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Introduction

In [10], H. Matsumura asks
( I ) what is the difference between smoothness and I-smoothness?
(II) w h e n  is  a ring AV X„]]/a smooth over A?

In  the present paper, we study his problems (mainly Problem (II)) when A  is  a
noetherian r in g .  Concerning Problem (II), we list up three problems :

(A) When is A [[X 1 ,..., X  „]] smooth over A?
(B) W hen is AUX 1 ,..., X„Dct sm ooth over A  in  the  case  that a k 0?

In particular
( C )  when is (A , I r  smooth over A?

We can find some results about smoothness in some papers (cf. [1], [6], [8], [9] etc.).
They are stated in terms of differential modules or cohomology modules. But the
modules are not so easy to calculate in general. So, in this paper, we shall find other
criteria of smoothness in the above three cases.

§ 1 consists of notation, terminology and  prelim inary results. Proposition
1.5 gives the  well-known criteria o f  unramifiedness and  smoothness in  terms of
differential m odules. For the  proof of the criterion of smoothness, we could not
find a  reference, so we prove it here. Lemma 1.6 is essentially due to  Seydi (cf.
[15, Th. 1.2]). Here we prove it more simply than he. Lemma 1.7 is due to Kunz
(cf. [7, Lemma 2.4]).

§ 2  is devoted to study Problem ( A ) .  When A  contains a field, we get the
following result: if A [[X 1 ,..., X ]]  is smooth over A for some n> 0, then ch(A )=p>. 0
and A  is finite over A .  And the converse is also true.

In §3, we reduce Problem (B) to Problem (C) in some cases. Minutely speaking,
if B =A [V ,,..., X ,J]ln is smooth over A , B is isomorphic to the completion of A
with respect to an ideal of A.

In  §4, we deal with Problem (C) when A  contains a field. We consider the
problem in two cases, that is, ch(A)= 0 and ch(A)> 0. As an application of the result
of the latter case, we shall prove Kunz' theorem (cf. [9, (42.B) Th. 108]) in the
different way from his.

In §5, first we construct an excellent DVR A containing a field of arbitrary char-
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acteristic such that Â is smooth over A  an d  7 1 * A . Next we study the quotient
rings of sm ooth algebras. Here, we state /-smoothness in terms of a subset of the
set of maximal ideals. Finally, concerning this, we shall give an example.

The writer wishes to express his hearty thanks to Prof. H. Matsumura for his
kind suggestions, and to  Prof. K. Watanabe who also gave him kind suggestions,
in particular in Proposition 3.3.

§ 1 .  Notation, terminology and preliminary results

In this paper, all rings are commutative rings with unit element. W hen a ring
A  has only one maximal ideal ni, we call the ring a local ring and denote it by (A, ni)
or (A, in, k) where k is the residue field of A. When a ring A  is a domain, the total
quotient field is denoted by Q (A ). For 4.) e Spec (A ), we denote Q(A/p) by k(p).
For a ring A  and an ideal I of A , we denote the /-adic completion of A  by (A , I )"
and the henselization of A with respect to 1 by (A , 1)h.

Definition 1.1. L et P  be a  property concerning noetherian local rings. F o r
example, P.= regular, normal or reduced. W e say that a noetherian ring A  is  P
when A I,  has the property P  for all p e Max (A ) .  A ring homomorphism
is called a P-homomorphism if it is flat and all its fibres are geometrically P .  A
noetherian ring A  is called a P-ring if, for all p e Spec (A), the canonical map /1--

is  a P-hom om orphism . In particular, when P= regular (resp. normal, resp.
reduced), the ring A  is called a G-ring (resp. a Z-ring, resp. a N-ring) (cf. [9] or
[13, Def. (0.1)]).

Definition 1.2. A noetherian ring A  is  N or-2 if, for every finitely generated
A-algebra B, {p e Spec (B)I B o is norm al} is open in  the Zariski topology. I n
particular, if a ring A  is a N-ring which is Nor-2, then A  is called a Nagata ring (cf.
[6, (7.7.2)] and [9]).

Definition 1.3. A noetherian domain A  is N -1 if the integral closure of A  in
Q(A) is a finite A-module.

