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1. Introduction

In this paper we shall study the scattering and spectral theory for the linear
Boltzmann operator. Consider the linear Boltzmann equation

(1.1) d;dt n(x, v, y=—v-grad.n(x, v, t)

+ Sk(x. o', v)n(x, v', Hdv' — o, (x, v)n(x, v, 1)

(xeRY, veR? teR),

which describes a beam of non-self-interacting neutrons. A positive function
n(x, v, t) represents the neutron density at time t with position x and velocity v.
The first term on the right-hand side of (1.1) describes the free classical motion of
neutrons. The second term represents neutrons produced at a point (x, v) in phase
space due to processes such as scattering and fission. Later we need

o,(x, v)= ng k(x, v, v")dv’

which is the total rate of production at a point (x, v). The last term on the right-
hand side of (1.1) represents the loss of neutrons from a point (x, v) in phase space
due to scattering or to absorption.

We work in the Banach space L'(R24,), because L!(R2¢) is a natural space for
the linear Boltzmann operator. As we shall see later, under certain assumptions the
linear Boltzmann operator

(Bn)(x, v)=v-grad,n(x, v)
— Sk(x, v, v)n(x, v')dv' +o,(x, v)n(x, v)

generates a strongly continuous group {e7*B| —oo<t<oo}. It is known that the
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dynamical operator e~* is positivity preserving (i.e., it leaves invariant Li(R24,),
the cone of positive functions in L'(R24,)) for t>0, and that in general the inter-
acting dynamics is only one-sided (see Simon [10]). On the other hand, the colli-
sion-free linear Boltzmann operator

By=v-grad,

generates a strongly continuous group {e™'Be| —oo <t< oo} where the dynamical
operator e~'Bo is positivity preserving for te R. Thus the free dynamics is two-
sided. The basic objects of the scattering theory are:

(1.2) W_ =s-lim e'B ¢~*Bo
t—o

(1.3) W, =s-lim e!Bog~!8
t—+00

and the scattering operator S= W, W_. Notice that the free dynamics e~*8o occurs
in (1.2) and (1.3) for <0, but that e~*8 occurs only for t>0.

In the first part of the paper, we investigate the range of the inverse wave op-
erator W,. More specifically, we prove that the range of W, is dense in L(R24,).
We follow the line of Enss [2] which was exploited to show the asymptotic com-
pleteness for quantum mechanical potential scattering, but there are many differences
in detail.

First, our work is carried out in the Banach space L! whereas Enss’s work was
performed in the Hilbert space L2.

Secondly, we do not use any asymptotic equality of B and B,. Since we treat
the inverse wave operator, we need only to control e™*Bo. In the Enss analysis, as
Simon [9] pointed out, it is important to prove a certain asymptotic equality of an
interacting and a free Hamiltonian.

Finally, so-called decomposition operators used to describe the Enss decom-
position principle are merely multiplication operators in our case, while they are
pseudo-differential operators in the case of quantum mechanical potential scattering.
The proof of the Enss decomposition principle for the Boltzmann case is easier and
more elementary than for the Schrodinger case. Indeed, we do not require the
method of stationary phase (compare Simon [9], Perry [5], Davies [1]).

In the second part of the paper, we analyze the spectral properties of B, and B.
We show that the spectrum of B, consists only of the residual spectrum and coincides
with the imaginary axis. Moreover, using our result on W., we can show that the
spectrum of B includes that of B,. We emphasize that the wave operator method is
useful for the spectral analysis of certain operators in Banach space as well as self-
adjoint operators in Hilbert space.

The plan of the paper is as follows. Section 2 contains the main theorems. In
Section 3, we establish the Enss decomposition principle. In Section 4, we show
that the range of W, is dense in L'(R2%,). The spectral properties of B, and B are
discussed in Section 6 after we prove some abstract theorems in Section 5.

It is a pleasure to thank Professor T. Ikebe for stimulating discussions, and
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Professor Y. Saito for turning the author’s interest to the linear Boltzmann equation.

