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1. Introduction

In  th e  present paper we shall consider th e  Schralinger operator

(1.1) L=— -k iv x )r±v (x ), xERn
ox ;

in  the H ilbert space L2 (Rn), w here i= -V -1  a n d  V (x), bi (x)(1S a r e  real-valued
fu n c tio n s . T he  scalar potential V (x) is assumed to satisfy

(1.2) V(x) 0 0  as xl —>

and

(1.3) V(x)-_ — C xl" (I x  -__ Ro)

fo r some positive constants C, R o a n d  a<2. T h e  spectral theory of L  satisfying (1.2)
h a s  b e e n  e x te n s iv e ly  in v e s tig a te d  b y  m a n y  a u th o rs . F o r  a  class of b (x ) and  V(x)
satisfying (1.1) and  (1.2) with a = 2  o n e  can see th e  following assertions ;

(a) th e  sym m etric operator L  defined o n  C (/ in )  is  e s se n tia lly  self-adjoint, i. e.,
L  has the unique self-adjoint extension H (cf. Ikebe-Kato [11]).

(b) th e  spectrum o f H consisits o f a ll rea l num bers, i. e., a(H)=---- R  ( c f .  Eastham
N J , Eastham-Kalf [7]).

( c )  H  h a s  n o  eigenvalues ( c f .  Eastham-Kalf [7], Uchiyama [24], Uchiyama-
Yamada [25]).

I n  th is  p a p e r  w e  s h a ll  g iv e  a  sufficient condition to  assure th a t  H  is absolutely
continuous, and to  derive a  spectral representation o f H .  T o  th is  e n d  w e  s tu d y  the
lim iting absorption method (principle) fo r  L.

T h e  lim itin g  absorption m ethod  is , roughly speaking, to investigate the lim it of
the  resolvent R(z)=(H—z) - 1  a s  th e  non-real z approaches the real a x is .  More precisely,
it is to choose appropriate w eghted V  spaces A, B su c h  th a t A c L 2 (R n )c B  and  the
strong limit

R(2±i0)f=s—lim R(2±is)f i n  B
E O

exists fo r any  f E A .  In  order to  study  th e  lim iting absorption m e th o d  th e  radiation
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condition is often used as an im portant tool, by which one can find u= R(2-±i0)f among
many solutions of L u  2 u =  f  A.

Eidus [8] show s the lim iting absorption m ethod for Schr&linger operators in  ex-
terior dom ains with short-range potentials, by m aking use of the radiation condition

au . 2
-V 2 u dS  --->  0.)1.r:=R 0

a s  R—÷00, where 2>0 and  r =  x ;  Ikebe-Sait6 [12] d ev e lo ps th e  lim iting  absorption
method fo r  Schralinger operators with long-range potentials, by putting

A  L: -= { ;  Ilf118=11(1+1 • OfilL2<œ}

and  B=-- (s>1/2) and  considering the radiation condition

(1.4) 110-/t118-1=7--

where
(

a  -Fibi (x)±  x  k ± -(x, 2))u
ax ;  I  x i <00 (j=1, 2, ••• n) ,

8 -  1

ki(x, =F-i../ + - (2>0

Ikebe [9] defines the radiation condition by  putting  in  (1.4)

k±(x, 2)==i--i.N/ 2—V (x)± "2—r

in  o rde r to  sh o w  th e  sp e c tra l representation o f  Schr6dinger operators. Mochizuki-
Uchiyama [20] treats oscillating. long-range potentials and proposes th a t  k±(x, 2) can
be selected a s  an  approximate solution o f th e  following Riccati-type equation

V (x )-2 +  a
a
r  k(x, 2)-F 11 ; 1(1.5) k(x, 2)— k(x, ,02=0

at 'infinity. Saki -5  [21] solves the  eikonal equation

1 7 R  2 = ..
I
 V ( X )  
 ( 2 > 0 )

and adopts
a 

R (x  A)ax
instead o f (x i / I „v. I )k±(x, 2) in  (1.4).

Suggested by Mochizuki-Uchiyama [20] we shall define 2 ;-:  in  (1.4) by setting

 n-1 / a r k±(x, 2)= 2— (V x)d-

T hen w e see  that th e  left-hand side o f (1.5) . is equal to

(1.6)
(n -1 )(n -3 )V „  5  (   V r   \Z

4r24 ( 2 — V )  1 6  2—V

2r 4(2—V)

w hich w ill be a  short-range function by assuming an  appropriate condition on V(x).
T h e re  a r e  a lso  m an y  p ap e rs  co n ce rn in g  w ith  th e  sp e c tra l representation of
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Schrbdinger operators (e. g., Agmon DJ, Ikebe [1O ], Isozaki [13], Iw atsuka [14],
Jager [15 ], M och izuk i-U ch iyam a [20 ]). O u r  purpose in  th is paper is to  construct a
generalized Fourier transform  'I sa tisfy ing  th e  following properties ;

(a) g  is  a  unitary operator o n  L 2(R ") on to  O R ; h) (h= L 2 (Sn - 1 ))

(b) g  diagonalizes H  in  th e  sense that

(g HA /1)=2(g f)(2) fo r  a n y  f  D ( H ) ,

w here 1, 2(R ; h) is  the H ilbert space consisting  of a ll t h e  h-valued sq u a re  integrable
functions f (2 ) w ith  th e  norm

L2(„: h) - - ( 5 „11 A/ol io /1)1 ' 2 .

Recently, several authors studied th e  lim iting absorption method and the spectral
representation for Schr6dinger operators w ith exploding potentials. T h e  terminology
o f  "exploding  potentia ls", w hich  seem s to  be  orig inated  by  B en-A rtz i [3] o r  Jager-
R ejto  [16], is used in  the sense that th e  potential V(x) is unbounded below at infinity.
W e do  not know whether such a  potential is an important object in Quantum Mechanics,
a lth o g h  it  s e e m s  to  b e  in te re s t in g  i n  M athem atics. F o r  th e  w orks o f  second-order
ordinary differential operators with exploding potentials one can be referred to Chapter
XIII and References in Dunford-Schwartz [5].

Jager-Rejto [16] gives a  sufficient condition for H to be absolutely continuous under
the condition (1.3) w i t h  a = 1 .  T h e  proof is given along th e  line o f  Jager [15], w hich
shows resolvent estimates of Schr6dinger operator — 4+17 (x ) by studying second-order
ord inary  d ifferen tia l equations in  th e  H ilb e r t  sp a c e  L 2 (S 1). B e n -A rtz i [3 ] and
S chw artzm an  [22] ob ta in  t h e  lim itin g  absorption m ethod  f o r  a  class o f  spherically
sym m etric  po ten tia ls . B en-A rtz i [4 ] ex tends h is  resu lt [3 ] to  th e  c a s e  w ith  short-
range perturbations w ith  respect to  V (r) and shows that the spectrum of H is absolutely
continuous in  any  open intervals containing n o  e ig en v a lu es. Schwartzman [23] gives
the spectral representation o f H w ith spherically sym m etric exploding potentials V(r)
and  short-range perturbations w ith  respect to V. T he  ex istence  o r the  non-ex istence
of eigenvalues of H is not discussed in  [4] and [23].

O ur method is based on Ikebe [9], Ikebe-Saits5 [12] and Mochizuki-Uchiyama [20],
which enable us to adopt m agnetic potentials bi ( x ) .  O ur proof o f the limiting absorp-
tion method is developed along th e  line of Ikebe-Saits5 [12], by using 21 suggested by
Mochizuki-Uchiyama [2O].

The contents hereafter a re  a s  follows ;

§ 2. The m ain assumption
§ 3. T h e  lim iting absorption method
§ 4. Preliminary propositions
§ 5. Proof o f  Theorems in § 3
§ 6. Spectral representation o f H
§ 7. T he  un ita rity  o f g

In § 2 our assumptions and  some notations are ex p la in ed . In  §  3  w e  g iv e  t h e  result
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of the  lim iting absorption m e th o d . O ur resolvent estimate is similar to the one obtained
in  Schwartzm an [2 3 ].  I n  § 4 preliminary proposition are prepared to show  the  proof
of Theorems in § 3. The proof of Theorems in  § 3 a re  seen in  § 5. In  § 6 we construct
a  generalized Fourier transform  g  diagonalizing H .  F ina lly , w e  p ro v e  th e  unitarity
o f  g  in  § 7.

Acknowledgement. T h e  au thor w ishes to  express h is sincere  gratitude to Prof.
T .  Ikebe, P rof. M . A ra i and Prof. A . Iwatsuka fo r  valuale advices.

§ 2 . The main assumption

Throughout this paper w e shall assum e the following condition (A);
(A.1) V (x) can be decomposed a s  V(x)=- 170(x )+V 1(x ) su ch  th a t V o(x ) is  a  real-valued

C2  function satisfying

V o(x) ---> c o  a s  I x >  0 0

and  V i (x ) is  a  real-valued measurable Q i3  function (3>0), j. e.,

I 171(3)1 2  

I x—yl
x — y  7 1 _ 4 4  c k y

is  a  bounded function o f  xERn.
(A.2) T here  ex ist positive constants C and  a<2  such that

—C(1+ I xl)" V o(x ) S - 1 ,

av o
(A.3) ar
(A.4) Each b (x )  is  a  real-valued C ' function.
(A .5 ) There exists a positive constant 3 such that

(A.5.1) V1(x)/(-1 7 0(x)) 1"= 0 (IX I - 1 - 5 ),

( abka b ,  
V 0 ( X ) ) 1 1 4 = o( lx1 - 1- ') ,(A.5.2) ax ;  a x k

aVoa v o(A.5.3) r a x j  x ;  a r  )/(— V o(x)) 3/4 =- 0(lx I

and
(a/ax)"Vo(x) 

(A.5.4) =0(r-(ia112)-5)
Vo(X)

a s  r-400  for 1 j, k<T1 and 1 aI 2, where

(a/ax>"—(a/ax,)'i(aiax2)- 2  •  (a/a X Oa  n

for a m ulti-index a = (a i , a 2 , ••• , a, i ) ,  and

I al =a,±a2-4- ••• +a n .

(A .6 )  T he  unique continuation property holds fo r  L.
T he  potential Vo(x) satisfying (A .3 ) is called to be repulsive. One may be referred
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t o  A r a i  [ 2 ]  a n d  L av ine  [1 8 ]  f o r  th e  work treating repulsive potentials bounded at
infinity.

