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A s is well known, the tangent space at any p o in t o f  a  Riemannian
manifold i s  a  Euclidean space. O n  th e  o ther h a n d , in  Finsler mani-
fo lds and m odern B anach m anifolds, the tangent sp a c e  a t  a n y  point
i s  a  M inkow ski space, b u t th e  ta n g e n t sp a c e s  a t tw o  distinct points
a re , in  general, not th e  sam e Minkowski space. H ence it seem s sig-
nificant to  u s  to  s tu d y  the m anifolds w ith th e  property  such that the
tangent spaces at arbitrary points o f them  are congruent (isometrically
linearly  isom orph ic ) to  a  s ing le  M inkow sk i s p a c e . W e  w ill  c a ll  a
Finsler m anifold with this property a s  a  Finsler manifold modeled on
a Minkowski space.

T h e  m a in  purpose o f  th e  p resen t paper is  to  develop  th e  theory
o f  Finsler manifolds modeled on a M inkow ski space a n d  to give some
examples o f them.

First, we shall introduce a M inkowski norm  a n d  linear L ie groups
leaving the  M inkow sk i n o r m  in v a r ia n t . In  th e  se c tio n  2 , we shall
define th e  n o tio n  o f  {V, H}-manifolds, where V i s  a  M inkow ski space
a n d  f l  i s  a  linear L ie  group leaving the M inkow ski n o rm  invariant.
W e shall show th a t th e  {V, H}-manifold offers a n  example o f  a  Finsler
m anifold m odeled o n  a  M in k o w sk i sp a c e . In  th e  s e c t io n  3 , it w ill
b e  p ro v ed  th a t a  {V, H}-manifold is a  generalized Berwald space de-
fined by H ashiguchi [7], a n d  a lso  a  generalized Berw ald space is a
Finsler manifold modeled on  a  M inkow sk i space. W e shall consider,
in  the  section  4 , a  cond ition  fo r  a  F insler m anifo ld  t o  b e  a Finsler



640 Y osh ih iro Ichijy6

manifold modeled on  a  M inkow sk i sp a c e . T h e  la s t  tw o  sections will
be devoted to give som e exam ples o f  th e  {V, H}-manifold, which are
found among completely parallelizable m anifolds and so-called Randers
spaces.

§ 1. Minkowski spaces

L e t  V  b e  a n  n-dimensional Minkowski s p a c e , th a t  is  to  say, an
n-dimensional lin ea r space  o n  w hich a  M inkow sk i norm  is defined.
Here a Minkowski norm  on  the  linear space V  is a  real valued function
o n  V, whose value a t  a point we denote by 11 , with properties:

(I) g11-0

(2) 11=  0  if and only if .

(3) I i + 2115_. + g211.

(4) Ilk a =kgil for k > 0 .

Moreover we assume in this paper that

(5) The Minkowski norm 11 can be represented explicitly by

2 1
• • • 1

fo r  any vector c, + 2C2+ ••• 11e„ ( = OEe„) where { e }  i s  a  given
basis  o f  V , a n d  th e  function f ( , M  is 3-times continuously
differentiable at * 0 .  F o r  brevity  w e w rite  fW , a s  f

(
)

or f ( ) hereafter.

Lem m a. In  a Minkowski space V, let us define a  se t G  by

G =(T IT eG L (n, R), T = I fo r  any E

w here GL (n, R )  is the re al g e n e ral lin e ar L ie  g ro u p  o f  degree n.
Then the set G is  a Lie group.