2. Main theorems

We define the collision-free linear Boltzmann operator B, to be the closure of
the operator defined on CJ(R24,) by

(Bon)(x, v)=(v-grad.n)(x, v).

It is known that — B, is the infinitesimal generator of a strongly continuous group of
positivity preserving isometries on L}(R24)) and that

2.1 [e~*Bon] (x, v)=n(x—tv, v).

(See Hejtmanek [3], Reed-Simon [&], Simon [10].)

Throughout the paper we shall assume that the pair (k, o,) is regular, ie.,

(i) k(x,v', v) is a nonnegative measurable function on R3¢ and o,(x, v) is a
nonnegative measurable function on R**;

(ii) For each (x, V'), k(x, v, -) is in L\(RY);

(i) o,(x, v) and o, (x, V)= Sk(x, v, v')dv’ are essentially bounded functions
on R%4;

(iv) There is a compact set D in RS so that k(x, v', v) and o,(x, v) vanish if
x&D.

The linear collision operator A4 is a sum of two operators:
(An)(x, v)=— Sk(x, v', v)n(x, v')dv’

(A,n)(x, v)=0,(x, v)n(x, v).

As is easily seen, A; and A,, and hence A4, are bounded operators with norms ||
and |g,||,, respectively. Here | -||,, denotes the norm in L®(R24,).
Now, define the linear Boltzmann operator B by

pllo

B = BO + A.
In order to show that — B generates a strongly continuous group, we need the follow-
ing

Proposition 2.1. Let —T generate a contraction group on a Banach space X.
If A is a bounded operator on X, then —(T+ A) generates a strongly continuous
group with

e~ T+A)| < eltlliAl
for t real.

The proof of Proposition 2.1 (in a more general set-up) is given in Appendix.
From Proposition 2.1 it follows that — B generates a strongly continuous group
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with
2.2) llem 8| <exp [[tl(l0,]l o + 104l )]

for t real. (An estimate sharper than (2.2) can be found in Reed-Simon [8].) Simon
[10] showed that e~*8 is positivity preserving for ¢ positive.

The existence of W_ and W, was investigated by Hejtmanek [3], Simon [10],
and Voigt [11]. In this paper, we shall not examine the existence of W_ and W,.

Before stating the main theorems, we introduce some notation. Let T be a
linear operator in a Banach space. Then o(T), 6 ,(T), 6(T), a(T) respectively repre-
sent the spectrum, the point spectrum, the continuous spectrum and the residual
spectrum of T. For these definitions, see Yosida [12, p. 209].

One of our main results now reads:

Theorem 2.2. Let (k, 6,) be a regular pair. Assume that the inverse wave
operator W, exists. Then Ran (W, ) is a dense subspace of L'(R24,).

We shall determine the spectrum of B, completely.

Theorem 2.3. The spectrum o(B,) consists of the imaginary axis and coincides
with the residual spectrum o,(B)

From Theorem 2.3 it is clear that o,(B,) and o.(B,) are empty. Regarding the
spectrum of B, we have

Theorem 2.4. Let (k, 6,) be a regular pair and assume that W, exists. Then
the spectrum o(B) is included in the strip

{).E C|0< Re i< ”ap”uo+ Ilaa"oo} .

Moreover, the residual spectrum a(B) includes the imaginary axis.

3. The Enss decomposition principle

In this section we establish the Enss decomposition principle. Before stating
it, we introduce some notation which will be employed in the sequel without further
reference. For any interval I = R, we define

QAN={leR|[{|el}.

When it is convenient, we also use the notation Q(),, Q(I),. The multiplication
operator by the characteristic function of Q(I), x R¢ will be denoted by F(|x|e[).

