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In [I-Y], Imai and Yokota showed that the group

E s = la E Isoc 4') I a[Ri, R2] =[aRI, aR2], <aRi, aR2> = R2>}

is a simply connected compact simple Lie group of type Ea and it contains a subgroup

E7={flEE8Ifil=1}

which is a simply connected compact simple Lie group of type E 7 .  In the present
paper, we consider the homogeneous space E 8 /E 7 . The result is

E 8 /E 7 = 9 1 = { R E e IR ,X R = 0 , <R , R > = 4 }.

This paper is a continuation of [I-Y] and we use the same notations as [I-Y].
So the numbering of sections and Theorems o f this paper starts from 7  and 29
respectively. The authors wish to thank Prof. Tetsuo Ish ihara  for his advices.

7. The manifold oc.

For R e e l ,  Freudenthal defined in [F] a linear transformation R x R  of 4' by

(R x R)R 1 =(adR) 2R 1 ± -
0 B(R, R i )R , R ieef:

(where B  is the Killing form of the Lie algebra and considered a subspace 93BC of :

IR x R = 0 , R # 0 ) .

By the use of [I-Y] Theorem 28 (and Proposition 27, E7 : (2)), we have immediately
the following

Proposition 29. F or R =(0 , P , Q , r, s ,  t ) E t l ,  R # 0 ,  R  belongs to T ac if  and
only i f  R  satisfies

(1) 2 s 0  — Px P=0 (2) 210-1-Qx Q = 0 (3) 2r0--I-PxQ----0
(4) 1 $ P - 3 r P - 3 s Q = 0  ( 5 )  4 5 Q + 3 rQ - 3 t P = 0  (6) {P, Q } -16(st± r 2 ) = 0
(7) 2(0Px Q 1 -1-2Px0Q i— rPx Qi— sQxQi)—  { P, 0 = 0
(8) 2 (0Q x .P1 +2Q x 0 PH -rQ ><P itP x P i)— { Q , P 1 } 0
(9) 8((Px Qi)Q — stQl— r 2 121 - 0 2 Q1+2KPQI)d- 5 (P, Q i1Q -2{ Q , Q1}P=0

(10) 8((Q xPOPH-stPi-{-r 2P1-1-0 2P1-1-2rOPI)+5 {Q, P i } P - 2  ( P, P1)Q =0
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(11) 18((ad0) 20 1 -F Q  x& P — P x0 1 Q )+ B 7 (0 , 0 1 )0= 0
(12) 18(010P— 2001P—r01P—s(151Q)+B7(0, 01)P=0
(13) 18(01.0Q-20002±r01Q-2101P)+B7(0, 01)Q=0

(w h ere  B 7  i s  t h e  K il l in g  fo rm  o f  th e  L ie  a lg eb ra  4') f o r  a n y  01E4, P1, 121E13C.

Theorem 3 0 . T h e  g r o u p  4  a c ts  t ra n s it iv e ly  o n  U c  (w h ich  is  c o n n e c t ed )  a n d
t h e  iso tro p y  su b g rou p  (4 ) 1  o f  4 at 1 E 2 3 c  i s  exp (139exp (C )E  (w h e r e  e x p(139
exp (C )=  lexp (0(0 , 0 , Q , 0 , 0 , t))1PE 913c 4 = { f3 E 4 ig i= 1 ,  /31= 1431= 1}).
T h ere fo re  w e h a v e th e  fo llow in g  homeomorphism:

4 / (exp (1 3c )exp (C )4 )= 2Bc.

In  p a r ticu la r , Tilc is  a  56 d im en siona l conn ected  com p lex  m a n ifo ld .

P r o o f  Obviously the group .4  acts on T 3 c . Since 1=(0, 0, 0, 0, 0, 1)E2Bc, in
order to prove the transitivity of 4, it suffices to show that any element RETile can be
transformed to 1 by a certain element a E 4 .