U nder the condition (A) we investigate the limiting absorption method for L .  Some

additional conditions, roughly speaking, (3> 1  i n  (A.5) will be imposed on the condition2
(A ) in  order to  study the spectral representation o f H.

W e list som e notations used in  this paper ;

a a a.ai= ax i ' ar=  a r  D i=  a xi
 + 1 1 1 .1 (x )  '

Dr = n x_

71

D t1 = (D1U, D2U, ••• , Doi), ID ul-=(E ID 121 2

B (R )=-Ix E R " ; I x l <10 ,

S ( R ) ={ x E R " ; Jx =R } ,

E ( R ) ={ x E lt "  ; A:1>R} ,

B(R, p)=--ixERn ;

K ±(a, b)={ z C'n ; ,

is  th e  w eighted L2 sp ace  w ith  th e  norm

II f Ils,s2= 0 „2(1+ I x "I) I f(x)1 2 d x Y 2

L I,R , II flls=11f

L 0 : 3 Q  denotes the w eighted L 2 space  of all functions f ( x )  such that V —  Vo f  L L Q
w ith  th e  norm

II f s, s2 -= —17 o f  s

L i 27 o ;s , R n , s=11fIlvo: s,Rn

fi ng 2 )  is  th e  Sobolev space o f a ll  _V(Q) functions with  L 2(Q) distribution derivatives
u p  to  th e  in-th order, inclusive,

Hm =H m (Rn).
a a

Hm,,oc is  th e  class o f all locally Hm  fu n c tio n s , B i k = -a—x i  b k — a x k bi  f o r  a  vector po-

tential b(x )=(bi(x ), b2(x ), • , .(x )) -
Under th e  c o n d it io n  (A )  th e  Schriidinger operator L  has the unique self-adjoint

operator H w ith  th e  domain

(2.1) D(H)={  u  I/2,10c ;  L u  LAR n )}

(cf. Ikebe-Kato [11]), and  H has no eigenvalues (cf. Uchiyama [24], Uchiyama-Yamada
[25]).
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§ 3. The limiting absorption method

L et us take  any  li±(a, b)

IC±(a,b)=izEC:

and choose a positive num ber R  sufficiently large so that

(3.1) a-1 7 xE E (R )

in  view  of (A .1 ). T hen  put
a r V o  (3.2) k=k(x, z)=—i'Vz—V 0(x)-E n

-1
2r - 4(z.— Vo)

fo r zEEK±(a, b) an d  x.E-E(R), w here  w e  take  th e  s q u a re  ro o t  z  a s  Im,V z > 0  for a
non-real z. T hen  w e  have

(3.3) i-ReN/z-1170(x)>0 f o r  z E K '(a ,b )

and  xe-E (R ). F or a  real number A define

k±(x, 2)=1im k (x , 2 ± i)
s 4. 0

Now we introduce

= 7-1=iN/2-- arv 0 'ow+ 172r — 4(2—V0) •

(3.4) 2 )= .0 ;(z )= D i+ lik (x , z ),

o r= o r (z)=
j= 1

fo r  a  non-real z and

(3.5) .0.1=0;(2 )=DF-H iik  (x, A),
71

fo r  a  real A.
Let z0 E-K+(a, b)(z 0 E K - (a, b)) a n d  le t 71(x) be a n  11

2,10c solution of

(s>  72-1  ).

T hen th e  solution u(x) is said, following Ikebe-Sait•5 [12] and Mochizuki-Uchiyama [20],
to  satisfy  th e  outgoing (incom ing) radiation condition, if  z0 ._ K -1-(a, b)) and

(3.6) -0;(zo)u s---1,E(R) < ` - '3 n)

o r if  zo  is  r e a l and

(3.7)I D(z0)/1 118-1.EunK co

(112i(zo)ulls-1.E(R)< 0 0 ) j n)

Under th e  condition (A ) w e have the fo llow ing  theorem s, w hich  w ill be  proved
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in §5.
1

Theorem 3 . 1 .  F o r  any If
1+6

±(a, b) and any s such that -y < s m in (1 ,  2   )  there
exists a positive constant C such that

II R(z)f II v o :- CUM,
and

112JR(z)flls-1,E(R)5-ClIfIls (1 n)

fo r  any fEE L and zEIC±(a, b), where R(z)=(H—z) - '.

Theorem 3 .2 .  Let s be as in Theorem 3.1 and f G a Then for any real number
there exists a unique solution u + =u + (2 , f)(1c=u - (2, f))E112,,ocnii 0 ;_, o

Lu . 2u= f

such that u(u) satisfies the outgoing (incoming) radiation condition. F o r any sequence
Iz m l  in C  satisfying

lim z m -=- 2  and 1m zn,> 0, m = 1, 2 ,

(1m zni <O, m=1, 2, •••)
we have

R(z,n)f ----> u 4 ( u ) strongly in  L 1
2,0, 8 .

The solution u(u) as above is denoted by R(R-FiO)f (R(2—i0)f).

Theorem 3 .3 .  Let s be as in Theorem 3.1 a n d  f a  Then  R (2 -1 -i0 )f and R(2—i0)f
are 1, 1

2,0,_, valued strongly continuous functions with respect to 2GR.

Since (A.2) gives

(3.8)

for any  real s, the continuity of R (2 + i0 ) f in  L ; 0 ,-, w ith  respect to A in  Theorem 3.3
implies the continuity in L 8 . T h e r e f o r e  the following assertion can be proved by the
same argument as in § 3 of Ikebe-Sait6 [12].

Corollary 3 .4 .  Let E  be the spectral measure of the self-adjoint operator H, 1. e.,

dE (2 ). Let s  be as in Theorem 3.1. Then fo r  any real numbers a, b and f E
+oe
- 0 0

1:; we have

(E((a, b))1 . f)L2

1
2 7 r i  a < R (2d-i0)f , R(2—i0)f , f > (12 ,

where <u, v>=5 R n u(x)v(x)dx fo r  u E L l s a n d  v E a

Therefore, H  is an absolutely continuous operator.
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§  4 .  Preliminary propositions

Throughout this section w e assume the condition (A), while some proposition may
hold under a  weaker condition.

Lemma 4 . 1 .  For any compact set K  in  C  and any R >0  there exists a positive con-
stant C  such that

n ça u  2

 dx .<C {Iu(x)12-1-1(L—z)u12}dxj=1 Bat, x ; B(R+1)

f o r any uEC7).(R n) and z E K jo r th e  p roo f see , e . g ., Ikebe-Sait6 [12], Lemma 2.1 or
Weidmann [26], Auxiliary theorem  10.26).

Lemma 4.2. L et z  be a non-real number an d  R  be sufficiently large so that (3.1)
holds. Assume that yo=w (r) is a real-valued C' function such that y o(R )=0. Then we have

(4.1) R e  Ç9(r)(L—z)ug r u dx
E(R )

Or)-1-w(Im Vo+Re h)1 u  1 2 1-1-(f  ça)(1 g u 1 2 —  g ru t')

- H p R e [ g r u ( V o — z - 1 -
ak  1- n-1k — k 2 -1-q u ]ar r

( i   L i l   ±  L7;,12r  +Re[(çou) A (24 ; u) 2 , v z  v o

-1-14 (w u ) IB x

for every uEC7,(R n), where

h = ar V 0 
4(z —V 0)

aa ab, abiL ; = r a x 1  x j B  =51

u ax ,(ix/

I ou 12 = I g iu l'•
.1=1

P ro o f. It follow s from  (1.1), (3.4) and (A.1) that

(4.2) (L — z )u=—  iD ;u+V u— z u
J=1

= D 011-+V ZU
1= 1

a k  n—=-1 1  D ig iu -k k D ru -1 (
1 

 k-1-Vod-Vi—z)u
J=1 ar r

ak E D 5 u +k g ru - 1 - ( n - 1  k— k2-1-V o+V i— z)u.
J=1 ar r
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Integration by parts us to  obtain  an identity

(4.3) W  (D ,2 ,u )O r u dE( R ) j=1

go >.] ( D ,O ,u )"i i 2 r u d xEgo ;,1=1

= .Ç
E (R )

iço'l grit1 2-F—W (I gul 2- 10,u1 2)d-goR (.0 ,u ).fiD ,204}dx
1, l=1

= C T' n - 1  \
r 2r T) 1 2 u  I 2 + (T ' — f ) i g ru l l d x

--F-Re E Di2 j u)d x
E (R ) J, 1= 1

Noting that

ak ak \ L . (   a  b a  Dig) ; =kGi IDJ—  j6D1)+(ii ax i
 x i  ax i) m z k ax; a x i  

b

'
.

)

akA  ak.

a x ;  x f  ax,) +
i
B

iz

and
a a A A   a a (4.4) Li=r x, = r (x i x lx Aa. xi o r 1 = 1 a x, ax i /

w e have from  (4.3) that
7L

(4.5) go 11 (D j 2 ,u )g ) r u d
E( R) j=1

f(T i ç o ' n -1
go-i-C R e kiço)12u1 2+(w '-- çlr  —CRe k]w)12,u1 2

= .E(R)lk r 2 2r
n L k   a

(.0 j u )u g o  Im  E 1 1 13./1 (2 0, 4 d xj=1 r
-k

J.1=1

The definition (3.2) of k(x , z) gives

(4.6) iL i V o =   Ljh2 V o

Therefore (4.1) follows from (4.2), (4.3), (4.5) and (4.6). (c f . Lemma 2.2 in Ikebe-Saiti5
[12], which shows a similar identity.) Q. E. D.

Lemma 4.3. Let —
1

< s < 1 .  For each If± (a , b ) there ex ist positive constants C  and2 —
R  such that

(4.7) Ilgug.-LE(R)----=A112jug-i,E(R)

CTIOX, o; s-i-a-1--IKL—z)uliD

f or any  uECT))(R n ) and zEIC±(a , b).

Pro o f . Choose R  so  large by m eans of (A.1), (A.2) and (A.5.1) that
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(4.8) a —V 0(x)>1, x E(R)

and

(4.9) V i(x ) is bounded in  E(R).

