssum e t h a t  w e  a r e  g iv e n  a self-adjoint
com pact opera tor T  o n  a  H ilb e r t  space L e t  S  b e  th e  u n i t  ball
of a n d  U  b e  th e  im a g e  o f  S  b y  T , U  = T (S ). Let mr ( t )  b e  the
num ber of eigenvalues of  T ,  taking multiplicities into account, greater
th a n  l i t .  T h e n  w e  have  the  following theorem :

Theorem 1. (B.S. Mityagin [11] and S. Takenaka [14] )

I f  th e  limit

lim  log 2 H(&S, U )  
log 2 log 2 l /

ex ists, then it holds that,

log 2MT(0 =ylog 2 log 2t+o(log 2 log 2 t).

T he conv erse is also true.
L e t  T  b e  a positive self-adjoint com pact opera to r o n  a  H ilb e rt

space b . Define E n = T i  a n d  th e  n o rm  o f  E„ b y  th e  form 11'11.=
T - ".

 t . T h e n  t h e  sequence {E„, 11 '1 1 .}  d e f in e s  th e  a -H ilb e r t  space
E .  T h e  functiona l dimension d 1 (E )  o f  E  can be calculated from  the
spectrum o f  T  a s  follows:

Corollary 1. L e t  mT n(t) b e  the function of  eigenvalue distribution
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o f  T n . If

Lim  log 2 (rn T „(0)=y log 2 log 2 1+ o(log 2 1og 2 t),

then d f (E)=y.

§ 2 .  Analytic vectors o f representations.

Let G  b e  a  rea l L ie  group a n d  g  b e  its  L ie  algebra w ith a base
{xi ; i =1,..., d} . L e t  T,) =(T, b e  a n  unitary representation o f  th e
group G  and  aT b e  th e  representation o f  g  derived from  th e  operators
{Tg ; g  e  G }  . Following E. N elson  [ 1 2 ]  w e define  th e  analytic vectors
o f  372., a s  follows :

Definition 2 .  A n  e le m e n t f  of  5  i s  c a l l e d  a n  analy tic v ector
o f  the representation I) if  the condition

   

t, ( ) a T(x ) )1=1

 

(2)
n 0 j ( n )

 

< cc

 

n!

     

holds f o r a l l  m ulti-index  t =(t,, t 2 ,..., t d )  w ith It i < t o f o r  some positive
constant to , w here G (n) denote the totality  o f  m appings f rom  {1,..., n}
into { 1,..., d}.

Set

(3) = — T(X;))2 and
i=1

T h e n , u sing  th e  m ethod  o f  analytic dom ination, E . N elson [ 1 2 ]  and

R. G oodm an [ 4 ]  h av e  obtained th e  following theorem:

Theorem 2 .  A n  elem ent f  of is  an  analy tic v ector if  an d  only
if  the condition

(4) „to

 

s" A" 
n !  f < CO

    

holds f o r all positiv e t less than som e positiv e constant t o .
L e t  B  b e  a  positive  se lf-ad jo in t opera tor acting on the H ilbert
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space T hen  w e  sha ll de fine  tw o  k inds o f  exponentials o f  B  as

follows :

Definition 3.

(4) t" B" 1) E xp (tB )
n = 0  n!

   

D(Exp(tB)) e ;
t " B n  

 fn!
<Go

    

(5) 2) e' 8 e " d E , ,

D (e tB ) if  e  ; 5 0 e2 P " ) d(E A f ,  f )<  co} ,

w here {.EA,; 2.<01 i s  the  sy stem  o f  projections in  the  spectral decompo-

sition  o f  th e  operator B.
F rom  th e  definitions it is easily seen that

(6) D(Exp (tB )) D(etB).