P ro o f . I f  7'1, T2 e G , then TIT211= I1T211 =11111 th a t  is, T, T2 e G.
A n d  i f  TE G, th e n  th e re  e x is ts  T GL(n, R )  a n d  g 11-11 T T -



Fins le r m an ifo ld s 641

= T 1 I  h o ld s  g o o d , th a t  is  T-1 e G .  Therefore G  i s  a  subgroup of
G L (n , R ) . N e x t ,  f o r  T ,,  T2, . T k , .  e G  w h e re  lim Tk = T e  GL(n, R),

k  co
the relation lirn II Tk =  1 1  h o ld s  g o o d . On the other hand, the con-

k
dition (5) tells us t h a t  lim Trk1=11T11. T h u s  T e G .  T h e n  G  is a

k
closed set in  G L (n , R ) . Hence G  is a Lie group [1

§ 2. {V, H}-manifolds

Let V b e  a Minkowski space and G  b e  a L ie group given in the
preceding section, and H  b e  a  L ie  subgroup o f  G .  Suppose th a t  an
n-dimensional Cx-manifold M  adm its the H-structure in the sense of
a G-structure ([6], [15]). Then w e can introduce a Finsler m etric on
M  by regarding the tangent space at each point of M as the Minkowski
space V  such as the following :

Let { U4 } b e  a  coordinate neighborhood system,  X1,A),
)(,l1)} b e  an n-frame of UA a d a p te d  to  the H-structure, and y be any
vector in the tangent space T ( M )  a t  a poin t p  o f  M .  Then w e
c a n  express y as y= M1ŒA ), and define the l e n g t h  M  o f  y  b y  the
equation  H I, = f ( ) .  This defin ition  does not depend on the choice
of the local coordinate system  and the adapted fram e. B ecause, for
pE  UA n uB and for an arbitrary  n-frame {X1,B)} o f  U B , w e  have X,c(A)
= TIX11,131 w here  the matrix (T)) e H .  I f  w e  put y=q13X(BB) in U ,
we have V  = T11,2. Now, owing to the property of H , we have

B = f (n")= f f ( Œ) =11v11 A  •

So Mull is well-defined over M .  This definition tells us th a t the tangent
space at each point of M is  the Minkowski space V.

On the other hand, we set

0(2.1) X(„A = A .
a X t A )

th e n  /1„i (A, are n  linearly independent contravariant vec to rs  i n  UA.
Hereafter we abbreviate them  as X „=.14010x i. Of course, in UA, w e
can express y as

v =v iale.x i= M = 4 1 0 1 6 x i  ,
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then we h a v e  OE=ttelvi, where we put

(2.2) = (ej).

Thus we have

(2.3)l u l l  =f 02;

Consequently, it is observed that the function

(2.4) Rx, 3') =4 (p`i(x)yi)

just g ives a  Finsler m etric o n  M ([9], [10], [13]). W e sum  up these
facts in  the  following theorem:

Theorem 1. L e t  V  b e  an n-dim ensional M ink ow sk i sp ac e  and
H  b e  a  linear L ie  group  leav ing  the M ink ow sk i norm  in v arian t. I f
an  n -d im ensional C oe-m anif old M  adm its the  H -struc ture , th e n  the
M inkow sk i norm  can  be  induced  in  th e  tan g e n t sp ace  at each  point
o f  M , and  it giv es M  a Finsler m etric w ith the f o rm  (2.4).

A  Finsler metric defined in  Theorem 1 is  ca lled  a  {V, 111-Finsler
m etric  a n d  a  m a n ifo ld  admitting a {V , H}-Finsler m etric  is  ca lled  a
{ V , H} -manifold herea fte r . If  a  M inkow ski space  V  is g iven , the Lie
group G  is uniquely determ ined. But, since the L ie subgroup H  o f  G
can  be  arb itrarily  chosen , various k inds of H -structure  m ay be con-
s id e re d . T h e se  {V, H I-m an ifo lds, how ever, possess com m only  the
p ro p e rty  th a t th e  ta n g e n t s p a c e  a t  e a c h  p o in t  i s  congruent t o  the
Minkowski space V.