Definition 1.4. Let A be a (not necessarily noetherian) commutative ring, Ban
A-algebra, and I an ideal of B .  We say that B is /-smooth (resp. /-unramified) over
A  if for any commutative diagram

A B

C - - -C / N

where C is an A-algebra, N is an ideal of C such that N 2 = 0 , and y is a ring homo-
morphism such that v (1 ) - 0 for some n, there exists at least one (resp. at most one)
homomorphism B-4C such that f=cpou a n d  v=g0(p. I f  B  is /-sm ooth and
/-unramified over A, we say that B is /-etale over A .  In particular, if 1=0, we say
shortly that B is smooth (resp. unramified, resp. etale) over A.
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Now we can restate smoothness and unramifiedness in terms o f differential
modules:

Proposition 1.5. (i) (cf. [10, §25])B is unramified over A i f  and on ly  if OBIA=0.

(ii) When A and B are noetherian, B is smooth over A  i f  and o n ly  if  O B I A  is
a projective B-module and the ring homoniorphism A—*B is regular.

Proof of (ii). "Only if". By [2, (1, 1)], we have that

(* )  A -4 3  is regular if and only  if for every P e Spec (8 )  and p =P n A . B p  i s
P8,-smooth over A,.

So if B is smooth over A, A—+B is regular. And then OB/A is a projective B-module
by [9, (29.8) Lemma 1].

"If — . By (*) and [1, Supplément Th. 30], A - 4 3  is regular if and o n ly  if
H ,(A, B, W )= 0 for every 8-module W. So we have the conclusion by [8, Prop. 3.1.3].

Finally we state two lemmas.

Lemma 1.6. (cf. [15, T h . 1 .2 ]) . Let (A . ni, k) be  a noetherian local domain
con ta in ing  a .field o f cha ra c te ris tic  p>0 such, that [k: le ]< oo . Put K=Q(A).

T h e n  if A  is  a  Nagata ring , w e  have  [K : KP]< oo. In  p a r t ic u la r  A  is  a  .finite

AP-algebra.

P ro o f .  Let A be the m-adic completion of A .  Then by Cohen's structure
theorem. Â is a homomorphie image of k[[X,,..., X„]] where X 1 ,..., X „ are variables
over k. Since [k: kP]<co, Â  is finite over A P . So if we put L=Q(Â/p) for any
p E Min (A), [L : LP] < oo. Now since A is a Nagata local domain, L  is separable
over K  (cf. [9 , (31.F)]). Thus by MacLane's theorem, LP and K  are linearly dis-
joint over K P .  So we have [K : K P ] [L: LP]< co. Q. E. D.

Remark. In [14, Th. 2], Rotthaus also proves the above lemma simply, where
she uses differential modules.

Lemma 1.7. (cf. [7, Lem m a 2.4]). L e t A  be a noetherian semi-local reduced
ring conta in ing a f ie ld  of characteristic p> O. I f  A  is  a fin ite  AP-m odule, then A
is  ana ly tica lly  unramified.

§ 2. Problem (A)

First of all, we consider the lemma which gives an answer to Problem (A ) when
A is a field:

Lemma 2.1. Let k be  a fie ld . and  X =1X 1 ,..., X he variables over k .  Then
the follow ing are equivalent:

(i) k[[X]] is smooth over k;
(ii) ch(k)= p > 0 and [k: le ] < co .
P r o o f .  (i) (ii). For the sequence of ring homomorphisms k—>k[X]—+k[[X]],

we have the following exact sequence:
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(2k[X]/k ®k[x] k [[X ]] Qicf[X]ilk g2k[[X]]ik[X]O .

Since k [[X ]] is smooth over k and k [[X ]] is a local ring, S2--k[[X]]/k is a free k [[X ]]-

m o d u le . N o w  52k a x i i i k  k [Lxij(kO EXEI(X (k[EXEI(X))d X i. Therefore
i=

g214[X]pk" 
' I
 k [ [X ]]d X ,.  T h u s  9  is an isomorphism, and_ __ k t r x i l i k [ x ] - 0 .  So

i=
Qkax))/k(x)= S ince  tr . deg,,( ) k((X))= co, w e  h a v e  ch(k)= p> 0  and
(k ((X )))P [k (X )]= k ((X )). From this it follows easily that [k: kP] < co.

