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Openness of a family of torsion
free sheaves
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I n  t h i s  artic le  w e  sh a ll show  tha t som e cond itions o n  coherent

sheaves a re  o p e n  (cf. Definition 1.4). Som e o f  o u r  re su lts  w ill play
an important role in  the  forthcoming paper [3].

§ 1 . Definitions and preliminaries

Let f :  X.—*S b e  a  smooth, projective, geometrically integral mor-

ph ism  w ith  a  noetherian scheme S  a n d  le t  ex(1) b e  a n  f -v e ry  ample
invertible Tx-module. In this situation

Definition 1.1. I) L e t (a )= (a ,,... Œ r - 1 )  b e  a  se q u e n ce  o f ra tio n a l

n u m b e rs . A  co h e re n t m o d u le  F  o f  rank r  o n  th e  f ib r e  X s  o v e r  a

geom etric  p o in t s  o f  S  is  s a id  to  b e  o f  type (a) (w ith  respect to x(1))

if a n d  o n ly  i f  i t  is  to r s io n  f r e e  a n d  fo r  a ll quotien t coherent sheaves

E  o f  F  o f  r a n k  (I r —1), the fo llo w in g  in e q u a litie s  h o ld ;

d(F, x,(1))I r — ;_-ç_cl(E, 0 xs(1))1t,

w h e re  d (,  exs(1)) denotes the degree  w ith  respect to

2 )  L e t ( [3 )= ( [3 ,,. . . ,  f l,_ ,)  b e  a  sequence o f  ra tio n a l n u m b e rs .

A  coherent e x ;m o d u le  F  o f  rank r  w ith  a  geom etric  p o in t  s  o f  S  is

s a id  to  b e  of cotype (f3) (w ith  respect t o  e x ( I) )  i f  a n d  o n ly  i f  it i s

to rs io n  f r e e  a n d  ja r  a l l  c o h e r e n t  subsheaves E o f  F  o f  rank t t

r— I) , th e  fo llo w in g  in e q u a litie s  hold;
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d(E, (9x,(1))1t d(F, Oxs(1))11"+ 13,

3 )  A  coherent Oxs-m odule F o f  rank r  w ith  a  geom etric point s
o f  S  i s  s a id  t o  b e  s t a b le  ( o r,  sem i-stable) (w ith  respect t o  ex(1))
i f  an d  o n ly  i f  it  is  to rs io n  f re e  an d  f o r all p ro p e r subsheav es E of
rank t _ r ) ,  the  inequalities

P A O = Z(E(m))I t < PF(m)= x(F(m))I r

(or, resp.) hold f o r a l l  larg e  in, w here x (F(m ))=Ei(-1)i dim Hi(Xs,
F(m)).

A relation between "type" and "cotype" will be found in  Lemma
1.2 of [2].

The following is due to A. Grothendieck ( [ I ]  Lemma 2.5).

Lemma 1.2. L e t  S  b e  a  noetherian schem e, f : X —■S b e  a  pro-
jec tive  m orphism  w ith  a n  f-v e r y  a m p le  in vertib le  sh ea f e x (1 )  and
le t F  b e  a  coherent Ox-module. A ssum e th a t A  is  a  s e t  o f  coherent
quotient sheaves of th e  sheaves F O k(s) with geometric points s  o f S .
I f  th e  d im en s io n s  o f th e  fib re s  o f X  over S  a r e  not greater than
n , then fo r  a n  E  in  A , we can write

x(E(n)))= aEm"In!+ bEm"- 1(n — 1)! + term s of degree n  — 2.

T hen th e  se t {aElE e A }  is bounded an d  th e  se t  {bEIE e A }  is bounded
below . M oreov er i f  {bEIEE A }  is bounded, then A ' ={ E(„)=EIEJE e A}
i s  a  bounded fam ily , w here f o r  a  coherent 9-m odule  E ,  E „ i s  the
coherent subsheaf  o f  E  def ined as  follow s; f o r  e ac h  o p e n  se t  U  of
X s, T(U, E„)= {a E F(U, E)Idim Supp (a)<n} .

