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§ 1. Introduction

In this note we discuss the following problem from the bordism
point of view. “Which manifold admits an orientation reversing invo-
lution?”

Let £, be the oriented cobordism group. Then we shall have

Theorem. An element x of £y has a representative which
admits an orientation reversing involution if and only if = is a
torsion element of 8.

The author wishes to thank Professor A. Hattori for suggesting

him the problem above.

§ 2. Proof of the theorem

If an oriented closed manifold M" admits an orientation reversing
diffeomorphism, then 2[M"] =0 in £,, that is [M"] is a torsion element
of £,. Therefore we have only to prove that each torsion element of
£, has a representative which admits an orientation reversing involution.

Let us first recall from Wall [4] that the algebra W, of un-
oriented cobordism classes represented by a manifold with the first
Stiefel-Whitney class 7, reduced integral is a polynomial algebra over
Z, on classes Xy.;, Xpi, X% with £ not a power of 2. There is a
homomorphism 0: W,,,—8, obtained by sending the class of A into
the class of the submanifold N of M dual to ze,, and Wall has shown

that image 0 is precisely the set of torsion elements of 2,.
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Using Wall’s representative manifolds, one has that the classes
Xt and X% contain orientable manifolds. It follows that X% =0 and

0Xs,_1=0. Since @ is a derivation, for any monomial
Y=T1[ Xe- ];I sz,—l 11 Xu,»
a T
one has that

0X =11 X¥4a- ]'_BI Koegr- 0411 Xoe, -
a r

Thus, it suffices to show that each class 0{Xj, -+~ Xy, } contains a re-
presentative manifold on which Z, acts in the desired fashion.

First consider the case r=1. Then 0X,,=X,._, is representable
by a Dold manifold P(2m+1,2n) (see [2]). The Dold manifold
P(2m+1, 2n) is obtained from S*™*'X CP(2x) by identifying the points

(2o, ***5 Zmy Moy ", Men)  and  (— 2o, ***, —Zm, To, =", Ton)
where 2;, 7,€C. Define a map
T: S x CP(2n) »S™ ' x CP(2n)
by
T(zO) ”', zm, 770, ttt 7/211) = (207 zla "ty zmy 770, ttty 77211)-
This preserves identifications to give an involution
T:P(2m+1,2n)—>P(2m+1,2n).

Consider a neighborhood of a fixed point (0, 2, **, Zm, o, ***, N2n) of T
Then T reverses the orientation locally. Since T is a diffeomorphism,
we can easily deduce that T reverses the orientation globally.

Next we consider the case »>>1. Recall that a representative for

X,. is obtained as follows: P(2m+1, n) has an involution
: P@2m+1,n)—>P2m+1, n)
induced by the involution
(zo, e Zms Moy 77n)_)(20’ ity Zms Moy 77n)

Then let Q(2m+1,n) be formed from S'X P(2m+1, n) by identify-
ing (¢, u) and (—¢,7(%)). As noted by Wall [4], Q(@2m+1,n) re-

presents X,, (for properly chosen m and 7).
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Let N;=Q(2m;+1,n;) represent X, i=1, -, 7. Define an in-
volution T, on N, by setting T(2, 2o, ***s Zmp» T ***» Ty) = (&, 2oy 21, 75
Zmi T > Mny). It is easy to see that T} is well-defined. Remark that
even if m,; =0, the map T, is well-defined. Let 7;: N;—S' be the pro-
jection induced by (¢, #) —#*. Then 7; is a fibration and realizes w0, (V;).
Now let P: N;X:+XN,—>S' be the map defined by P(v, -+, v,)
=x,(v,) -7, (v,). This is the composition of the bundle maps

X X Ny X oo X NS X e X S?
and
8" X e X S' 8!

where # is the multiplication. Thus P is transverse regular on 1S
In addition, P realizes w,, so

V=A{(v, -, v,) € N, X+ X N7, (v,) ** 7, (v,) =1}

represents 0 (X, - Xo,). This construction of V is due to Anderson
[1] and Stong [3]. Obviously T)XidX:--Xid induces an involution
T on V.

Consider a neighborhood of a fixed point (2(1),0,--+,0,1, %),
o P, (1)) X X (@), 20(7), oy %, (1) (), 1 (1), oo, 90, (7)) of T
where #£(1)---#*(r) =1. Then T reverses the orientation locally.

Since T is a diffeomorphism, we can easily deduce that T reverses
the orientation globally. Thus 0(Xj,--*Xs,) is represented by V on
which Z, acts in the desired manner. This completes the proof of the
theorem.
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