(ii) (i). Since [k: kP] < co , w e  h a v e  (k [[X ]])P [k [X ]]= k [[X ]].  So
t

2
k [ [ X ] i l i c [ X ] = O. M o re o v e r  k[X]— >k[[X]] is regular. Therefore k [[X ] ]  is smooth

over k [X ] .  So k [[X ]] is smooth over k. Q. E. D.

Now we give an answer to Problem (A) when A contains a field.

Theorem 2 .2 .  Let A  be a noetherian ring containing a  fie ld  k . T hen the
following are equivalent:

(i) X „]] is smooth over A for every  n>1;
(ii) X „ ]] is smooth over A for some n> 1;
(iii) ch(k)=p>0 and A is a finite A P-algebra.

P ro o f . (iii) (i). By Kunz' theorem (cf. [9, (42.A) Th.108]), A is a G-ring.
So if we put X= {X,,..., X,,}, A [X ] is a  G -ring . Thus A[X]— >A[[X ]] is regular.
M oreover by  th e  assumption, (A [ [X ] ] )P [A [X ]]=  A [[X ] ] .  S o  flAux]]/A[x]=O.
Thus A [[X ]] is smooth over A [X ], and also smooth over A.

( i ) (ii). Clear.
Put X = {X X , J .  For all in e Max (A ), k (m )[[X ]] is smooth

over k(m ). So by Lemma (2.1), we have

(*) ch(k)= p> 0  a n d  [k(m): k(m)P]< oo.

In order to show that A is a finite AP-algebra, we may assume that A is a domain by
the same argument as in the proof of [15, Cor. (1.3)]. Put .51  = {p e Spec (A)I
is not finite over (A/p)PI. If 5 *  4), there exists a maximal element po in  Jr. Then
Po is not a maximal ideal by (*). Put B= Alp o .  We shall show that B is finite over
B .  F o r  th e  purpose we have only to show that B P [[X ]][B ]=  B [[X ]].

Take any non-unit Oct e B a n d  p u t '1-j =(B, (a) ) . Then :61(a)-"Bl(a). So
by the definition of po and Kunz' theorem, 1.37(a) is a Nagata ring. So by Marot's
theorem (cf. [9, (41.D) Th.106]), 13 is a  Nagata ring. By the way, since B [[X ]] is
smooth over B and b  B[[X]]I(X,—a,..., X„— a), Ê is smooth over B by [9, (29.C)
and (29.E)]. So if we pu t Sa =1+(a)= {1+ ax x e B}, ST, 1 B—> .3' is faithfully flat
and reduced. Since 1 3  is a  Nagata ring, S; 1 /3 is also a  Nagata ring by [I I, (4.9)].
Thus by (*) and Lemma 1.6, we have [Q(B): Q(B)P]< aD. Now let {B,,} be an in-
ductive system  of finite B P-algebras such that /3,,g_ B  a n d  lin) B =B .  T h e n
B P [[X ]][B ] B [ [ X ] ] .  Now we can show 

5 7 „ [ [ X ] ] / B [ X ] = 0  in  the same way as
A

the proof of Lemma 2.1 (i) (ii). So 0 (B P [[X ]] [B ])= Q (B [[X ]]) .  Thus fo r any
he B [[X ]],  we can write h=g If  such that f, g e B A, [ [X ]] for som e 1. Then there
exists 0*a e B P  su c h  th a t  h e(BA),E X ] ] .  O n  th e  o th e r  h a n d , s ince  [Q(B):
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Q(B)P] < cx) and (ST, 1B)P is  a  Nagata ring, there exists ki> /1. su c h  th a t T;'11„=
T ;'1 3  w h e r e  Ta = S f .  T h e re fo re  h e (B ,)„[[X ]] n (T ; [[X ]]=13,[[X ]]g
B P[[X ]][B ]. S o  B P[[X ]][B ]=B [[X ]] a s  w an ted . T h is  is a contradiction.
T h u s  =4) and A  is finite over A . Q. E. D.

Remark 2 .3 .  (I) In general, if A  is a  noetherian ring containing a field of
characteristic p>0 and if A  is a  finite AP-module, then 21=(A, /)" is etale over A.
In  fact, b y  [9, (28.P) Lemma], A P[A ] =A. S o  QA / A  = O . S ince  A  i s  excellent,
A-*A' is regular. Thus "A' is etale over A.

