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Introduction

T his is  a continuation of the previous papers [7], [8] w ith  t h e  same title.
L e t F  be a  totally real algebraic number field which is a  p rim e cyclic extension
of the  rational number fie ld  Q  a n d  satisfies th e  co nd ition s 1, 3  i n  § 1, n its
m axim al order a n d  a  a  generator of the  G alo is group Gal(F/Q). In  [7]. [8],
we defined a  subspace S,(SL,(o)+) o f  th e  space S,(G.1, 2 ( o ) )  of H ilbert cusp forms
o f  w eight K  with respect to G.L.,(o) b y  m ean s  of an  action  T o .  o f  a  and  Hecke
operators on S,(GL,(o)+), and  gave  the  traces o f Hecke operators o n  this subspace
b y  u s in g  a  tw isted tra c e  fo rm u la  o n  S,(GL 2 (o)+). M oreover we showed the
identity between th e  twisted trace  formula a n d  th e  ordinary trace  form ula  on
spaces o f  cusp forms of one variable, and using this identity we proved a  gen-
eralization o f  Doi-Naganuma's resu lt [1], [6] on lifting  of cusp form s. In  this
paper, we shall generalize th e  above result to the case of congruence subgroups
1 0 (n) with some integral ideal n o f F .  F o r a n  integral ideal with "n=n, we can
define a  subspace S(Fo(n)) of S,(Fo(n)) in  the  similar w ay, and  can calculate the
t r a c e s  o f  Hecke operators o n  this subspace by using a  twisted trace formula
(Theorem 4.2). A s in  th e  above case , w e  c a n  s h o w  th e  identity between the
tw isted t r a c e  formula a n d  t h e  ordinary trace form ula for Hecke operators for
spaces o f cusp forms o f o n e  v a riab le . By virtue o f  th is identity, w e can  gen-
eralize t h e  above result on  lifting o f cusp forms in the case of congruence sub-
groups.

O ur result has been generalized in  adelic and  representation-theoretic setting
by Shintani [12] and Langlands [4 ] .  But we think it is not meaningless to give
a n  explicit result in  th e  classical case.

T he  author would like to express his hearty thanks to Professor H. Hijikata
for his valuable discussions and suggestions.

Notation

T h e  symbols Z , Q , R  and  C denotes respectively the ring of rational integers,
the  rational number field, the real number f ie ld  a n d  th e  complex number field.
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T he  symbol denotes th e  complex upper half plane IzE  Im (z)>  01 . For an
associative ring S  with a n  identity element, we denote by S '  t h e  group o f  all
invertible elements in  S , an d  by M r (S) the ring of r by r matrices with coefficients
in  S , and put G L ( S ) = M ( S ) .  F o r  subsets S „ j r )  o f  S, (S.7) (CM,-(S))
denotes the set  {s=  (s)  Mr(S) S i ,  Szil •

§ 1 .  Preliminaries

In  this section, we shall recall some definitions a n d  results i n  [ 7 ] ,  [ 8 ]  and
consider a  generalization o f th em . L et F  be a  totally real algebraic number field
which is a  cyclic e x te n s io n  o f  Q  w ith  a  p r im e  degree 1, a n d  o  i t s  maximal
order. W e assum e the following conditions on F  a s  in  [7 ], [8] :

1) T h e  class number of F  is  one.
2) o has a  u n it o f  any signature distribution.
3 )  The extension FIQ  is tamely ramified.

L et q  denote th e  conductor of the extension F/Q , then q  i s  a  p r im e  w ith  q=- 1
mod. /. W e choose a  generator a  of the G alois group Gal(F/Q) and fix it. We
also fix a n  embedding o f F  into R  and consider F  a  subfield of R .  Then all the
d istin c t embeddings o f  F  into R  a re  given by U s i n g  t h e s e  em-
beddings, we consider GL 2 (F)  a  subgroup o f th e  /-fold product of GL 2 (R )  by

g ( g ( 1 )  g ( 2 ) g ( 1 ) )

where x `  = x 1 fo r xGF and g(').--=(61c') d ( i )

 b " ) )  for g = d
'a  b )G G L ,(F ) . L et GL2(1))rc c  

(resp. GL ,(F)+) be th e  subgroup of GL2(o) (resp. GL 2 (F)) consisting of all elements
with totally positive determ inants. F o r an  integral ideal n o f F ,  we denote by

31F (n) the  o-order
D

)  of M 2 (F) and by F o(n) th e  subgroup
n o

ro(n)= -1(a b)E  GL 2 (0)-, 0  mod. n}c  d

z ±bof GL 2 ( o ) .  Since GL 2 (R )+= {gE GL2(R)1det g> 0} acts on a b y g z = for
cz +d

gEG L ,(R )+ and  zE GL 2 (o) a n d  its subgroup F o(n ) a c t  o n  t h e  /-fold product
V  of through th e  above embedding of GL 2 (F)  into GL 2 (R) 1.

F o r an  even positive integer K ,  we denote by S (F o (n)) the space of all Hilbert
cusp forms of w eigh t w ith  respect to T ' o(n), that is , the  space of a ll holomorphic
functions f (z )  on V  satisfying

f(rz)-= II(c ) z,d- d ) / ( z )t=1
and  z =- (z 2 , z2 , •••, zi)E

ii) f (z )  vanishes at each cusp of r o(n).

fo r all r=(
a 

b

d
)GF0(n)c 

L et us consider the  ac tion  of Hecke ring  on  th is space. F or a  p lace  y  o f F , we
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denote by F„ th e  completion of F  a t  v. We shall use p to  denote fin ite places.
L et op be the  ring  o f a ll p-adic integers in  F , and  le t FA and FA be the adele ring
and the idele group of F  respectively. F o r  a  finite place p which does not divide
n, we denote by li p t h e  subgroup GL,(o,) of GL,(F,), and for a prime ideal p which
divides n, w e d en o te  b y  II , t h e  group o f  all invertible elem ents of the ring

F(n )®4. We denote th e  subgroup 1111p X ITGL2(F,,) by  11F , where p runs through

all finite places and y runs through all infinite places. W e deno te  by ZIF the
subgoup of GL,(F A )  consisting of all elements satisfying the condition that apEll„
fo r all p dividing n, where a ,  denotes the  II-component of a .  Since LIF  and allF a - 1

are commensurable with each other f o r  aE4 F , w e can  defin e  t h e  Hecke ring
R(LIF , 4F )  with respect to lip and  Z IF a s  in  Shimura [10]. Namely, R(UF, ZIF) is a
free Z-module generated by all double cosets 11F alIF  E  4 F )  with a  s truc tu re  o f
r in g  a s  w e l l .  W e can  m ake  R(UF, 4F) a c t  o n  S , ( F 0 ( 1 1 ) )  in  th e  following way.
For a double coset 11F aLIF  with a E ZIF, le t LIF allF nGL,(F)+=Urp(n)a, be a disjoint

u n io n . We define the action o f  R(LIF , 4 F ) by

Z(11F alIF )f = N(det a ) " 2 '  f  [a d , fo r  fE s , (r 0 (0 )  •

Here N(det a )  is  th e  norm o f  th e  ideal o f  F  determ ined by det aEF, and for
a = ( a

)

b

EGL 2 (F)+, fE S,;(r o(n)) w e putd

f  Ea" =f(az) IT (c< i) z  d ( ”) -  (det a ( i ) ) ' 12 .
i=

Then this action 5.," gives a  representation of R(11F , 4 F ) in  the space S ,(r o (n)), and
it is known that there exists a  basis consisting o f  common eigen-functions for
all (e), eE R(11F , 4 F ) .  N ow le t  u s  define an  ac tion  T c,  o f a  on V  by permuta-
tion of variables, namely,

T„(zi, z2, z1)=(z2, ••-, zi, z1).