In order to prove Lemma 4.3 w e m ake use of Lemma 4.2 by putting

Ç9(r)=-C(r—R)(1-i-r)" - ',

w h e r e  i s  a  C oe function on R such that

(4.10)
{ 1, t 1

C(t)=
0,

Then the left-hand side of (4.1) is estim ated by Schwarz inequality as

(4.11) Re w( L --z)ug r u dxE(R)

•

Let us consider the right-hand side of (4.1). Since

w' , (2s-1)(1+r)" -2 C(r—R)+(l+r) 2 ' C'(r —R)

.(2s-1)(1-Pr) 2 8 -- 2f o r  r R +1  ,

z—V o (x)>0 ,

F a r v o o r v o ) ( R e  z — V o ) R e  h - = - R e  

L 4(z —V 0 ) j 4 (Re z —V 0 )2 ±(Im z) 2 —

a s a  result of (A.3) and (4.8), we see

(4.12) [ - -2-1 goV)-E(Im.Vz—Vo +R e h)w(r)]i u )(1+r)2.-212 2 (r_?_R+1).

It follows from  the condition s 1 that
5
-°---w'=(1--F-r)2s-2 (2 -2 s + -1 ) 0r

which and (3.4) yield

(4.13) (-ç29--W)(10u12-12,u12)>=0 (r_ R+1).

The conditions (A.1), (A.5.3), (A.5.4) and (3.2) imply

v o _z _f_ak +  n-1 le -
ar r

( n - 1 ) ( n - 3 ) a.;.1705  (   arvo  )
2

4r24 ( z — V  0 ) 16z—V

= 0 (r - ' ) ,
L i V 0  0 (r-1 -6 )r 11—V 0 z—V o

(4.14)
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and

Lih1  a  rr v o

r  =  4 r  1' 1\ 2 — V 0 )

(a; v0-4,.arvoarvo 1  ai arvo—Imv o  = O ( r i )(z—v4 4z - - V 0

a s  I x1-300 uniformly in  z e lf± (a ,b ). Thus we have from Lemma 4.2, (4.8), (4.9), (4.11),
(4.12), (4.13), (A.2), (A.5.1), (A.5.2) that

(4.15) ( S - 1 . ).E(R+1)
(1  r )

u-2
1 g u  I2 d x

V—Voc/x}B(R.R+0 E(R)

c1Ç 1.0 1 1  2 dX±CiNgUlLs-1,E(R)11 1/11V0; 8-1-6B(R,R+1)

where C, is a positive constant independent of uEC7,(Rn) a n d  z e lf i(a , b ). In  view
of Lemma 4.1 we obtain

(4.16)
B ( R . R + 1 )

1Z U  12d x,C2(Ilulii(R+2)+11(L —  z)ulli(R+2))

__<LC 8,_64-11(L—z)ull”

where C2 and C, are independent of u and z. Now gathering (4.15) a n d  (4.16) and
noting s>(1/2) one can find a positive constant C4 independent of u and z such that

(4.17) l l g u  I I !.-1.E(R).S. C4( II u11,5. 0; 8-1-a+ li(L — z)ull:+112u118-1,E(R)Ilullv o; 8-1-a
1

0; s - i - 5 )s-1-6-1- 11(1-- z)uH4- 6112u11:-,E(R)+ —
e
-- Ilulli;• 0 : 

for any e>0. Therefore one can show (4.7) by taking 6 in (4.17) so small that 6C 4 <1.
Q. E. D.

1
Lemma 4.4. For any K±(a, b) and s> y  there exist positive constants C and R

such that

flull;°;-8,E(p).-.5Cp'(11/411150,0+11(L—z)u11:4-11gull!— ,,E (R ))

for every uGC(Rn), zEK±(a, b) and p>R.

P ro o f .  Recalling the  definition (3.4) of 2 ,  and putting

147 1=ReN/z—V 0 , W 2=ImN/z—V 0

one obtains

(4.18) 12ru 12= n-1  
+ h ) u( D r — l • W ' F-T472+  2r

2

-1-W2-1- n - 1  +Re h)u 2+(W 2—Im h)2 1u12-2(W 1 —Im h)lm[(D r u)f,i]2r
____(W1 - 11-11 /02 1 u I 2 - 2(T17 5- IM  h)lm[(Dru)n]
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The condition (A.1) and (A.5.4) show

h , a r V o 0
4(z— V0 )

a s  ix - > 0 0

uniformly in z e lf± (a , b ). Choose R  sufficiently large so that

1
(4.19) Ih(x,z)1<-72-, a Vo(x) 

 > I2 2

for x E E (R ). Then we have from (A.2) and (4.19)

(4.20) TVI__WI-14/=Re[z—V0(x)]._ a —V 0(x)

V 0(x) V 0 (x)1=a o(x))___1
2 2 —  2

and from (3.3)

1(4.21) 2114711 ± ( W 1 —Im h)._ —
2  

1W1 ! f o r  ±Im z>0.

Therefore it follows from (4.18), (4.20) and (4.21) that

2 1 (4.22) 21gru21___ 1.0,u12
1Wil (Wi—Im h)

>±(147
1 -1mh)lu1 2 4-21mE(Dr u)a]

.V—V o Iu1 2 21n- [(Dru)ii] f o r  ± Im z>0.4

Taking the  imaginary part of an integral

we have

(L  z )u  •  d
B (R)

IM  =  - IM5 s ( R ) (D r u)ii dS—(Imz) B ( R ) lul 2 dx

The above inequality and

(4.23)

which is a  consequence of (A.2), yield

(4.24) s(R) (Dru)ii

fo r ±Imz>0. (4.22) and (4.24) are gathered to obtain

(4.25) jui2dS5_2 12rul t dS-1-211(L—z)7111.11uilvo ; -$4 3 ( t) s ( 0 )

for any t> R .  Multiplying (4.25) by (1+0' and integrating with respect to  t over
Cp, 09)(p>R) we have
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1
—

4
1111 1112 0; -s,E(p)

d t  
<2112 rullls.E(0 - 1- 211(L—  z)u11811ullvo;-4

p  ( 1 + 0 "

(l+ p)' 2 0  

..:2(1 - EPY - 2 3 112,u14-1.E(p) - f-r (1K L— z)uN+ II/19 6 -s),2 s -1

which completes the  proof. Q. E. D.

Lemma 4 .5 .  L et z be a non-real number and r  be a  real num ber. T hen there ex ist
no non-trivial solutions zt(x) of

Lu—zu=0
such that uGH2.10,(1/..

P ro o f . Let u (x ) be an  arbitrary solution of

(4.26) Lu—zu

belonging to H2,10nL. W e  sh a ll show that if u is an 1-12.10c solution of (4.26) satisfying

(4.27) fo r a  real num ber t ,

then we have

(4.28) I Du I e U-(./2)

( a  is the number appearing in  (A.2)) and

(4.29) u E L2-1-(112)-(a14) •

Since a<2  in  consequence of (A.2), the repeated use of the above result gives finally

uE L 2

and, therefore,
u E D (H ) a n d  Hu=zu

in  view of (2.1). Since z is non-real, the self-adjointness of H  shows u=0.
We shall prove first (4.28). Integrating

( L— z)u-(1+r) 2"aii=-- 0

over B(R, p) and taking the real part w e have

(4.30) (l+r)u-a I Dul 2dx
B(R, p)

= f t S R
e [ ( D r u Y i i ] d S

( p )
.
.S1( R ) ]

(1 -4 -r ) "

—(2t — a) (1-Fr
) 2 t - a - l

Re[(Dru)ii]dx
B(R, p)

(Re z—V(x)Xl+r)u - a I u1 2 d x ,
BER. p)
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where

1 —  f  d S =  f  d S —  f  d S .( 0 ) s ( R j s ( p ) s ( R )  

L et R  be so large that (4.9) is v a l id .  Then the condition (A.2) and the fact uE.L, give

(4.31) E(
R) (1+1 V(x)i)(1+r)" - alui 2 dx<00

The second integral o f th e  right-hand side of (4.30) is estimated by

r yt -a  I Du  1 2 (1
I

d
,ÇB(R, p )

"  s \  

fo r every s > 0 .  T h is  fact and (4.30), (4.31) imply that we can obtain

(4.32) (1+r)2t_al D u i 2d x < 0 0
E( R)

if  we show

(4.33) lim inf (1-1-02 I- a ReE(D r u)icidS!_<0,
S ( p )

Where
lim inf f(p)=1im [inf f ( r ) ] .

P-.c° r z p

Suppose that (4.33) is not t r u e .  Then there would exist positive constants (3 a n d  p o

such that

(4.34) (1+r)21-aReE(Dru)iiidS6>0
s( p)

fo r  p > p o . Integrating (4.34) over [p i , papo<pi) with respect to p  gives

(4.35) (p2— (1 +r)2 t-a ReE(D r u)iiidS
B(pi.po

1= — ](1-1-r)2 '  I u I 2 dS —
( n - 1 2 t — a )

(i+r)21_aiul2dx.
2 [ s ( P 2 ) SC p P2) r 1+ r

T h e  assumption u  L 7  yields

lim inf p2\ (1-1-r)" I u I 2 dS=0
P2 - •°3 S ( P 2 )

and that th e  right-hand side of (4.35) has a  finite inferior limit a s  pz -400, while the
left-hand side of (4.35) diverges to infinity. T h is  is a  con trad ic tio n . Thus, (4.28) has
been proved.

Finally, we prove (4.29). Consider th e  imaginary part of

( Lu— zuX1+r)"+ ' - (" 2 )ii dx.
11(Ft. p)

Then we have by integration by parts

(4.36) (Im z) (1+r)2t4-1-012)Iuf2dx
B(R. p)
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=_[ —
Ii+r)2t+i- 012) In-CD f u).-aidS

Stp) ,S(R)

- 4- ( 2 t - F 1 —  i - ) ( 1 - 1 - r ) 2 t- 0 /2 ) Irr[(D r u)ii]dx .
B(R, p)

In  view o f  uE L7 a n d  I Du I 1--1--(.12) we have

( 1+ r ) 2 t -  12) 111111:hi

=(1-1-r)ti ul(l+r)t - 0 0 )I Du I E V
and

lim inf p s ( p ) (1-1-r)" - (" 2 ) Iu llD u ld S = 0

Taking th e  inferior limit a s  p--400 in  (4.36) w e have from

(3.37) Ilm z (1+r)2"-1-(a/2) u  12 d x
E(R)

\ ( 1 +  e 2t1+ -) 0 1 2 )111.11 Dui dS-1--
S( R)

a
2 E( R)

( i _ i _ e 2 t -
) (a 0 ) l ui I Dui d x

which shows (4.29). Q. E. D.