N ow , le t M  b e  a  Finsler manifold w ith a  metric function F(x , y).
The tangent space T ( M )  a t each  poin t p=(x 0 ) o f  M  can be regarded
as a  M inkow ski space, where th e  norm Hull o f  an y  v ec to r  v=vi a/axi
e T (M ) is given by  IlvIl =F(xo, v). Therefore, T ( M )  can  be  ca lled  the
tangent M inkow ski sp a c e  a t  p .  F o r  arbitrary distinct tw o  po in ts  p
a n d  g  o f  M, Tp(M) is  n o t  congruent t o  Tq(M) in  general, nevertheless,
if T ( M )  a n d  Tq(M) a re  always congruent mutually, then M  is called
a F in s le r m anifold m odeled on a M ink ow sk i sp ac e . A  Finsler space
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is not necessarily a  Finsler manifold modeled on  a  M inkow sk i space,
b u t a { V, H}-manifold is a  F insle r manifold modeled on a Minkowski
space, the model Minkowski space of w hich is V  itself.

R em ark. L e t E  b e  an n-dim ensional Euclidean space, a n d  0(n)
b e  the  o rthogonal g ro u p  o f  degree n ,  th e n  an {E , 0(n)}-manifold is
nothing b u t  a  Riemannian m anifold . Conversely, i f  a  {V, H}-manifold
is  a  Riemannian manifold, th en  V  is necessarily a  Euclidean space and
H  is a  L ie  subgroup o f 0(n).

§ 3. Generalized Berwald spaces

Recently, M . H ashiguchi [7] defined th e  n o tio n  o f  a  generalized
B erw ald space a n d  investigated it i n  detail. F o llo w in g  h is  w o rk , a
Finsler space is said to  be a  generalized B erw ald space if  i t  is  possible
to introduce a  metrical Finsler connection in  such a  w ay that th e  con-
nection coefficients Fti„ depend o n  p o sitio n  o n ly . N o w , w e  tu rn  to
th e  re la tio n  between th e  F in s le r  m anifold m odeled on a M inkow ski
space an d  th e  generalized Berwald space. In the following, we use the
notation 0, and i n s t e a d  of 0/ex1 and  OlOyi respectively.

Theorem 2. I n  a  {V, H } -m anif old, l e t  ri.,,,(x) be a G-connection
re lativ e  t o  the I i- s tru c tu re , th e n  t h e  m e tric  ten so r o f  t h e  {V, f il-

F in s le r m etric  is cov ariant constant w ith  respect t o  th e  Fin s le r con-
nection 11-ii•k(x), Tiik(x)yi, th at  is, a { V , H} — manifold is a  gener-

1aliz ed B erw ald space, w here w e pu t C iik = - - f -  g'•,

P ro o f . Let 1) b e  th e  L ie  algebra o f  H .  F o r  any A = ( A ) e t ) ,  we

have f ((exp tA ))--f  ( ) because of (exp t A) e H .  Hence [A,f((exp t A ) )1
dt t=o

= 0  holds, which leads us to

(3.1) A = 0.=

O n  th e  o th e r  hand , fro m  th e  theory of G -structure  [15], it is  w e ll-
known that there exists a G-connection relative to the H-structure, which
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satisfies, for any vector v = 0/Oxi = OX„,

tiV„= vfiG „X ) , a n d  01-k„ E I)

with respect to  the  adapted frame {XŒ}, where V *  means the  covariant
differentiation with respect t o  th e  G-connection. T h e n  (3.1) leads us
to  Of ()la'0,1"te„q =0  for any vector y. Hence we have

(3.2) af (UN Y I4qace =0

Setting 17*,  a . — r k  aaxi e x k ' we have

17":;AT„=- +FL,i/IT)  oaxi — v-11712,  aaxi .

F ro m  th e  fac t vilPfl„ X ,-= v" aôxi ,  w e  have  u1f7I4 = f

for any y. Then we have V;)..,!, = g„/-1/1„4„ tha t is,

(3.3) 1107V4 •

Substituting (3.3) into (3.2), we have

(3.4) af()1(VpY1177»ot(';'2=CtJ .