Theorem 3.1. Let (k, 6,) be a regular pair, and let M be a positive number
with D<=Q([0, M]),. Let O<a<b<+oo. Then there exist three families,
{D%},. and {DP},. o, of positivity preserving bounded operators in L'(R2%)) with
the following properties:

(i) For every r>0 and every neL'(R24,) with suppncRIxQ([a, b)),

(D +D; +D%n=n,



Linear Boltzmann operator 209

(here supp n denotes the support of n).
(ii) For every r>2M

‘e"tBDt=¢"tBoD¥ Z=0
(iii) For every r>0
F(|x|< §>e-wop,-‘c=o, 120

and

\

F(|x| <2 |t|>e“”°D,i =0, 120

(iv) For every r>0, t real and every ne L'(R?4,)
supp [e*BoD te~tBop] = supp n.
(v) For every r>0

s-lim DPe~tBo=0,
'—>+00

v Basically, D*n (respectlvely, Dy n).is lhe part of n outside the ball ([0, r]), and
with velocities pointing outwards (respectlvely, inwards).

Theorem 3.1 has an important corollary. '

Corollary. (i) If W_ exists, then (W_—1)D; =0 for every r>2M.
(ii) If W, exists, then (W, —I)D} =0 for every r>2M.

Remark. As mentioned in the introduction, e~*® is in general positivity pre-
serving only for ¢ positive. But it follows from Theorem 3.1 that for every r>2M,
e 'BD; is positivity preserving for ¢ negative. This may be physically reasonable.

To prove Theorem 3.1, we need a lemma.

Lemma 3.2. Let 0<a<b<+o0, and let 0<t<./3/2. Then there exist two
Sunctions g € C*((R4 \ {0}) x R3) with the following properties:

(i) 0<g4(x, v for all (x, v).

(i) g.+(x, v)+g-(x,0)=1 if (x,v)e(R*\ {0})xQ[a, b]).

(i) suppgsc{(x, v)e(R4\ {0})x R¢|ve Q([a/2, 2b]), cos O(x, v) = F 1} .
Here 0(x, v) denotes the angle between x and v.

Proof. Let y be a function in CP(R) which is 0 off (a/2, 2b), 1 on [a, b] with
0<y<1. Let n, be a function in C*([—1, 1]) which is 0 on [—1, —1], 1 on
[z, 1] with Og<n, <1. Setn_=1-—n,. Now, define

9 1 (x, v)=Y(|v])n +(cos O(x, v)).
Since

cos 8(x, v)=|x|"o| 1 X 4_ xv;,
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it follows that g, are in C®((R4\ {0})x R%). It is then obvious that g, have
properties (i), (ii) and (iii) of the lemma. Q.E.D.

Proof of Theorem 3.1. First choose 7 so that 0<1:<\/3_/2. It follows from
Lemma 3.2 that there exist two functions g, in C*((R2 \ {0}) x R?) with properties
(i), (i) and (iii) of Lemma 3.2. Pick a function ¢ in C®(R) which is 0 on (— o0, 1],
1 on [2, o) with 0< @< 1. For every r>0, set

o(x)=o(|x|/r).
We define operators D and D9 by
(DEn) (x, 1) =g +(x, )@ (x)n(x, v)
(D2n)(x, v)=(1 =@, (x)n(x, v).

It is then obvious that D * and D? are positivity preserving and bounded. Since DZ
are multiplication operators, it follows from the expression (2.1) that (iv) of the
theorem holds. Moreover, it follows from (ii) of Lemma 3.2 that (i) of the theorem
holds.

Now, we shall prove (iii) of the theorem for D}. (The proof for D; is similar.)
It suffices to show that for every t>0, r>0 and every ne L'(R2%,)

3.1 supp [e~*Be D}n] = Q ([max {% , %t} , o0 )) x R4,
Let (x, v) be in supp [e~*BeD}n]. Writing
[e~*BoD}n](x, v)
= g+(x — 1, U)(Pr(x_ tv)n(x —tv, l))

and using (iii) of Lemma 3.2, we see that

NEl

v-(x—tv)> — 5[l [x— 1],

and thus

L
2

3

3.2) 2w (x—1) > — = 23|v|? — 7{-:“’-|x—tv|2

for every t>0 and every ¢>0. Combining (3.2) and the identity
|x]2 = t2|v|2 + 2tv - (x — tv) + |x — (0|2,
we get

