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§0. In this note
linear wave equation

we shall study the following initial-value problem for a semi-
with spherical symmetry

u„— Au =aq+ b(1 7 14)2( x ,  t )  e R" X R +

(0.1) u(x , 0)=f (x )

{

x e R"

ut (x , 0)= g(x) xeR "

where a and b are real constants.
It seems to me very remarkable that nonlinear wave equations are likely to have

global solutions rather in higher dimensions, if the initial data are sufficiently small
and m ild. S. K lainerm an [3] proved that if the space dimension n is not smaller
than 6, very general quasi-linear wave equations with quadratic nonlinearity have
global solutions for sufficiently small and mild initial d a t a .  His proof is based on a
version of Nash-Moser iteration scheme. Later G. Ponce [4] obtained the same
result employing L p —Lq decay property of the solution to the wave equation.

On the other hand, F. John [2] showed that this is not the case in n = 3 .  He
showed that certain quasi-linear (or semi-linear) wave equations, for example (0.1)
with a>0  and b  0, have no global C 2 -solution in n = 3 for initial data with compact
support, however small and  mild the data  may b e .  I n  [ 2 ] ,  he also studied the
spherically symmetric solutions for

(0.2) u„ — = 4  ( x ,  e R 3 x R + .

He showed that there exists a  numerical constant c such that the solution exists at
least for 0 < t <(1/2)eon, if the magnitude Pi of (certain derivatives of) the initial data
is sufficiently small.

In this note, we shall confine ourselves to the case n = 5 .  We shall show that if
f , g  depend only on r= 1x1 and the magnitude of the initial data is sufficiently small,
then there exists a unique spherically symmetric global C 2 -solution of (0.1).
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Finally we must mention that G. Ponce [4] proved for more general quasi-linear
wave equations in n =5  that the solution exists up to the time To = 0 (0 1')  if the
magnitude n of the initial data is sufficiently small.

§ 1 .  We shall review the representation of the spherically symmetric solution of
the wave equation.

Let x=(x,, x 2 ,..., x„) R" and cp C2(R " ) .  We set

(1.1) v(r, x )= (
I
o n  1 / 3 1 = 1 9(x+ rf l)do),

where con =27rn/2 //"(n/2) denotes the surface area of the unit sphere in R" and do) its
surface element. Then v is an even function of r and satisfies the Darboux equation

(1.2) v „ . +
r

l Vr Ax v =0.

We also find for the initial-values

v(0, x)= 9(x ), v ,.(0, x )= O.

Especially when 9(x) depends only on x 1 , say 9(x)-= 9(x ,), o  is written as

(1.3) v(r, x1)—  W r i - 1 x i  -  r y ) ( 1 - 2 ) ( n - 3 ) 1 2 d p

„ --1

and v satisfies

(1.4) v„+
r

1v x i x i =  O.

Furthermore, if cp. is an even function, then v(r, x 1 ) is even in each variable.
We set

(1.5) u(r, t)=1
1

 9(t + rp)(1_112)(.-3)120.

Then by (1.3), (1.4), we can see that u(r, t) is a spherically symmetric solution of the
wave equation.

We choose 9  to satisfy

u(r, 0 )= 1  9 (r/1)(1_ 122)(n o-3)12

=f (r).

When n= odd, differentiating r" - 2 f ( r)  (n —1)/2-times with respect to  \I —r,  we have

1 d  ) 0 - 1 ) 1 2

(1.6) — 
 F ( n

1

- 1
r(

2 r d
( r " - 2  f  ( r ) )

2

(see Courant-Hilbert [1], Chap. VI, §13).
Changing the variable of the integration, we obtain
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Proposition 1.1. L e t  n= o d d , fe C("+ 1 )1 2 ( R )  an d  f (— r )= f ( r ) .  T hen  the
solution of the initial-value problem

n - 1
i t —  U rr 14,. —0 (r, t) e R 2

u (r,0 )= f(r) r e R

u,(r, 0)=0 r e R

is represented as

(1.8) u(r, t)= 1 a 
2 r ( n  ; 1  ) r n- 2  ° I .

where 0 f ( r ) = ( -r  ---CIT. ) ( n  - 3 ) /  2  (r n-2.n .

In the similar manner, we have

5 t +r
(p )  { r2  ( p  t ) 2 } ( 1 1 - 3 ) / 2 d p

t - r

Proposition 1.2. L e t n =odd, g e Co - 0 /2 (R ) an d  g (— r )= g (r ).  The solution
of the initial-value problem

n -1
tt—

 U rr U r = 0 (r, t)e R 2

I .

u(r, 0)=0 r e R

u,(r, 0)= g(r) r e R

is represented as

(1.7)

(1.9)

2T( n  1   ) S t- r

where Oa has the same meaning as above.

