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In [I-Y], Imai and Yokota showed that the group
Es={aElsoc (€€, €S)|a[R1, R:]=[aR1, aR:), <aRi, aR:>=<Ri, R2>)
is a simply connected compact simple Lie group of type £s and it contains a subgroup
Er=(BEEs|B1=1}

which is a simply connected compact simple Lie group of type Z7. In the present
paper, we consider the homogeneous space £3s/E7. The result is

Eg/E;=BW1=(REeF|RXR=0, <R, R>=4}.

This paper is a continuation of [I-Y] and we use the same notations as [I-Y].
So the numbering of sections and Theorems of this paper starts from 7 and 29
respectively. The authors wish to thank Prof. Tetsuo Ishihara for his advices.

7. The manifold 28¢.

For R€¢e€, Freudenthal defined in [F] a linear transformation £ xR of ¢$ by
(R xR)Rlz(adR)ZRl-l-BiOB(R, R)R, RiceS
(where B is the Killing form of the Lie algebra ¢$) and considered a subspace 8¢ of € :

We={REeS | R x R=0, R#0).

By the use of [I-Y] Theorem 28 (and Proposition 27, £7 : (2)), we have immediately
the following

Proposition 29. 7or R=(P, P, Q, 7, s, t)EeS, R+0, R belongs to WC if and
only if R satisfies
1) 2s@—PxP=0 2) 2D4+QxQ=0 B) 2,rP4+PxQ=0
4) DPP—37P—3sQ=0 (5) PQ+37Q—3:P=0 (6) {P, Q}—16(st+»2)=0
(7) 2(PPXQ1+2PXDPQ1—7PXQ1—sQ X Q1)— (£, 01} D=0
8) 2(PQXP1+20XPP1+7Q X Pr—tPXP1)—{Q, P} D=0
(9 8(PXQ1)Q—s1Q1—72Q1—P2Q1+2rPQ1)+5{~P, 01} Q—2{Q, Q1} P=0
(10) 8((Q X P1) P+-s5tPr1+72Py+ PP+ 27D P1)+5{Q, P} P—2{P, P} Q=0
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(11) 18((ad®)2P1+4-Q X P1P—P X D1Q)+ B+(P, ®1)P=0
(12) 18(P1DPP— 29D, P—r®P 1 P—sP1Q)+B+(D, D1)P=0
(13) 18(D1PQ—29D:1Q+7P1Q—tD1P)+ B+(D, $1)Q=0
(ewhere B is the Killing form of the Lie algebra €S) for any ®1€¢5, P, Q1EBC.

Theorem 30. 7%e group ES acts transitively on BC (whick is connected) and
the isotropy subgroup (ES): of ESat 1EWE is exp(PC)exp(C)ES (where exp(PC)
exp(C)={exp(6(0, 0, Q, 0, 0, 2))| PEPC, 1€C}, E{=({BE ESIBI=1, f1=1, p1=1}).
Therefore we have the following homeomorphism:

E5/(exp(PBO)exp(C) ET) ~TC.
In particular, TC is a 56 dimensional connected complex manifold.

Proof. Obviously the group EY acts on €. Since 1=(0, 0, 0, 0, 0, 1)EIBC, in
order to prove the transitivity of £€, it suffices to show that any element 2 E 8¢ can be

transformed to 1 by a certain element a € £€.

Case (1) R=(D, P, Q, », s, #), t+0. In this case, from (2), (5), (6) of Proposition
29, we have

o=—Loxo P=T0- 1 0x00 s=—T + 1110 @x00).

Now, for @=0(0, P, 0, 71, 51, 0)Eade§, we shall calculate (exp®)1.

0 0 Py 0 0 0 /0 0
—P S1 P 0 0 0 0
0 0 —»n O 0 —2 0 — 2y,
1= o ¢ —%Pl 0 0 o 0o |=|
0 —}Pl 0 —231 21 0 0 0
. 0 0 0 0 0 —271) \1/ \—2n
—Pi1 X P 371.P1 X P
—251.P1 3r151Pr+(PL X Pr) Py
371~ -—77‘3P1
— 31 —
@21— —27151 ’ 6 1= 4ris1 [
—2s2 0
473 — 873

in general (z=4)
(=2 (=) Pix Py
((—2)»—1_jl+(;1)"_1)r;‘2:1}’1+(_1—(6—2)".+(—21)")r;~3(P1 X Pr)Py

o (=2 (=D )i Py
(—2)1rp s
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2t (=2)" i (= 1)
24