(Il) By the above theorem, we see easily that, if A UX X „]] is smooth over
A for some n> I and if A  contains a field, then (S - 'A )[[X ,,..., X „]] is also smooth
over S A for every multiplicatively closed subset S  of A.

Remark. To prove the above theorem the referee advised the writer
to prove B P[[X ]][B ]= B [[X ]]. He expresses his hearty thanks to him.

§ 3. Problem (B)

In this section, we show that Problem (B) can be reduced to Problem (C) in some
cases.

Lemma 3 . 1  L et k  be a f ield, X  ={ X ,,..., X „}  variables over k  and a  an  ideal
o f  k [[X ]]. Suppose that k [[X ]]la is sm ooth over k . Then

(i) if  ch(k )=0, or if  ch(k )=p>0 and [k : k il= co, then a = (X).
(ii) if ch(k )=p>0 and [k : k ]< aD, then there exists some (pe A ut k (k [[X ]])

such that cp(a)=(X 1 ,..., X „,) for som e natural num ber m <n.

Pro o f . Since k [[X ]]la is regular over k, it is a regular local ring . So the lemma
follows from Lemma 2.1. Q. E. D.

Lemma 3 .2 .  L et A  be a noetherian ring, I  an  ideal of  A  an d  J an  ideal of
)i=(A , I)" such that Jg rad ( A ) .  If  IJ is f lat ov er A , then J=0.

Pro o f . Consider th e  e x a c t sequence 0--4J-4A-4,21/J->0. Put a=
meM ax(A)

IÇm
Since )11.1 is flat over A, Tor; (A 7J, A/a)= O. S o  w e  h a v e  the exact sequence 0--■
J1c1J->A lca -2, 711,1+0A -30. Now since I g a, aA = rad (A ) . So by our assumption
Jg  rad (A ), p is an isomorphism. So J = =  rad (A)f . Therefore J = 0 by NAK.

Q. E. D.

Let A  be a  noetherian ring and p e Spec ( A ) .  We say that p satisfies SC if k(p)
satisfies the condition of Lemma 3.1, (i). Moreover we define the natural map
A [[X ,,..., X J]-*A  such that it(X ,)=0  for a ll i, that is, n ( f )  ( f e X n]])
is the constant term off.

Proposition 3 .3 .  Let A  be a noetherian ring and X X „} be variables
over A .  L e t  a  be an  ideal o f  A [[X ]] such that ev ery  In e Max (A ) containing
it(a) satisfies S C .  Then if  R =A U X E la is smooth over A , R-2--(A , ir(a))',
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P ro o f.  Put S = I +n(a). T h e n  the elements o f  S  are units in R. So
(S - 1 A)[[X]]/a(S - 1 A)[[X]]L-' R because the ring on the left side is the (X)-adic com-
pletion of R. Furthermore R is smooth over S A  and (A , n(a))" L--'(S -  ' A,
S ' i r ( a ) ) .  Thus replacing A  by S 'A ,  we may assume tha t tr(a)g rad ( A ) .  Then
for every in E Max (A ), k(m )[[X ]]/ak(m )[[X ]] is sm ooth over k (m ). Since the
ideal nt satisfies SC, we have

(*) a + iitA[[X]]=(X)+InA[[X]]

by Lemma 3.1. Now we define M =  (a 1 ,...,a „) a 3 a+  E a1X 1 +13{
i

where a, a ; e A and /3 e(X)2

g A " .  Then M  is a finite A-module, and by (*) we have M-f-inA"= A " for every
tit e M ax (A). Thus M = A ' by N A K . So there exists elements f i =oc1 +X 1 +13; e a
(i = 1,..., n) such that a, E A and /3I E (X) 2 . Then putting y =X ,+/3 1 ( i= l,..., n) and
Y={11 ,,..., 1 1 I ,  w e have A[[X ]]= A [[Y ]] and n (Y, + a l — , 1;3 + 0 0 .  P u t  1=
(a 1•• ••• 0"n) A .  Then there exists an ideal Jc 21=(A, I r  such that R:*.--,' A l f .  Since
a grad (A[[X]]), w e  have Jgrad ( 2 ) .  Therefore J = 0  by Lemma 3.2. Since
a =(Y, +a i ,..., Y+a„), we have n(a)=1. Q. E. D

Remark. In the above proof, the module M is suggested to the writer by Prof.
K. Watanabe.