N o w , w e  d e n o te  b y  17, th e  covariant differentiation with respect to
the connection {Tiik(x), Fik(x)yll, e.g., fo r  a  tensor Tip

(3.5) kr i = a k r i - T iirlY 1+  F L IkT 7 — PATL, •

Then w e have 17 iyi = 0 .  I f  the components o f  th e  t e n s o r  T  a re  func-
tions o f position  alone, Pk T ij b eco m es to  eq u a l to  rkkTi.i. U sing the
f a c t  th a t  4  a n d  p 7  a r e  functions o f  p o s itio n  o n ly , w e  h a v e  also

—1.17171̀ )4„0). Hence, differentiating (2.4) covariantly a n d  using
(3.4), we obtain

FiR x , .0= — af()100111774" =0 •

Since n i k  depend on  position  alone, the com m utation form ula r i
i j r i  holds. Thus we obtain
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(3.6) ig j k= M k(Fr iF )= ° •

This show s us that the Finsler space admits a  metrical Finsler connec-
1t io n  {F iik(x), F ik(x)y ', C iik l, where Ck =  2   g'•iitgik. Hence the Finsler

space is a  generalized Berwald space in  th e  sense of Hashiguchi ([7],
[ 8 ] ) .  Thus the proof is complete.

I f  a  G-connection relative to  the H-structure is symmetric, that is,
then owing to Theorem o f  Matsumoto ([9 ], [10]), we obtain

that th e  G-connection n ik ( x )  is the C artan 's connection Pik itself, and
the  m anifo ld  is  a  B erw ald  space. If  in  a d d itio n  to this assumption,
we assume that th e  connection r i k ( x )  is flat in  the sense of affinely
connected manifold, then a s  is well known, the  m anifold  is  a  locally
Minkowski space. Hence we obtain

Theorem 3 .  L e t  M  b e  a  { V , I l } - m a n ifo ld .  I f  a  G-connection

re la t iv e  to  the H-structure is  s y m m e tr ic , th e n  M  i s  a  Berw ald  space

w ith  re s p e c t to  the {V , 11}-Finsler m e tr ic .  I f  th e  G -connection is  fla t,

then  M  is  a  lo c a lly  M inkow ski space.

Moreover we obtain

Theorem 4. L e t  M  b e  a  connected F in s le r  manifold and adm it

a  lin ea r co n n ec tio n  P ik (x ) w ith  respect to  w h ic h  M  i s  a  generalized

Berw ald s p a c e . T h e n  M  i s  a  F in s le r m a n ifo ld  m o d e le d  o n  a  M in -

kowski space.

P roo f. From our assumption a n d  th e  proof o f  Theorem 2 ,  we
have

V kg ii =  i4 F  I „F)= 0 .

Contracting this equation with y i  and y i ,  we have

(3.7) 17k.F=0,,F(x, y)-0„,F (x, y)F7k(x)y1 0.

O n  th e  other h a n d , fo r  arbitrary distinct two points p  and q  in  M ,
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w e  c a n  ta k e  a piecewise differentiable curve C  jo in ing p  and q. We
represent the curve C  b y  C= {x(t); 0  t  1 } w here  x(0 )=p and x(I)= q,
and ta k e  a  vector y  in  7 (4 ) .  T h e n  w e  d e n o te  b y  Y (t) the vector
field on C  w hich is given by parallel displacem ent o f  y  w ith  respect
to  the linear connection rik (x ) along the curve C .  Of course Y(0)=y.
I f  w e put Y(1)=i1 and define a  mapping T: Tp(A/1)—T,(M) b y  T(v)=-6,
then T  is a linear isomorphism. Moreover we see

dd " c i A dY '"F(x (t), Y (t))— aiF(x , Y) +o  F ( x  Y)dt dt dt

= (a iF(x , Y ) — Y )Pri(x )Y  dx i
dt

—o.