In the case n=5, we find

t-Fr
(1.10) 14(r, t)= O g ( p ) { r 2  ( p  0 2 }  (11 - 3)/2dp

1   d 3(P) = dp (P  f(P ))

1
= - J- { 3 Pf (P)+ P 2.1"(P)}.

Then integrating by parts (1.8), (1.9), we obtain

Theorem 1 .3 .  L et J e C2 (R ), g e C (R ),  f ( -0 = f (r ) ,  g (— r )= g (r ) .  T hen the
solution of the initial-value problem

4
utt —  U r r  — - - U r =  

n (r, t)e R 2

u(r, 0) = f (r) r e R

ut(r, 0)-= g(r) r e R
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is represented as

(1.12) u(r, 21r2 {(t + f  (t + r)+ 0  — 0 2 f(t —

t ( `+ '
2r 3 )

, r
 N ,/

P m

_ L  

 4r3

1  C H -1.
 p g (p )0.2 _ t 2+  p 2)dp ." 

Remark 1.4. According to the previous propositions, we must assume f  e C3 (R),
g e C2 (R) to get the representation. But it is easy to verify that u, represented as
(1.12), is the C 2 -solution of (1.11), if we merely assume f  e C2 (R), g e C'(R).

Employing Duhamel's principle, we have

Theorem 1.5. Let w(r, t)c Ci(R 2 )  and w (—  r, t)=w (r, t). T hen the solution
of  the inhomogeneous initial-value problem

u„ — u „--
4

ur = w(r, t) (r, R2
(1.13)

u (r, 0 ) u t(r, 0)=0 r e R

is represented as

(1.14)
t t-r-l-r

u(r, t ) =

4r 3 )
T ) {r 2 _  (t  _ T)2+ p2} dpdr.

o Pw(P'

§ 2 .  If there exists the spherically symmetric C 2 -solution of (0.1), then u(x, t)=
u(r, t) is the solution of the following initial-value problem

tt„—u„— —
4

ur = au +1 )4 (r, t)e R x

u(r, 0)=f (r) r e R

ut(r, 0)— g(r) r e R.

We shall denote sometimes C(u„ u,)=a4-1- bu, f o r  abbreviation.
By Theorem 1.3 and 1.5, we find that u is represented as

1 t
(2.2) u(r, 0=10(r, t ) +

4r3
p C ( u „  u r )(p, r){r 2 — (t — T) 2 p 2 }  dpdt

0  t - r - r

where

(2.3) u°(r, t)= 2
1
r2 {(t +r) 2f (t +r)+(t — 0 2f (t — 01

t+r1
p f ( p ) d p  +  4  t + r-s- 1 p g ( p ) ( r 2 —t 2 + p 2 )dp.2 r 3  t - r -rr t - r

Differentiating (2.2) with respect to t, we have

(2.1)

(2.4) ut(r, t)= 4(r, t)
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2 2  1o
r [(t —T-Fr) 2 C(u„ u,)(t—T t)

+(t—T — r)2 C(u„ u„)(t —r — r, T)]dr

t - r+ r

2r3
o

( t  — 2)1 pC(u„ u„)(p, t)dpclt
t- r - r

(2.5) t) =ut(r, t).

where

(2.6) 14(r, = .*  { ( t  +  r ) f  (t+ r)+ (t - ( t -  r)}

1 
2r2 E(t+r)2

{ f  ' ( t + r ) +  g ( t  +  r ) }

+(t— r) 2 { f '(t—  r)+g(t— r)} ]

2 r 3 { (t+ r)f(t+r)+(t—  r)f(t—  r)}

1 ( t + r  p f ( p ) d p  2 t  3  ç  t + r  _  , o d p .— 2 r 3  . )
t - r r  . ) P g .

In a similar manner, differentiating with respect to  r, we have

(2.7) ur(r, t)=4(r, t)

▪ 21
r 2 13

1 [(t — r ) 2 C(u t , u„)(t — r, t)

—(t — r — r)2 C(u„ 14„)(t— t — r,t)]clt
3 t- r+ r

4r4 t - r - r  
pC(u„ u„)(p, t) {r 2  — (t— T)2 + p 2 } d pclt

 1
t  1 t - r+ r

▪ 2r2
 0

pC(u„ u„)(p, T)dpclt,
t _r_,.

(2.8) r, t) = — u„(r, t)

where

(2.9) u,?(r, = ÷ 2 . - { (t +r)f (t+ r) — (t — (t —  r)}

1
— r 3  { (t+r) 2 f ( t+r)+( t  —  f  (f  — r)}

22 [(t + r) 2 { f '(t+ r)+ g(t + r)}

—(t—r) 2 { f '(t— r)+g(t— r)} ]

—--2-f-5 {(t + r)f(t + r)+ (t — r)f(t—r)}



366 Fumioki Asakura

+ 23:4 t + r  PA P)d P
t - r

3  rt+, 1 t + r

4r3
 t _ r

 P g ( P ) ( r 2  t 2  P 2 ) C 1 P  2 r 2P g ( P ) c 1 / 9 *

Conversely, if C2-function u ,=u , u 2 =ti r  satisfy the integral identity (2.4), (2.7),
we can see easily

(2.10) u ( r,  t ) =f ( r) + u i)dr

is the solution of the original equation (2.1). In this way, in order to get the global
solution of (2.1), we have only to show that there exists a solution of the integral
equations (2.4), (2.7) for all t >0, if we assign sufficiently mild initial data.