§ 4. Problem (C)

In this section, we answer Problem (C ) when the ring A  contains a field k.
For this purpose we consider two cases, that is, whether ch(k)= 0 or not. First we
deal with the case ch(k)=0.

Lemma 4.1. (cf. [5 , Lemma 4]). L et P be a property concerning noetherian

local rings (cf. Def. 1.1). Assume that P satisfies the following conditions:

( i )  Regular local rings are P.

P  is stable under generalization.

Let A  be a noetherian ring and I  an idea l o f A .  Then if A-- , (A ,  I r  is  a P-

homomorphism, (A, l)h I r  is also a P-homomorphism.

Remark. Let P  be  one of the properties in [6 , (7 .3 .8)], in particular P=
reduced or normal. Then P satisfies the above conditions.

The proofs of the following two lemmas are easy and we omit them.

Lemma 4 .2 .  Let A  be a noetherian ring an d  I an  id ea l o f A . If Alp is I-

adically complete for all p e M in (A), then A is also I-adically complete.

Lemma 4 .3 .  Let A be a noetherian ring and I an ideal of A. Put Â =(A,

Then if Â is smooth over A. Â  is etale over A.

Theorem 4 .4 .  Let A be a noetherian ring containing a rational field, and let
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I  b e  an  id e a l o f A .  P u t Â=(A, I)^ and A "= (A , l)". T h e n  the fo llow ing  con-
ditions are equivalent:

( i ) A is smooth over A;
(ii) Â is etale over A;
(iii) Â is unramified over A, and A--0A is a normal homomorphism;

(iv) ;4.

P r o o f  (i)-=.(ii): by Lemma 4.3. (ii) (iii) is clear. Since A "  is etale over A.
(iv) (ii) is  clear. L e t  u s  prove (iii) (iv). S ince Â  is unram ified  over A , A  is
unramified over A " .  And by Lemma 4.1, A h-4Â  is normal. Thus we may suppose
that A = A ' .  Moreover, by Lemma 4.2, we may suppose that A is a  d o m a in . Then
by [3. Th. 1], Â is a d o m a in . So since = 0 and ch(A)=0, Q(Â) is algebraic over
Q (A). Thus Â is algebraic over A .  So Â = A  by [3, Th. 1]. Q. E. D.

R em ark . (I) By [5, Th. 3, Prop. 4 a n d  Lemma 4], if  A /p  is  N -1  fo r all
p e Min (A ), the above condition (iii) is equivalent to the following:

(iii)' Â  is unramified over A , 21( D A k(p) is  norm al for all p e Min (A ) ,  and
A-4Â is a reduced homomorphism.

(Il) I n  §5, we construct a  DVR A  containing a  rational field such that Â is
smooth over A and 21  A.

Next we consider Problem (C) when the ring A contains a field of characteristic p.

Lemma 4.5. Let A  b e  a  noetherian dom a in  such  tha t ch(A)=p> 0, a n d  let
I he an id e a l o f A . Put ;1=(A, I ) "  and K = Q (A ). Suppose that A--,Â is a reduced
homomorphism. T h e n  fo r a ll A P -a lg e b ra  R  conta ined i n  K ,  APO A „.R Â "[R ]
where the m ap is induced by the canonical m ap APC) A ,K--Q(23).

This can be proved easily by .MacLane's theorem, so we omit the proof.

Remark 4.6. Let A  be a noetherian dom ain  and  / an  idea l o f  A .  L et A
denote the /-adic completion of A .  If Â is reduced, it follows easily that Q(71P[A])=

T A Y E V A f lg  V A ).

Theorem 4.7. Le t A  be  a noetherian ring  con ta in ing  a f ie ld  of characteristic
p> 0, and le t I be  an  idea l o f A . P u t A"=(A, Oh, Â =(A, I ) , and Â=the homo-

morphie image of A  in Â .  Suppose that A lp is N-1 (cf. Def. 1.3)for a ll p c Min (A).
Then the following conditions are equivalent:

(i) Â  is smooth over A;
(ii) Â  is etale over A;
(iii) A is unramified over A, and A -■Â  is  norm al;
(iv) AP[A]= A, and A --- A is reduced;
(Y ) iiP [A "]=  A, and A-4,4 is reduced.