(=27}

—(=2 242" 77+ 7y P, (PrX PP
Hence, by simple calculations, we have
exp(8(0, P, 0, 71, 51, )1 =(exp@)1=3 L 671
2 N T

( — lrz (8—2'1—28_’1+1)P1XP1
1

S (et enide A 1) Prd s (—eid-eri b 301 —3)(Py X P) Py
2r} 67} ‘

L e
_ o, (e 2r1—e™"1) Py
S1 —e—2r)
271 (1—emem)

1
967

2
(et —2) (et et — 4 — 41 6) (P, (Pr X P P)
1

e 2r

(if »1=0, Z%,i means lim i(:h;)). Find out 21EPC, 71, s1EC satisfying
1 1

710

r—];(e_2’|—e—'1)P1=Q, 2:’11 (1——6—2’1)27’, 2 —f,

Then we have

1 \

——2t—Q><Q | D

4 1
7Q __6tT(Q xXQ)Q P

(expB)1= Q =|Q |=R
¥ 7
2 1

2y lio ex0 0 ;
\ ! \ 7

Thus R is transformed to 1 by exp(—8)€E £S.
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/

Case (2) R=(D, P, Q, 7, 5, 2), s+0. Similarly as (1), we see that R=(exp O)1 for

some @=0(0, 0, Q1, 71, 0, 1) Eade§, where 1=(0, 0, 0, 0, 1, 0). On the other
1 can be transformed to —1 by

1 0 0 0 0 0
0 0 1 0 0 o0
w=| O 7L 0000 ag(6(0,0,0,0, 7, —T))e £,
0 0 0 —1 0 0 27 2
0o 0 0 0 o0 —1
0 0 0 0 —1 0

hand,

Thus R is transformed to —1 by wexp(—O)E LS. So this case can be reduced to

the case (1).
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Case (3) R=(®, P, Q, 7, 0, 0), »#0. In this case, from (2), (5), (6) of Proposition
29, we have

QXQ=01 <DQ=—37Q, {PJ Q}:1672'

Now, for 8= (0, Q, 0, 0, 0, 0)Eade§, BR—(QX Q, —#Q—7Q, 0,0, + (0, P}, O)=
(0, 27Q, 0, 0, —472, 0), @2R=0. Hence we have

(exp®)R=(D, P+2rQ, Q, », —4r2, 0), —4r20.

So we can reduce to the case (2).
Case (4) R=(D, P, Q, 0,0, 0), Q#0. For ®=0(0, 7, 0, 0, 0, 0) Eade§, we have

(exp @)R:(*, " — 1Py, Q) %, 0).

Choose P1EPC such that {P1, Q}#0. Then we can reduce to the case (3).

Case (5) R=(P, P, Q,0,0,0), P+#0. This is similar to the case (4).

Case (6) R=(®, 0,0, 0,0, 0), P+0. In this case, from (10) of Proposition 29,
we have ¢2=0. Now, for O=0(P, Py, 0, 0, 0, 0)EadeS, OR=(0, —PPy, 0, 0, 0, 0),
03R=(0, —B2P,, 0, 0, —_}{Pl, ®P1),0)=(0, 0, 0, 0, %{@PI, Py}, 0), @3R—0. Hence

we have
(exp@)R=(cb, —P, 0,0, L0P,, Py}, o).

So, if we choose P1 EPC such that DP1+#0, then we can reduce to the case (5). Thus

the transitivity of £S on I8¢ is proved, so we see also the connectedness of I3¢. Next
we shall determine the isotropy subgroup

(E)1={aEES|al=1}.

Since PHC=(Q+7=(0, 0, Q, 0, 0, 2)|QERC, /EC} is a subalgebra of ¢§ and [Q, /]=
0> eXP(Q)ZeXP(@ (O) 0, Q; 0> 0, 0) )) exp({)zexP(@ (0) 0, 0, 0, 0) 0) t)) commute
with each other and exp(pClexp (C)=exp(ad(PcBC)) is a connected subgroup of
ES. Now, let a€(£): and put

a1=(¢, P, Q, 7,5, ). ai=(¢1, Py, Qu, 71, 81, 1)

where 1=(0, 0, 0, 1, 0, 0). Then, from the relations [1, 1]=—21, [1, 1]=1, [1, I]=21,
that is, [al, 1]=—21, [aI, 1]=al, [al, a1]=2a], we have