Case (1) R = (0 , P ,Q ,r , s ,t ),t#  O. In this case, from (2), (5), (6) of Proposition
29, we have

1 r 1 r2 1  
0 = Q x (2 , P =  t  Q  6 1 2  (Q X Q ) Q ,  s =  1 +  9 6 1 3  { Q, (Qx0Q} .

Now, for 0 = 0 (0 , Pi, 0, ri, si, 0)E ad4', we shall calculate (expe)1.

0 0 Pi 0 0 0 /  0  \  /  o
—13 1 r i Si— P 1 o o o o

O— r i 0 0 —P i 0 —Pi,

e l = 1

0 - - - P i  0 0 si o =  s i_
1 0 — 2 s i 2 r i 0 o o

.  O o o o o — 2 ri/  \  1  /  \  — 2 r i/

/ x P i / 3riP i X PI
3risiP1-1-(Pi X POP'.

0 2
1 =  3 r i P i

031—

4r
j
— 8 r ; .

in general ( n  4)

(( - 2 )" - 1 + (-1 )" )r7 - 2 Pi X Pi

( ( - 2 ) " - i  1+ (-1 )^ - 
2 1)rni-2.riPi+ (

1 —( — 1 ) n  \
6 - I -  2  )  ri - 3 (P iX  P i)P i

(( - 2
)

n± ( - 1
)

n+1 )/1.— I PI
( -2 )" -1 r7 -1 s i

e n ],
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2n - 2
- -"- 2  2 2 —F( 2 - 2  —( - - 1) ' —1 r ., ---4ï {PI, (P  1X P i)P 1}— ((-2 )" - 2 -1-2 ) r r s i  + 2 4

(-2)"r I

Hence, by simple calculations, we have

Onlexp(0(0, P i ,  0 , r i, si, 0))1= (expe)1= ,3 n
1

1

1  — 2 r z , (e - 2 "1- 2 e - ri +1)Pi X P i

s i  i)p i+   61, 3   (_e_2r1 + el +3e - rt —3)(Pi x P i ) P i

1 _ e — ra )p i

s i  (1_ e -2, i )
2r

1  („1
2 7 '

, _ 2 r i  _
4e r i —4e- ri +6) {P i, (P i X POPi}

471 96r"-

r i

e- 2 ri

means lim  f  (ri)  
k )  Find out P i  E C, ri, s iE C  satisfying

r i .0

1  (e - 2 '1 e - ri)P i = Q,

(if r i - 0  f  ( r 1 )

r i

Then we have

(expe)1=_

sl ( 1  e - 2 r1) = r ,e 2 ' ' = /.
2ri

1/ 0  \— Q x Q \
21

rt6 1 1 2 ( Q  x  0  Q

Q  =R .

r2 19613 {Q, (QxQ)

t /

Thus R  is transformed to 1  by e x p (— e )E 4 .

Case (2) R * (0 , P , Q , r ,  s ,  t ) ,  s*  O. S im ila r ly  as (1), we see that R = (exp  e)1  for

some e=e(o, o, Qi, r i ,  0 , t i)E a d 4 ', where i= (0 , 0 , 0 , 0 , 1 , 0 ). On the other hand,

I can be transformed to —1 by

/ 1 0 0 0 00 \
0 0 1 0 0 0
0  — 1 0 0 0 0

CO=
0 0 0  — 1 0 0
0 0 0 0 0 — 1

\ 0 0 0 0  — 1 0 /

Thus R  is transformed to —1 b y  co ex p (— e)E 4 . So  th is case can be reduced to

the case (1).

= exp(0(0 , 0 , 0 , 0 ,  ,  - - 1 ) ) E 4 .
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Case (3) R =(ct1, P, Q, r, 0, 0), In this case, from (2), (5), (6) of Proposition
29, we have

Q X Q =0, 0 Q = -3 rQ , {P ,  Q}=16r 2 .