P r o o f .  (i).=4ii): by Lemma 4.3. (ii) (iii) and (iv) (v) are clear.
(iii) (iv): We have only to show the first part.

Case 1. A  is a  norm al dom ain . In  this case, since A -4Â  is normal and since Â
is reduced, the ring APO A ,A  is normal by [6, (6.14.1)]. Thus AP[A] is normal by
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Lem m a 4.5. Now, since A is unramified over A , Q(A ) is unramified over Q(A).
Moreover, since A is reduced, Q(A) is a direct product of a finite number of fields of
characteristic p. S o  w e  h av e  Q(A P[A ])=Q(A )P[Q(A )]=Q(A ) by Remark 4.6.
Since A is integral over AP[A], we have Â=ÂP[A] by [6, (6.14.1.1)].
Case 2. A  is a  reduced ring. P u t  Min (A)={p,,.. , p „} . Then we have the fol-
lowing injective ring homomorphisms:

A B = 1 - 1A l p i c-2L*13-=  rj Alp ;i=1 i = i

where each A/p, is the derived normal ring of A lp ,.  Then cp is finite. And by our
assumption, tp is finite. T h u s  13 is a  finite A -m odule. So by change of base, 13=

1B r is unramified over 13-  , and 13-  is  n o rm a l. T h e re fo re  w e  have hP[B]=
by Case I. N ow  since  B is finite over A , li=11[ .1"3.] is a finite extension of A [A ].
Since is noetherian, AP[A] is noetherian by the theorem of Eakin-N agata. More-
over Â is contained in so A is finite over A P[A ]. Now since A is unramified over
A, OR  m = O. T h u s  Â =Â P[A ] by [6, 0,, (21.1.7)].
Case 3. General c a s e .  By change of base, A „d =( A „d ,  A re d r is unramified over

A red, and A „d — > A „d is n o rm a l. So by Case 2, we have ;PM+ n il(A )Â =Â . Thus
A P[A ]= Â.

(v) (ii): A" is etale over A , and  A "-+Â  is  a  reduced homomorphism by
Lemma 4.1. So we suppose A= A" and prove A is etale over A .  By our assump-
tion, Q A ,A =52A ,A ,,[ A ] = O. S o  w e  have only to show that A ->A  is regular. For the
purpose, we may assume that A  is a dom ain. From  now  on, we shall show that if
A  is a domain satisfying the condition (N), then Â is smooth over A.

Consider the following commutative diagram

A  -2-4  Â

UI
C N

where C is a ring and N  is an ideal of C such that N 2 = 0 . S in c e  NP  = 0, there exists
a homomorphism C/N-- CP such that for X E C ,f (x  mod N)-----xP. O n the other
hand, since Â is reduced, the Frobenius map F:1-4. -AP is an isom orphism . So we
can define a homomorphism  AP-->C. Then it follows easily that

g  9 1 , and vog =C A,. So we have a homomorphism h=g011: APO ApA—>C.
Now since A ->A is reduced and A is a domain, we have Â ® A PA Â [A ]Â  by
Lemma 4.5 and our assumption. It is easy to see that u =try) and tk = volt. So h is
a lifting of 1/i over A .  Therefore Â is smooth over A. Q. E. D.

R em ark . (I) In the above proof, we didn't use the condition N-1 except for

( I I )  Let (A , in, k) be a noetherian local ring containing a field of characteristic
p > 0 . W h e n  [k : k q < a), smoothness of A over A  is mentioned in  some papers
(cf. [2, (3.5)] and [16, (3.3)]).
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(III) I n  § 5 ,  we construct an excellent DVR A  of characteristic p such that Â
is smooth over A, Â  A  and A  is not a finite AP-module.

Corollary 4.8. Let A  be a noetherian norm al Z-ring (cf. Def. 1.3) containing a
field of characteristic p>0, and let I be an ideal of  A . T hen 71=(A, /)^ is smooth
over A  if  and only  if  Q(AP[A])=Q(21).

As an application of Th. 4.7, we shall prove the following corollary due to E.
Kunz without using a homological method (cf. [2, Th. 3.4]).

Corollary 4.9. (cf. [9, (42.B) T h. 108]). Let A  be a noetherian ring containing
afield of  characteristic p > 0 .  Then if A  is a finite AP-module, A  is a G-ring.