If S is connected and f  is smooth and geometrically integral, then
the dimensions of the fibres of X  over S  are constant n  and aE=th,
where t  is the rank of E and h is  the degree of X s with respect to Cxs(1).
Moreover, bE=d(E, (9x„(1))— d(Kxs, Ox,(1))02 w ith  th e  canonical sheaf
Kx, of X .  On the other hand, if E is a torsion free coherent Ox,-module,
then E „= 0 . Thus the above lemma implies
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Corollary 1 .2 .1 .  Let f: X  — >S be a  smooth, projective, geometrically
in tegral m orph ism  w ith  a n  f -v ery  am p le  inv ertib le  sheaf  0 ,(1 ) and
le t S  be noetherian.

1) I f  a  s e t  A  o f  coherent sheaves o f  rank r  on f ib res  o f  X  over
geom etric p o in ts  o f  S  is b o u n d e d , th e n  th e re  e x is ts  a  sequence (a)

= O t i , / • • • 5  Ctr- 1 )  of  rational num bers such  that ev ery  F in  A  is  of  type
(a) w ith respect to  9x(1).

2) A ssum e th at  A  i s  a s  abov e an d  B  i s  a se t  o f  to rs io n  free,
coherent, quotient sheav es o f  m em bers o f  A .  T h e n  B  is  a  bounded
f am ily  if  and  only  if  the  se t { d(E, ,s(1))IE e B }  is bounded above.

The following, which will be used frequently in the sequel, is shown
immediately from Nakayama's lemma.

Lemma 1.3. L e t  A  an d  B  b e  lo c al rin g s  w ith  m ax im al ideals
i n  a n d  n  respectiv ely  an d  le t  4 ): A — q3 be  a  l o c a l  homomorphism.
S uppose th at B  is  n o e th e rian  an d  M  i s  a  f inite B -m odule w hich is
A-flat. T h e n  M  i s  a  f re e  B -m odule i f  a n d  o n ly  i f  M O ,A lm  i s  a
f ree  BlmB-module.

Corollary 1 .3 .1 .  L et g : Y -4S be a  morphism  of  noetherian schemes,
F  b e  a n  S -f lat co h eren t 9 -m o d u le  an d  le t  r = min {rankk(y)F0
y  e  Y l. A ssum e that f o r  a l l  p o in ts  s o f  S , Y s  is re d u c e d . T h e n
U  ={ y  e  rankk(y)F(D ,,,k (y )= r}  is  a n  open s e t  o f  Y. M oreov er Flu  is
a  locally  f ree  eu-module.

r+ 1 r + 1
P ro o f . S in ce  Y— U = Supp ( A  F )  and since  A  F  is c o h e re n t , U

is  open. By replacing Y b y  U , w e m ay assume th a t rankk(39 y k ( y )
i s  constant. P ic k  a point s  o f S  a n d  consider Fs=FC ),sk (s) . Our
assum ption  says tha t F s  h a s  the same rank r  a t  e v e ry  point of Y .
Thus Fs is  a  locally free Cy -module because Ys is reduced. B y virtue
o f Lemma 1.3, F  i s  free a t every  point of K. F  is therefore locally
free. q .  e .  d .

For convenience sake let us introduce the following definition.
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Definition 1.4. L e t  P  b e  a  p ro p e r ty  o f  u  coheren t m odu le
o n  a  s m o o th  p ro je c tiv e  v a r ie ty . P  is  s a id  to  b e  o p e n  i f  f o r  every

s m o o th , p ro je c tiv e , g e o m e tr ic a lly  in te g ra l s c h e m e  X  o v e r  a  locally
noetherian schem e S  a n d  f o r  e v e r y  S - f la t  c o h e re n t Cx-module F,
th e re  e x is ts  a n  o p e n  s e t  U  o f  S  s u c h  th a t f o r  e ve ry  a lg eb ra ica lly
c lo s e d  f ie ld  k , {se  S(k)IFC) k (s )  h a s  th e  p ro p e r ty  PI --= U (k ) ,  where
f o r  a  scheme Y, Y(k) denotes the set o f  k-valued po in ts o f Y .

I t  is  c le a r  th a t  in  th e  above definition we m ay assume th a t S  is
noetherian and connected.

§ 2. Openness o f  a  family of torsion free sheaves

In  th is  section w e shall show  that som e of the  conditions on  co-
herent sheaves considered in  §  I a r e  o p e n .  L e t  u s  b e g in  w ith  the
following.

Proposition 2 . 1 .  The p ro p e r ty  th a t a  coheren t m odule  is  to rs ion

fre e  is  open.