Now, for e = e  (0 , Q, 0, 0, 0, 0)Ead4', e R = ( Q x Q ,  - 0 Q - rQ ,  0, 0, -1
4- {Q, P } , 0)=

(0, 2rQ, 0 , 0 , -4 r 2, e2R=0. Hence we have

(expe)R = (0 , P-P2rQ , Q , r, - 4 r 2 , 0), -4 r2 * 0 .

So we can reduce to the case (2).
Case (4) R =(0, P, Q , 0, 0, 0), Q * 0 . For e=e(o, p i ,  o, 0, 0, 0)Ead4', we have

(exp 0).R=(*, *, *, {P1, Q}, *, 0).

Choose PiE43c such that {Pi, (2} 0 0 . Then we can reduce to the case (3).
Case (5) R =(0, P, Q, 0, 0 , 0 ), P # 0 . This is similar to the case (4).
Case ( 6 )  R =( 0 , 0, 0 , 0 , 0 , 0), 0# 0. In this case, from (10) of Proposition 29,

we have 0 2 = 0 .  Now, for e = e (o , p i ,  o, o, 0, 0)Ead4 ., -0 P 1 , 0 , 0 , 0 , 0 ) ,
- o 2 p 1,  o, o, P1}, 0)=(0, 0, 0, 0, j4-{0P 1 , P1}, 0 ), 0 3R = 0 . Hence

we have

(expe)R = (0 ,  _ p i ,  0, 0, .1-(0.Pi, PA, 0).

So, if we choose Pi El3c such that O PI*0, then we can reduce to the case (5). Thus

the transitivity of 4 on TBC is proved, so we see also the connectedness of 2 S c . Next
we shall determine the isotropy subgroup

(E )1= { aE E 'Ia l= 1 ).

Since 43c6C={Qd-t=(0, 0, Q, 0, 0, t)I QEI3c, tEC}  is a subalgebra of ec, and [Q , t]=
0, exp(Q )=exp(0 (0, 0, Q , 0 , 0 , 0 ) ), exp (t)= exp (e  (0 , 0 , 0 , 0 , 0 , 0 , t ) )  commute
with each other and exp(r)exp (Ç)=exp(ad(13ceiG")) is  a  connected subgroup of
E .  N ow , let a G (4 ) .1 and put

a l= ( , P, Q , r, s, t). al= (01, P1, Q i, ri, si,

where 0, 0, 1, 0, 0). Then, from the relations [1,1 ] = -2 1 , [I, [1, i.]=21.,
that is, [a l, 1]= -2 1 , 11=a1, [a l, all = - 2a1., we have

P= 0, s=0, r= 1,

0 =0 , 13 1= - Q , si-=1, r i = 2 '
1 1 12 1

42 ' Q 1 = - 2 9 - 4 ." '  t i = - f 6 { Q '  Q 1 }

respectively. So a has the form
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12Q 16 ( Q " ) Q 0
a -=

1 2 0

*

0 1
t21
4  

+
9 6  

{Q
'  

(Q xQ) Q}

0

1

On the other hand, we have

--2Q x Q
—Q

— 2 - 4 (12)< Q) Q

2
1

   

exp( —
t

)exp(Q )i=2
=  a i

and also we have

t2  —  +  { Q '  (QxQ) Ql4 9 6  

 

exp(—
t

)exp(Q )1= a1, exp( 
t  

)exp(Q)1--- al.
2 2  -  -

Therefore e x p ( - 0 e x p (  E  { P E 4 1 8 1 = 1 , 0 = 1,p1=1}:—..-{pEisoc(c,q3c)
1/3(px Q) - 1 =1 3 P4 Q )  (which is a  simply connected complex Lie group of type E7).
Hence

(4)1=exp(13c)exp(C)) .

Furthermore, for 13E 4  ,  it is easy to see that

p(exp(Q))13-1=exp(PQ), p(exp(t))/3- 1 =exp(t).

This shows that exp(q3c)exp(C) is a normal subgroup o f (E , ) 1 . Hence we have a
split exact sequence

1  — 4  e x p (V )e x p (g )  - -4  (4 ) ,„ — 0 .  4 1.