P ro o f .  We can assume that (A, in) is a  local dom ain. By [16, Lemma 1.2],
we have Â=AP[A ] where Â =(A, m ) . T h u s  in order to show that A—>Â is regular,
by Th. 4.7 we have only to prove that A--+Â is  reduced . F o r  this purpose, by
[6, (7.6.4)] and [9, (31.E)] we have only to show that if A  is a semi-local domain
such that A  is finite over A P, then A  is analytically unramified. This follows from
Lemma 1.7. Q .  E .  D.

§ 5. Quotient rings of smooth algebras and examples.

Example 5.1. Concerning Problem (C ), w e  a r e  in terested  to  construct a
noetherian ring A  and an ideal / of A which satisfy the following conditions:

( i ) A  contains a field k,
(ii)
(iii) Â is smooth over A.

We distinguish three cases.
Case (I): ch (k )= 0 . In [12, (11.3) Ex. 3], it is shown that there exists a  DVR

A which satisfies the above three conditions. We shall sketch the construction.
Let k be a field of characteristic 0, X  a variable over k, and B a transcendence

base of k((X)) over k (X ).  Put A = k [[X ]] n k (X )(B ). Then (A , (X )) is a DVR and
AL= k [[X ]].-.2 A " .  In particular, Â is smooth over A.

Case (II): c h (k )= p > 0 , and A  is  a  finite AP-module. L et k  b e  a field of
characteristic p such that [k: kP]< co, and let X be a variable over k. Put A = k[X ]
and / = (X ) .  Then it follows easily that A  a n d  /  satisfy th e  above three coditions.
(cf. Remark 2.3)

C ase  (III): ch(k)=- p> 0, and A is not a finite AP-module. Imitating the con-
struction in Case (I), we shall construct a desirable example.

Let k be a field of characteristic p such that [k: kP]= co, and let X be a variable
over k. Then k((X)) is separable over k (X ) .  Let B be a p-basis of k((X)) over k(X).
Then k((X )) is separable over k(X)(B ) by [9 , (38 .E )]. Put A = k [[X ]] n k(X)(B).
Then it follows easily that (A , (X ), k) is an excellent DVR such that ;I= (A , (X )) ^

4 [X ] ]  a n d  A * A . Moreover, since [k: kP]= co, A  is  n o t a  finite AP-module.
Since Q(AP[A])= kP((XP))[k(X)(B)]= k((X))= Q(2), Â is sm ooth over A  by Cor.
4.8. Therefore A is the example which we want.
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Next w e study quotient rings of smooth algebras.

For a noetherian ring A  and a noetherian A -a lgeb ra  B, w e put .'F4 (B)={111E
Max (B)I B„, is flat over A} and M A (B)= fin E Max (B)1 B„,O A k(in n A) is geometrically.

re g u la r o ve r k(in n A ) } .  And for an ideal a of B, we put Z(a)= V(a) n M ax (B).

Proposition 5.2. Let A be a noetherian r ing , R a noetherian smooth A-algebra
and a an  id e a l o f  R . P u t B=Rla and le t I be  a n  id e a l o f B . T h e n  B is I-smooth
over A  if  and on ly  i f  Z (!) , , ( B ) n

P ro o f .  Assum e th a t Z(/)g ,97 7,(B) n .1,(B). F o r  PEZ (i), w e  p u t  P n A =  p.
Then, by [9, (39.C) T h . 93] and [6, O l v  (19.7.1)], B p  is  PBp-smooth o v e r  A .  T h u s ,

b y  [9, (29.E) Th . 64], (0/0 2 )0  8 123/
, --q2R /A  O R Bp is left-invertib le.  S o  (a/a 2 )O B B T,--

QRIA O R  1-3 r ,  i s  le ft- in ve rtib le  f o r  e ve ry  P E M ax 03), where =- B11 and  P=

N o w  (a/a 2 )O B B  is a f in ite  B-module, and since R is  sm ooth  over A, OR ' ,  ® R B is  a
projective 13-module. T h u s , b y  [6, On ,  (19.1.14)], (a/a 2 )® 8 O R B  is  le ft-

in v e rt ib le . T h e re fo re , b y  [9, (29.C) Th. 63], B is  /-smooth over A . The  converse
fo llow s easily  from  [6, 0 / v  (19.7.1)] and [9, (39.C) T h . 93]. Q .E .D .