If n satisfies the condition c'n=n, we can define an  ac tion  of a  on S,(T o(u)) by

(T ,f )(z )= f (T ,z ).

Here we used th e  sam e le tter T „  to  denote th e  a c t io n s  o f  a  o n  V  and  on
S,(Tp(n)). L et S (r  o (n)) be th e  space of the  new forms in ,S,(F o (n)) (see T. Miyake
[5]), then ,S2(Fp(n)) is  stable under T c , and we define Sc,I(T o(n)) by

s'gr a(n))= f f  s(P0(1))1z(e)T „f =7' „5.1(e)f fo r  a l l  eE R (U F, F )} •

Then S,V 0(n)) is  s ta b le  under th e  a c t io n  o f  R(U F , 4 F ) a n d  t h e  definition of
s(Fo(n)) is  independent o f  t h e  choice o f a .  L et q be a  p rim e ideal o f F  such
that qi=(q), and ô  be a  totally positive element of i s u c h  th a t  (3)=q, and  pu t
n=(N6') with N E Z, (N , q)=1, a n d  a  non-negative integer v. For MIN,
and fE S ,(T 0 ((M62))), f(d5Itz) is contained in S,(F„(n)) for clINIM, 0-5.p -2 ,  where
c/P z= ((d P )z i , a(d3r)z2 , •••, ̀ 7 ( - 1 (c/51 )z 1). We define a subspace s„(ro(n)) of Sg(ro(n))
by
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s,c(F0(1))=-- E  sl(r0(04 62)))'"`
dl N / 4 f

If  we denote the  action of R(11F , 4F) on S0(F0(11)) b y  Z s , th en  b y  v ir tu e  o f  T .
Miyake's result ([5 ]) , we can prove th e  following in  th e  sim ilar way a s  Proposi-
tion 1. 3 o f [8].

Proposition 1 . 1 .  The notation being as above, then we have

tr Zs (e)= tr T a Z (e)=tr l(e )T ,
f o r all e R(11F , 4 F).

§ 2. S e lb e r g 's  tra c e  formula

In  this section, we shall reduce th e  calculation o f tr Z s (e) to  t h e  determina-
tion  o f  som e tw isted conjugacy classes by m eans o f  Selberg's trace formula.
F o r z , z 'E V , put

k (z , z ')= A (

2-V —1 '

and for r= ( a  b )EG L ,(F)+ and zE V , putc  d

.7(r , z) = 11 (c (  z, - Fd" )) (d e t r  )) - " 2

i=1

For T o(n) w e put

K (z , z ')=( k (rz , z ')j(r, z ) - ",47r rer o c.) mod. z(r00 ,»
where Z(T o(u)) denotes the  centre  of F o (n ) . If ir 4, this gives the kernel function
of the space S,(ro(n)) ([ 2 ], [9 ]) ,  and by Proposition 1 .1 , for a double coset
in  R(11F, JF), we obtain

tr Z s ( U F aU F ) =( :1 -
7.c1 ) tk ( r T , , z ,  z ) j ( r , y fdz  ,

TEuputti  nGL2cn+ mod. Z (T o (n ))1 =1

where g  denotes a  fundamental doman of V  with respect to P o(n) and dz  denotes

the invariant measure r][ y i'd x i dy i w ith  zt =x i + y i .  In  [8 ] , we treated only

the case where n=o h e n c e  0(n)=GL 2( o )  has a unique cusp, but we can proceed
i n  t h e  s im ila r w ay  a s  i n  [ 8 ] .  Before giving the  result, we m ust recall some
definitions an d  n o ta tio n s. In  general, le t G  be a  group on  which a  cyclic group
generated  by a, a l = l ,  ac ts , a n d  H  be its subgroup such a s  61-1 = H .  Then we
define a-twisted conjugacy in  G with respect to H  by

g g '° - 4 g =h 'g " h h f o r  h  H

We define a  "norm " of an  element g e  G  by

(1) N g=g 6g° 2g ••• „z_ig
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If  we denote by --, the  usual conjugacy with respect to  H , then  w e see easily
that if Hence this norm map N defines a  well defined map from
twisted cl ionjugacy classes to usual conjugacy c la sse s . Here we take GL,(F)± and
F o(n ) a s  G  and  H  respectively. W e call gEG L,(F )+  is  of type y , e, p , if as an
element o f GL,(R)+, N g  is  a  scalar, a n  elliptic element, a  parabolic elem ent. If
g c G L ,(F )÷  f ix e s  two cusps o f r o(n) and N g is  a  hyperbolic element, we call g
is  of type h .  If g  is  of type  h, th e  characteristic polynomial of N g h as distinct
two roots in  Q . For g e G L ,(F ), put

(2) Z,(g)={xeAl,(F)1g° x= xg} .

then Z ( g )  is  a  Q-algebra and  w e put

r(g )= -Z ,,(g )n r 000 .
We denote by C„, Ce, C,„ Cp a  complete system o f representatives o f elements of
type y, e, h, p  in  11FaliFr\GL,(F) + w ith  respect to respectively.

10(n)

Theorem 2. 1. The notation being as above, assume Then we have

1 tr 3.:,5(11FaliF)= 
2 1 1 1 1 (G a l(F / Q ),  o „ ) 1

(tv+ta--1-tn+tp),

where

tv =  E  y(F(g)\k))(det Ng) 2 - 1

47r gect,

te=
1 1  C (N g )'- '-7 2 (N gri

g e [r( g ) : {±1}]( N g ) — ( N g )

(Min. (1 C(Ng)I , ri(N g)1))' - 1

- gEc ft
t h = — (N g)—  (N g)

21(g) 8 (21 (g)2 2 (g)) 9 ••• (21(g)••• 21 _1 (g))' 
tp = lim  E

8-0 g e c p 22r

x ( y i s
A(g)

(det Ngy 1 2 - ,  .