Using 9.4.8 of E . G . A ., IV , w e can prove the proposition without
assum ing sm oothness and  p ro jec tiv ity . W e  sh a ll g iv e  h e re  an o th e r
proof whose technique w ill be used several tim es i n  [ 3 ] .  In  order to
d o  it, l e t  u s  characterize torsion f re e  sh eav es  o n  a  smooth quasi-
projective variety.

Lemma 2 .2 .  L e t  Y  b e  a  s m o o th  q u a s i-p ro je c tiv e  v a rie ty  o f  di-

m ension n  a n d  le t  F  b e  a  co h e re n t C y-m od u le . A ssu m e  tha t th e re

exists a  reso lu tion  o f F  b y  lo c a lly  fre e  C y-m odules o f fin ite  rank;

0   fo
> „  1 .0  - - +  .

T h e n  F  is t o r s io n  f r e e  i f  a n d  o n ly  i f  dim B(ker ( fi))- n — i - 3  and

dim B(F)1--:, n — 2, w h e re  fo r  a  coherent C y-m odule  G , B (G ) i s  the set

o f  p in c h  p o in ts  o f G , t h a t  is , B (G )= {y e Ylrankko,1 G Ø  ,,k ()>  rank GI

(B(G) is  c losed in  Y  b y  C o ro lla ry  1.3.1).

P r o o f .  Assume I hat F  is to r s io n  f r e e .  It is c le a r  th a t d im  ME)



Torsion free sheaves 631

— 2 because Y  is s m o o th .  P ic k  a point y of Y  of d im ension

n— i — 2, th e n  the s ta lk  F y  o f  F  a t  y  i s  a torsion free ey,y-module.

T h u s  depth (F y )  1, w hich  im plies tha t hd (Fy)....ç.i+ I because

yo, is  a  regular local ring of dimension i +  2 . T h u s  ker ( f i )  is locally

free a t  y. H ence ker ( f i )  is lo c a lly  f re e  a t e v e ry  point o f  dimension

n—i— 2, whence dim B (ker (fi)) n—i— 3. Conversely assume that dim B

(ker (fi)) n  — 3 and dim B (F)  n  — 2. Let T  b e  the torsion part of

F .  W e  have t o  show T = 0. Assume the contrary and let y  b e  the

generic p o in t o f an  irreducible component of Supp ( T ) .  I f  the di-
m ension o f  y  is n— i — 2, th e n  the assu m p tio n  say s  th a t i 0 and

ker (fi) is free a t  y ,  w hence hd (Fy). + 1 .  T h u s  w e  have that
depth,,,y(Fy).?_1. On the other hand, a ll the elements of the maximal

id e a l  o f  y ,  are zero divisors o f F r  This is a contradiction. Hence
we know that T= 0. q .  e .  d .

Lemma 2.3. Let f :  X --+S b e  a  projective m orphism  o f  noetherian

schem es w ith  an  f - v e ry  am p le  in v ertib le  sh eaf  e x ( I ) .  I f  F  is an
S -f lat coherent ex-module, then there ex ists a  surjective hom om orphism
4) : E - 4 ' w ith a locally  free ex-m odule E.

P ro o f . Since f ( F ( m ) )  is lo c a lly  free a n d  the na tu ra l homomor-
phism 4 ) ' : f*f  *(F(m))— >F(tn) is surjective i f  m  is su ff ic ie n tly  large
(E. G. A., III, 7.9.10), 0= o' oax(- m) and E= f*f  *(F(m ))0,„ex (—  m )
are the desired couple. q .  e .  d .

Now we can prove the proposition.

Pro o f  o f  Proposition 2.1. Let f : X — >S  b e  a  sm ooth , projective,
geometrically integral morphism o f  locally noetherian schemes and let
F  b e  an S-flat ex-m odule. W ithout losing any generality, we m ay as-
sum e  tha t S  is connected  and  noetherian. T hen  X  is connected and
the dimensions o f  the fibres of f  are constant n. By virtue o f Lemma
2.3 w e  o b ta in  a surjective homomorphism 00: E 0 -4 F  w ith  a  locally
free ex-module E 0 . Since f  i s  flat, E0 i s  S-flat, w hence ker (00) is
a lso  S-flat. Thus, using Lem m a 2.3 aga in , w e  ge t an exact sequence
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E , '.J. E0-4-3 -4 F --+ 0  w ith a  locally free  ex-module E , .  Repeating this
procedure, we obtain an exact sequence