Remark. In  th e  above proof we h a v e  used the condition a< 2  in  (A .2 ). Without
th is  condition w e can not expect the  assertion  in  g en e ra l. In  fact, there is a simple
counterexample. Consider the  case  n = 1 . T h en , u=exp(--ix 2/2) satisfies

u"— x 2 u =iu
and

fo r  any s>1/2.

Proposition 4 .6 .  Let R  be a Positive number and f ( x )  a  C ' function near S(R).
Then there exists a positive constant C independent o f R  such that

"  I
f(x ')—  f(x ll)i '

I -  X  
'  sup 1,1 i (L i f)(x)1

xeS(R) j=1

fo r  any f, x " eS (R ).

P ro o f. For any row vectors x', x"E--,S(R) consider an orthogonal matrix U = [ u ]
such that

x'U y' , 0, •-• , 0),

x"U  = cos° , R sin0 , 0, ••• ,.0 ,

where 0._<60 7r, and define A

g (x )=  f(xU  - 4 ) .

Then w e have from th e  orthogonality of //
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ag n a f 
(x )= u

j
(XU-1),a Xk j=1 aX

and
ag n ag n a
a7.-kx)= ax k(x)=

f
( X U - 1 )

J.k= 1a x ;

_a f— ( x U1)

P ut y = x U . Then it is seen also from the orthonality of U

(4.38) I(Lkg)(Y)1=
aga g

13/1 n
xk (Y )

— Y k  - -

n r

u ar
a f a  f
a x i (x ) yk   a r cx

r I x i u  af  =1 ar
a

f  (x)]j _ ax; " k  

1....s t
‘ l = 1

 r ax 1  ( x )  xi  a r ) = ( . i  I ( L i f)(x)1 2) 1126f a f 2  
1 1 2

Hence we obtain

(4.39) 1 f (x ') — i(x ")1 =  gW ) — g(Y")1

= g(R cost, R sint, 0, ••• , 0)dt

Co
=  (--R  a

a
 xg, si a

agx2 cost)dt
o

=  ° R -{  (  ag a g  cost) sint±( ag a g  sint) costIcit0 ax, a r ax, a r

0 max {1(L1g)(Y)1+ I(L2g)(Y)11.— yEs(R)
An elementary inequality

R•0=2R—
o

=2 — 2 2 2
7r .  0 r

— y"

together with (4.38) and (4.39) yields the required inequality. Q. E. D.

Proposition 4 .7 .  Put

1 f
g(R )= IS(R)1 s (R) V —V 0 dS (I S(R)I dS)suo

Then f o r each real

sup I A—V 0(x)— g(R)I > 0 (R 00)
re S  (R )

P r o o f .  Since
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VÀ—V o —  V -17
0

  

> 0 (1x1-->  00)( VA- 17, -+ V — V ' 2 --Vo - F.V— V0)

in  view of (A.1), it suffices to handle the case 2 = 0 . The condition (A.5.3) implies

   

—1 (L i V 0 )/(—V 0 )3 i4 = 0(r - a)4ti —V o  =

as r=lx1---4co. Therefore setting f(x)= 11---Vo in  Proposition 4.6 w e have

1
V—Vx)— o(Y ))dS11- 1 7

0 (x)— g(R)1= S(R)I s(R) 0((

C '  
S(R)1.5(R)

( 1 +  R )  ' d S = O ( R - 5 )  ,

as  R—>00, where the constant C ' is independent o f  R. Q. E. D.

Lemma 4 .8 .  Let A  be a real number. There exist no non-trivial solutions u 1-12,10c of

L u=ilu

satisfy ing the outgoing (incoming) radiation condition.

P ro o f .  Let u (x ) be an H 2 , 10  solution of Lu=2u and satisfy the outgoing radiation
condition. T h e n  w e  sh a ll show  u = 0 . In  the  case  th a t u(x) satisfies the  incoming
radiation condition one can show u=0 sim ilarly . A simple calculation gives

(4.40) 12,tui2=-- (D r — iN/À— V o  
2

=1.0,z/12-F(2—V01 u l2 +
(

n
2r

1 4-
0

21u12

(  

 72 - 1

2 r  
+h )  ReE(D r u)ii]-2N/A—V o Im[(D r u)ü].

If we take R o  so  large that

(4.41) A—V0(x).?_.1,

n - 1 a rvo   < 1
2r 4(2—V0) - - - -2-

by means of (A.1) and (A.5.4), we obtain from (4.40)

(4.42) 1.07-tul2, —

1  
{  D7411 2 +(A— V 0 )1 u 12}  —2-VA —V o  Im[(13 r u)t-t]- 2

It follows from Proposition 4.7 that

—V 0 (x )— g (x ) >0,I x  - - - >  0 0 .

'Fake a  sufficiently large number R i (R i >R o )  so that

(1x 1 R0)

72 - 1
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1
s(x )I --8- (I I

Then (4.42) implies

KO; u)(x)1 2

1

--- D ruI 2 -K2 - 1 7  0)1 u12 }— 2

—2{g(r) 2 4-2e(x) t/R— V0(x)—E(x)2 } Irr[(D, Loa]

-{1Drui 2 +(2—V 0 )1u12 } -2g(r)2ImE(D r u)iij— -/-21
- (  VA— Vo(x)-q---6)1u1 I Dr  u ,

from which and (4.41) we obtain

1(4.43) 10;tu12--- — { Drul 2 +(2 - 17 0)11112 }- 2g(r) 2 1m E(Dru)ii] (lxi R 1 ).— 8
Taking th e  imaginary part of

implies.

which and (4.43) give
1

I2 ,tU I 2dS__ Dr/112±(2—V0)1//121dS
,S (R )

fo r  R>R i . O n the  other hand we see

lim inf R 2 1 f I  2,tu I 2 dS=0
S (R)

in  view of 2,tuEL.i._ 1 . Hence it follows from (4.44)

(4.45) lim inf 1?2 8 -1 { I Dul 2 +(A —1/0)I u12 }(1.5=0
S (R)

It is well known under a  weaker condition that every eigenfunction satisfying (4.45)
vanishes identically in  a n  exterior domain E(R)(see, e. g., Uchiyama [24]). Thus we
have u = 0  by the unique continuation property (A.6). Q. E. D.

§5. P r o o f  o f Theorems in § 3.

We start with th e  following Lemma.

Lemma 5 .1 .  L et z be a  non-real num ber. Then the set

{ Lu— zu; uEC(Rn)}

is dense in .L4 for ev ery  tER.

B ( R )

( L u - i lu ) i i  dx=0,

Im (D r u)ii dS=0 ,s(R)

(4.44)

T he  above Lemma is a  consequence o f Lemma 4.5 (c f. Lemma 1.10 in  Ikebe-Sait -6
[12], where a  detailed proof is given).
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1
Lemma 5 .2 .  Let — < s '  

1 + 3 )  and f  L .  Suppose that {u m }C C ( R n )  and
2  -  2

{ } C C  satisfy

(5.1) {U.} is bounded in  1, 130. ,

(5.2) ( L --z  )u „, f strongly i n  L'

(5.3) Irn zm >0, m=1, 2, •••

z m <0, m=1, 2, ••.),

(5.4) z m  --> ln   0 O •

Then there exist a subsequence {11,4 }  o f  { 24.1 and u0EH2,10cr1L12,-0 ,_s such that

(5.5) u m , ---> u„ strongly i n  1, 1
2, 0; _s ,

(5.6) uo is a  solution of

and satisfies the outgoing (incoming) radiation condition.

P ro o f. The assumptions (5.1), (5.2) and Lemma 4.1 im ply the numerical sequence

/In a
iz a

n u m
L2ux ; 0 ( R ))1 m = i, 2 . -

is  bounded  fo r e a c h  R > 0 .  In  v ie w  o f  Rellich's theorem  (see, e. g., Mizohata [19],
Theorem 3.3) we can choose a  subsequence {u m k } of {u m } and u 0 E Lio ,  such that

(5.7) um, - ->  uo i n  LL •

The assumptions (5.2), (5.4) and Lemma 4.1 are again  used to  show that

(5.8) u0 H1 , 10, u m k  > u o i n  H1.10

and th a t the lim it function u o satisfies

(5.9) L u o — zo u o = fc i,

in the distribution sen se . M aking  use  o f Lemma 3  in  Ikebe-Kato [ l l ]  in  v ie w  of
(A .1 ), (A .2 ) and (5 .9 ), w e  o b ta in  th a t  u o be longs to  H 2 , 1 0 c .  N o t in g  s (1-1-3)/2 and,
therefore,

II u  v o ; — 1— a 511 II.u. v o ; —s,

w e have from Lemma 4.3, (5.1) and (5.2)

{2(z .)22 77,} is bounded i n  L;...1.E(R0)

for a sufficiently large R o ,  w hich together w ith Lem m a 4.4 and (5.7) shows

(5.10) m k  - - >  0 strongly i n  LT
2, 0; - 8

Lemma 4.3, (5.2) and (5.10) are used to  show that

{.0(z m k )u m k }  is  a Cauchy sequence in g-I,E(R0),
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which, (5.4) and (5.8) give

2 (z . k )u,, ----> 2÷(zo)u (o (zo)uo)

strongly  in  a - I .E (R 0 ). T h u s  /10 satisfies the outgoing (incom ing) radiation condition,
which was to be shown. Q. E. D.

Before showing Theorem 3.1 w e prove the following Lemma.

1
Lemma 5 .3 .  Let s>- y . Then fo r  any real a, b  there exists a positive constant C

such that

fo r  any z l-C±(a, b) and u C (R ").

P ro o f .  Since it suffices to prove the assertion for a sufficiently small s ,  we may
assume

1
— < s m in (1  11+1 )2 — 2

so  tha t w e can  use Lemma 5 .2 .  Suppose th a t  the assertion is false. Then there would
be a sequence  u n , Ic C (R n )  and {z cK +(a, b)(or b)) such that

(L — z)u,,, --> 0  in L .