H e r e  a r i s e s  a  question  ask ing  w he the r the converse inclusion
ho lds. T o  d iscuss th e  problem  w e prepare th e  following two lemmas:

Lemma 1. A n  element f  of  .Ye belongs to the dom ain D(Exp(t o B))

for t 0 0 0 ,  i f  a n d  o n ly  i f  th e re  e x is t  positiv e constants M  a n d  C
such that

(7 )

P ro o f. L et f  b e  i n  D(Exp (t 0 B )) a n d  le t  g  b e  in  .Yea. T hen  the
function (Exp(tB)f, g )  o f  t i s  holomorphic i n  t h e  d i s k  .9, 0 ={t eC,

Itl < t o }. Therefore, F f (t) = Exp (tB )f  i s  a  .Ye-valued holomorphic func-
t io n  i n  t h e  d is k  .9 t o . T h u s  w e  c a n  a p p ly  th e  Cauchy's estimation
of the coeffic ients to  p ro v e  th e  o n ly  i f  p a r t .  T h e  i f  p a r t  i s  clear.

Q.E.D.

Lemma 2 . (Fundamental lemma). I f  f  b e lo n g s  t o  t h e  domain
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D(et0B), f o r  som e positiv e constant t ,  then f  belongs to  the  domain
D(Exp(tB)) f o r a l l  t  in  th e  d isk  g t o .

Proof. Since f  b e lo n g s  to  D(et0B), w e  c a n  d e fin e  th e  function

F f(t) 
e=
 tB f  i n  t h e  d is k  2, 0 . By Lemma 1, to  p ro v e  o u r  le m m a  it

is enough to  show  that F 1 ( t )  i s  holomorphic in  9, 0 . Take t  and t '  in

9, 0 s u c h  91e (t)_91e ( e ) .  T hen , w e  have  following estimation;

Ff(011 2 = 1: I Al 2 d (E 2  f )

co
e 2ItiA l 1_ e - ( t - e ) .1 1 2 d ( E A f f )

—  0

„
< 5 e zito.o +  l e -2(t-e)z , _ 291c(e- 2 ( t- e 1A))d(EA f,

< 4 m
e 21ti■td(E2 f , - e s  =) 4 etBf112 < 00 •0

T h e re fo re  b y  Lebesgue's theorem, f(t)— F f (e)11 --4) a s  It — t' I —> O.

T h a t is, F 1 ( t )  i s  a  continuous function. L e t  W, b e  a  circle included

in  2 , .  w ith center t  and put

1  rç, F f  (z )
"i f  (t) = 27ri t — z z

F o r  th e  any element g  o f  ,Ye, we consider th e  inner product (11 (t), g):

1 f dze z,td(E .t f ,  g) t _  z( i f ( t ) ,  g )  = I rr1 0
dz tç,

2n 1,,,,So e r ° 1 6 1 ( E A f ' g ) z

II F f  (4)11 . 11 g II •

Therefore, by Fubini's theorem, we can exchange th e  order o f  integra-

tions:

r  1
(I f (t), g)= ) 0 LDri t — z dzid(E A f ,  g)



On f unctional dim ensions of  group representations II 221

=5
o

e"d (E A f , g )= (F f (t), g) .

This show s the analyticity o f  F f (t). Q. E. D.

§3 . a-norm s of the space o f analytic vectors.

W e in troduce norm s 1111„ • „ E ( t )  a n d  He, n o n  th e  spaces D(Exp (tB))
a n d  D (e " )  respectively, f o r  a  g iven  positive self-adjoint opera to r B.

Definition 4.

(8) 1) f 11 E( ,) t f for f e D(Exp(tB));

(9) 2) 11f11,— --7-11èBfIlz, for feD(etB).

With those norms D(Exp (tB)), D (e") become a Banach space and
a  H ilbe rt space respectively.

Proposition 1. F o r an y  positiv e t an d  t' su c h  th at t' < t, the  in-
clusions.

(10) D(Exp (tB))c D (efB) c D(Exp (t'B))

are  continuous w ith respect to  th e  norm s (8 )  an d  (9).