E„_14)"-`) En_2 <P"-2› d' E 0  "  F 0

w ith  loca lly  f re e  ex-m odules En_ ,,..., Ec,. S e t  E„= ker ( _ ,). Since
ker (4),)'s are S-flat, for a ll points s of S,

*) O — > E,,  Eo,s ̀ 1'9'4 Fs — >

i s  exact, where Ei,5= Ei® „sk(s), Fs= F  s k ( s )  a n d  cki,s =  010k (s). Since
X s i s  a  non-singular variety of dim ension n ,  E ,  is locally  f r e e . Thus
w e  k n o w  th a t E „  is locally  free  by  v irtue  o f  Lemma 1.3 because E„
is  S - f la t .  L e t r i  (o r ,  r )  b e  th e  ra n k  of ker (4;ii, )  ( o r ,  F ,  resp.), then
th ey  a r e  independent o f  s  because S  is connected and ker (01)'s are
S-flat. P u t  B(ker (4)i))= E Xlrankk(x) ker (0)0 ,x k(x)> ri} a n d  B(F)

{x E XI rankkix, FO , x k (x )> r } .  Then they a re  closed in  X .  By virtue
o f  a  theorem  of Chevalley (E. G. A., IV , 13.1.3), Ci = {s E Sid1111(f '-(s)

n B(ker (0i)))> n — i — 3} a n d  C  =  { s  e  Si dim (f -1(s) n B (F ) )>  n -2 }  are
closed i n  S .  B y the  exact sequence (*), Lemma 2.2 a n d  th e  fact that

ker ((M O  sk(s) -L2 ker (0,, ), w e know  that the  open  se t U=S— C U (Ci Ci)
i=

is the desired one. q. e. d.

T h e  properties " ty p e  (a ) , " s ta b le "  a n d  "se m i-s ta b le "  a re  closed
under generalizations.

Lemma 2 .4 .  L e t  R  b e  a  d iscrete  v aluation r in g  a n d  l e t  f :  X

= Spec ( R )  b e  a  sm ooth , projectiv e, geom etrically  in tegral mor-

phism w ith  an  f-ve ry  am p le  inv ertible sheaf  e x (1 ).  I f  F  i s  a n  S-

f lat coherent ex -m odule an d  i f  f o r a  geom etric point s  o f  S  ov er the
generic poin t o f  S, F® „sk(s) is  n o t of  ty pe (a) (stable or sem i-stable),
then f o r  all geom etric  po in ts  sc, o f  S  o v er th e  closed p o in t  o f  S,

FO,sk(so) is not of  ty pe (a) (stable or sem i-stable, resp.).

Pro o f . If one notes the invariance of H ilbert polynomials and  de-
grees under a  flat deform ation, our assertion is easily proved (see [2]
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Lemma 3.3).
B y virtue o f  th e  above lemma, in  o rd e r  to  show  the  openness of

ty p e  (a ) , stability o r  sem i-stability , it is sufficient to  show  that they

are constructible.

Lemma 2 .5 .  Let f :  X  --*S  b e  a pro jec tiv e , geom etrically  integral
morphism o f  noetherian schem es a n d  le t  F  a n d  G  be coherent e?
m o d u le s  su c h  th at F O ,s k (s ) a n d  G (:),sk (s ) are  to rs io n  f re e  e x s -

m odules f o r  a l l  s E S. T h e n  U = { s  SlHom ,x,(FO,sk(s), GO,sk(s))

001 is  a  constructible set of  S .

P ro o f . I f  S '  is  a  subschem e of S , th e n  fo r  X ' = X x, F ' =F10 ,4 ',

a n d  G' =G(:),,Ox,, {s' E S'IHomox,s,(F'(:),s,k(s'), G' 0, s,k(s))001 = U n S'.