We imagine that the magnitude of u?, ur
°  may increase as t tends to co, unless we

impose certain conditions on f (r), g(r).

Lemma 2 .1 .  If  a continuous function h(p) satisfies

H  (2.11) ih(P)1‹ then we find1+ p
2

—t 1t + ' h(p)dp 1< CHr  1_,

where C does not depend on any  of r, t, h(p).

Pro o f . We set

When t < 2r, we find

t + r  h t  _, d p .
I(r, t)=—t

r  ) , _ ,  "

t +r d
11(r, 01 -.< 2 Ih(P)IdP<21/1

- 0 9  1 +
" P  

p 2  
=27rH.

i-r

when t 2r, we find

t)I x 2r x H  
1 + (t — r)2

2W
1+ 0 -0 2 •

Since t 2r, t — r >02 holds in this c a s e . Then it follows

2 tH  11(r, 01< <CH.1+ t 2 /2

With the aid of the lemma above, we have

Proposition 2 .2 . If  f , g satisfy

(2.12)s u p  (1 + 03(if(01+ Ir(01+19(01)< co,

then r2 4 ,  r 2 u(
r
) are  uniformly bounded for all (r, t)e R2.



Existence of spherically symmetric global solution 367

§ 3 .  We introduce the characteristic coordinates

f x = t+ r { ="C p
(3.1) and

1 y=t— r n=2—  p.

Under these transformations, R = {(r, t) e R2 I t 0} is mapped to

A = {(x, y)eR 2 lx+y,>.0}.

We set U(x, y)=r 2 u,(r, t)—(  x —  Y u t
(   x — Y  2  ) 2 2

V(x, y)=r 2 u,.(r, 0—
(   x  y ru (   x — y  x + y  

2  ) 2  '  2  )

Then we can easily verify the following.

(3.2) U(y, x)=U(x, y), U(x, x)= 0,

(3.3) V(y, x)= — V(x, Y), (D1 —  D2)V(x, x)= O.

Here DV denotes the derivative in the j-th variable of V .  Multiplying r2 to the
both sides of (2.4), we have

(3.4) U(x, y)— U°(x, y)
x+y 

± , _ (  2  r 1  
2 ) 0  L  (x  —  T )2

+ (t  y)2 faU(2r —y, y) 2 +bV(2r —y, y) 2 }1dr1 

2  f  f aU(, '1) 2 +bV (, 11) 2  c h c ki
x — Y .1x-y1 Y- ( x -.E..Y — n )(  — 0 3

=LP(x, y)

+ f)' aU(x, o-)2 + bV(x, o-)2 da + X  aU(a, y) + bV (o -, y )   dcr

)-x (x— a) 21 - y (a — Y) 2

2  Ç c  SY
 ( X . - F i l  n )— 0 3

aU ( , n)2+bV(, 0 2  c h ic k

where

(3.5) U°(x, y)= x f(x )+  y f(y )+ 1 {x 2 (f (x )+  g(x))+  y 2 (f' (y )+  g (y ))}

x "
2(x —y) (x f(x ) —  Yf(Y))

1 pf(p)dp—  x "   Sx  pg(p)dp.x — y 
Y
2 ( x  — y )

faU(x, — x ) 2 +bV(x, 2T —x)21

n)2  _ _ 0 2 for X =U , V .(n-0 3(  — 0 3
Here we used
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In a similar manner V satisfies

(3.6) V(x, y)= V°(x, y)

Y aU(x, 0) 2 b V (x ,  a) 2  daa U ( a ,  y ) 2 ±bV(u, y) 2

-x (x—o-)2 (a—y)2

( x  6 y ) 2 a u ( , -1-nbr3(t

{ ( x  ) (x — ) + ( y  ) (y  — 0}chIc4

C" Ç a U (, 02+ b V (, 
Jy  )-4 ( —n)3

where

(3.7) V°(x, y)= xf (x)— yf (y) + { x 2 ( f '(x)+ g(x))— y 2 ( f ' (y) + g(y))1

1 
2(x  _ y ) { ( 5 X 2  X Y ) f ( X )  ( 5 Y2 + xY)f(Y))

+ 3 ( x + Y ) P . f ( P ) d P(x —  y) 2 Y

—
3 cX pg(p)  X (P  - A + AP — .Y)  dp.

x — y )3 1 x — y

We introduce certain integral operators e, 0, T, 0 as the following.