H ence the len g th  11 Y(t)11 o f  Y ( t )  w ith  respect t o  the given  Finsler
m etric  is  co n stan t on  the cu rve  C .  T h u s  the m apping  T  m ap s a
vector y  in T ( M )  isometrically to in  T q(M ). T h a t  is  to  say, T  is
an  isometrically linearly isomorphic mapping o f  T p(M ) o n to  Tq(M).
H ence Tp (M ) and 'TIM ) are congruent. S ince the m anifold is con-
nected, M  is a Finsler manifold modeled on a Minkowski space.

§ 4. F in s le r  manifolds

For the Finsler metric F(x, y)=1(11,(x)yi) on a {V, H}-manifold, we
have

a2f2(
)

g ik  2 am f l

•  
 a 3 - f 2 ( )  117(x)pAcx)pk(x),cuk = -,T e k g i i —  4  aaaVk'''

where we put 'ac.---,u1(x)yi. Now we denote the metric tensor and C-tensor
in the Minkowski space V by g:fl and C I" respectively. Then w e have

(4.1) g ik= 0,13([4,(x)ym)pyx)i4(x),

(4.2) Cijk = C:f ly (11:1(X )Y "9117(X )itilj(X )PA X ) •
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Differentiating (4.1) with respect to  x h , we have

(4.3) ang.ik = +9,07 +9 ir67c0 •

O n the  other hand (3.6) shows us

a hg ik= 11'„h(2CihrYm g rh67 g itAnki) .

Hence, by (4.3), we have

(2C ik ry m  grkbny+gp.S11,)( 6,14— F;,,,)=0.

N ow , le t us use  the  no ta tion  VI defined in  th e  preceding section and
the  no ta tion  I defined  by  E . C a r ta n . Since th e  vectors / 4 ,  depend on
position only, we have

(4.4) .1.1; rg ,(2 C ik ry "  gkr(57 girST) =  O.

Contracting (4.4) with y j  and y k , we have

(4.5) gr1 F:117„YlYm =0 •

This equation can he rewritten easily in  the  form

(4.6) grAft7„InY lY m=0 •

Thus we obtain

Theorem 5 .  I n  a { V , H } -m an if o ld , t h e  n  linearly  independent
cov ariant vectors te t(x )  def ined by  (2.1) an d  (2.2) satisf y  th e  equation
gr1417tur,rny 'y 'n = 0 ,  w h e re  17* m e an s  t h e  o rd in ary  co v arian t differ-
en tiation  w ith  respect t o  a  G -connection relativ e to the H-structure.
M oreov er th is  equation  can  be  rew ritten  a s  g ri4 p ih y t y 'n = 0 ,  where
I m eans th e  C arton 's cov ariant dif f erentiation w ith respect to  the {V ,
11}-Fin s le r metric.

N o w  l e t  u s  consider th e  c o n v e rse  o f  th is  th e o re m . L e t  M  be
an n-dim ensional connected  F insler m anifo ld . W e assum e here that
M  is covered by a  coordinate neighborhood system {CIA} each o f  which
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adm its n  linearly independent covariant vectors  p ( x )  satisfying (4.6)
where (4 ) = ( 4 ) - '  and i  m e a n s  th e  C artan 's covariant differentiation
with respect to  the  given Fins ler m e tric . In  each U ,,, we shall calculate

y )+(1 ,F(x , y )aik ;p y " . Since F(x , y )=(giiy iy l)'/ 2, A i  a r e  re-
written as

A i=  I?F (8ig," v m +2g1,1'lai44Y ")
• -

1 — (0.g — 2g 1r .K  )y ! v "' .2F. i m

Owing the fact g,11=0 and (4.6), we have

2F A, = ig,7— 91).1'11;1i — 2g 1143 Pitin I i).Y .Ym

—291r,P;3111 i,iniiY Ym

Thus we obtain

(4.7) OiF(x, y)+,.F(x, y)0i1,u7nym =0 .