Here v(r(g)\) denotes the volum e of  a fundamental domain of  r ( g )  in with

respect t o  the  inv ariant measure dz=y - 2 dxdy, z=x- —1y, and C(Ng), 77(Ng)
denote the distinct two roots of  the characteristic po ly nom ial o f  N g . For g  o f
type p , choose h GL,(F)+ which transforms the cusp of  r 000 fixed by Ng to the

infinite point (-V-100, — 100  •-•, — 100 ). Then hg 6 12- ' = ( 0
a

 d
b ) w ith  a, b,d F,

hP(g)11 - 1 -± ( 1 1 1 m ( g ) )
0 1

n Z)- with m(g) F , and put

21(g )= 6 ' -
 ( a i d ) p i (g)=Gr i - 1 (bld)

A(g)=2 1(g )±2 1(g),a 2(g)+ ••• +21(g) ••• 21-1(g)pt(g) •

Since we can prove this in  th e  same way a s  Theorem 1 ' o f  [8 ],  w e  om it the
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details. O n  elements o f  ty p e  p, w e note  the  following. If  N g fixes a  cusp x,
then cs N g fixes the cu sp  x  a n d  w e  h av e  g 6 x = x  since ri(N g )g - i= N g .  Hence

hg°h - 1  f ix e s  th e  infinite point and is o f th e  form ( a  1 ) \\O al'

§ 3. Twisted conjugacy classes

In  this section, we shall determine some twisted conjugacy classes. L et k be
a local field of characteristic 0, and r  be its maximal order. In  this section, we
denote by F  th e  /-fold product o f k, o r  a  cyclic extension of k of degree 1, and
by o  th e  /-fold product of r  when F-. - --. kekED ••• e k  (/-times), a n d  th e  maximal
order o f  F  otherwise. In  th e  case  where the extension F lk  is ramified, we as-
sume it is tamely ramified. We choose a  generator o. o f  Gal(F/k) if  F  is a field
and  fix it. I f  F k ••• e k , le t  a, 0-1 = 1, act on  F  by permutation, namly,

a
(X ly  x2y .•• • X  1 )

=
(X 2 ,  " •  •  x l •  

,
C1) •

We denote by p a  prim e element o f k and by 7  a  prim e element o f  F  when F
is a  f ie ld . If  F  is  th e  unramified extension of k we take 7 = p . For a non-negative
integer v, we denote by DRF ()) (resP. M.k(v)) a n  order o f M 2 (F ) (resp. .1.112 (k)) given
by

TF(v)=

o o\
kyo  o i

o o\
o, k7r'o

if • e k

otherwise

(resp.

Since ciDiF (v)=9i F (1.), we can consider twisted conjugacy by tak ing G-=11/12 (F)x,
H=91F (v ) ',  a n d  f o r  gG M 2 (F )x we can define N g and Z a (g ) by (1) and (2). We
note the characteristic polynomial of N g is contained in  k [X ],  since g 6 (Ng)g - 1 =
Ng.

Let f (X )= X 2 —sX+n be a  quadratic polynom ial in r [2 ( ] .  I n  t h e  following,
we assume n  is contained in NF/k(0'<), where N F / k (x )= .ex ••• c' - 'x  for x E F . For
gG M ,(F ), le t f g (X )  denote th e  characteristic polynomial of g. I f  N g  is  n o t a
scalar and f N ,(X ) , -f (X ), then we have  a  canonical isomorphism ç g  from k [X ]I
( f (X ) )  to Z d (g ) such that j g ( k  )= N g . Here is th e  class o f X  in  k [X ]l(f (X )).
F o r an  r-order A  o f k[X11(f(X )) containing we define a number c,„(f, A , 91,(0)
a s  th e  cardinality o f th e  following twisted conjugacy classes

fgE 91F(v)" I fN k = f ,  - .b'gr(A) -- - Z ,(g )n 9 IF (v )}  / .
TF(2))'

By means o f th e  usual conjugacy, we define t h e  number c (f, A , Rk(i))) a s  th e
cardinality of

fg  5 ,1„(, )'̀  I f g =f , Sbg
(A )=k [g ]n9L (v )} I .
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Here k [g ] is  the k-algebra generated by g  and 0 ,  is  th e  canonical isomorphism
from k [X ]l( f (X ))  to  k [g ] given by 0 2 (k ) = g .  Then this num ber c(f , A , R F (1)))
has been well studied by H ijik a ta  ([3 ], especially Theorem 2. 3) and on cg ( f ,  A,
R k (0 )  we can prove the following.

Proposition 3. 1. T he notation and the assum ption being a s  above, suppose
and 2)* 0  i f  F  is a  ramified extension of  k. Then we have
i) I f  F  i s  the  I-fold product o f  k ,  o r th e  u n  ramified ex tension o f  k  of

degree 1,

A ,91F())=c(f , A ,M k (v )).

ii) I f  F  is  a  tamely ramified cyclic extension of  k  of  degree 1,

c ,( f ,  A , DIF.(1)))= X 1 ( a ) +
2

 X z (1 5 ) f c ( f , A , DI k(v/i))

+(1-1)c(f, A , 91 k(1)11+1))1

where X i , are  all characters o f  ( r / p r )  of  order 1 and X, is the identity
character, and a ,  IS are the roots of  f ( X ) 0  mod. p  in  r. I f  there does not ex ist
any roots, we put (X1(a)+X 1(13))/2= O.

Pro o f . First w e treat the case i).

Lemma 3. 2. The notation being as above, let F  be kG ••• ek  (1-times) or the
unram if ied extension of  k  of  degree 1. L et g  be an  element of  31F (v )  w ith f g = f
an d  k [g] k [x ]1 (f (x )). I f  th e re  e x is ts  RE9i,(2))x such that N g =g  and çïig .(A )=
Za(R)n91 F (7.)), then g  is conjugate to an element g ' o f  Tk(v)" by  9 1F(1)) x .

Pro o f . For F = k 6 ) ••• ED k , this assertion is obvious, because for g = ( g i , g1 ) ,
g i E 91k (v ), N g=(g i g,••• g„ g 2 g 3 ••• g i g„ •••, g i g, • ••, 2.

1 _1 )  a n d  g=hg'11 - '  w ith  g '=
g1g2 g i E R k ( v )  and h =(1 , g „ g ,g „ g ) e 9 I F ( v ) x .  N ow  assume F  is
the unramified extension, th e n  fo r  a n  o-order o f  F [X ]l( f (X ) )  w e  have by
Lemma 3. 12 in  [8 ],

A7k[x]1(f(x))= A <=> J=o[A]

and if [A : rIk '1]P=[r : p r] P w ith a  non-negative integer p , then :oCk']]-=-Eo:
olP . Put

(3) QF(I), ) i)= { e  0  I f ( ° mod. re+21

{)2Eolf(7)-==0  mod. 7r'-' 2P+1}

(4) Q '(v, ) )= if  s2 -47/1=-- 0 mod. 7213+1 a n d  v > 0

95 if  s2 - 4 n 0  mod. 7r 2P+ 1
 or 2) = 0 .

For e E  Q F (1 ) , A- )  and r2E Q(v, A ), put

(5)
 7 r - e P f ( e )  s — ee

(6) ço‘( )_(s7r—pri 7 - Pf(7))) .
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Then by Theorem  2. 3 o f [3], Soe(:2e) and  ço(ks' )  g iv e  a  com plete  system  o f  re-
presentatives o f  th e  c la s s e s  o f  g E T F (v) satisfying O g .F [X ]1 (f (X )) F [g ] and
F[g ]n 3 lF(0 =0 ,i (A ) w ith  respect to 31 F (v)'-conjugacy. H e n c e  w e  m a y  assume
g =w ;(k )  o r y. (.)(... ) for some S2F ( ,  A) or )7E SYF (v, A) by noting h 'g h -.=-N(12 - ir h )
fo r hE R F ( v ) ‘ .  Since r ( N -g)g - 1 = N g ,  w e h a v e  40.( ) 9 1 ,77:ySoc•(Z) a n d  c';(2k- )
911- 7 7 ",y  ço',; (X ) .  B y Lem m a 2.5 o f  [3], w e have mod. e+P and  .7)=-‘'72 mod.
e +P .  Hence there exist and  )2, in  r  w hich  sa tisfy  e - eo mod. e "  a n d  )2= 7/0
mod. re+P respectively. Since yo(.g) 6777--Ço(f(), g;2(k- )T ,-- - - (40(R') a n d  çoe o (ff')
=ço;o (_,Z), Gryo 0 (X')=go 0(21?) , we proved Four lemma.