W e m ay assume, w ithout loss of generality, that zm  coverges to a complex number zo.

Therefore Lemma 5.2 enables us to choose a strongly convergent subsequnce {u m  k  } in
Li

270 , ,  such that the lim it function u o satisfies

Luo=zouo

and the outgoing (or incoming) radiation condition. In v ie w  o f Lemma 4 .5  ( i f  z0 i s
non-real) and Lemma 4.8 (if z o is  re a l)  w e  have u 0 = 0 .  This is  a contradiction, since

1 = 1
0
iM n k111, 0;— s =  11110111,  0 ; — s= 0

which completes the proof. Q. E. D.

N ow  w e prove our Theoroms.

Proof o f  Theorem 3.1. Let f  E a  By virtue of Lemma 5.1 we can take a sequence
lu m Ic C ( R n )  such that

(5.11) (L—z)uni > f in

Lemma 5.3 shows tha t { u m }  is a Cauchy sequence in L et u  be the limit function.
T hen  u  satisfies

(L — z )u=f

in the distribution sense. Therefore Lemma 3 of Ikebe-Kato [ H ] g iv e s  u E H 2 . 1 .  and,
by (2.1) and f  L :c 1 4 2 (R"),

D(H ), (H — z )u=f .
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Since z is non-real, w e have

=(H — z) - 1  f

Hence we obtain from Lemma 5.3

(5.12) vo;-3= luit v o ; -s

=lim lim 11(L—z)u na s

=ClIfIls.

Since um —>u in  Lk,_, and (L— z)u m —*(I,— z)u in  LI, Lemma 4.1 yields that

(5.13) urn converges in  H1,10 t o  u.

Lemma 4.3 and 5.3 a re  combined to obtain

(5.14) p):SC {HU 0 ;8 -1 -3 ± 1 1 (L —  Z)Umlial

0;— s+11(1, —  Z)U mils}

C 'ii( L — z )u rnits

fo r some positive constants C, C ', R  and a n y  p> R .  M aking m tend in (5.14), we have
from  (5.11) and (5.13)

p )- -C ' II f ils

and , by m aking p tend to infinity,

w hich and (5.12) complete th e  proof. Q. E. D.

Proof  o f  Theorem 3.2. L et f  be a s  in  Theorem 3.2 a n d  { z . }  be  a  sequence such
that zm -->2 and Im zm,>0(nz=1, 2, ••.). Then p u t vn,=(H —z n ,) - 1  f . One c a n  ta k e  um IC
C (R n ), by m eans o f  Lemma 5.1, such that

1
(5.15)

m
•

In  view  of Theorem 3.1 and (5.15) w e have

(5.16) Ilvm—umilvo:-s=11(H—z.)-1(i—(L—z.)um)Ilvc-s

Cfl f

Since {v.} is bounded in  L1
2,0: ,  from  Theorem  3.1, {u m } is also bounded in 1 0„ ,  from

(5.16). Therefore we use Lemma 5.2 to choose a convergent sequence {u . , }  in  Lf,c ,
w ith  the  lim it u+ satisfying th e  outgoing radiation condition and

( L- f

From  (5.16) we see
v . , u +  i n  L 0 ; _i .



606 Osanobu Y amada

It remains to show that v - - i +  in Lf, o ,_, as m-400. Otherwise, one would have a
subsequence fv„,,k 1 of {v 77,} and a positive constant 3 such that

(5.17)

Applying the same argument as shown we can choose a  subsequence {V in  } of fv„ i i l
and v+EL 13.0 s such that

(5.18) Vmes ---> v+ in Lk:-s, (L— 2)v+ = f

and v+ satisfies the outgoing radiation condition. Since, by Lemma 4.8, the solution
of (L— 2)u= f satisfying the outgoing radiation condition is unique, v+ must be equal
to u + . Hence, (5.18) contradicts to (5.17).

For another sequence zin d such that z',„-->2(Im z'n ,>0, m=1, 2, •••), we can choose,
by the same argument as above, w + E _L % ,, satisfying ( L— 2)u= f and the outgoing
the radiation condition such that

R(z'7„ )f > w+ strongly in LV 0 :-s

Lemma 4.8 is again used to get u + = w + .  Therefore we have

lim R(z,L )f=u+=v+= lim  R(z; n ) f

and see that the limit is independent of the choice of iz m f such that z 77,-->00.
Q. E. D.

Proof  of  Theorem  3.3. Theorem 3.2 shows that for every fE L 4  and every closed
interval [a, b]

(5.19) R(2+ f R(2-1-i0)f

and

(5.20) R(2— —
i

)f -->  R (2  — i0)f

in Lk : ,  as m-->co, uniformly for 2E [a ,  b ].  We shall show (5.19)(as (5.20) can be shown
similarly). Otherwise, there would be f ELL an interval [a, b ], a positive number 60
and numerical sequences m k 1, 1 nk 1, {2k } such that

(5.21) R(2), m  k 
f — - - - ) fnk /

1flk flk and 2k e- Ea , In view of the compactness of [a ,  b ] we may assume
that il k converges to a real number .10 . Then Theorem 3.2 gives

lim R (2 k   f =lim  R (2 k) f =R(2 0 -1-i0)f, ,
in k 12 k

which contradicts to (5.21). The uniform convergence of (5.19) and (5.20) shows the
continuity of R(271-i0)f in L i30 ,-, with respect to A. Q. E. D.
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§ 6. Spectral representation o f H

W e shall assum e hereafter t h e  following conditions stronger than  A .4  and
(A.5);

(A.4)' Each b ( x )  is a  real-valued C 2 function.
(A.5)' There exists a positive constant ô  such that

1 and

(A.5.1)' V1(x)/( — V0(x)) 1/4 =0(1x1 - 1 - a ),

(A.5.2)' B ik(x)=aibk(x)— akbi(x)=0(1x1 - 1 - 5 ), 

t ail3;k(x)=_-oo 0Xi l 

(A.5.3)' (LiV0)/( — V0(x)) 1"

=--(rdi V o — xia ,-17 0)/( - 1 7 0(x)) 1/2 = 0 (lx

(LIV0)A — V0(0 1/2 =0( x I ( " 2" )  ,

(a/ax)7 V 0 (x) (A.5.4)' =0(1 x1- 1 7 1 )( I n l 5_ 2),Vo(x)

a s  I xl--+00, where 1 J, k n.

Lemma 6 . 1 .  Assume the condition (A ) with (A.4)' and (A.5)' Let A R, f E L 4  and
u=-R (21-i0)f . Then we have

I 0+u I E L 2 (E( R)) ,

where R  is so large that 2 + can be defined as seen in  § 3.

P ro o f. It follows from Lemma 4.3 (by putting s=1) that

(6.1)

for every v e C ( R )  and 0 <E S 1 . It should be remarked that the condition (A.5.4) is
used in  Lemma 4.3 only to estimate

(n -1 )(n --3 ) aw  0 5(  arvo 
4r24 ( z — V 0 )  l a z — V

r(4.14)= = 0 ( r - " ) ,  a s  r--400.
o

The condition (A.5.4)' shows that (4.14)=-- 0 (r -2 )  a n d , therefore, (4.14)=----0(r - " )  from
1(3 1. Noting (3> —
2  

we have from Lemma 5.3

which and (6.1) imply
1 01E(R)5_Cil(L-2—i)v111

fo r  every vEC°6'(Rn) and 0<s___1. Since the set
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Lu— zu ; uEC (R ")} (Irn z #0)

is  dense in L  fro m  L em m a 5.1, it is  seen , by  the sim ilar arguement t o  th e proof of
Theorem 3.1, that

(6.2)

for 0 < s 1 .  Put u n ,--, --R(2-1--L .)f . Then Theorem  3.2 shows

U rn  - - >

and

Lu m -2u m = f+ — u m --->
in

strongly in L 0 s. T hen  w e  have from Lemma 4.1

(6.3) u  in Fr

The inequality (6.2) yields

(6.4) 112/Ina B (R , p )

for an y  p > R .  Taking the lim it as m-+00 in (6.4), w e have from  (6.3)

and, by m aking tend to infinity,

Q. E. D.
1

Lemma 6 .2 .  Let A R ,  -y <s 1 and f Put u=R(2-1-i0 )f. Then there exists

a sequence {R 77,}  such that R 77,-0 0  and

(6.5) lim V o  u1 2+ / -0; -112 +21i 2Id s _ o .
s(R„,)

For any sequence R ,7 ,} satisfy ing (6.5) the following limit

(6.6) lim VA—Vosc ren o
exists and is equal to

--;-{<u' f>-<u, f>3
where

<U , v>=In u( x)v( x )d x

fo r  uEL_2_, and v E a

Pro o f . Since uELti0:-8 from Theorem 3.2, and 10+u E / - , - - 1 , E ( R o )  from the assump-
tion , w e have

lim inf R{ R - 2 Y — V o  1 u 1 2 ± R 2 - 2 10+u1 2 }dS=0,sao
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Therefore, th e  existtence o f  { R ,,} satisfying (6.5) is  in su red . G reen 's  formula and the
definition (3.5) of yield

(6.7) f f)d x
13(1?7,,)

=\ iu(—D 2 u+V ii—a)—(D 2 u-1-1/ u-2u)Ft} d xB( Rm )

{ (D ru )ii — (D ru )} d Ss( Rm )

41A—V 0 u l 2 c1S+ {(21:11)ii—g»,:( u)uldSS( R77 ) s ( Ri n )

fo r  a  sufficiently large R m . The condition (A.3) and (6.5) imply

(6.8) lim Ç 101://1 • R;;-,-; - ".V  — V I u1 2 4-R4, - 1 12+um_.00 s ( Rm ) m -. J S ( R )

Thus, Lem m a 6.8 follows from  (6.7) and (6.8). Q. E. D.

Proposition 6 .3 .  Put

A(x)= .A 1
o bj (tx)x i dt

and
135(x)=bi(x)—diA(x).