(3.8) ( eX )(x , y )— Y  
X ( X ,

 6 )2
- x  (X —02 

d a

(3.9) (0 X)(x, y)—  x
1
 y

 x Y
4 (x — +y  r i)  xg, n>2  d i i ct( —n)3

(3.10) (V' X)(x, y)—  ( x
 1

 y )2 4  (X  — 0(x ti)  X ( ( ,  
)'32 dtick

(3.11) (0X )(x , y) = • (

We can readily verify

)14 X ' I
l
i
 i
)
)
3
2

 c hid.

Proposition 3 . 1 .  Let X =U or V , then it follows

(1) 1
- Y  (a — Y) 2
x  X ( a ' y ) 2  da = (0 X)(y, x),

(2) (0X) (y, x)=(0X)(x, y),

(3) (x —1.
 y )2 :  4 ( y  -  MY — n )  "Y(  , 71)

)
3
2  chick = —(W X)(y, x),

(4) (QX)(y, x)= —(0X)(x, y).

do-



Existence of spherically symmetric global solution 369

Using these operators, the integral equations are written as

(3.12) U(x, y)= U°(x, y)+ a(O U )(x , y )+b(o  V)(x, y)

+ a (O U )(y , x )+ b (ev ) (y , x)

—2a(OU)(x , y )-2b(OV )(x , y ),

(3.13) U(y, x)= U(x, y), U (x , x )=0 ,

(3.14) V (x , y )=V °(x , y )+a(O U)(x , y )+b(ev )(x , y)

— a(OU)(y, x)— b(eV )(y , x)

+6a(W U)(x , y )+6b(W V )(x , y)

—6a(W U)(y, x)-6b(W V )(y, x)

—4a(QU)(x , y )-4b(f2V )(x , y),

(3.15) V (y, x)= — V (x, y ) ,  (D 1 — D2 )V(x, x)=0.

We sometimes denote for simplicity (3.12), (3.14) by

U(x, y)= U°(x, y)+1-.71 (U, V)(x, y)

V(x, y)= V°(x, y)+E.-7 2 (U, V)(x, y).

§ 4. Let Ci(A ) denote the class of functions which have continuous derivatives
up to order ]. C i( A )  is considered as a Banach space with respect to the norm

X max sup IDaXI .
l a lS i  A

We shall seek the solution of the equations (3.12), (3.14) in the following classes
of functions

F,= { U e C 4 (A )1U(y, x)=U(x, y), U(x, x)=0}

12=1V eC 4 (A)I V(y, x)= — V(x, y), (D, — D2 )1/(x, x)=0} .

We denote A =O(B) when there exists a  numerical constant C such that AI CIB
holds for all A , B in question. Following [2], we have

Proposition 4 . 1 .  For U, U* e F 1 , there ex ist M, M* E C3(4) satisfy ing

(4.1) (1) U(x, y)=(x— y)M(x, y), U*(x, y)=(x— y)M*(x, y),

(4.2) (2) Da(M—M*)(x. Y )= 0 (I1U — U* 114) f or 171<3.

P ro o f .  Since U(x, x)= 0, we find

U(x, y )=  U(x, y)— x  +
2   ,  x

_ ( U1  d  ( x +y +t ( x — y ) ,  
2

x +y — t( x —  ,.10 at 2 ) d t
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X —y (v  D 2 )U ( x "  + t ( x  — Y )  x  + Y  — 2
t ( x  —Y)  )dt.

o

If we set

E l
M ( x ,  y )  = ( D ,  D 2 ) U ( x

 +  y  + 1 ( x  —  y )  x  +  y  — t ( x  —
y )  )dt,

2 o

we can easily verify (1), (2).

Proposition 4 .2 .  For U, U* E E t , there exist P, P* e C2(A) satisfying

(4.3) (1) U(x, y)=(x— y) 2 P(x, y), U*(x, y)—(x— y)2P*(x, y),

(4.4) (2) DŒ(P—P*)(x, y)=-- 0(11U — U* 114) for

Pro o f . As before, we find

U(x, y)— Y  2 0 
( D ' — D 2 ) 1 / (  

x +  y  + t ( x  — y)  x  + y —

2

t ( x  —
Y)  )d t .