1x]2> (1 - %32 >t2|v|2+ (l - %8_2 )lx—tvlz

for every t>0 and every ¢>0. Taking a=\/f and noting that x —tv is in suf)f)'.tp,.,
we have R
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(3.3) |x[2 > % r2,
Similarly, taking ¢=./3/2 and noting that (x — tv, v) is in supp g, we have
(3.4) X2 l<L at )2
’ Z 4\2

for t>0. Thus, (3.3) and (3.4) yield (3.1).
Next we prove (ii) of the theorem for D;}. (The proof for D; is similar.) It
suffices to show that for all n in C§(R24,)

3.5) D}n=e!B e tBo Dip

holds for »>2M and t>0. Differentiating the right-hand side of (3.5) with respect
to t, we have

(3.6) 4 (etet80 Din) = e'B(A, + Ag)e™ ™ Din

for nin C3(R24,). By (3.1) we have
3.7 supp [e"*BoD}n} < Q((M, o)), x R¢

for t>0 and r>2M. Since, by the hypothesis of the theorem, D<=Q([0, M]),, it
follows from (3.7) that the right-hand side of (3.6) vanishes for >0 and r>2M
(recall the definition of the regular pair). This implies (3.5).

All that remains is property (v) of the theorem. It suffices to show that

Dle tBop — 0 as t— +o00
for every n in CJ(R24,) with
supp n 0 {(x, v)|v=0}=g.
This follows from the fact that for such a data
supp [e™"Bon] = Q([2r, o)), x RY
for large |1|. Q.E.D.

4. Proof of Theorem 2.2.

In this section, we prove Theorem 2.2 with the aid of Theorem 3.1. We begin
with the intertwining property.

Proposition 4.1. Let (k, 6,) be a regular pair and assume that W_ and W,
exist. Then the following relations

e B W_=W_etBo,

etBo W, =W, e '8



212 Tomio Umeda
hold for all te R.

The proof is the same as in the case of strongly continuous unitary groups gener-
ated by self-adjoint operators. See Kato [4, p. 532].
We now turn to the

Proof of Theorem 2.2. Suppose the contrary. Then we can find a non-trinial
function n in C(R2%,) with

supp n N {(x, v)|v=0}=g

and né& ClRan (W, ) (Cl=closure). By the Hahn-Banach theorem, there is an fe
L*(R?%,) (the adjoint space of L!(R2,)) such that
(f, m)=1and

4.1) (f, m)=0
for all me ClRan (W,). Choose positive numbers R, @ and b so that
supp n= ([0, R]), x €([a, b]),.

Let {D%} and {D?} be bounded operators having éll the properties specified in The-
orem 3.1. Noting ' -

- supp [e7*Bon] = R4 x ([a, b)),
and using (i) of Theorem 3.1, we have
e Bop=Df e 'Bon+ Dy e~'Bon+ DY e ' Bop,
We now write
(f, n)y=((e'Boy*f, e~*Bopy=1+ 11+ 111,

where

I[=((e'®)*f, Df e~*Fen),

[I=((e'Be)*f, D; e~'Bon),

HT=((c'Bo)*f, DV e~"Bop),
By the corollary to Theorem 3.1 and Proposition 4.1, we see that for r>2M

[=(f, W,e'BD} e~1Bop)

which equals zero by (4.1). Since, by (iii) of Theorem 3.1, .
F(lxl < ’T> etBoDr =0
for t >0, we see that

4.2) (f, F(le < %) etBoDr etBop)=0
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for t>0. Since, by (iv) of Theorem 3.1,
supp [e'PoDre ' fon] = ([0, R]), x Q[a, b]),,
we have

(4.3) . F<|x|> —’.'>e'BoD,-e ~tBopy=0

i

§

for r>2R. Hence, combining (4.2) and (4.3), we see that II=0 for t>0 and r>2R.
Writing

M| flloIDP e B .

it follows from (v) of Theorem 3.1 that 11 goes to zero as t— +oo. We have thus
shown that (f, n)=0. Since (f, n)=1, this is impossible. Q.E.D.