Then we have

(6.9) i81(x)=0(r-3),

(6.10) Zaii63;(x)=0(r-00)--3)

a s r-400, and

(6.11)
1

 x ,$ /x )= 0 ..
j =

Pro o f . (6.9) and (6.10) follow from  lwatsuka [14], Proposition 2.1 by using (A.5.2)'
and

1 n
a jA (X )= b i(X )+ xkkik(tx)t dt,

0 k= i

w hich and  the  skew-symmetricity o f th e  m a tr ix  B  j k  }  give

1 n
E xixkBik(tx)t dt=0.
j=1 JO J , k 1

T hus, (6.11) is proved. Q. E. D.

Definition 6 .4 .  Let C(t) b e  a  C o e  function on  R such that

C(t)=1 1 ,

0,
Then we define
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0(x, 2)-- -=fo
x i •V2--V 0(ti)C(2—V 0 (t'i))dt

and
1v(x, A, 0)-=--- , v —Ir r

- ( n - 1 ) / 2 e i 0 ( x , , I ) e - i A (
z) (2-1 7 0(x)) - ' ,4 C(2—Vo(x)-1)C(r—Rny5(i)

fo r  a  Cc° function çb defined. near the  sphere Sn - ',  where 121; is so la rg e  that 17 1(x ) is
bounded in  E(li).

1
Proposition 6 .5 .  Let A R, —

2  
<s<3  and ç5 be a s in  Definition 6.4.

(6.12) v(x , A, 0)E ,

(6.13) 24i-v(x, A, 0)==i[Pi(x)+V;(x, A)]v(x, A, 0)-1- —r -1 v(x, 2, L .4 ) ,

and

(6.14) 2,tv(x, A, 0)=0

for I xi .__Rt-1-1 such that A—V 0(x )_2, where

and
1

5(x , 2)=—  ix0 I x
( L i V 0 ) ( t i l 2 V 2 V (t i)

C ( 2 17° 1 ) ) -H/A—Vo(ti'g'(2—Vo(ti)ddt., — o 
Moreover, we have

(6.15) gri(x, A )=0(r - 3 ), a i gri (x , 2)=0(r - (112" ) a s  r co (.1._<j n),

(L—A)v(x, 2, 0)e L; ,
(6.16)

12+v(x, A, 0)1 e

P ro o f. (6.12) can be shown from (A.1), (A.2) as follows

1
v(x, A, 0)1= — - "/2(2 — V0(x)) - 1 "C(2 — V0(x) - 1)C0 —  RV I OM'

C(2)(—V 0(x))-114 (1+r) - ( ' ) 10(1)1

fo r  any s>(1/2), where C(2) is independent o f  x  and 0 .  Noting

a1
n OM=

 " ( L195) ( i' ),ux i

we have, by an  elementary calculation

(6 .17) Di v=(ar l-ibi (x))v(x, A, 95)
31V 0(x)  1 )  A\[ n

2r
1 i r k i r i ( x , idiA (x)-F ibi(x)±  4(2— V0(x)) -11 ) ( x ' 1 "  Y ' )

1+—
r

v(x, A, LAb)
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for any  x satisfying I x I R 'ok--f-1 and 2—'170(x) 2. So, (6:13) . follows from the definition
(3.4) of 2 .1- and Proposition 6.3. (6.14) is seen from

.1=1

b y  (6.11), and

(6.18)
f 1 " .iixiar)=rar—rar=0,

= f= 1

which gives

(6.19) "iiVri(x, 2)=0.
J=1

Put (t )= /  T .. T hen  the  choice of C(t) implies

+ cme(t)M t)

C,

C ,
C(t)

for a positive constant C .  Hence, we have, m aking use of (A.5.3)' and (A.3),

R  C  I 46./x , 2) I S  j(LiVo)(tI)Idt-i-fIx'  C   I(LY  0 )0 )1 (2 — V o(t.i)) - - ' 12 dt
! JR I xi

C' C'
x x (1+0 - âdt=0(r - ')

as r—*00, w here C ' is  a positive constant, and R  is  a  sufficiently la rg e  number such
that

(6.20) 2 -1 7 0 (x )2 , a n d  !xi R'oK-.1-1.

Similarly, one can estimate

xiX i   I Taj wi cx, 2,— x  2 k l-q v
1 7 OAX

V

,
\

J2v 2
1

_ v o(x )--
F x  12 ¶ ( x, 7\

1 
I x12

(Lr I 0)(t ) [  
2 6

Co ( t 1 ) ) d t

1 
1x12 C(Liv0)(u)] 2[ 'C2-1-C"E-1-CT](2-v0(ti)xt2e 2

using (A.5.3)' and (A.3), as follows,

2)1 Igri(x 2)1 +  
c l l C "  I(LY0)(x) 1  Ca+t)("2"4-(1+0-ndt ,21xl-s/2-17

0(x) ixi ' ix12 lxI 2 R

. 0 ( r - 1 _ö)+0(r - 1 - 3̀)-1-0(r - 2 )+ 0 (r - 0 1 2 " ) ± 0 ( r - 2 5 ) a s  r-300

w here C " is  a positive constant, w hich shows

2)=0(r - 0 1 2 ) - ') as r -- co

because of 6>(1/2). Finally, we shall prove (6.16). It follows from (4.2), (4.14), (6.13),

flx1

Jo

f i x l

Jo
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(6.14) and Proposition 6.3 that

(L-2)v(x, 2, 0) -=— f(x, 2)]v(x, 2, 0)-1-jr-v (x , 2, 14)}

+[171(x )+(n-1)(n-3) 672.v o5  (  arv   \241 v ( x ,  2 , 0 )
r 24 ( 2 — V o ) 16 ,1--.17 ° )

and, by noting (6.11), (6.17) and (6.18),
(6.21) (L -2)v (x , A, 0)

= —  i k ay.,+a i ,si )-1-i(rj +p i )(iw i +0 ; +  4 (
a
il

iV
v
°

0)  Av(x, A, 54)

r
(

2 ia y ,
v ( x ,  A , L ) - 1 -  

1
2 v ( x ,  2 , L .1 0 )}±L—r 19 i+ T i ) 4r(À— V 0 )

+ [17, i ( x ) ± (n -1 )(n -3 ) V 0 5  ,' d r y   \ q v ( x ,  A , 0 )
4r 24 ( 2 — V 2) 16 \2-1 7 0)

f o r  Ix The condition (A.5)', (6.9), (6.10) and (6.15) show

1 (x )= 0 (r - ') , E  af fb(x)=0(r - ( 1 /2
)

-
' ) .

j =i

j (x , 2)=. 0(r - '). 2)=0(r-('12"),
ai v 0  =0 (r - ') , V i(x)/(-- V  0 ( 0 1 1 4 _ 0 ( r - 1 - ' 3 )

a s  r--400 , which suggests that all th e  c o e ff ic ie n ts  o f  v(x, 2, 0), v(x, A, L,O ) and
v(x, 2, LI, 0 ) in  (6.21) are

O(r ( 1 / 2 "  V - - 17 0(X)), r--+00

According to Proposition 6.5, v(x, 2, 0), v(x, A, L .0 )  and v(x, A, LiO) belong to L% ; _,
fo r every s> (1/2). Hence, we obtain

(L-2)v(x , 2, 15)EL;

f o r  every s <3 ,  which sh o w s  th e  first assertion of (6 .16 ). The second assertion of
(6.16) follows from (6.10), (6.13) and (6.15). Q. E. D.

In  view o f Lemma 6.2 we obtain that fo r each f  E

{R ' )/ 2 V2— Vo(R.•)[R(2 -f- i0)fYR.•)}m=1,2,...

is a  bounded sequence in  the H ilbert space h =  (Sn-1).

We shall show below that

2 )etA(Rm.) V A—V

is a Cauchy sequence in  h.

1 1+6 Lemma 6 .6 .  Let ,  2E R , f e L 2,  and u=R(2-1--i0)f. Take a  sequence2 —  2
{R„,,} as in  (6.5) in L emma 6.2 and put
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1
1/ — R  

(n —1)/ 2e — i(1)(R nrs 
2)eiA(Rm.

) / 2--V o(Rm•)u(Rm•).m

Then there exists a positive constant C such that

(w. — W I , )1, I c 110 II h [ II f II 1., B ( R , R 1 ) + 111,0; -8, .13(1?m , R 1) +  112÷u1IB( R i i i ,R i)

E».--m,/(,çs ( Ri )
1/2

1.0;.fu 2 dS) Clig+ufi B (R „ ,, R 1)

><[ 1 R ; " 2 11(ii—V 0(R m • ) ) - i "Li011hi,

f o r 0E1-12(0 ) and RC> R m > R, where (2 is an open neighborhood o f  Sn  an d  R  is the
number satisfying (6.20).

P ro o f . It suffices to prove Lemma 6.6 for any OGC - (Sn - i‘.) In view of Definition
6.4 w e  have

0)h=--5 -V 2—V o u dS ,s( Rm )

for R n t _R o , w here v=v(x, 2, 56) So, the same calculation as seen in (6.7) gives

2i(w 7„, 0) h

'N/2—V0 u13f u ( v ) — ( 2 ; - E u ) i ) - } d S - 1 - {(Dru)D—u(Drv)}dSs( Rm ) s(Rm)

{ u(24)—(2;t OD} d S ID( L 2)u — u(L 2)v} d xsue& B(Rm)

(4.2) and (4.14) give  us to obtain

( L-2)v-= — D i g:ifv+k+(x, 2)2,tv+[17 1(x)-4-- 87-17° 5 ( a r V °  )1
:/=1

v .

4r24 ( 2 — V 0) 16 \À—Vo

Therefore w e have, noting (6.14) in Proposition 6.5,

(6.22)

2i(w m , 0) h =  j .V( -u)D [— fr)-1--u(L-2)v]d (2 0 371- dSs ( R . )  
13(R n) S (R in )

B( Rm )i [ fD +  u (±. D .1.0)-v)i—u[V i (x )+
(n —1)(n-3)

4r2

8Wo 5 (  8,V0 217}dx
- 4(2—V 0 ) 16 k 2— V o

T hus w e  have, by integration parts and by using (I .-2 )u = f ,  th e  definition (3.5) of
g ' if  an d  (6.14),

(6.23) 2i(w,—w 1 , 95)h

i(Ditu)D (2:tu)(.0:tv)dxsc Ri ) B(Rm,Ri) j=1 B at m , R i)

87.Vo 5 ( 
 2 -

8,V o  ) 2]
U [ V i +  ( n - 1 ) ( 7 1 - 3 ) d x▪ '13( R,R i ) 4r2 4(2—V0)1 6 ( 2_V 2 )17 o

s ( R M )
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These terms are  estimated as  follows. It follows from Definition 6.4 that

1
ivi =iv(x, 2, g5)I s" / i . -r - (11- 1 )1 2 10(i)1

f o r  I xi R 0 , which yields

I vl 2 dS-156112
h  ( R R 0 -4-1)

S(R)

and, by Schwarz inequality,

1 1/2
(6.24) I2dS) 1101Ih-'v scRi)

Proposition 6.5 and  the  proof show

(6.25)I I  V  II vo ; C1101Ih
1 1+3 from which and (3.8) we have, by noting --<s_<

(6.26) I /2  I
B ( R m , R I )

fp. d x  5_11fIls.B(Rni .Ro llvIlvo ,-5.-C11f11 11011 .