Since U(x, y)= U(y, x), it follows (D 1 —D2 )U (x , x )= 0 . Then integrating by parts
we have

X —  2  1 X+ y +t ( x — y )  x +y — t ( x —U(x, y) — ( Y ( 1  —  t ) ( D i — D2 ) 2 (1( Y)  )dt
2 

To verify (1), (2), we merely set

P(x, .)))=-- 1(1— t)(D i— D 2)2U (
x +  y + t ( x —  y )  x + y — t (

2
x —

Y)  )dt.—4- o  

Finally, we have

Proposition 4 .3 .  For U, U* e r 1 , there exist R 1 , R 2 , R j, R '21` e C2 (A) satisfying

(4 .5 ) (1 ) Di  U(x, y)=(x— y)R i (x , y), Di U*(x, y)=(x— y)R1(x, y)

f o r  j=  1, 2,

(4 .6 ) (2 ) Da(R J — R))(x, y) = 0(11u - u * 114) . j ) I Œ I 2,I ,  2.

Pro o f . Since U(x, y)=(x— y) 2 P(x, y), Di U(x, x)=0 hold for 1= 1, 2. Then
it follows

x+y— t(x—  Y ))d t .Di U(x. y) —  x ;
,

: r
o

(DI — D 2 )D y (x +  Y +t(x— y) 

If we set

R i (x , y)= 1 Y (D I —D2 )D i U(  x+ y +1(x —
2 o

We can see easily that (1), (2) hold.

x+y— t(x—  y ) ) c i t ,

In a similar fashion, for V, V* E r 2 ,  we can prove the followings.
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Proposition 4.4. There exist N, N* E C3(A) satisfying

(4.7) (1) V(x, y)=(x—y)N(x, y ), V*(x, y)N*(x, y),

(4.8) (2) DOE(N—N*)(x, y)=0(11V—V*11 4 ) f o r  lal< 3.

Proposition 4.5. There exist Q, Q* E C2(A) satisfying

(4.9) (I) V(x, y)=(x— y) 2 Q(x, y ), V*(x, y)=(x— y) 2Q*(x, y),

(4.10) (2) Doe(Q—Q*)(x, y)=0(11V— V*11 4 ) f o r  lal< 2.

Proposition 4.6. There exist S1 , S2, SI', S'2'̀  e C2(A) satisfying

(4.11) (1) Di  V(x, y)=(x— y)Si (x, y), D; V*(x, y)=(x— y)S7(x, y)

f o r  j=1, 2,

(4.12) (2) 13■Gc(Si —S1)(x, y)=0(11V — V*11 4 ) f o r  loci< 2, j=1, 2.

By the considerations above, if we find UEF,, ve F2  satisfying the equations
(3.12), (3.14), then

u1 (x, y)—
( x  y ) 2  

U(x
'  

y)

is C2 and u, defined as (2.10), is the desired solution.
As in [2], let us introduce the function

z(x, y)=min(1, Ix
 I

 y i  ) .

We shall show that M, N,... etc. have the following improved estimates.

Lemma 4.7. L et M, N, M*, N* be the sam e as in the previous propositions.
For lal<3, we have

(1) DŒ(M — M*)(x, y)=0(z(x, Y)11U — U* 114),

(2) D"(N — N * )(x, Y)= 0 (4x , .011V—  V* 114),

Especially we have

(3) DŒM(x, y)=0(z(x, Y)11U114),

(4) DŒN(x, y)=0(z(x, 17  114) •

P ro o f . Since (x — y)M(x, y)= U(x, y), we find

(M — M*)(x, — x  y l — U* 110) f o r  x  y .l —  

Differentiating (4.1) in x or y, we have

(4.13) (x — y)Di M  +(-1)i - 1 M =D i U.

Then we find
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D i (M — M*)(x, y)=C( Ix y l  II u  u*I14)

Differentiating (4.13) with Di  and then D k , we have

(4.14) (x—y)D i j M +(— 1)i - 1  D i M + ( — 1)i - 1 D ; 114 = D1J LJ,

(4.15) (x — y)DukM + ( — 1)" DA M + (
 

1)." D kiM+( — 1)k- 1 1)0 4  =D iikM•

Here we abbreviate Di Dj U to  D J /  and Di Di Dk U to Di j k U.
Then we find as before

Du (m—m*)(x, y)= 0( ix I3, II u — u*I14),

Du k (m—m*)(x, y)= 0 ( Ix y  I u — U *I14)

In this way, together with Proposition 4.1, we obtain

Da(M _ M * )
 (x, y)=0(z(x, .011U — U* 114) f o r  lal< 3.

In the same manner, we obtain (2), (3), (4).