T h u s  w e  h a v e  o n l y  t o  sh o w  t h a t  U  contains a  non-em pty open
s e t  o f  S  o r  it i s  r a r e  in  S  under th e  assum ption that S  is integral
(E . G . A ., O w , 9.2.3). L e t  z  b e  t h e  generic  p o i n t  o f  S .  S ince  F
is c o h e r e n t ,  t h e  canonical homomorphism  (F, G)0,5k(z)--÷

GO ,s k (z )) is an  isom orph ism , w hence ..e ,m ,x (F ,

G )0 ,s k (z ) i s  to rs io n  free . Then there exists a  non-empty o p e n  se t V
o f S  such that for a ll po in ts s o f V, Jr,m ,x(F , G )0 ,sk (s ) is torsion free
a n d  (9x , F  a r e  f l a t  o v e r  V  (E. G. A., IV , 9 .4 .8 , 1 1 .1 .1 ) . A s in  th e
proof of Proposition 2.1, w e  ob ta in  a n  e x a c t sequence E "-4E '.-4 'v -0
with locally free & x-modules  E ',  E " .  T his provides u s  w ith the exact
sequence of Oxv-modules;

0 .e,moxv(Fv, Gv)--4 <rfam,xv(E ', Gv) -->  G v )  •

T hus fo r  a ll  points s  o f  V , w e have  the  following exact commutative
diagram;

itemox,(Fv, Gv)s .re,m oxv(E  Gy)s Gv)s

Iv1 -
0 — > Lreomexs(Fs, Gs) .res,-., (E's, Gs) ----> ..e,,,n,xJE"s, Gs)

w here th e  suffix " s "  d e n o te s  ® k ( s ) .  S in c e  E '  a n d  E "  a r e  locally
f re e , y  a n d  w  a re  isomorphisms. O n  th e  o the r hand , since F  i s  flat
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o v e r  V  and since f  is geometrically integral, F  is locally  free  on  an
o p en  se t W o f  X  with f ( W) D V  (see C orollary  .3.1). T hus u  induces
a n  isomorphism o n  a  non-empty o p e n  s e t  W n X ,  in X .  Moreover
our assum ption  o n  V  forces G ,K ) ,, ,k ( s )  t o  b e  torsion
free. T hus u  i s  in jective and h e n c e  s o  is  j. Five lem m a says that
u  is  surjective, w hence it is an isom orphism . Now there exists a  non-
em pty o p e n  se t  V ' o f  V  su c h  th a t y e ,„ „ „ (F ,

is f i a t  o v e r  V'. T h e n  V "= {s E  IPIH°(X s, G O O k ( S ) )

= tS  e V'lHom,xs(F(:),sk(s), GO ,sk (s))0 01 is c l o s e d  in V'. I f
V ', th en  U  contains th e  o p e n  se t V ' a n d  i f  V "0 V ', th e n  U  i s  a

subset o f  th e  r a r e  s e t  V" Li (X— V '). q. e. d.

The proof o f  th e  following is similar to that o f  Lemma 3.2 o f  [2].

Lemma 2.6. L e t  X  b e  a  non-singular projectiv e  v ariety . I f  a
torsion  f ree  coheren t ex -m odule  F  o f  rank r  is n o t  o f  cotype (13)

=(I3 then there ex ists a coherent e x-submodu le  E  o f  rank t
w ith som e 1 - 1  such  that ( i )  E  is  o f  cotype ( B fii5• • •5
(ii) FIE is torsion f ree and  (iii) d(E,( 1 ) ) / t >  d (F, ,(1 ))1 r+ fit.

Similarly we have

Lemma 2.7. L e t  X  b e  a  non-singular projectiv e v ariety . I f  a
to rs io n  f re e  coherent ex -m odule o f  rank r  is n o t  s tab le  (o r, semi-
s tab le ) , th e n  it  h as  a  coherent su b sh e af  E  o f  rank t (1 — 1 )  such
th at  ( i )  E  is  s tab le , ( i i )  FIE  is  to rs io n  f re e  an d  (iii) PE011)=x E(m)/t

P„(m )= xE(m )Ir (or, > ,  re s p .)  f or large

P ro o f . L e t  u s  p rove  ou r lem m a by  induction  on  r. Since F  is
n o t  stab le  ( o r ,  semi-stable), the re  ex ists  a  coherent subsheaf E ,  of
rank t, (1 ._ t 1 r— 1) such that P 1 (m ) PF(m ) (or, > , r e s p .) for large
in. Since the inverse im age of the torsion part o f  FIE , b y  the  canoni-
ca l homomorphism F-+FIE , has the  same property a s  E 1 , we may as-
sume that F IE , is to rsion  free . If  E ,  is stable, then there exists nothing
to  prove. A ssum e the contrary, then our induction assumption provides
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u s  w ith a  coherent subsheaf E  o f  E ,  o f  rank t ( l _ t _ t , - 1 )  such that

(a) E  is  stable, (b) E  E  is  to rs ion  free  and  (c ) E (tn ) .1 )E ,(m ) for large

in. Since both F IE ,  a n d  E 11E  are torsion free, s o  is  FIE. M oreover
PE (m ).19 ,1(tn) P F (m )  ( o r ,  13,(m ), PE,(m)> P E (m ), resp .) fo r la rge  m .
Therefore E  is  th e  desired subsheaf o f  F. q. e. d.