R em ark. If B is  an  essentia lly fin ite  type ove r A , B satisfies the condition of
Proposition 5.2.

Corollary 5.3. L e t  A  a n d  B  be a s  in  Proposition 5.2. Then the fo llow ing
conditions are equivalent:

(i) B is smooth over A.
(ii) B is fla t over A , and 4',(B)= Max (B).

(iii) B is regular over A.

Now, for a noetherian ring A and an A-algebra B, we put ..(1) A ( B)= {13  c Spec (MI
B is  P-smooth o v e r  A I .  It is clear that 2'A (B) is stable u n d e r sp e c ia liza t io n . M o re -

over, if  B is regular over A and B satisfies the condition of Proposition 5.2, then we

have ..T A (B)= Spec (B) by Cor. 5.3, and Y A (B) is closed in Spec (B). But in  general.

Y A (B) is  not necessarily  c losed in  Spec (B) even  if B is  re g u la r  o v e r  A . W e  sh a ll

construct such an example.

F irst w e show the fo llow ing  proposition  w h ich  is a lso  m entioned w ithout p roof

in [2, (7.4)].

Proposition 5.4. L e t  (A , in )  b e  a  noetherian lo c a l r in g ,  X={X,,..., X„;
variables over A  and a  a n  id e a l o f A [ [X ] ] .  Then, if a  is generated by A[[X]]-

regular sequence and i f  B= A[[X]]la is smooth over A. A [[X]] is a-sm ooth over A.
Conversely, if  a=  E adA[[X]] fo r  some elements a 1 ,..., a„c m and if A [[X ] ]

is a-smooth over A , then ;4=(A, I r  is smooth over A for the id e a l I=  E

P r o o f .  Let W be a  B -m odu le . Then for the sequence of ring homomorphisms
w e  h a v e  t h e  f o l lo w in g  e x a c t  s e q u e n c e :  IN A ,  B, W)—+

H'(A, A[[X]],14 1 )-41 2 (A[[X]], B, W ) .  I f  B is  sm oo th  o v e r  A ,  Hi(A, B, W)=0
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by [1, XV/. Prop. 17]. A n d  if  a  is generated by a  regular sequence, H2(A [[X ]],
B, W )= 0  b y  [ 1 ,  V I. Th. 2 5 ] .  T h u s  w e  h a v e  I-11(A , A [[X ]], W )= 0  for every
B-module W . Therefore A [ [ X ]] is a-smooth over A  by [1, X V /. Prop. 17].

Conversely, if  A [ [ X ]] is a-sm ooth over A , (2 = 0 4[x]ilA A n ix d A [[X ]]la ) is
a projective A[[X]]/a-module by [9, (29.B), Lemma 1]. Since A [[X ]]la  is a local
ring, Q is a free A [[X ]]/a-m odule. N ow  it follow s easily that 0 0 1 x11 (AU X III
a-4-(X)) 6 (A [[X ]]la+ (X ))d  X  T h e re fo re  Q  6 (A[[X]ila)i1X Now since

i=i t=i
ct= E (X i — a,)A [[X ]], a/a 2 is a free ARXDa-module of rank n, and so  the canoni-

cal homomorphism a/a 2 - 4 2  is represented by th e  u n it  m a tr ix . T h u s  a/a 2 = Q.
Therefore by [9, (29.C), Th. 63], 71L-2 A [[X ]]la  is smooth over A. Q. E. D.

Now let k be a field such that ch(k)= p>0 and  [k : k"]=  co. For the field k,
we construct an  excellent DVR (A , m, k) as in  Example 5.1, Case (111). Let a e in
and let X be a variable o v e r A . T hen  (A , (a) ) A U X ]]/ (X  —  a) is smooth over A
by Example 5.1, Case (III). S o  for every a e m, (X — a)eSfA (A [ [X ] ] )  by Prop. 5.4.
Thus Y A ( A [ [ X ] ] )  is  dense in Spec (A [ [X ] ] ) .  O n the other hand, since A  is no t a
finite Ar-module, A [ [ X ]] is not smooth over A by Th. 2.2. T hus ..r,4(A[[X]]) 0.
Moreover A — A [[X ]] is regular because A  is  exce llen t. Therefore these rings A
and A [ [ X ]] meet our expectations.
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