Differentiating the both sides of

(x—y) 2 P(x, y)=U(x, y), (x— y) 2 Q(x, y)=V(x, y),

we obtain

Lemma 4 .8 .  For 'al <2, we have

(1) Da (13 — P*)(x, y)=0(z(x, Y) 2 IIU — U* 114),

(2) Dœ Q*) (X I = ° (z(X Y )2 11 V "114)

(3) DaP(x, y)=0(z(x, y)2 II U114),

(4) DOEQ(x, y)=0(z(x, y)2 II VI14) •
For Rj , Si  (j =1, 2), we obtain

Lemma 4 .9 .  For lal <2, j=1, 2, we have

(1) D"(Ri—R1)(x, y)=-0(z(x, Y)IIU — U* 114),

(2) Da(Si—S1)(x, Y)= 0 (z(x , Y)IIV— V* 114.),

(3) D"Ri(x, y)Il u114),

(4) S(x, y)=0(z(x, y)II V II 4) •
Later, to establish the global existence of the solution, we shall make essential use of

(4.16) 5 z(x y) 2 dx =1 z(x, y) 2 dy< co.
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§5 . In this section we shall carry out the estimates of ll ex 114, 110x114, II wx114,
liQx114. OX can be treated just in the same manner as [2 ] .  Firstly we set

(5.1) W(x, y) —   " x ' Y ) 2
 — eu.(x— y) 2

Differentiating the both sides of (5.1) once and twice, we have

(5.2) D. w _  2UD i U  _ 2 U 2  
' (x — y)2( x  —  y ) 3

=2PD i U-2( — 1)i - 1 MP

(5.3) D i w _  2D i UD jU 2 U D  LIU 4UDiU 
— (-)c y ) 2( x —  y ) 3

_ ( _ p r  _1  4UD i U 6 1  — 1 \ i + ;   U 2  

(x — y) 3( x —  y ) 4

=2R ,R  +2PD  rU -4( 1 ) j - 1  pR i _ 6( _ni-Eip2 .

In this way, we know that, for lad <2, 1)7  W can be expressed in terms of P, R r , and
D/U. Differentiating (5.3) still more, we find that the third and the forth derivatives
of Wean be expressed in terms of DŒP, D œ  Gal 2) and DOEU (?l 4). T h e n  to -
gether with Lemma 4.7, 4.8 and 4.9, we obtain

Proposition 5 .1 .  For Icid < 4, we have

(1) DœW(x, y)=0(z(x, y ) 2  U n ) ,

(2) DOE(W— W*)(x, y)=0(z(x, Y) 2(11U114+11U* 114)11U — U* 114).

Since (OU)(x, y) 1 Y  " X
'
 ( 7 ) 2  du_x  (x— o -) 2

(5.4) =1Y  W(x, a)do- ,
-x

we find by differentiating (5.4)

Dx0U(x , y)=W(x, —x)+ SY  D i W(x, o-)do-

-x

Dx x 0U(x, y)=(D,— D 2 ) W(x, —x)+D,W(x, — M W (x, o-)do-

-x
DxxxeU(X, y)= • ..etc.

In this way, we can see easily that

DŒ(49u - eu*)(x, y)

=0(11W— W* 114)+ 00Y IDOE(W—W*)(x, c)Iclo-)

= o((11 u114 + 11 u*114)11 U - u*114)
-x
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+0((Mr-1114+ I u*I14)11u— u*114 Iz ( x ,  02d0-)
-x

=o ((11u114+11u*114)11u— U* 114).
Then we obtain

Proposition 5.2. For X  =U , V, we have

IleX —  ex*114=0((11x114+ Ilx*114)11x— x*114.
Next we shall carry out the estimates of O X . Let us denote

(5.5) OU(x, y)=1 x  (.y U ( '  1 1 ) 2  cl .n P +
Y —0 3

= (1),U(x , y )+0 2 U(x, y).

Differentiating 491 U in x, we have

x f Y  — n  u(, n)2  c h ic k
Y ) - 4  X  — Y — nr

cx Cy
y _7 1 ? 2Dx (Pi U (x , Y )= L )_

4 ( x  y)2
3 

We change the variable of the integration a s  =y +t(x — y ) . Then we find

(5.6) Dx obi U(x, y)=1 o
l t y_

y _ t ( x - y )  
 U
t y

( Y+ ±
t (

t
x
( x_.

-
3,;' )

.2nn?3
2 d o t

=51 t y M ( y  + t ( x  — n) P(y +1(x —  y), Odndt.o - y - t ( x - y )

Differentiating 01U in y, we have

D y 0 i L/(x, y)= — ( Y " Y ' d .  + ( x Y)2
(y — n r  'I )3 , x — y  G—yr

( (y
( x  y) 2  G - 0 3

d u g
y - 4

U(Y , n)
2

+  (x  uG, Y) 2  

(.3) — 17)3i y Y)3
r

02  chick.1  (x  U(.;, y)22  c k + x  
y

—  y ) 2  G - 0 3Yx — y ( —J?)