Now we are ready to prove our main theorem.

Theorem 2.8. A) I f  (1) (a) = (a,,..., a,. _ ,), a, = t13 ,._ ,I(r— t), w ith  an

a sce n d in g  se q u e n ce  o f  r a t io n a l n u m b e rs  131 ,62.._••• 13,.-1 o r  i f

(2) ( x ) = (Œ1,..., Œr_ i) i s  a n  ascending sequence o f  ra tiona l num bers ,

th e n  the p ro p e r ty  P  t h a t  a  c o h e re n t s h e a f is  o f type  (a ) i s  open.

( B )  T h e  p ro p e r ty  P  th a t  a  c o h e re n t s h e a f is  stable (or, semi-

s tab le ) is  open.

P ro o f .  Let f :  X -÷ S b e  a  smooth, projective, geometrically integral
morphism o f  locally noetherian schemes with an f-very am ple invertible
sheaf ex (1 ) a n d  le t  F  b e  a n  S -f la t c o h e re n t e x -m o d u le  o f  rank r.
W e  m a y  assum e th a t  S  is connected a n d  n o e th e ria n . B y  v irtue  of
Proposition 2.1 w e  m ay  a lso  a ssum e  tha t F Q k ( s )  i s  a  torsion free
ex;m odule  for every geometric po in t s  o f  S .  It is suffic ient to  show
that P  is constructible by virtue o f  Lemma 2.4.

A )  F irs t o f  a l l  le t u s  sh o w  th a t  the  case  (2 ) can be reduced to
th e  c a se  (1 ) . In  fa c t  a s  w as show n in  th e  proof o f  Lemma 2.5 there
exists a  finite set {S ic-S}  of subschem es of S  such that S  =  U S , and
fo r all geometric po in ts s  o f  Si, xs.,) 0  , s ,k ( s )  is isomor-

p h i s  t o  (F  s k ( s ) ) '  =  s k ( s ) ,  0 .  T ak in g  a  finer decom-
position o f  S  i f  necessary, we may assume that there  exists a n  Si-flat
coherent ex

S ,
-m odu le  F ( i )  s u c h  th a t  f o r  a ll g eom etric  p o in ts  s of

Si, F(t)® k ( s )  is is o m o r p h ic  to  (F e) ,s k (s )) ' .  O n  t h e  o th e r  hand,
w e  k n o w  th a t o n  a  non-singular projective variety, a  coherent sheaf
E  is  o f type  (a) if  a n d  on ly  i f  E  i s  o f  ty p e  (f i)  w ith  St— tar_il(r —

([2 ] L em m a 1 .5 ). T hus the  case  (1 ) im p lies tha t the re  ex ists  a  con-
structible s e t  U i  o f  S i  s u c h  th a t  f o r  all a lgebraically  closed fields
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k, {se S1(k)1F0 k(s) i s  of type (a ) }  is  ju s t  U ;(k ). T hen the set J  U1
is the desired constructible set in S.

N ow  let us prove (A) in the case (1) b y  induction on r. If r= 1 ,
there  is nothing to  prove. Since a coherent sheaf E  on  a  non-singular
projective v a rie ty  is  of type ( a )  if and  o n ly  i f  it i s  o f  cotype (f3),
w e  have o n ly  to  show th a t  the property  that a  coherent sheaf is of
cotype (i3) is  open under the a ssu m p tio n  f l, /3 , .• - •  fir _  .  Let 4) be
the family of classes of coherent sheaves E  on the fibres of X IS  such
th a t  E  i s  a  subsheaf o f  FQ ,,k (s ) with some geometric point s  o f  S
and it has the properties (i), (ii) and (iii) in  Lem m a 2.6 for F®,,k(s),
(fl) and exs(1). Taking Corollary 1.2.1 and the properties (ii) and (iii)
into account we know that 0  is bounded. Thus there exist an S-scheme
S ' of finite type and an S'-flat coherent ex-module  E ' such that

(2 .8 .1 ) for every (9-module  E  in  0 ,  there  ex ists a  geometric point
s' of S ' lying over s with E'0,s,k(s') E0,(s)k(s').