N ow  w e re turn  to  th e  proof o f Prop. 3.1. B y  m e a n s  o f  t h e  norm  m ap N,
w e have  a  well-defined map

N : E  F(V) I f  Nk=f, z ,(g)(-)TF(v)=g(A )}  I
TF

---> {gm 91F (y) e If g =f  , k [g ]n T F (v )=0,(A )} 1,-■ .— ,  .
T F (0"

B y th e  above lemma, the  classes on the right hand side w hich a re  contained in
th e  im a g e  o f  th e  norm  m ap have representatives in  9i i,(14'. For g 1 , g2 Tk(v)'
w ith  k [g i ] k [X ]l( f (X )) , assum e e i g ,h = g ,  w ith  hERF (v)". T h e n  w e  have
‘Ihh - ig 1h°12 '=g 1 ,  H e n c e  hh - i E F[g i ln 9 i F (74' . W e note  for x E F[g ,],

Nx=NFIkX
1 -1 ,

w here NF/kx= for x=a-l-bg i  w ith  a, bE F .  Since N F I  k (h 6 h - ') .=
2=0

N(h 6  11,- 1 =1 ,  and H 1 (<a>, (F[gl]nT F(v ))')=1 by Lem m a 3. 14 o f [8], there  exists
uE(F[gl]nR F(1)))' such that Ph - '---uau- 1 . Therefore it - ih e T k (v )' and (uh )ig i (uh)
=g 2 ,  th a t is, F rom  th is w e see  N  induces th e  following map

k

N : NR= f, Z u .(g)r\R F O.))= -0 .
e (A )1/ :

N F  ( ) '
fge ik (v) v Lfg f , k [g]nW 1 k (p )=0 ,(A ) } 1 ,- - - .  .

Tk  (0 '
W e show  th is m ap  is b ijec tive . T h e  surjectivity of this map easily follows from
Lemma 3.14 o f  [8 ].  For g m  { gE a k ()lf  g=f  , k [g]nR k (1.)=0,(A )}  and g2E
91F(0", suppose NR, ---=/■42 - =g .  T hen  by  the relation gio(A fgoRT'=N -g ,  i=1, 2, we
see g 2 E(FE g i o i , ( 0 ) -  a n d  NFIk(Rig 1)= 1 .  B y  L em m a 3. 14 o f  [8 ], there
exists h E (F[g ]O lF(v )) ' such that Rigr i =h - l ci h, hence R211, and we proved
th e  injectivity o f th e  above map.

N ow  w e proceed to the  case  ii). F irs t w e  note N  induces the following map
N : {RE 91F(vy I f N g=f , , Z,(g)(19iF(v)=Je(A)1/;_-_=- -___,'

91F  (0 '

- - >  1g 91..,,,(1)  f g = f  , F[g]n91 F (v)=O g (A)}
A F  ( 2 ) '

H ere  A 's a r e  a l l  o-orders o f  F I X i l ( f ( X ) )  w h ic h  s a t is f y  A n k [ X ] l ( f ( X ) ) =  A.
W e note 10 ( 1 1 ( f ( X ) )  is  one of the followings ; a) k e k , b) the unramified quadratic
extension of k , c) a  ramified quadratic extension of k . d ) k + k i  w ith  42 = 0  and
such o-orders A  a re  g iven  by  the  following lemma.

(7)
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Lemma 3. 3. The notation being as above, assume F  i s  a  tamely ramified
cyclic extension o f  k  of  degree 1. For an r-order A  o f k [X ]l( f (X ))  and an o -

order A-  o f  F[X ]l( f (X ))  containing X , le t  p  and 7  be  a  non-negative integer
such that [A  :o [g ]]=-[r : pr]." and [ j :  o[]]--= [o : 7 ro ] respectively. Then we
have

i) Assume A  is not the m axim al order of  k [X ]l( f (X ))  i f  k [X ]l( f (X ))  is of
type a, b, or c , then

A nk [X ]/(f (X ))=-A <=)1p5,79.51p+1-1 .

ii) I f  k [X ]/(f (X )) is  of type a, b, or c  and A  is the maximal order,

A  
n k [ X ] / ( f ( X ) ) = A  {

1 P
 P  

i f  k [X ]l(f (X )) is o f ty pe a, or b
lp 1pd-[112] i f  k [X ]l( f (X ))  o f  type c,

where [112] denotes the largest integer which does not exceed 1/2.

This is just the restatement of Lemma 3. 21 of [ 8 ] .  For A-", we define DF (v, A- )
(resp. A )) b y  (3) (resp. (4)) taking p  w ith  [A  :o[5(']]=[o :7ro]ii as p  in
(3 ) (resP. (4)), and define ço(fe). E,Q1,,(1), A )  (resli 40 ;( ), V E  g r( 2.), A )) b y  (5)
(resp. (6)). Then ç a ( ) ,  e E  S2F (v , A) mod. and go,(fe), vc Sn(v , A )m od.
give a complete system of the representatives o f  { g EDIF ( v ) ' f g =f , F[g]ngtF(v )
=0,(i)}  / ^ - ' .  I f  it is contained in the image of the map (7), by the same

( ! ) ) /
argument as in the case i), we have °.$=-e mod. 7 ' 4-7', o r  77-=-77 mod. ar . Since
F l k  is tam ely ram ified, there exist eo E r, v o E r  such as mod. 7 - P ,  ir=vo
mod. 7 ' 1-75. Let g  be one of R o (k )  and v) ( :) ,  then there exists ho E R ,(v)" such
that °g=hV gh o . W e note that we can take as h o a diagonal matrix contained
in RF (v )" with Nh 0 -=- 1. For x E M ,(F) , put clox=h 0cxh6- 1  an d  N 0x =x 6 ox •-•
Then we see N x =N o (xh (V ), and the restriction of N , to F [g ] coincides with the
norm map N F / , ,  from F [g ] to k [g ] .  If there exists RE R F (1.)) ̀  such that
then we see Rh6- 1 F[g ] and N o ( g h 0 - = g .  Assume A  is not the maimal order, then
by Proposition 3.25 3.27 in [8 ], it is easy to see that g  is contained in the image
of the map (7) if and only i f  E Xi (a)= E Xi (p )= /  for the roots a ,  IS of f (X ) -0

mod. p. Suppose there exist g l, R2E91F(24' such that Ng i =N R ,-=g, then we have
g2hV E(F[g]n91F(0)" and N F / k ( g 1 h V ( g 2 h ( T 1 ) - 1 ) = 1 .