Changing the variable of the integration in the same manner as above, we obtain

(5.7) Dy 0 1 U(x, y)= — SY M (y, q)chi +5 x  M ( , y )P(, y )ck
Y

—1
o

M(y+t(x—  y), y)2 dt

+11 (1 — t) +t(x—  y), n)P(y+t(x—  y), q)chidt.O- y + t ( x - y )

Differentiating (5.6) in x, we have

= —
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(5.8) Dx x O,U(x, y)

t2 P(y+ t(x— y), — y—t(x— y))M(y + t(x — y), — y — t(x — y))dt

y

+2 1 t2 P ( y + t ( x —  y ) , i (y + t(x — y), n)dndt
O - y -t(x- y )

— 3 t 2P ( y + t ( x —  y ) ,  r y ) 2 dridt.
O - y - t ( x - y )

Similar computations show

(5.9) Dx y 0 1 U(x, y)

tM(y+t(x— y), y)P(y+t(x— y), y)dt

+  
o

t(1 —t)M(y+t(x— y), — y—t(x— y))P(y+t(x— y), — y—t(x— y))dt

Y
+2

1

 t(1— t) P(y+t(x— y), n)R 1 (y+t(x— y), q)dndt
0

1 Y—3 t(1— t) P(y+t(x— y), n) 2 cliidt,
O- y - t ( x - y )

(5.10) Dy y 0 1 U(x, y)

= — M(Y, — A PO', — 2  RAY, 11PAY,
- Y

cy
+ 3  .) 11)2dq--) Y)13(, Y)cl

- Y Y

+2 R Y ) P ( ,  Y ) i g  — 3  .ç
x

y)2cg
Y Y

r i
+  

o
M(y+t(x—  y), y)P(y+t(x— y), y)dt

—2 R i (y+ t(x—y), y)P(y+t(x— y), y)dt
0

+3  
o

P(y+t(x— y), y) 2 dt

+ç (1— t)M(y + t(x — y), y)P(y+t(x— y), y)dt.10
1

—
o

(1—t) 2 M(y+t(x — y), — y—t(x— y))P(y+t(x— y), — y—t(x— y))dt

+2 1
Y0  
- y - t ( x - y ) R i ( y + t ( x -  y), n)P(y+t(x— y), n)dridt

— 3(1—— t)2  Y P ( y + t ( x —  y ) ,  n ) 2 dndt.,:, 
-y-t(x-y)
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In a similar fashion, we obtain the expressions of the derivatives of 02 U.
Since, as we have shown, (Dœ0U)(x, y) (Ial <2) are written in terms of M, P, R i ,

the derivatives of OU up to  the forth order can be expressed in terms of at most
the second derivatives o f M, P, R i . Then together with Lemma 4.7, 4.8, 4.9, we
obtain

Proposition 5.3. For X = U, V, we have

110 X —  OX* 114=0 (01X114+ IIX* 114/11X — X* I14)•
Now we carry out the estimates of

1 X  Y
(5.11) (TU)(x, y)— 

 ( x : y ) 2 - 4

(X  —  (x —TO  I f ( ' 17
11)

)23 drick,
—

Differentiating (5.11) in x, we have

D x TU(x, y)34 ( X  — 0(X  —  ri)  t f ( '  17)2 A d— 0 3

çx

▪  

Cx 1 y )2 1% ( j( ' n
r i  23  driCk

▪ (X- 1 y)2 1: % ( X - 1 1 ) V 3 2  c h id

= - (x _
2  

y )3  ) y (X -3'4 ni1 23 chid

2 gq))22 dfick
—  3 )3, C 1 C — °

▪ (x 2 .0 2c i n d

1x(X  — 37)2 Y.S.Y- dn d

2 1x ( x  _  
)
2 (Y W,c i t i d

Y) 3 Y (  — 0 3

1 { (x ) 2 } (O U ) (  ,  y)ck
(x — y

2î l 1Y W, 1 1 )2  chick
• (x — y) 2 y - 4

1 1-x  a 
(x — .02

(x  —  )(0U )(, y )ck
Y  .%

Integrating by parts and changing the variable of the integration as y +1(x — y),
we have
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(5 .12) D„PU(x, y)

= 2  4 1 -0 M(y+t(x— y), ri)P(y+t(x— y), q)dridt
O- y - t ( x - y )

o
•  t (1 — t ) (D i OU)(y+t(x— y), y)dt.

In a similar manner, we have

(5 .13 ) Dy WU(x, y)

=2 11
( 1-0 20 - y -- ( x - y )

M(y+t(x— y), n )P(y + t(x—y), 11)&1dt

+
o

(1—t) 2 (D i OU)(y+t(x— y), y)dt

CY Cx
- TV, WAY, 111c117 + Y )P (, Y )(k .

- Y Y

—
o

P(y+t(x— y), y)U(y+t(x—y), y)dt

Differentiating (5.12) in x, we have

(5 .14 ) D„x 7W(x, Y)

= 2  t2 (1 -0 M (y + t(x— y), — y — t(x — y))P(y + t(x — , — y—t(x— y))dt

+ 4 S
1

o  
t2 (1 —  1YP ( y + t ( x —  y ) ,  r i ) R 1(y+t(x— )), q)dridt

- t2 (1 Y P(y+t(x— y), ri) 2 dlidt
O- y - t ( x - y )

+
o

t2 (1— t)(DieU)(y+t(x—  y), y)dt.