5. Abstract theorems

In this section we give a few theorems in Banach space which will be used in the
proofs of the next section. We are mainly interested in the residual spectrum of the
infinitesimal generator of a group. o o s

Let X be a Banach space. By the adjoint space X* of X we mean the set of all
bounded anti-linear forms on X. Let T be a densely defined linear operator in X.
The adjoint operator T* of T is defined in the following way: D(T*) consists of all
g € X* such that there exists an fe X* with the property

(g, Tu)=C(f, u) forall ueD(T).
T* is defined by setting T*g=f. (For this definition see Kato [4, p. 167].)

We start from the following

Proposition 5.1. Let X be a Banach space, and let T be a densely defined linear
operator in X. Then

(i) ifAisino(T), then Zis in o, (T*);

@ity if Xisin o (T*), then /. is in either ¢,(T) or a(T).

The proof is similar to that of Proposition, p. 194 of Reed-Simon [6] and is
omitted here.

Theorem 5.2. Let — T be the generator of a strongly continuous semigroup on
a Banach space X. Suppose that A is in o, (T*) and that f is a corresponding
eigenvector of T*. Then '

(5.1) (f. e ' Tu)y=e *4(f, u)
forallue X and all t>0.

Proof. Since D(T) is dense in X, it suffices to prove (5.1) for ue D(T). We
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thus suppose that ue D(T). Set
o()=(f, e T~ Pu).
Then ¢ is continuously differentiable, and
@' ()= —=(T*=N)f, e T Pu).

By the hypotheses of the theorem, ¢'(t)=0 for t>0. Hence we obtain

(f. e T Pu)y=(f, u)
which proves (5.1). Q.E.D.

Theorem 5.2 has a converse if — T is the generator of a group.

Theorem 5.3. Let —T be the generator of a strongly continuous group on a
Banach space X, and let A be a complex number. Suppose that there are a non-
trivial form f in X* and an open interval I such that

(5.2) (f e Tu)=e""A(f, u)
for all ue D(T) and all tel. Then Ais in o, (T*).

Proof. Differentiate the both sides of (5.2) with respect to ¢t. Then by (5.2)
(5.3 (f, Te"*Tu)=(Af, e"*Tu)

for all ue D(T) and all tel. Since {e”'T} is a group, e~'" takes D(T) onto D(T).
From this fact and (5.3), it follows that (f, Tu)=(Af, u) for all u e D(T). This means
that e a,(T*). Q.E.D.

6. Spectra of B, and B

We now turn to the proofs of Theorems 2.3 and 2.4. As mentioned in the
introduction, arguments used in the proof of Theorem 2.4 show that scattering
theory is a useful tool in spectral analysis of certain operators in Banach space.

We shall denote by iR the imaginary axis.

Proof of Theorem 2.3. Since |e™"8¢| =1 lor all re R, it [ollows from the Hille-
Yosida theorem (see Reed-Simon [7, p. 238]) that a(B,) is included in the imaginary
axis. For p real, define f, in L*(R24)) by

Sux, vy=exp {ipx-vf|o|?}.
Then one can easily check that f, e D(B¥) and that
(6'1) Bgfu=_lufu

By Proposition 5.1 (ii), iy is in either o ,(By) or o,(B).
We shall show that ¢,(B,) is empty. To this end. suppose that there are a pure
imaginary number i (£ € R) and ne L'(R2%,) such that Bon=i¢n. It suffices to
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show that n=0. We have
(6.2) e tBop=¢-itép,
Let K be a given compact set in R4 x (R%\ {0}). From (6.2), it follows that

(6.3) le=*Bon|y k= nllyk

where || n|| 1’K=SK |n(x, v)|dxdv. Using the expression (2.1) for e~* Bo and noting the

fact that the velocity of every particle in K is bounded away from zero, one can see
that

(6.4) e~*Bon|; x — 0

as t—>+oo. It follows from (6.3) and (6.4) that ||n|, x=0. Since K was arbitrary,
it follows that n=0. Hence o,(B,) is empty. Summing up, we have shown

o(Bo)<iR<0,(By)
which proves the theorem. Q.E.D.