Now on  putting =o-it (x)yin, we can set

F(x , y )=FA (x i, )4(x )M — =f4(x , )•

T hen  (4 .7 ) m eans OfA (x , )/O x'=0. T h u s  w e  have  F(x , y )=f4(14(x )y i)
i n  each  g iven  coord ina te  ne ighborhood  U .  T h is  im p lie s  th a t  the
coordinate neighborhood  U A  o f  M  i s  a  Finsler space m odeled o n  a
Minkowski space V (A ) w hose norm  function is given by f „ ( ) .  Next,
take another given coordinate neighborhood UB  such that UA  fl U B #0.
T h en  U , is , similarly, a  Finsler space modeled on a M inkow ski space
V(B) su c h  th a t th e  norm  function of T '  g iv e n  b y  f B (")=F(i- , 5))
w h e r e  w e  p u t  ZOE=  f il,(5)j)i". S in c e  t h e  F in s le r  m e tr ic  is  g iv e n
globally o n  M , the tangent M inkow ski space T ( M )  a t  a n y  p o in t p
o f  UA  n U B  is  congruent t o  V (,,) and , a t  th e  sam e time, t o  V o ) .  Then
KA) a n d  Vo) a re  mutually congruent. Hence, from our assumption, we
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have proved the following theorem:

T heorem  6. I f  a  F in s l e r  m an if o ld  M  is c o n n e c te d  an d  is
cov ered  by  a  coordinate neighborhood sy stem  { UA } , e a c h  o f  which
ad m its  n  linearly  independent cov ariant v ectors 1 4 (x )  satisf y ing  the
equation  gr1),..r,u,a1hyiym =0, w here  (4 ) = ( 1)-1 a n d  I m e a n s  th e  co-
v arian t d if f e ren tiation  de f ined  by  E. C artan , th e n  M  is a  Fins ler

m anifold modeled on a M ink ow sk i space.

§ 5. Completely parallelizable manifolds

L e t  M  b e  a  completely parallelizable m an ifo ld , in  other words,
le t M  adm it an  {e} -struc tu re . Then there exist n  linearly independent
covariant vector fields 1.17(x) o n  M .  W e  ta k e  th e m  a s  W it(x) defined
in  §  2 .  Since th e  L ie  algebra o f  th e  L ie  group {e} is {0}, the G-con-
nection relative to the {e}-structure is given uniquely by

(5.1) =2VitiZ .

Since th e  L ie  subgroup H  is { e }  o n ly , w e  c a n  ta k e  a n y  Minkowski
space a s  V .  Therefore, i f  we assign a M inkow ski space V  a n d  denote
its norm  function  by  f ,  w e can  w rite  th e  {V, {e}}-Finsler metric con-
cretely a s  F(x , y )=f (p.7(x )y 1). O f co u rse , f ro m  T h e o re m  2 , w e  have
Pk g ii=0  where 17 means the  covarian t differentiation with respect to
F (x ) defined  by  (5 .1 ) a n d  F f i( x ) y i .  A t th e  sam e tim e, w e  have that
M  is  a  generalized Berwald space. Hence we get

Theorem  7. L e t  M  b e  a n  n-dim ensional com pletely  parallel-
iz ab le  m anifold an d  V  b e  an y  M inkow ski sp ac e . T h e n  M  adm its a
{V, f e l l-F in s le r m e tric  w ith  respec t to  w h ic h  M  is a  generalized
B erw ald space.

I f  w e  ta k e  u p ,  f o r  a n  example, £ 2 P (n )  as the  M inkow sk i space
V , where p  i s  a  na tu ra l num ber. A s is w ell know n, th e  space €2P(n)

is an  n-dim ensional B anach sp a c e  w h o se  n o rm  is  g iv e n  b y
( )2 P )1  / 2 P . Then, the  { t2P(n), {e}}-Finsler m etric can be written as

a=1
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(5.2) F(x , y)
a= 1

= ( (P 7 (X )y i)2 1 9 )1  / 2p •

This is a  concrete example of a {V, H}-Finsler metric.