By virtue of the invariance o f ranks and degrees under flat defor-
m ations and o u r  induction assum ption, w e m ay assume, replacing S'
by an open set of it, that (2.8.1) holds and tha t for all geometric points

s ' o f S ',  (a) the rank t  o f E '0 ,,,k (s ) is  le ss  than  r , (b) E '(:),,,k (s ) is
torsion free, (c) i t  is  of cotype fit fl , —fl, and (d) d(E'0,5,k(s),

ex,(1))1t>d(FOosk(5), Oxs(1))1r+ fi„ w ith  s ' ly in g  o v e r s. Put F'=Fs..
F o r  a n  algebraically closed field k, set U(k)={seS(k)iHom,,,,s,(E'

0 k ( s ) ,  F '0 k ( s ' ) ) 0 0  w ith  so m e  s' ly in g  o v e r  s }  and set V(k)
= {s  S (k )IFO ,sk (s ) i s  n o t  o f  cotype (fi)1. Then Lemma 2.6 implies
th a t  V(k) is contained in  U (k ).  Pick a point s  in U(k) and a non-zero

homomorphism 4): E'0,5,k(s')—>F'0,,k(s) w ith  som e s ' lying over s.
Assume th a t  the ra n k  o f  E '0 k ( s ' )  (or, g5(E' C), s,k(s))) i s  t (or, t',

re sp .) . Then the conditions (c) and (d) im ply that for E1=E'0„,s,k(s'),
E 2 -= 4)(E 1) and F 1 = F '0 ,k (s ),

d(E2, (9x.,,( 1))1e 9x„(1))1t—e(fl1,-131)1(1—t')>

d(F,, ex„(1))I1 + flt—e(fle-14,)1(t — t')

d(F,, Ox.,(1))1r+
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T h u s  F 'O ,s,k (s ') is n o t  o f co type  (13), w hence w e h a v e  V(k)=- U(k).

N ow  L em m a 2 .5  says tha t the re  ex ists  a  construc tib le  se t Z '  o f  S'
such that for all algebraically closed fields k, Z'(k)= {s' e

F '0 ,k (s ) )0  0} , whence the  im age  o f Z '(k ) in  S(k ) i s  U(k).
By a  theorem of C hevalley the im age Z  of Z ' in S  is also constructible.
It is clear that S — Z is the desired constructible set.

( B )  L e t V / be the fam ily  of classes of coherent sheaves E  on the
fibres of  X I S  su ch  th a t (1 )  E  i s  a  su b sh e a f  o f  FO ,sk(s) with some
geometric p o in t  s  o f  S ,  ( 2 )  it i s  stab le , (3 ) P E (m ) PF®k(s)(m) (or,
> , r e sp .)  fo r  large i n ,  a n d  (4 )  F ,sk(s)I E  is  to rs io n  f re e . Since the
condition (3) im p lies tha t {d(E, xs(1))IE e L P}  is b o u n d e d  b e lo w , the
c o n d it io n s  (1 )  a n d  (4 )  assert tha t V / is bounded (C orollary  1 .3 .1).
Then a s  in  th e  proof of (A ) w e can find an S-schem e S ' of finite type
and an S '-flat coherent ex,-module E '  su ch  th a t f o r  every xs-module
E  i n  V ', there exists a  geometric p o in t  s ' o f  S ' lying over s  w ith  E'

,,,k(s') E 0 k (s )k (s ) a n d  th a t  f o r  all geom etric po in ts  s ' o f  S ', (a)
rank (E '0 ,s ,k (s ))< r, (b) E '0 ,s, k(s') is s t a b l e  a n d  ( c )  P-  re) s' ) ( , 1 1 )

P  Fe) p  s k (s ) ( i n )  ( o r ,  > ,  r e s p .)  f o r  la r g e  m  w ith  s' ly ing  over s. Put
F' = Fs,. Then Z '= {s' e S 'IH om ,x; (E'(:) , k(s'), F' ,s ,k (s ) )0 0 1  is a
construc tib le  se t. A nd , as in  the  proof o f (A ), w e  know  tha t for the
im a g e  Z  o f  Z ' in  S, S — Z i s  th e  desired constructible set for stable
sheaves (or, semistable sheaves, resp.). e .  d .
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