P ro o f. T h e  continuity o f  th e  f irs t injection i s  c lear, so w e shall
p rove  th e  continuity o f  th e  s e c o n d  o n e  o n ly .  L e t f  b e  i n  D(e"),
b y  th e  analyticity o f  etBf (see Lemma 2 )  w e have

11f11< .
t .

Therefore,

II flIE ( e ) f M e B So ( t; ) nt t r)11.fil B •

Q. E. D.

Bn
n! -  f

Now we define two spaces o f  (real- )  analytic vectors a s  follows :
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Definition 4.

(11) 1) $° D(Exp (tB ));
t O

(12) 2 )  5- D(erB) .
t

The topologies of these spaces are the inductive limit topologies derived
from  the  norms (8) a n d  ( 9 ) .  Thus these spaces are dual-Fréchet spaces.

T h e  s e t  theoretical equation 5w = is d e riv ed  fro m  (1 0 ) and
L em m a 2. Furtherem ore by Proposition 1 w e  k n o w  th a t  50 = 5'w as
linear topological spaces. Thus w e have

Theorem 3. is isom orphic to

O u r  purpose o f  th is  section is  to  d e f in e  th e  spaces by which we
can  consider th e  "size -  o f  t h e  group representations. By Theorem 2
w e  k n o w  t h e  spaces o f  analytic vectors i n  t h e  sense  o f  N e lso n  is
e q u a l  t o  .g.)°' w ith  respect t o  the  positive  se lf-ad jo in t o p e ra to r  A =

\ /1  + A  (se e  (3 ) ) . T h e n  w e  c a n  ta k e  t h e  space a s  a  c a n d id a te
to  m e a su re  th e  " s iz e " .  B y  T h e o re m  3  w e  k n o w  the dual-a-Hilbert
structure o f  b (D . (see  I. M. G elfand [3]) Since th e  functional dimen-
s io n  is  d e f in e d  o n ly  to  t h e  a -H ilbert spaces, w e  w ill take  th e  dual
space  b'''‘ o f  b'n a n d  ca lcu la te  its  fu n c tio n a l dim ension cybm*).
The ,-H ilb e r t  structure  of the space .5")* is derived from the projective
lim it  o f  norms {11e - tA(.)4; t> 0}. A n d  t h e  space bw* seem s to  play
a  c e r ta in  ro le  i n  t h e  theo ry  o f  group representations. (S. Helgason
[7 ]  and  K . O kam oto a n d  others [5])

§4. Analytic vectors on a compact semi-simple lie group.

L e t  G  b e  a  com pact sem i-sim ple L ie  g ro u p  and Z,. =(T, L 2 (G))
be the regular representation o f  G .  We denote the space o f  analytic vectors
bw o f  Z r  b y  si (G ) a n d  t h e  space  o f  analytic functionals bw * by
.1 (G ) . T h e  space  .1 (G )  m a y  b e  c a lle d  t h e  space  of Hyperfunctions
o n  th e  group G .  I n  th is  section we characterized th e  spaces si(G ) and
.1(G) b y  th e  spectrum o f  th e  Casimir operator o f  G.

L e t  g  b e  th e  L ie  algebra o f  G  a n d  {X i ; i =1,..., d }  b e  a  base
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o f  this algebra. Then following lemma holds:

Lemma 3. I n  the case o f  the regu lar representa tion  of a compact

semi-simple Lie g ro u p , the o p e ra to r d e fin e d  in  § 1 , (3) can  be  taken

as the Casim ir operator W .

P ro o f. Using th e  b ase  {X,},  th e  Killing form (., -) can be realized
b y  a  symmetric matrix M  a s  (X , Y)=X114tY. Since G  is semi-simple,
M  is negative-definite a n d  nondegenerate, a n d  s o  is  the inverse matrix
M- 1 . A n d  th e  C asim ir  ope ra to r can  be  exp ressed  by  t h e  following
form:

(13) W=(0T(X 1),..., 0T(X))M - 1 `(0T(X 1),..., aT(x)).