It follows from (6.9), (6.13), (6.15), (A.3) and (A.5.3)' that
it

I 131 112.1-01B(Rm.Rdligi-U liB(Rm.R1)
j = 1

(6.27)

i t

5_112+ u I B(Rm .R1)(ClivIlv o ; - a+ jE,

v(x, 2, L .0)
h )

• 5110+11-11B(R,,,R,#'11011h+ ( .  •
I(L.4)(x)12dx\ 1/21,

j=1 B(R m ,,Ri)* Trr n + 1 (2- 17  0( 0 1 / 2

.5,C"112+ ullB(R7„,Ri ){11011h+RT„1 / 2 A11(2 - 17 0(Rm•)) - 1 / 4 (LiSb)114

where C , C ' and  C " a re  some positive constants. Since the  cond itions (A.5.1)' and
(A.5.4)'

—1)(n-3)6 V 0 5 (  a i l/  0 \2 = 0 ( r -2 ) ,
4r24 ( 2 — V 0 )1 6  \ 2 - 1 7 0 )

V 1(x )    _ 0 ( r -i-6 )

—V o(x)

1+3a s  r—*00, we obtain from (3.8), (6.25) and  s..<  that2

(6.29) I 141 Wyo .. - (144)/2.B(R,R,)1101-(1+6)/2

5Cllul1v0 ; - 2,B(Rm .rez)11011h
fo r  R 1>1? R 0.

Gathering (6.23), (6.24), (6.26), (6.27) and (6.29) completes th e  proof o f Lemma 6.6.

T he following Lemma assures the strong convergence of { wm }  in

(6.28)
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Lemma 6 . 7 .  Let f  ELI and Let A, s, u, {R n i } and {Wm }  be as in Lemma 6.2 and 6.6.
T h en  the sequence {w n ,}  converges strongly  in h  to an elem ent w o o E h .  The lim it w oo
is determ ined uniquely  for each f  E L I  and does not depend on the choice o f  {R m l  satisfy-
ing (6.7).

P ro o f .  Since Lemma 6.2 and  6.6 im ply  tha t { wn , }  is bounded in  h  an d  “w m , 0) h }
is  a Cauchy sequence fo r  any (75e C œ ( S ' )  w hich is dense in h .  So { (w ,, 0 ) h } is also a
Cauchy sequence fo r  every O e h .  Therefore }  has a  w eak  lim it w oo i n  h  (e. g.,
K ato [17], 111-1-6). W e shall see below the  strong convergence of { Wm } by making use
of Lemma 6.6.

The condition (A.5.4)', (6.9) and (6.15) show , b y  a  sim ilar calculation to th e  proof
of (6.13),

I(Liw.)((0)1
j fe-io(R m ,•,2)eiA (R m ,•) v A ___v o(R m . ) u ( R nt •)1(0 ) )

m co, JAXR,w)—iwi(a A)(f? m co)

1  (ai l 7 o )(1? m w)—w i (a r V 0 )( R m co)
4 2—.17 0(Rmw) win

1—R(71+0 /2e- io(Rm.. 2 )eiA(Rm.w) —Vo (R m co)[(a i u)(R n t co)—cola r  u)(R m w)]
m

R m  / 1 1—  o (R n o)ER, -„8  w  in I +  R  - 1 )  "I(DjuXRmw)--(0j(DruXR.w .)1 (wESn - 1 ),

fo r  I?„ R o ,  w here  C  is independent o f  in. The above inequality Yields •

(6.30) 14,1/211(2-170(R nt )Y-1 /4 1. j Wnt h
j= 1

1/2
‹ C ' 14.1/ 2 ) - 6 ( 'N/2-1/ o lu i 2 dS ) E r I(Di u)— j (D r u)1 2 dS

)

1 / 2

sai n t ) j=1,s(Rin)

w here C ' is som e constant independent o f  7n . Noting

1

 I(D i-x1D r)u12
-  

E
i I (D i - xi Dr )u! 2 + 1i-

 j 2;tu 12 = E i(D i ---;i i p r d-i- j oiu 1 2 = 1.0+u 1 2

j - 

by m eans of i(Di—xiD .0=-0 and (3.5), w e  h a v e  from  L em m a 6.2, 6.6 a n d  (6.30)

we have

(6.31) w m, — w t w ni.)h I -‹ n i z
•

fo r  m—*00, where

sm1=-- C11w.11h[lIfIli.B(Rm ,R0+11ullvo, ni. R d - 4-  II  + B CR 7 n . R 1)

+(L„no t ortu 
I 2 dS)1 / 2 4-( s ( R T) 12 ;t-u I 2 C1SY/ 2 1
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-1-112 + ullBut,,,Rd[RW 2 ) - 8 ( 2—Volul2dS)1/2-1-( rI.V-ul2dS)1/1,s(Rni ) S(R)

Recalling (6.5), s 5, ELT, ILE Ig÷ulE  L 2 (E (R0)), (by Lem m a 6.1) and the
boundness of { w„, } in h  (by Lemma 6.2), one can  see  tha t the lim it lim s„, / e x is ts  for
every in , and

lim 1 im s 77, 0 .

Therefore, it follow s from  (6.31) that

1(w, — wo o ,  w „ ,) h  --<(lim smi) - - - - >  0  (as m-400)

and , by  the w eak convergence of { w,„1,

II'iv . —  w.112h=(w tv,n— w œ )h=(w ,„ — w œ ,  7 n )h - (W  m  W o ,„
 ° , ) h  - - >  0,

which shows the strong convergence of w„, 1. Finally , w e shall prove that the limit
w o o  does not depend on the choice of { R }  satisfying (6.5). (6.22) and (6.23) imply

(6.32) 2 i(w  0 ) h = s ( R m ) (0;.f.d S + B ( R m . ) -{-- fD+

+ u [ v  i + (n --1)(n —3) V0  5  i  t9rV o  2 ] , t d x
4r24 ( 2 — V 0) 16 k2—V o l  J  I

where v=v(x, À, 0 ). In the right-hand side of (6.32) the first term tends to  0 as in-+00,
and the integrand of th e  second term  is in tegrable  over R", as seen in the proof of
Lemma 6.6. Therefore, one can get

21(w., 0) h =-- 2 ilim (w ., 0 )It 5R n i f  + uX21 v). -

+  u [V  i - f -  
(n -1 )(n -3 ) awo 5  arv o  ) 2 ] D 

d  x4r24 ( 2 — V 0) 16 (  2---v o

for any ç5 in a dense set C- (S" - ' )  in h .  The right-hand side of (6.33) is independent
o f the choice of { R,„ }. S o  wœ  is also independent of the choice of { R n t }. Q. E. D.

Definition 6.8 . Let 2 e R  and f Ll.

F (2) f =s—limw ,„

1
A—V o(Rm•)(R(2-1-40)fXR •)v  m

w here s—urn deno tes the lim it in h= L 2 (S" -- ').
771

Let E  be the spectral measure of the self-adjoint operator H .  T hen  w e have

Lemma 6 .9 .  L et f  Li and I -= (a , b ). T h en  w e have
Ct,

( E ( I f ) L 2 = )
a
II F ( 2 ) f lihd

(6.33)

and
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1 
(F (2 )f, , 0)h= { <u, (L-2)v>—<v, f> }2i

fo r  any  OEC - ( S n ' ) ,  where v= v (x , A, 0 )  and u 2 =R(2-FiO)f.

Pro o f . In view  of Lemma 6.2 and Definition 6.8 we obtain

(6.34) ImUu2, f>1=1irn V A—V o lu 21 2  dSS( R )
1im)j WmJ JF(À)fIIg.

Therefore, Corollary 3.4 enables us to obtain

(E (/)f, f)L2--= 2
1
7,1.Kt<u2, f>—<u2, f>1(12

r b

= F(2)f Ilid2.

The second identity follows from (6.22) in the proof of Lemma 6.6, by making in tend
to  infiuity. Q. E. D.

Definition 6 .1 0 . For each f E .L , define and /i-valued function F  f on R  such that

(F  f)(2)-=F(2)f

For an interval I= (a , b), L 2 ( I ,  It ) denotes the Hilbert space o f all h-valued square
integrable functions on I.

Theorem 6 .1 1 . For any  fE L 1 , F  f is an h-valued strongly continuous function on R.
For any  fE C 7 (R n ) we have

(FH f)(2)=A(F f)(2).

P ro o f . Let f  L i and 20 E R  and take an arbitrary sequence {277, } converging to
20 . Since

(6.35) 1IF (2)fil= 2
1-
r i  <R(2,.+1.0 )!, f>—<R(2m-1-10)f f>

as seen in (6.34), the right-hand side of (6.35) tends to  11F(20 )fil i n  view  o f Theorem
3.3. Using the identity

F (2..)f — F(A0)f =II F (2 .) f II --2 Re(F(2m)f, F(20)f )h - F 11 I' (20)f

in ord er  to  show P(2 77,)f-->F(2 a ) f  strongly in  h ,  w e  have only to prove the weak
convergence. Moreover, to this end it suffices to show for IS E C oe(S n - i)

(6.36) (F (2„)f, 0)h  -->  (F (20 )f, 0 )h .

because of the boundness of { F (2 m )f}  in  h .  Set unt - --= R (2 .1 -i0 ) f, v i n = v(x , An t , 56) and
g ,n (x)=E(L — 2.)v fla x )  (1=0, 1, •• •). Then, Definition 6 .4  and (6.21) imply that
limv,(x)=v o(x) and limg,n (x)=2 -

0(x) for each x  R " .  It follow s from  Proposition 6.5
M - 4 0 0 M . - 6 0 0

and the proof that there exists a positive constant C:=C(0) such that
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v ,n (x)I ;5.C(1+r) - 0 - 0 , 2 g nt, ( X ) C r  (n  /  2  )  -

w hich show s. by Lebesgue's dominated convergence theorem,

(6.37) v„, ---> vo i n g m  - - - >  g o  in L;

fo r any  s>(1/2) such  tha t s < 3 .  Lemma 6.9 shows

2i(F(27)f , gin> — <vm, f>
and, therefore,

2i(F (2 ,)f, , 95),=-2i(F(2o)f , çb)h=<um, (gm — go)>-1-qu — u0), go> — <(v. — vo), f>.
Since u„,---*uo i n  M s from  Theorem  3.3, w e have (6.36) from  (6.37).