Proof of Theorem 2.4. Since, by the assumption, W, exists, it follows upon
application of the principle of uniform boundedness (see Reed-Simon [6, p. 81])
that |[e*Boe~*B|| < C for all 1 >0, where C is a constant. We get

le=®l < lle7*2e||[|e*#° "B < C

for all t>0. Applying the Hille-Yoside-Phillips theorem (see Reed-Simon [7 p-
2471]), we have

(6.5) {Ae C|Re A<0}cp(B).
We now recall the estimate
le®ll <exp {t(lo,ll + 104l )}, >0
(see (2.2)). Applying once more the Hille-Yosida-Phillips theorem, we get
(6.6) {e CIRcA>|g,l.. +lo,l..}=p(B).

From (6.5) and (6.6), the first statement of the theorem follows.
To prove the second, we first claim that

(6.7) g, (B)NiR=g.

Indeed, given i (£€ R), let ne L'(R2¢,) satisfy the equation Bn=ién. Then we
have

e tBp=e-itéy,

Let K be a given compact set in R4 x (R% \ {0}). Then, as in the proof of Theoréein
2.3, we can show that

(6.8) le=*EoWynllx — 0
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as - +o00. Writing
[nlly,x=le"nl k
< ||e—'B°W+n||1,K
+llemtBo W, n—e 1Bn]l, 4
and using (6.8) and the fact that
le~tBoW,n—e 'Bn||, — 0

as t— -+ o0, we see that ||n|, x=0. Since K was arbitrary, we conclude that n=0.
These arguments show that any pure imaginary number cannot be an eigenvalue of
B. Thus we have shown (6.7).

Next, we shall show that

(6.9) o B)>iR

which completes the proof of the theorem. Since, by Theorem 2.2, Ran (W) is
dense in L'(R24,), (W, )* is one-to-one. For p real, let f,, be as given in the proof of
Theorem 2.3. Then it follows from (6.1) and Theorem 5.2 that o

(6.10). (f o € Bon)=eitn(f,, n)

for all ne L'(R24,) and all te R. Replace n in the left-hand side of (6.10) by W,n
and use Proposition 4.1. Then

(6.11) (f i €7 B W) =((W)*f . €7*Bn)
for all ne L'(R24,) and all te R. Replace n in (6.10) once more by W,n. Then
(6.12) (fur €80l m)=eH(W ), ) |
for all ne L'(R24,) and all te R. Combining (6.11) and (6.12), we get
(W) 0 e Bn)=eiu((W,)*f . n)

for all ne L'(R2¢,) and all te R. Since (W,)* is one-to-one, (W, )*f, is non-trivial.
By Theorem 5.3, —iu is in a,(B*). It follows from Proposition 5.1 that iu is in
either o,(B) or o(B). Noting (6.7), we see that iy is in ¢,(B). Hence we have

proved (6.9). Q.E.D.

Appendix
In connection with Proposition 2.1 we establish the following more general
result.

Proposition. Let — T generate a strongly continuous group on a Banach
space X with ~
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le*T|| < Melt1®, teR,

where M and B are constants. If A is a bounded operator in X, then —(T+ A)
generates a strongly continuous group with

et T+a)| < MeltlB+MUAl) - ;e R.

Proof. Since —T generates a semigroup {e~'T}., with |e'T|<Me'8, it
follows from Theorem 2.1, p. 497 of Kato [4] that — T— A4 generates a semigroup
{Ush>0 With

U, | < Met@B+MilAlD

for t positive. Similarly, since T generates a semigroup {e'T},., with |e'T| <
Me'#, T+ A generates a semigroup {V,},, with

[V, ]| < MetB+M 14l
for t positive. To prove the proposition, it suffices to show that
(A.1) Uv,=l1, >0
(A.2) vU,=1, 1>0.
Let ue D(T+ A). Since D(T+ A)=D(T)=D(—T— A), we have
Viue D(—T—A).

Differentiating U,V,u with respect to t, we get
%(U,V,;;): U{=T—A+T+A)Vu=0.

Thus
(A.3) UVu=u, t>0

for all ue D(T). Since D(T) is dense in X, and since U,V, is bounded, (A.3) implies
(A.1). The proof of (A.2) is similar. Q.E.D.
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