L e t  au  b e  t h e  i , j  elem ent of A s  w e  h a v e  —X,A1 - "X 1 =

a „ > 0, s o  f o r  T(X) = (x ,0 T(X ,),..., xd0T(X d)),

— X W X =  ia u x,xi 0T(X,)0T(X ; )
J

d

= a lix ia m  + E (au x ix,){0T(X,)0T(X i)
i=2

+ 0 T(X i)0T(X 1)1+ P

=a 1 ,{x 1aT(X,) 2 +  (aida OxiaT(X)) 2 + P2
2=i

= Yi +P21

w here P ,  a n d  P ,  a r e  polynomials o f  v a r ia b le s  X 2 ,. . . ,  X d  a n d  Y1 =
dE ( a  " I  a  „)X 1. S in c e  M - 1  is  n e g a t iv e -d e f in ite  nondegenerate, P2

i s  a  nondegenerate positive-definite Quadratic f o r m . Thus by induction,
there exists a  new  b ase  {Y,: 1 = d }, and

—  = T (Y d2 Q. E. D.
i= 1

Corollary 1 shows th a t  in  order to calculate d f (a(G)) it is enough
to  know  th e  spectrum o f  W.
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§ 5 .  Spectrum of and d f (.1(G)).

In  th is  section w e shall prove the following theorem:

Theorem  4. L e t G  b e  a  connected com pact sem i-sim ple L ie group
an d  .1 (G ) b e  th e  space o f  analy tic f unctionals o n  G .  Then,

d f (a(G)) =dim G.

In § 4 ,  w e  have obtained the a-H ilbert structure of a (G ) b y  the
Casimir operator W . The theory o f representations of compact connected
semi-simple Lie groups tells us about the spectrum  of the Casimir
o p e ra to r  W . In  w h a t fo llo w s  w e  sh a ll c o u n t the eigenvalues o f  W
o f th e  given L ie  g ro u p  G , and w e  p ro v e  o u r  th e o re m  in  2  steps.

S t e p  I .  Compact connec ted  s im p ly  connec ted  semi-simple Lie
g ro u p  G. Let I) b e  the Cartan subalgebra o f  th e  L ie  a lgebra  g
o f  G , and bc ,  g ,  b e  th e  complexification o f  b , g. L e t  a,
b e  a  system of positive roots of g, w ith respect t o  I . S e t  dim I), = /,
we take cc ia i a  system  of simple r o o ts .  Let A , b e  a  dual
base of a , w ith  respect t o  the K illing  fo rm  ( , •  ) , th a t is,

(14) 2(.11, ai )/(ai ,

The set A  o f a ll the highest weight is defined as that

(15) A ={m i A,+ •-• +m,A ,; m i i s  a  non-negativ e integer}  {0}.

T h en  w e  can  get all eigenvalues o f  W  from  A  as fo llo w s: Let e(A)
and d(A ) b e  the eigenvalue and its m ultiplicity. Then,

(16)

(17)

where

e(A) = — (A +26, )L),

d ( ) .)=(6  (A+ 6 , ai)1(6 , ai)) 2

i.1

k
 E a • .

2
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1 ° )  T o  s im p lify  t h e  follow ing calculations w e introduce som e
n o ta t io n s . F o r  monotonically increasing positive functions f ( x )  and
g (x ) , we write

g ,  if g (x )=o ( f ( x ) )  and

i f  f g  a n d

N ow  w e set

(18) b(t)=#{ 2 e ; +  26, .1)+  1 < t 2 },

(the  symbol # denotes th e  cardinality o f  a  s e t ) .  T hen  w e have

(19) b(t)X ti .