§ 6. Special Randers space

Let S  be a Minkowski space whose Minkowski norm is given by

(6.1) g  _ t ( ) 2 + k I ,

where k  is constant and 0<k<1.
N ow , it  is  e a sy  to  v e r ify  "T h e  linear L ie  g ro u p  G  which leaves

th e  M ink ow sk i norm  (6 .1 ) inv ariant h as  the form  1 x  0(n — 1).". We
shall prove

Theorem 8. L e t  M  b e  a n  n-dim ensional m an if o ld . I f  M  admits
a  {1 x 0(n — 1)} -structure, th e n  M  ad m its  a  Fin sle r m etric such that

(6.2) F(x , y )= ,/a,;(x )py i + kbi(x )y j ,

w here  au(x ) is  a  R ie m an n ian  m e tric  o n  M  an d  b (x )  is  a  covariant
v ec tor f ie ld  on  M  and  satisf ies au  b ib j= I. C onv erse ly , if  M  adm its
a  Finsler m etric of  (6.2), then M  is a { S , 1 x  0(n-1)}  —  m anifold.

P ro o f . D e n o t e  b y  X „ = ilLOIOxi a n  a d a p te d  f r a m e  o f  t h e
{1 x 0(n—  0}-structure, then ilii(x) is  a  contravariant vector field on M.
P u t  (Aic)-1 = ( e l )  a n d  ±  pf (x )1(x )= a u ,  th e n  a gives a  Riemannian

a=1
metric o n  M , because o f  th e  fac t th a t 1 x 0(n — 1)=0(n). Then a1 ) /1
= S o  h o ld s  g o o d . I f  w e p u t  p i =b , th e n  b ( x )  i s  a  covariant vector
f ie ld  o n  M  a n d  aiib ib1=1  i s  t r u e .  B y applying Theorem  1 to  o u r
case, w e  ob ta in  tha t M  admits th e  {S, 1 x 0(n — 1)}-Finsler m etric  such
that

F(x , y) = ±  (p7(x )y i)2  + k p  (x)yi
a=1

=,/aii(x )y i + k bi(x )y i .
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Conversely, we assum e th a t  M  adm its a  Fins le r m etric given by (6.2).
N o w  w e  ta k e  p tl(x )= b (x ) a n d  pct(x) to  f o r m  a n  o rth o g o n a l ennuple
w ith  respec t t o  t h e  Riem annian m etric aii(x). T h e n  w e  h a v e  au(x)

=  p f(x )1 ,1 1 (x ) a n d  aii(x)yiyi= ii(,.17(x)y1)2. H e n c e  w e  h a v e  proved
a = 1

Theorem 8.
Lastly we add a  re m a rk . A  Finsler metric given by

F(x, y)= \/aii(x)yiyi+bi(x)yi ,

where a u  is  a  Riemannian metric a n d  bi(x ) is  a  co v a rian t vector field,
is  c a lle d  a  R a n d e r s  m e tric . T h e  Finsler m etric  g iven i n  Theorem 8
is  a  R a n d e rs  m e tric . A  m anifo ld  with this special R anders m etric is a
generalized Berwald space (Theorem 2 ) a n d , a t  th e  sam e tim e ,  a n  {S,

1 x 0(n — 1)}-manifold (Theorem 8). Besides, Hashiguchi a n d  th e  present
author have obtained in  their paper [8 ]  some results about the relation

between a  generalized Berwald space and  (a , 13)-metric which is a  gener-
alization of the  R anders metric.

COLLEGE OF GENERAL EDUCATION,
UNIVERSITY OF TOKUSHIMA
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