P=0, s=0, r=1,

¢=0, P1=_‘Q’ s1=1, 71:_%’
1 7 1 z2 1
P1=50x0Q, Q=—50—73P0Q, 4H=—p—70 QI

respectively. So a has the form
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(« « x 0 20xQ 0
* * * 0 —Q 0
|t or e —je—gexoe o
* * * 1 ——% 0
* * * 0 1 0
sox o2 2 B 4l0,0x0@ 1
N 4 96’
On the other hand, we have
1
loxo
Y
z 1
—50—%(@%xQ 0
- 2 6 -
exp(%)exp(Q) 1= / =al
) 2
1
72 1
~ 2+ Li0 ©x0 0

and also we have
exp(%)eXP(Q_)IIGL eXP(—;-)eXP(Q)}=al-

Therefore exp(—Q)exp(—%)aE ES=(BeES|B1=1,B1=1, Bl=1}={BEIsoc(PC, PC)

[B(PX Q)~1=BPxBQ} (which is a simply connected complex Lie group of type £7).
Hence

(E)1=exp(PB)exp(C)) £S.
Furthermore, for BE £€, it is easy to see that

Bexp(Q))B1=exp(BQ).  PBlexp())B~r=exp(¥).

This shows that exp(PC)exp(C) is a normal subgroup of (£§):. Hence we have a
split exact sequence

1 —> exp(POexp(C) —> (£, —> ES —> 1.

Therefore (£5): is the semi-direct product of exp(PC)exp(C) and £9. Thus we have
the hemeomorphism

E/(exp(PO)exp(C)) £F =TBC.
In particular, 2BC is a 248—(56-+1+133)=56 dimensional complex manifold.
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Remark. Theorem 30 gives another proof of the connectedness of the group
ES (see [1-Y] Theorem 18). In fact, the proof of Theorem 30 shows that the connected
component (£%)o of £§ containing the identity acts transitively on I8¢, so I8¢ is con-
nected, and from the homeomorphism Eg/(exp(‘ipﬂ')exp(@ NES=TWC we see that the
group E is also connected.

Proposition 31. € is @ complex submanifold of .
Proof. Consider a subset U of IBC:
U={@, P, Q, 7, s, ) EWC|¢+0}
=1
¢~ 2¢ oxQ

=@ 2 0rsne| pP="0-Lox0 0

¢
72

1
+5a5 (0 (@XQ) Q)

S=

—exp(ad (PcHCHC) )1 (see Theorem 30, Proof of Case (1)).
Then U is an open set of 2BC and salo a submanifold of ¢§. Now, for an open set V
={(®, P, Q, 7, s, )EeS|t#0} of ¢S, we have
U=rnwe

(in general, aU=a ¥V NW¢ and We=Ua ). This implies that WC is a (regular) subma-
nifold of ¢€. =Fy

8. The manifold 28..
We define a space I in ¢§ by

Wr={REWC| <R, R>=4}.
In order to prove that 28, is a 115 dimensional manifold, we use the following well-known
Lemma 32. LZLet M be a differentiable manifold, f : M — R a differentiable

mapping and N={pEM | f(p)=0}. Suppose rank (df),#0 for all pEN, then N is
a submanifold of M with codimension 1.

Proposition 33. 8. 7s ¢ 115 dimensional connected compact manifold.

Proof. Define a mapping f: TC— R by f(R)=<R, R>—4. Then f is obvi-
ously differentiable because 28€ is a submanifold of e§=C 248= R49¢ (Proposition 31).
We shall show that (df)r+#0 for RE f~1(0)=T;. Consider a curve AR, 0<<A<<oo, in
8C€ through RELWC. Then it is a differentiable curve with respect to A from Proposition
31. Now, for RER,,

3\ 9 3 9
(df)R(ﬁ)R= P OR) lor = (AR, AR> — )11 = - 412021 =80,

Hence rank(df)zr=1 for REW:. Therefore W; is a AiIMWC —1=116—1=115 dimen-



Homogeneous space Es|E 473

sional submanifold of B¢ from Lemma 32. Clearly 28: is compact. 2B: is connected,
since B, is the image of 2BC (which is connected) by a continuous mapping /% : 2BC —

2R
QBI, ﬁ(R)=m.

Theorem 34. T'ie homogeneous space Es/Eq is homeomorphic to the manifold
B1:

Es/E1=T1={REeS|RXR=0, <R, R>=4}.

Proof. Obviously the group Es acts on 2: and the isotropy subgroup at 1is £
((I-Y] Theorem 26). Therefore the orbit Zsl (which is homeomorphic to £s/£E?7)
through 1 is a 248—133=115 dimensional submanifold of W1, because K is a compact
Lie group. Since £,1 and B, are both connected manifolds, have the same dimension
115 and £,1 is a compact submanifold of 281, they must coincide: Z,1=2:. Thus we
have Es/E7~E1=T1.
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