Therefore (E ) 1 is the semi-direct product of exp(V)exp(C) and E .  Thus we have
the hemeomorphism

E,V(exp(kr)exp(Ç))4s-- BC.

In particular, TBC is a 248— (56+1+133)=56 dimensional complex manifold.



472 I. Yokota, T , Im ai and  O . Y asukura

R em ark . Theorem 30 gives another proof of the connectedness of the group
4 (see [I-Y] Theorem 18). In fact, the proof of Theorem 30 shows that the connected
component (E )0  of E  containing the identity acts transitively on SC, SO SC  is con-
nected, and from the homeomorphism E,V(exp(V)exp(C))E n c  we see that the
group E is also connected.

Proposition 31. SC  is a complex  submanif o ld  of  6.
P r o o f  Consider a subset U of al3c:

U = (0 , P,  Q ,  r , s , t)E 0 cI1 # 0 1

 

1 QX-- - — Q21

P = r  Q —
6

1
1 ,  ( Q x  Q

t  s —  — 
r

2 +
9 6 1 3  

{Q
'  

(Qx (2) Q }

, P, Q, r, s, t)Ge

   

=exp(ad (q3ceaCE3C) ) 1 (see Theorem 30, Proof of Case (1)).

Then U is an open set of 213c and salo a submanifold of 4'. Now, for an open set V
={ (0 , P , Q , r, s ,t)E 6 1 1  0 } of 6, we have

v n
(in general, a U =av  n933c  and S c= - U aU ). This implies that SC is a (regular) subma

, E EC
-

nifold o f 6.

8. The manifold

We define a space VI in 6 by

9231= {R E T 3cl< R , R > = 4 }.

In order to prove that Tai is a 115 dimensional manifold, we use the following well-known

Lemma 32. L et M  b e  a  d iffe r en t ia b le  m anifold, f  :  M  R  a  d iffe r en tia b le
m app in g and .1V= {p E llf I f  (p )= 0 }. S uppose rank (df) p #0  f o r a ll PEN, th en  N  is
a subm anifold o f  M  w i th  codimension 1.

Proposition 33. T3 1 i s  a  115 d im en sion a l conn ected  com pa ct m anifold.

P r o o f  Define a mapping f :  V.Bc —).R by f  (R )=<R ,  R > -4. Then f  is obvi-
ously differentiable because 9BC is a subinanifold of d'="-C 2 4 8 -= R 4 9 6  (Proposition 31).
We shall show that (df)R# 0 for RE f - 1 (0) = V I. C o n sider a curve AR, 0<A< co, in
SC through RE S c .  Then it is a differentiable curve with respect to A from Proposition
3 1 .  Now, for RETili,

a ) afa  (df)R(—,9A R
= ( A R ) 1 2 .

a
1=  (-GAR, A -R > 4)1a- =  a 4A2 i2-1 =8 # O.

- -

Hence rank (df )R =1 for RE VI. Therefore  B i is a dimTac — 1=116-1=115 dimen-
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sional submanifold of Z.Bc from Lemma 3 2 .  Clearly V i is compact. Ti3i is connected,
since el is the image of 933c (which is connected) by a continuous mapping h: %3c

2Rh (R )=  < R ,  R > .

T h eo rem  3 4 .  T he hom ogen eou s spa ce E s' E7 i s  homeomorphic t o  th e  m a n ifo ld
Tat :

Es/E7=U1----{Red'IRxR-=0, < R , R > = 4 } .

P r o o f .  Obviously the group Es acts on 92i31 and the isotropy subgroup at 1 is E 7

([I-Y ] Theorem 26). Therefore the orbit Ed (which is homeomorphic to EVE?)
through 1 is a 248-133=115 dimensional submanifold of T3i, because Es is a compact
Lie group. Since E 8 1 and 9/11 are both connected manifolds, have the same dimension
115 and E 8 1 is a compact submanifold of VI, they must coincide : E 8 1=Ti31. Thus we
have E8/E7=E 8 1
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