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Subrings of a polynomial ring of one variable
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Masayoshi NAGATA
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The following problem was communicated to the writer by Dr. A . Zaks of
the University of Oregon :

We consider the polynomial ring A [X ] of one variable X  over a normal
domain A. Give a criterion for a ring R to coincide with A [X ] n K  with a
suitable field K  containing A.

In this article, we give an answer as follows:

Theorem  1 .  S uch an  R is characteriz ed by  the property  that there is a
polynomial f  which belongs to X A [X ](i.e ., the constant term  of f  is z ero) such
that R is generated by  S i = ig E A [X ] 13a, bE A , a  I  0, ag=bfll (i= 1 , 2 , •-•).

As for the proof, if R = A , then f  is zero, and we assume that R  I  A .  On
the other hand, let k and L  be the fields of quotients of A  and R, respectively.
Then we may assume that K = L .  First we prove a lemma:

Lemma. 2  A ssum e that A  is a valuation ring  o f  k an d  that f =c i_Xn+
c2 Xn- 1 + ---F c i ,X  is a polynom ial ov er A  such that som e o f  th e  coefficients ci

are units in A .  T h e n  a polynom ial h=e 0 +e i f+ •• • +e 3) "  in  f with coefficients
ei  in  k, is in A [X ]i f  and only  if  all ei  are in A .

Proof. T h e  if p a rt is obvious, and we want to prove the only if part.
Assume that h E  A [X ]. e0 =-- h(0), and therefore ec, E A .  Then f (e f -d- • • • + e 8/ )
E  A [X ].  Since f  is a primitive polynomial, we see that e 1 + • • • e  8 - 1  E A[.;1'].
Thus we prove the assertion by induction on s. QED

The if part of Theorem 1 follows from the following result:

Proposition 3 .  Under the assum ption at the beginning, if  f  XA[X],
then A [X ] n k (f) is the ring generated by  S i (i=  1, 2, • • •) over A .

P ro o f .  It is obvious that all the S i a r e  contained in  A [X ] n k(f).
Conversely, let h be an arbitrary element of A [X ] n k ( f ) .  We may assume that
f = c 1 Xn+c 2 Xn - 1 ± --•+ c n X , c 1 A , c 1 O. T h e n  X  is integral over A [ f ,
c1

- 1 ]  and therefore A [X ] n k (f )g A [f  c 1
- 1 ]. This shows that h = e 0 H-e i f +  • • •

±e s fs with ei  in Arc 1
- 1 1= k .  Since A  is normal, A  is the intersection of valu-
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ation rings A A of k containing A .  For each A A , the expression of h is modified:

h --- -eAo+e,a/A+ • • • -1- exs./A8 with f A E S '  such that f A i s  a primitive polynomial
over A , . Obviously eA i f i =e i f i  for each i. Now Lemma 2 shows that eA if i  is
in A A[X ] .  Namely, ei l i  is in A A [X ] for any i , A. Thus each  ei f i  is in A[X]
and e i f i E S i . OED

Next we prove another lemma:

Lemma 4. Let f  and g  be polynomials in  X  over k such  that ( i )  f  and
g  are  c o p r im e  a n d  ( i i )  d e g f>  d e g g  > 1 . T h e n  w e  hav e k (fIg )nk [X ]= k .
an d  k (fI g )n  A [X]= A .

P ro o f .  Assume th a t h = e 0 + e,X + •••+ e,X s (e i E k ,   s > 1 )  is  in
k ( f I g ) .  Then we can write

Since s> 1  and d eg f> d egg , we see that n > m .  Then we have

bof  n+ b i f  n—Ig +  +  bn g n— h(fm + c i fm - i g + ... + 6 .m g m)g n_m

and we see that f n  is devisible by g , contradicting our assupm tion . Therefore
s= 0  and k (fIg) n k [X ]= k . Consequently, k (fIg)n  A [X ]=  A . QED

Now we come to the proof of the converse part of Theorem 1. By the
theorem of Liiroth, L is a simple transcendental extension of k, and L = k (fI g )
with f ,  g E k [ X ]  ( f  and g  co p r im e ). We may assume that deg f > d e g g .  I f
d e g f= d e g g , then subtracting a suitable element o f  k  from f l g  and taking
inverse, we may assume that d e g f > d e g g .  Then Lemma 4  shows that gE  k
because of our assumption that R  I  A. Thus we may assume that g = 1  and
f  E X A [X ] . This f  is  the required polynomial by virtue of Proposition 3.
Thus we complete the proof of Theorem 1.

In closing this article, we add two remarks :
(1) In case A  is a field, somewhat related results were given by A .  Zaks

[Israel J. Math. 9 (1971), pp. 285-289] and by P. M. Cohn [Proc. London Math.
Soc. (3) 14 (1964), pp. 618-632].

(2) In general, under the notation of Theorem 1, assuming that f  1 0 , we
see that the ring generated by all the S i  over A  is generated by S ,  if and
only if ( I - 1)n= ;  where / is the ideal generated by the coefficients o f f  and
I — n ={ X E C X I n Œ A }  (n= 1,2, ••.).

(The proof is easy.)
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h _boVie n ±bi(flgr- 1 + . . . +b,
( f/ g )m + c1 ( f/ g )m '+ » + cm (b i ,c jE k ; b o  I  0).