 I f
 g 1 = r 1 g 2 T  with TEDI.F0.))',

then rE (FcginDiF(OY and g1h(7 1 = r i g2110 6 0 r. Hence we see the inverse image
of g  is in one to one correspondence with 111 (<a> , (F[g]n91F(1)))'), and by Lemma
3. 22 of [8], this group is isomorphic to the cyclic group of order I. N o w  let us
count the number of ça-0(5e) and ço;20(k ) .  As we have seen, this is equal to

E I QF(1), A)<>/ 1' I + E I p',-(2), /7)< /e" I ,
71.

where QF(1.), A)<a>= r  f(e) -=0 mod. Ir'fil (resp. Q'F (1.), A)<°>= { E  r If(77)- 0 mod.
r ' ' . ' 1 1) and f2F(v, il- )<ci>/e+." (resp. Q(1), 71 .)<°>/7"P) denotes a complete system
of representatives o f S2F (v, A- )<°> mod. 7 I ' +1' (resp  D'F (1), A)<°> mod. r'+P). For a
non-negative integer p  and an r - order A  of k [ X ] 1 ( f ( X ) )  w ith  [A : r [ k '1 ]= D -  :
pr]', we define ,(2 k(ii, A), Q k( je i ,  A ) in the same way as (3), (4), namely,
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Q k(ii, A )=-- {eE I' If(e) -- 0 mod. v " . " }

{7.2e r l  f()2) - -- 0 mod. pP4-2P-" } ,  if  v >O
Q(p, A ) -= and  s2-4n=----- 0 mod. p2P+1

6 if  v= 0 o r  s' — 4n, _ O mod. p2P+1.

Define p  and  p  a s  in  Lemma 3. 3, then if 1 * 2 , w e obtain by direct calculation,

{
Q k ( ) /1 ,  A ) /p '" ,p =/p

Qr(1), A )<c>/e ± P =  S2k ( 11+1, 4)Ip 1+1+", lp+15_plp+[112]
gk(v11+1 , A )/p ' 1 ' , lp+[1/2]-1-1<p5_10-1-1

Q;,(v11, AVy" -FP, p---lp
In(1), A )< ' > 17r 7'---. Qk(v11+1, A )/P'"± i ", 19+1_5795.1p - 1- U12]

Q;e(»11+1, A )Ir"+'+P, Ip+[1/2]+17i1p+1 - 1

F rom  th is w e have

E I QF(1), A)<°>/e+ 71 +  I Q'F(v, A)<°>/re+' I
2

---1Qk(v11, A)/P 1+1S2k())11, A)/Y R +."1

+(1-1)(1Qk(11+1, A V P'"+ 1+PI +1Qk(v11+1, A)Ipoi+N -PI).

W e can check th is equality  holds a lso  f o r  1= 2 .  S ince  c(f , A ,  3 lk(1)11))=1Q k(1)1
1, A )/Y R + Pl + IQ k(11, A)/p' ,  a n d  c (f , A , 91 k(1)//+ 1))=  Q k(v11+1, A>ly"+Pl+
IQk(v/l+1, A )/p l -" P I ,  we proved the assertion ii)  in  th is  c a s e .  W hen A  is  the
maximal order, w e m ust divide the cases according to th e  ty p e  o f  k[X ]l(f (X )).
I f  kEX1I(f(X )).c24kek, w e obtain in  th e  sim ilar w ay a s  above

co.(f , A, Dir(1)))= X i (a )+ X 1 (1 (3 )  1c(f , A , 91 k( )/1))i=i2

B ut since w e have c(f , A, alk(v11))=c(f, A , 31k(/1+1)) i n  th is  case, we obtain our
result. W e can treat the other cases in  the  similar w ay, and w e  om it the details.
T hus our proposition has been proved.

W e can prove th e  following proposition in the sim ilar w ay a s  above.

Proposition 3. 4. The notation being as above, assum e F is a  tamely ramified
cyclic ex tension of  k  of  degree 1 and v==-1 mod. /. Then we have

i (ca(f , A , DIF(v))
X1(a)+X18) 

= 1Y c(f , A, mk((v - 1)11+1)).2

N ow  w e trea t th e  elements RE R F (v)x such  tha t N R E F x . L et g  be  such  an
element and fNR(X )--- (X - - a) 2 b e  th e  characteristic polynomial of Arg, then we see
aE N F Ik (o ') since gG 9i F (v )  w ith  v. 1. F or a E  r ',  i t  is  e a s y  to  s e e  th a t  th e r e
exists gE91 F (v)x such  tha t N g =a if  and  only if  aE N rik (o ') . For g with N g=a,
Z o (g) is isom orphic to /1/2(1?), and  fo r an  r-order A  o f  w e  d e f in e  c,(a, A , 3IF(0)
in  th e  following way,
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c,(ce , A , 9 i F ( 0 ) = 1 { g E D i F ( W I N g E  F' , f  N g =(X — a) 2,

TF(v)

where j g. is a n  isomorphism from M 2(k) to Z ,(g ) and ,--  means j ‘ ,(A )=- 7- 1 (Z a (k )n
RF(0)7 for some r E Z , ( g .  Then we can prove

Proposition  3 .5. The notation being as above, assume 11v and v 1 i f  F  is a
tamely ramified cyclic extension of k  of degree 1. Then f o r  a E N F I k ( 0 ' )  and an
r-order A  of M 2(k ), we have

i) I f  F  is  keke • • •  ek  (I-times) or the unraniif ied extension of k  of degree I

c ,(a, A , DiF(0)={
1 i f  A ,- k(v)

otherwise.
ii) I f  F  is a tamely ramified cyclic extension of k  of degree 1

± X ( a)  i f  A ,---, 91k (v11)

(l -1 )± 2 C ,(a)  i f  A k (7.)//+ 1)

0 otherwise.

Pro o f . Assume NREF" and f N i = f .  L et a be a n  element o f  o x  such that
NF I k a - = a .  Then w e h a v e  IgE 91 F( 1))  AWE F., f iv g =f 1 =lag ig E  D iF (V Y  N g=1} .
Hence th e  equivalence classes {RE91F(v)'INgEF', fNg=f}1 ...- - -_-,  i s  in  o n e  to

(y ) e

one correspondence with 111(<60 91F(v) x ). On I-P(Kcj> , F(v)'), we have

Lemma 3. 6. The notation being as above, we have
i) I f  F  is ke • • •  ek  or the unram if ied extension of k  of degree 1

1111(<0), 91F(14')1=1 .

ii) I f  F  is a tamely ramified cyclic extension of k  o f degree 1

1111 (<0-> , F(PY )1=1 2 ,

and a complete system o f representatives of H 1(<o>,91F(v)') is given by the cocycles
- j'sx ' 0 \{a{2i, 2-E<o>1 , defined by aY .-.=
0 7r-  -lc Irl) .