I n  fact

(2+26, A) = m im i, Ai (A i )+ 1(2,, 26),
L . J 1 - i=1

w h e re  =  m ,A, + • •• +m,21. W e can  have

(A, 2) <max{(A., A.)} i m i tni =S i ( m 1) 2 e l S 1 ( m t)
i=1 i=1

f o r  som e positive constant S , .  L e t K =infd 2 (.1, X i ), where X i i s  the
linea r space  spaned b y  {2,, 2 2 ,..., A i _ A i + A i }  a n d  l e t  d 2 (2, X i )
=  inf -4-p, p). Since {A i } is  linearly  independen t system , K  has

f t Ex,
t o  b e  positive . T h e n  (2, 2)>  (m axm t)k . Therefore there exist tw o
positive constants S 2  a n d  S 3  such that

(20) S2 max tent <(2 +2 6 , 2 )+ 1  S 3m 7 .
1=1

Set

d
(21) a(t)=#{ 2 e A ; S3 E  n i? ..t2 }  and

1=1

(22) c(t) =1{2 e A ; S2 max mF <t 2 } .



226 Shigeo Takenaka

T h e n  i t  is  e a s y  to  s e e  th a t  a (t)_b (t)< c (t) and a (t ) c(t) t'. Hence
w e have (19).

2 ° )  L e t n (t) b e  th e  num ber o f  eigenvalues A =  —  + 1  (see (3))
being less that t  taking multiplicities into account, then

(23) n(t)Xt2k+1.

In fact, let

t2  < S  m 2 <   t 2

2/ 3 - } •

T hen by  th e  same way a s  in  1°), w e have # X  P. F o r  any element
A in  A,

d(A) h ( E  ; Ai  + , o td 2 1(6, oci ) 2

t2k k
>S 4 k n +  +  A,, czi ) 2

(21) 1+1

= S 5 t 2 k

where S ,  a n d  S 5  a re  som e positive constants. This proves that n(t)--
t2k+1. T he upper estim ation of n(t) is easily  obtained. Thus, w e have
(23).

3 ° )  Com pare tw o  n o r m s 11'11
a n d

 II • II - <7, in t ro d u c e d  i n  a(G)-,7
fo r  a' > a> O. W e know  tha t e( 6 — ) "  i s  the  in jec tion  fro m  th e  space

(a(G), 11.11 - „,) in to  th e  space (a(G), Ill , ) .  H ence m (t) i n  Theorem
1  is estimated as

(23') n(log, t) = m(t) X (log 2 t) 2 k4-1 .

Here 2k + I is  the dimension of G .  W ith this and  Corollary 1, we have

(24) d f (.4(0) =2k +1 = dim G.

Step I I .  C o m p a c t  connected sem i-sim ple L ie  g roup  G .  L e t  0
b e  th e  universal covering group o f  G . Then there exists a  finite sub-
g roup  Z  o f  th e  c e n te r  o f  G  su c h  th a t  0/Z = G .  L e t R  a n d  H  be
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th e  C a r ta n  subgroup o f  G  a n d  G  respectively, corresponding to the

C artan  subalgebra 1) o f  g .  W e  n o te  th a t  a n y  e le m e n t  2 E A  can

be v iew ed a s  a  character o f  R . S e t  A 0 ={/1 A. i s  tr iv ia l o n  Z}.
T h e  eigenvalues e(A) a n d  th e  multiplicities d(A) a r e  given a s  follows :

(16) e(2) = (2 + 26, A)

(17) d(2) =( (A + (5, oti)I(ö, A E
 A0.

L e t m  b e  a  positive  in teger such that zm =e fo r  any elem ent z  in  Z.

T hen , exp mA(Y)=exp A(m Y)=2(zm)=1, f o r  any  e lem ent z  o f  Z  such

th a t  z =exp Y. T hese  equalities im ply  the relation

(25) mA A o .

By a  similar arguments to  th a t  in  the  step 1 we can complete the proof
o f  our Theorem.

§ 6 .  Other applications of the results in  §3.