Similar computations show

(5 .15) Dx,,TU (x, y)

= 2  t(1 -0M(y+t(x— y), y)P(y+t(x—  y), y)dt

+2 S
o  

t (1 -0 2 M(y+ t(x— y), — y — t(x — y))P(y + t(x— y), — y — t(x — y))dt

+ 4  4 1 — 13(.Y + t(x ti)Ri(Y +((x— n)dndt. O- y - t ( x - y )

—65' t(1 P(y+t(x— y), ri) 2 (bidt
O- y - t ( x - y )

+ 5o
t(1— t) 2 (DfOU)(y+t(x— y), y)dt

+ S1

o 
— 02 (1)1 D2 eU)(y+t(x— y), y)dt,
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(5.16) Dy y TU(x, y)

=2 S
o  

(1 — t)2M(y+ t(x— y), y)P(y+ t(x— y), y)dt

+2  (1—  03M(y+ t(x— y), — y—t(x— y))P(y+t(x— y), —y— t(x— y))dt

+85
O
 (1 — t)3P ( y + t ( x —  y ) ,  n ) R i (y+t(x— y), n)dndt

—y — t(x — y )

—65'
y — t ( x — y )
' (1 — t)3P ( y +  t ( x —  y ) ,  1 7 ) 2dqdt

— 

(1— t)3(D 1 6 U)(y+t(x— y ), y)dt

M(Y , — .02 —2 
CY

 M (Y, n)Ri(Y, Och1 - 2

CY

 M (Y , W U , 11)d71—Y —Y
1

+
o

(1—t)M(y+t(x— y), y)P(y+t(x—y), y)dt

1
+4Y ) R 2 ( ,  Y ) c g +  4 M(y + t(x —  y), Y)R2(y+t(x— y), y)dt

Y 0
1

+3y ) 2 g  +3  M ( y +t( x —  y ) ,  y ) P ( y  + t ( x —  y ) ,  y ) d t .
YJ O

In this way, we have shown that the second derivatives of TU are expressed in terms
of M, P, R i . By the same arguments as before, we obtain the estimates of the
derivatives o f W U up  to  the fo rth  o rde r. In a similar fashion, we carry out the
estimates for P V .  Thus we obtain

Proposition 5 .4 .  For X =U, V, we have

11TX — PX * 114=0 411XII 4 + X "  114)11 X  X* I14) •
Since 52X is handled with in a easier manner, we may omit the proof of the

following estimate.

Proposition 5.5. For X =U, V, we have

11QX — QX * 114=0 ((11X114+11-Vi14)11X — X* 114)•

§ 6 .  Combining the preceeding estimates, we shall prove the existence theorem.

Theorem 6.1. Let fe  C5 (R 4 ), g E C4(R) be even functions satisfy ing

sup [(1 + 0 3( E  I (4.f(01+ ±  IN g(r)i)] =  <  D.
reR j= 0 j= 0

I f  n is suf f iciently  sm all, then there ex ists a  unique g lo b al C2-solution of  the
initial-v alue problem  (2.1).
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P ro o f .  We set W =(U , V), E2,=(E1 , E2 ). Then the equations (3.12), (3.14) are
expressed as

(6.1) W=

We seek the solution of (6.1) in the class of functions

r=(14/=(U ,V )IUe 1 1 , Ve1 2 }.

Firstly we must show that z--2(w)E r  for We F .  I t  is clear that

Ei (W ), E 2 ( W) e C4 (A), U (y , x )= U (x , y), V(y, x)= — V(x, y).

By (3.12), we find

E.-71 ( W )(x, x)=2a(OU)(x, x)+2b(OV)(x, x)-2a(OU)(x. x)-2b(Ov)(x, x).

Since

(OU)(x, x  t i
( x

( x
' d n = ( 0 U ) ( x ,  x ) ,

(0V )(x , x )= (0V )(x , x ),

then we find E i (W)(x, x)=0.
Similarly by (5.6), (5.7), (5.12), (5.13), we can see

D I E:72 (x, x)=D 2 E2 (x, x)=0.

In this way we have shown E(W) E F for WE r .
The estimates in the previous section show that there exists a numerical onstant

L such that

Ilsw-sw*114<L(II WI14+ II w*114)IIW- w*I14 f o r  W, W* e F.

Let us define a sequence of functions W„ as

Wo = W°, = W° + 72( -  ) for n 1.

If we take sufficiently small e such that

W
°
114<,E <

then we find by induction

W,114< 2c,

Wn+ —  W.114 < 4a-11 — -1114

1
Wn-1114 hold for all

Then we can see W„ converges to certain WE F C 4 (A) which is the solution of (6.1).
Thus we have obtained the theorem.
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