T h is  is a n  easy consequence of the fact that 1-11(<0,o)=1 and H(<a>, 0')=1 if  F
is  k e ••• ek  o r  th e  unramified extension of k, and 1-11(<0), o)=1 and 111(W , o ')=
th e  cyclic group o f  order 1  i f  F  i s  a  tamely ramified e x te n s io n  o f  k. We
o m it  th e  details here. From  this lem m a, the  assertion  i) follows easily. Put

•177 - i °  7Ci \
0 7c _i u  r j ) ,  an d  le t u s  determine Z,(g,,,)n91 F (v). I f  i-=j, then we see

Zo.(g1.,)ngiF(2))=91k(v//). Since we have

x =
( a  1 ) )

EZ ,(g ,)<=> a, dEk , 6 b7r- '+larc' - i-=b\ c  d )

c ,(a, A , 91-F(v))=
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a  7 ) - ' c )1
w e  se e  Z ,(g i ,; )=

{ ( 7 ' i c  d
a, by c ,  d G  ki and Zu(gi,i)nalF(v)--'475gOik(2)//-4-1 )),

and  our assertion has been proved.

In  th e  sim ilar w ay, w e can prove th e  following.

Proposition 3. 7. T he notation being as  above, assum e F is a  tamely ramified
cyclic ex tension of  k  of  degree I and 1)-1 mod. /. Then f o r a E r  and an r-order
A  of  M .,(k), w e have

/ X (a)  i f  A  ,---, tk((v-1)H-E1)
ca (a, A , al F (v ))={  i="

0 otherwise .

§ 4. Tw isted tra c e  fo rm ula  and  m ain  result

In  th is section we follow the notation of § 1 and 2. In particular, F  denotes
a  totally real algebraic num ber field w hich satisfies th e  co nd ition s 1, 3  i n  § 1.
F o r  a  p r im e  p an d  th e  infinite prim e 00 of Q, p u t F ,=F O Q Q ,, op = a 0 z Z 9  and
F .=F O Q R , then F 9 a n d  Foo a re  th e  r in g s  w hich w e treated in  § 3. F o r  a n  in-
te g ra l  id e a l  a  w ith  (a, n)=1, w e  d e n o te  b y  T(a) th e  sum  of the double cosets
Ilr alIF  such that th e  r ig h t 91F (r)-ideal na„91 F (n), is  a n  integral ideal w ith norm  a,

th e n  T(a) is  an  elem ent o f RF(UF, 4 ). W e denote by 8(a) the  un ion  o f the  UF-
double cosets w hich appear in  T(a), and we put 11F , p = ri U . Then 5(a)= H 5(a) 9

X GL 2 (F .)  w ith  som e 11F , p -double cosets 8(a) 9 , and w e  put 17(a).F =E(a)nG L 2 (F)+.
For gE G L ,(F) a n d  a  Z-order A  of Z ,(g), put

Ca (g, A )= fx - lgax Ix EGL ,(F), Z ,(g)nx 9I F (n)x - 1 =h - lAh
hE Z ,(g)'}  .

For each prime p, we denote Z ,(g) 9 =Z 9 (g )0 Q Q,, AOzZ9,a1F(n)p=-3IF(11)OzZp,
and for gEG11,(F 7,), put

C,  9 (g, A 9 )=Ix - 'e x ix c  G L ,(F p ), Z u (g) 9 nx al F (1t)9 x - ' =12 - 1 A 9 h,
hE Z „(g)}  .

Then w e can reduce th e  tw isted conjugacy w ith  respect to T o(n) to the local one,
nam ely, w e can prove.

Proposition 4 .1 .  T he notation being as  above, for gEGL ,(F) assum e the type
num ber o f  A  is one if  Z ,(g )  is a quaternion algebra ov er Q .  T hen it holds

A )nE(n) + /T 0 (n)1 =21[A ' ; A 1] 1 1 A p )n E (a),
I ,

DIF
w here A ' denotes the subgroup o f  A ' consisting o f  all elem ents w ith norm  1 and
h(Z ,(g), A ) denotes the class num ber o f  A.

W e can prove this in  the  sa m e  wasy a s  i n  § 4 o f  [8 ],  a n d  w e  om it the
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d e ta ils  h e re . I n  t h e  fo llow ing, w e assum e a  is divided by at most one prime
factor of p  if p  decomposes into /  distinct prim e ideals in  F .  Then fo r such an
integral ideal a , the  num ber C,, r (g, A r )nE(a) p / r . ',1  has been determined in

§ 3 o f [8 ] fo r a=(1) an d  in  § 3 o f this paper fo r it= (N ) with N Z  o r  n=(N)q.
Before giving a  form ula  for tr Sts (T(a))=tr Z(T(a))T,, we introduce some nota-

t io n . F or a E Q', assume there exists g G L ,( F )  such that N g = a .  Then Z a (g)
i s  a  q u a te rn io n  algebra over Q  a n d  th e  isomorphism class o f Z a (g) does not
depend on  the  choice of g, an d  we denote it by D (a). F o r each prim e p  a n d  a
Z r -order A p  o f  D(a) 5 -=D(a)0 Q Qp ,  put

ca ,p (a, A p , E(a) r )-= Ca ,p (g, 0(A p))nE(a)pl
11F, p

where 0  is  a n  isomorphism from D(a) p  to  Z,(g)(8)Q Qr . I f  there does not exist
such g ,  w e  p u t  ca ,p (a, A p , E(a) r )= 0 .  Then this number ca ,p (a, A p , E(a) p ) does
not depend on the choice of g .  For f (X )= X ' —  sX d-n Z [X ], le t  K (f )  denote the
Q-algebra Q [X ]l(f (X )), and  for a  prim e p  assume there exists geG L ,(F p ) such
that f N g (X )=f (X ) and  NgEEFx, where f N g  denote t h e  characteristic polynomial
o f N g .  F o r  a  Zr -order of K (f ) p -=K (f )0 Q Qp , w e put

cu , p ( f ,  A p , ( a)  p )= IC , p (g , 0(A p ))n  E(a),/
11

F,

where 0  is  th e  isomorphism from K (f ) 9  to  Z,(g) r  d efined  by 0 (X )=N g . Then
this num ber does not depened o n  t h e  choice o f  g. I f  there does not exists
gEGL ,(F p )  with f N g = f  and  N g E F', we p u t  ca , p (f , A p , E(a) p )= 0  Now we can
give a form ula for t r  s (T(a)).

Theorem 4.2. L e t  a be an integral ideal o f F  w ith (a, n)=1, and assume a is
divided by at most one prime factor of (p) i f  p decomposes into 1 distinct prime
ideals in  F .  I f  x_>_4, we have

tr Z s (T(a))=. tv+ te + t, t r

w h e re  t  t  t- -  and t , ,  are given as follows.

i) to =d(Na) 1  E H  c a  p ( ,N/N-a. , A p  . .77,(a) p )[A ,; : A p]v(D(A /Na))(Nar - '47cl A P

where N a= O a and 6(N a)=1 or 0 according as Na i s  a  square o r n o t. A  runs
through all classes of Z-orders o f D( % /N a) w ith respect to the equivalence relation
A  A ' <=> A =h - 'A 'h hED(-V N a) and A o denotes a maximal o rd e r o f  D(N/Na)p
which contains A p ,  and v(D(A/Na)) is  the volume of a fundamental domain in
with respect to the group of all units of a maximal order o f D(-N, /Na) with norm 1.