In  th is  section we shall apply the  characterization in  § 3 o f analytic
functionals R(Z) o f  a  group representation 11) to  s o m e  o th e r  cases
to calculate th e  functional dimension df (a(z)).

a )  T h e  regular representation r o f  t h e  n-dimensional torus
P .  I n  t h i s  c a s e  th e  operator A 1 c a n  b e  e x p r e s s e d  as 

i i OxF
A  system o f  eigenvectors is given a s  follows :

{ e 2 n i (m  x1-1-..-+In n x „ )  ;  mi integer, 1 i n}, a n d  i t s  eigenvalues is

I n  th is  case  it h o ld s  t h a t  m(er)=n(t)Xt". Therefore w e have

(26) d f (.1(G))=n.

b )  T h e  quasi-regular r e p r e s e n t a t i o n  I )  o f  S O (n )  o n  t h e
(n —1)-dimensional s p h e re  Sn- 1 . T h e  quasi-regular representation
=(T, L 2 (S" -  ') )  o f  SO(n) is rea lized  o n  th e  H ilb e r t  space L2(S n - 1 ) ,
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a s  follows:

Tpf(x)=f(gx),

w here f ( x )  E L 2 (S" -  ') a n d  w here  g  acts X  E  S " - I  a s  a  r o t a t i o n .
L e t  X  = ( a " )  f o r  i > j ,  w here a k , = k b »  —  O k i , t h a t  is, l e t  X i ;

b e  t h e  infinitesimal ro ta t io n  o f  i,j p lan e , th e n  {X i i }  fo rm s  a  base
o f  t h e  L ie  a lgebra  so (n ) . T h e  elem ent Z  - - E  X ;  is a  nontrivial

i>
elem ent o f  t h e  cen te r o f  t h e  universal enveloping algebra U(so(n)).
T h en  A 2  =OT  (Z ) is essentially th e  spherical Laplacian  A n _ ,  on Sni- 1 .
B y  t h e  classical results o f  t h e  spherical functions (P. Appel! a n d  J.
Kempé de  Fériet [1 ] ) ,  w e know  that th e  se t o f  eiginvalues o f  A „_ , is
{21 = —1(1+ n —2); 1 is a positive integer> n —2}, and that its multiplicity is
/ n - 2 .  T hus w e have

(27) df(./(Z)) = n —1.

F rom  th e  above results (26) a n d  (27), w e have

Theorem  5. Let b e  th e  regular representation o f  T " or the
quasi-regular representation of  SO(n + 1) then

d f (R(1)))= n.

c )  T h e  c la s s  1 irreducible unitary representation Z p  o f  t h e
n-dimensional Euclidian m otion  g ro u p  M (n ) . L e t  M (n ) be expressed
a s  t h e  sem i-direct product: M (n) = SO(n) x  Rn. F o r  a  non-negative
num ber p ,  th e  class 1 irreducible unitary representation Z p is rea lized
o n  L 2 (Sn - 1 )  a s  follows:

T p (h, x)f(y)=eimx.Y )  f (hy ),

w h e re  X  E R ", h E S O (n ) a n d  f ( y )  L2 ( S ' ' ) .  ( s e e  N . Ya. Vilenkin
[ 1 7 ] )  L e t  u s  decompose th e  opera tor ti in to  tw o  p a r t  ti =t1 1 + /12 .
The restriction of T ‘ ,  t o  SO(n) is  eq u a l to  the quasi-regular representa-
t io n  o f  S O(n), therefore A ,  is  e q u a l to  th e  operator The res-
striction t o  R I' is  th e  multipliers by variables, which implies A2= —p 2 .

Therefore we can u se  the  result in  b ) a n d  w e have
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Theorem 6. L e t Z p  b e  th e  class I irreducible unitary  representa-
tio n  o f  th e  n-dimensional Euclidean m otion group  M (n ) . Then

di (a(T) im=n —1.
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