1ii) te =— y i w e ( f ) h(K (f ),  A )
II c,,. ,,(f, A ,,,, E  (a) P )  1

where f  runs through all polynom ials f (X )-=X 2 — sX -Fn in Z [X ]  such that n -=N a

and s' — 4n < O. Let e, y i be the two roots of f-=-0, then w e ( f )= - ' 1 - 7 2 '  .  A  ru n s
e — )7

through all Z -order of K (f )  which contains ;Y".
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iii) wh(f) chAucy{ ±),1A1]) f j c , ( f ,  A , ,  E ( a ) p )

w here f (X )=X 2 — sX ± nEZ [X ], n=N a, an d  f  runs through all polynomials which
have distinct two roots in Q .  Let C, 72 be  th e  tw o  roo ts  o f  f =0 , then  w h ( f )=
M in.(1 -1' 1'21 '- ') a n d  A  runs through all Z -orders of  K (f ) which contain :X".

IC- 721

1iv) tp = --5(a) —
2  

a' f l F2(a)5)(Na)'2-' ,

where à(a) is 1 or 0 according as a is a  square or not, and a' is a positive integer
determ ined by  anZ =(a /2). f =(X --s/Y ra) 2 =(X --a) 2 and A (ala') denotes a Z -order
o f  K (f ) such  that [A (ala'): Z []]-=a/a'.

P ro o f . T h e  calculation proceeds in  th e  same way as in the proof of Theorem
2  i n  [ 8 ] ,  a n d  w e  o m it  th e  details. O n  tp ,  we n o te  th e  following. L e t  g 1 =

dbi ) , c,,,(f , A ((a/a/), E(a),), be a  complete system of representatives

o f Ca (g, A (alaTnE,(a)+1 for geG L 2 ( F )  w ith  K (f) - - Q [g ] .  F o r  each g i ,
o ( n )

-6choose x ,EGL ,(F)+ such that _, )
( 0  a  a x ,  with d , tiG F .  Then it is easy to

see g'=xT 1( d  — 1 3 )ax 1 a ls o  g iv e s  a  complete system o f  representatives of0 d
Ca (g , A (a I a')) n1,7 (a)+ I and  we may assume 2(g j )= 2(e , I m(g 1)I = I m(g;)I , and

o (n),
A(g i )=— A (g ). For a  positive  integer t, l e t ,  A ((ala')t) b e a  Z-order o f  K (f)
such that [A ((alat)t): Z []].-- -(alai)t, then we have

Ca (g, A (alaTnE(a)+1 A ((ala')t)nE(a)+/
Vo (n) ro (a)

s ince w e h a v e  ca , p (f, A (ala'), 1-7(a),)=-c a ,(f , A ((ala')t),, E(a) p ). W e see e =

x71(
 E t

)-x ,
' 1

p(f , A (ala'),„ g(a) 5 ) ,  gives a  complete system o f repre-0 —
sentatives o f  Ca (g , A ((ala')t))n,E7 (a)+ I j „  a n d  w e  m a y  assum e 2(g)=2(g 1),

r000
Im(g)l= I m ( g  ,  and  A (g)= tA (g,). We n o te  I m(g i )1 A(g-) = a' and Ca. p ( f  A (m),
E,(a)5 )=0 if  v p (m)<v p (a/a') by the  result in  § 3 o f [8 ], where 7), is th e  valuation
of Z  given by v5 (p)=1 an d  A(m) is th e  Z-order of K (f ) such that [A (m ):Z E kl]
= m .  Hence we obtain

t5 =lim— a' E sgn A(g.) A / —1 {exp (7/2s sgn A(g,) A/ —1)8-0 2t
—exp (7/2s sgn (—A(g 1)),\,/=1)}

1  
t= 1  t i+ "

1
A (a/e)p, E(a) 5 ).

By th e  definition of GIF , we have R(UF , RF,„, where RF,,,=R(GL,(op),
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GL,(Fp )). W e p u t  li'cl ',.=  0  R ,  a n d  R21 =  0  RQ, p ,  where R Q , =R(G.L 2(4 ) ,

G L A ,) ) . For a positive integer N  and a character  X  mod. N , we denote by
P 4* N n

S,(T o (N), X) the space o f cusp forms on 0  satisfying

g(Tz)=X(a) - i (c z + g (z ) fo r r =(
a

c  d

T he we can define an action 3.: o f Rt4 o n  SJF 0(N), X ) a s  i n  [11] i f  N  divides
some pow er of N u. L et 2, be a  homomorphism from RF ,, to 1?0, p for pp  defined
in  § 2 o f [7 ] and  § 5. 1 o f [8 ] .  Then these homomorphisms 2, define a  homomo-
rphism A from R°, to R .  Thus we obtain a  representation o f 1 4  in  t h e  space
S,,.(T o (N), X). Comparing these representation with th e  representation Zs , w e
obtain

Theorem 4.3. T h e  n o ta tio n  being as above, assume n=- (N)0 12 w ith
(N, q)-=1, and a non-negative integer p .  I f  x _4, and p>0, we have

t r  s(e)= - - { 5:(2(e))1S,(r0(Ne), Xi )

+( l- 1 ) ±  tr Z(2(e))1S,(T o (N e+ 1), Xi )}

f o r e E n .  I f  p=0 , we have

tr Zs (e)=tr Z(2(e))IS(ro(N))
1 1—  tr Z(2(e))ISK( r o (Nq),2

for  e  R C . Here Xi , are all characters o f order I mod, q , and X , is  the
trivial character, and tr Z(2(e))1S is  the trace of (2 (e)) on S.

T his can be proved in  th e  same way a s  Theorem 5. 6 o f  [8 ]  by using Proposi-
tion 3. 1 a n d  3. 5 o f  this paper instead of Propositions in § 3 o f  [8 ] for primes
which divides Nu, and we o m it th e  details. By m eans of P roposition  3. 4 and
3. 7, we can prove th e  following in  th e  same way.

Theorem 4. 4. The notation being as above, assume u=(N )q 1" 1 w ith
(N , q)=1, and a non-negative integer p. I f I C we have

tr tr Z(2(e))IS(r o (N e ') ,

fo r  e R°F .

Applying these theorems, we can give a  m ore  detailed result. We choose a
totally positive  element 3  o f  o  such that (6)=- (1, and put n =(N ô ) with N E Z ,
(N, q)=1, a n d  a  non-negative integer v. L et S,,(T 0(n)) and SWo(n)) be a s  in  § 1,
a n d  fo r  a  p o s it iv e  integer N  a n d  a  character X mod. N , le t &"(T o (N), X) denote
th e  space o f new forms in  S,(T o (N )) . Then we can prove th e  following.
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Theorem 4.5. T h e  notation being a s  above, a ssu m e ii-=-(N)q with N E Z ,
(N , 0=1, and  a  non-negative integer v. If K L I, we have

i) I f  I#2, we h a v e  a s  1?7,-modu1es,

a) S4r0((N)))'=-' Sl(Po(N))aS

SI(T o(Ny), SOS .
i=2

b) ,-5(0 o((N)q))'=' S'(r 0(N q)) .
Sgr0((N)q 2 ))=-' V, S ( r  o(Nq2)).-' V S  .

d )  For

Sgr 0((N)e)))=.-'
 S ( r  o(Na ( ' - 2 )11-1-2 ))

ii) I f  1=2, we have a s  14-modu1es,

a) Sgr o((N)))—= S(r o(N))@S
Sgr o(Nq), S eS

b) Sgr0((N)q))'="Sgr0(N9)) •

c) Sgr0M 1 2 )) = V

SgE o(Ne))EDS,?(Fo(Ne)), X2)=-"SAr0(N))EDS(F0(Ng))EDVEB V .

d) For3 ,

„  f  W  i f  1.)--=-0 mod. 2S a -V(N)L1')) 7=- 1. 0 otherwise

Sgr 0(N e - 2 ) /" z ))EDSW  o(N e - 2 ) 1 2 + 2 ), WEB W

P roo f. By a  resu lt of T . Miyake [5], w e have

S.(r0((N)9')) - ED ED sgro((m)0)"'
d I Mot'L

a s  n-modules, w h e r e  S g r o((M )e))" , `= { f(dôr̀ z) I f G S gr 0((M)e))}. For t h e
Miibius function p  and a positive integer m, we define the  function 13 by

p(m)= p(d) ja(m I d) .

For v =0, w e see by Theorem  4. 3

tr Z(e)ISgr 0((N)))-= g N  AI) tr at(e)ls„(r0((4))

= E 3(M/N) tr Z (2(e))Is(r0 (m))
MIN

+ - 0  E  P ( N  M )  tr Z(2(e))I S(r 0(M q), Xi)
G  MIN ti=2

=tr Z(2(e))1S(1 - '0(N))
1— E t r  (2(e)) I S(r 0(1V 9), Xi) .2 1=2

if  i m2 rnod. 1
otherwise .
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for e E  1 4 . From  this w e obtain  the assertions a) of i) and ii). For v=1, we
can prove the following by Theorem 4. 4 in the sim ilar w ay as above.

tr 1.(e)1 0((N)q))= tr :I(A(e))1S(F,(Nq)) .

The assertions b) of i) and ii) follow s from  this equality . N ext w e consider the
case v F ir s t  assume l * 2 ,  then  for Xi , 2 i l , th e re  ex is ts  j, 2 j l, such
th a t  Xi Xj=identity c h a r a c te r .  F or v  2 , th e  tw isting  o p e ra to r f  f 7,1 ,  f x j =

E a„X .i(n)e'''  for f =  E a n ez"inr, induces a map from SAT o (N O ), Xi ) to S (F o (Nq'))

which commutes w ith  the action of R .  W e  s e e  e a s i l y  the tw isting operator
gives the following identity between traces of T(2(e)).

tr Z(2(e)) IS ( r  0(Nce),X i )=tr Z-(2(e))1 e  S (r 0(N e)) .

Now by Theorem  4. 3 and the above equality, we see

tr Z(e) Sgr AN)11 1))832 SW 0((N)q i  - 1 )2 1 • e (l-1)sgr0((N)q2)
EB(1- 1 )Sgr 0((N)Q)))9(1 - 1 )S gr &ND)

=  E  giV/M) tr Z(e) S.,(F0(( 1 ) ,11))
M IN

— E  P(N/M) tr Z(e) I S,(r 0((M) 11))Mi N

1
E  43(N M) tr Z.(2(e))I S (T' 0(1171q), Xi )mIN

+ (l - 1 ) tr Z(2(e))1S(F 0(Mq2), X L)}i=1

— E  P (N I M )  tr l(2(e))1S ,(r 0 (Mq), X t )
MIN i=1

=(1 - 1) tr 51(2(e)) S W 0(N e D e S g r o (Ng))(1)Sar o (N)) .

Since each irreducible representation of 12(.), appears in sgr o(MO))ED2sgT 0 ((n q i - 1 ) )

ED •-• ED (1-1) SZ(roc(N):0)ED (/ —1) s l c r o o r »  w ith  m u lt ip lic ity  a t  m o s t  l-1 , w e
obtain

Sgf 0((N)tr))'; 0 ,

SgroM)t1TEDSWANMEDS2(FAND

-=E g r o (NeDEDSgro(Ng))EDSgr o (N)) .

If w e use a), b), we obtain

s g r o(NO)----=',5Z(T 0((N)L12))(3S .

Hence we proved our assertions c) and d) for v, In the sim ila r w ay  as
above, for p 2 ,  w e can  show the following isomorphism as n-modules by con-
sidering
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E  13(NIM) tr Z(e) I S,(F0((N)(11")) —  E  19(NIM) trl:(e)18,(ro((N)L1 ( ' ' ' ) ) ;M IN M IN

(8) 6 (i+i)sgromq, "-»61( ED s A rA N )e ))t=1 o s .1 (p - i )t

e  sgr0(No)))e)(1-1),SAr0(Ne+1)).

For p =2 , w e h a v e  e  Sg1-
3((N )qi))..' e  sw o(No) by the result proved above.

0525/ 05252

If follows from this

431(i+ 1) ,V(r0((Ar)(121 1)--'14 (1- 1 ) S ( r o(No2+1)) .

By observing th e  multiplicities, we see

S g r o(N e ) ) ,  i=1 - 2
(r o ( (N )q " ) ) 0 , otherwise.

In  the  sim ilar w ay, by using (8) and induction on p , w e can  show  for p - 2,

°(F0(Ne + 1 ) ) ,  i=1 - 2
SW 0((N)qt`11)-- 0 , otherwise.

T his is nothing but the assertion  d) of i ) .  W e can proceed similarly in the case
of 1=2 by using Theorem  4. 3, 4. 4, and  w e  om it the details.

Example. W e give a  num erical exam ple for Theorem  4. 5. W e  ta k e  F=
Q(V 5), n -=(A/ 5 ) a n d  K =4. I n  t h i s  c a s e  w e  have dim ,S4(r0((-V 5 )))=1 and
dim S4(F0(5))=1. 

H e n c e
 S4(ro((A,/-51)) -= 'S ,(Fo (k/ ))). Let f (z ) and g(r) be a  non-

zero element of S4(r0((A/ 5 ))) and S 4 ( r 0 ( 5 ) )  respectively . W e denote  by  a ,  (resp.
2(p)) th e  eigen-value of g(r) (resp. f (z )) fo r  T ,  (resp. T(p)), then by Theorem  4. 5
saw AN/ 5 )))=--s4(r.(5)) a s  R-modules, hence it should hold

A { a
p , p=pp', p*p/

(P)=- (p)=p

By Shimizu's trace form ula [9], w e can  ca lcu la te  2(1.)) f o r  severa l p u sin g  the
class num bers of totally im aginary quadratic extensions of F, and w e can  check
th e  above re la tio n . In  fac t w e  have

a2 = - 4  2 ,((2 ))=

03 - 2 2((3))= —50

au =32 2((44-,./ )=32 N((4+-\/ -5- ))=11

a 19 = 100 2

( ( 94r  ) ) = 1 0 0  AT"  9 -1 -N /  5  \\ 19 .2

DEPARTMENT OF MATHEMATICS
COLLEGE OF GENERAL EDUCATION
KYOTO UNIVERSITY
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