L et fE C 7 (R n ). Since H f  belongs to L 2 w ith  compact support, we have H fE L i.
P u t  g = (H -2 ) f  a n d  u=R(2-1-i0)g. T h en , u  is  a solution of ( L -2 )u = g  and  satisfies
th e  outgoing ratiation condition  in  v iew  o f T h eo rem  3.2. T h e  compactness o f  th e
su p p o r t  o f  f  im p lie s  th a t f  satisfies th e  outgoing radiation condition . Therefore , u
m ust coincide with f  by virtue of Lem m a 4.8. T hen  w e have

R(2-1-i0)(H f —2 f)= f ,
which shows

(FH f)(2)= --s—lim ,1-1?;7
7: - " 1 2 e- il " , ,c. 2 ) ei A(Rm*) 2 - -V  o ( R m •XR(2-1-i0)H fXR,n -)

=2(F f)(2) ,

since the support of f  is  compact. Q. E. D.

Theorem  6.12. F defined in  Definition 6.10 can be uniquely extended to an isometric
operator g on L 2 ( Rn ) to 1-1=L 2 (R, h). F o r  fE D (H ) we have

( g H f)(2)=- 2 (g  f ) (2 ),  a. e. 2ER.

P ro o f . Lemma 6.9 and Theorem 6.11 show

F f u l , iFflifi-----11fIlL2

fo r  any  f G L . S in c e  L I  is  dense in  L2(R n ), F  can  be  un ique ly  ex tended  to  a n  iso-
metric operator o n  L 2(R ") to  H .  According to Ikebe-Kato [11 ], L  defined o n  C7,*(R " )
is essentially self-adjoint under our condition. T herefo re  f o r  a n y  fE D (H )  w e can
choose a  seq u en ce  f nL IOEC,VRn) such  tha t f n ,--->f ,  H  f  in  L 2 . T h en  w e  have
from  6.11 that

and

T hus, one obtaius

g H f7 7 ,-- - -> g H f in  f i,

f 77, g  f in  fi

( g H f n t )(2)=(F H f „,)(2)== 2(F f 70(2)

f  .X 2).

(9  .0 2 )= - 2(9" fX 2 ) a. e . AER.
Q. E. D.
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7 .  The unitarity of g

In  th is  section w e shall prove that th e  isom etric operator g  defined i n  Theorem
6.12 is  un ita ry , tha t is,

(7.1) g  m a p s  L2(R n) o n t o  f i=L 2 (R,

L em m a 7.1. Let I=(a, b) be an open interval. Then we have

(9. E(1).0(À)=X1(ii)(9'

fo r  any tE L 2 ,  where X1(2) is the characteristic function o f I.

P ro o f .  Lemma 6.9 and  Theorem 6.12 imply

(7.2) E (I) f1121.2-A11(g f)(2)11 2h d2

fo r any  f e  L2 a n d  any  open interval I ,  since L 2,  is  d e n se  in  L 2 . T ake  any  in te rva l
open interval B d .  T h e n  (7.2) gives

(7.3) 413 11(g E(I ) f)(2)—(g f)(2)11 2, d2=11E(B)(E(I)-1) f 11 2
0 =11 E(B) f — E(B) fIlL2-o

O n the other hand, for any  open interval B ' included in  th e  complement P  o f  I ,  we
have

(7.4) E(I) f)(2)11 2
h d2-=11E(B')E(I ) f 1112=0 .B'

Therefore, (7.3) and (7.4) give
r ( g  f)(2), AGI ,

(g E(I)f )(2)
=0, AEIC Q. E. D.

L em m a 7.2. Let f E n = L 2 (R , It) and I =( a ,  b ) .  Then we have

((g E(I))* f , g) L 2-=1 <F(2)*f(2), g>d2

fo r  any gE L 2
i ,  where A * denotes the adjoint operator o f A (F(2)* maps h =L 2 ( S '')  into

the dual space Li!, o f 1,1).

P ro o f. It follows from Definition 6.10, Theorem 6.11 an d  Lemma 7.1 that

(( g E(I))* f , g) L 2=( f , LE E (I)g ) H

f(2), F(2) f  c12

=1 <F(2)* f(2), g> d  .

Q. E. D.

1 1
Lemma 7.3. Take s >-2-  such that s —

2  
is so small as in Theorem 3.1. Then, for
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each 2E R, F(2) defined in  Definition 6.8 can be uniquely extended to a  bounded operator
on L : to h 2(Sn-i‘.) We denote the bounded operator by P (2 ). Moreover, i f  we choose
R„,} satisfying (6.5) for each f  IA, we have

( (A) f, 0)h=lim(w 0)h

for any OE C- ( S ' ) ,  where

1
w  = --1 4 7: - D I 2 e - " " m * . À ) e"a`m . )  A—V o(Rm•)(R(2-FiO)fXR m•)r

as in  Lemma 6.6.

Proof. L e t  f L and take If kIC Li such that f  f  in  L . F o r  a n y  OE CD1S"
w e have, in view of Lem m a 6.9,

1 
( F(2) f k, 0)h= {Ku2i k, —2)0 f k>1 ,

w here uk---=-- R(2-1-i0)f k  and v= v (x , A, 0) as in Definition 6.4. Set u= R(2-Fi0) f . Since
Theorems 3.1 and 3.2 imply

for any gG L L  w e have u k -+// strongly in  Lf, 0 ; , .  N oting uELfr o; ,  and (L  2 )v
by virtue of ProposItion 6.5, w e have

1
(7.5) lim( F(2) f kt 0)It= -

2 i
{  <11, (L —2)v>—<v, f> }

Let us t a k e  Rn, } satisfying (6.5). Then Lemma 6.2 and Theorem 3.1 show

(7.6) lim  w .1 1 2 h ,- - - l im \ . V 2 - 1 /  o lui 2 dS
m-co m-or, s ( R m )

f>15-11u11,11/11s

11.f11.
The same argument as in the beginning of the proof of Lemma 6.6 leads us to obtain

1 
(7.7) -1<u, (L—,Z)v>—<v, f>12i

. 1
= 1 1 M  

2z 1 3 (R  m )
lu(L---2)v— fl)} dx

:= lim N/2—V0ui) dS

=lim( ui., 0) h .

Thus w e obtain from  (7.5), (7.6), (7.7) th a t

(7.8) F(A) f  0)1tI =
Ili M (W  m ,  0)111 -5-C11011,1U L

k -. . m-.00

for any C - ( S " ' ) .  Since C - (S" - ' )  is  dense in h, (7.8) shows the existence of the
w eak lim it of F(2) f k a s  k--+00. The weak limit is independent of the choice of {R .}
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in  view of (7.5). We denote th e  weak limit by P (2 )  f .  T h en , we have from (7.8)

IP(A)fh CIIf S.

which show s the boundedness o f  P(2) o n  IA  to h .  In  view o f (7.5) we have

( P(2) f , 0)h= 1i  {  <u, (L  2)0 — f> }2

which and Lemma 6.9 give that P(A) coincide with F(2) on L .  Thus we complete
th e  proof. Q. E. D.

T heorem  7.4. The isom etric operator g is unitary  on L 2 (R 11 ) onto 0=1, 2 (R , h).

Pro o f . In  order to prove that g  maps L 2 onto f i ,  it  su ff ic e s  to  sh o w  th at the
null N (g*) consists of zero vector 0 only, that is,

9 - 1 - 0  ( j I )  implies f= o .

L et fEN(9"*) an d  I  be an open interval in  R .  T hen , using Lemma 7.2 we have

(7.9) 0=( g * f ,  E(I)g) L 2=( j ,  g(E(I ) g

=(( g E(I))* f „g )L 2

<F(2)* f(2), g> d 2

fo r  any g Since L 2( I )  is a  separable Hilbert space, LI is also separable. In
fact, if we take a  countable dense  se t {Om } in  L2 (R n ) , then {(1+ x1) - 1 0 .1  is a  count-
able dense set in  L .  Put q7 = ( 1 +  x  ) ç l .  A s  a  result of (7.9), fo r  each gm  there
exists a  se t  N k  in  R  such that th e  Lebesgue measure o f  N k  is equal to zero and

(7.10) <F(2)*/(A), qk>=0, 20N k

0 0

L et N = U  N k .  T h en , N  is o f  Lebesgue measure z e r o .  From (7.10) we obtain
k=1

(7.11) ( f(2 ), F(2) g )h =<F(2)* f(2), g>=0

fo r  any g L a n d  AO N. In  view o f Lemma 7.3 and (7.11)

(7.12) o=( f ( 2 ) ,  F  f)h= !lrnœ (  f (2), wm)h

fo r  any f ( s >(1 /2 ) ) . Proposition 6.5 yields

v=v(x, A, 0 ) E a 0 ; -3, I .04+v1 /,! -1, E(R)
and

(L -2 )v _ L :

fo r  any O C- (S" - - ') ,  where s>(1/2) and s —(1/2) is a  sufficiently small number, and
R  is a  sufficiently large number. Theorem 3.2 shows

v=R(2-FiO)g ,

where g=(L  — 2)v . Substituting f = g  in  (7.12) and noting then
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(7.13) w  m  _  1  n 0 1 2,_i0 ( km „ 2 )  e iA( Rm o o(R m  • xR(2-1-i0) g)(R m  • )—  m

1=

fo r  any sufficiently la rg e  R m . Therefore, (7.12) an d  (7.13) give

( f(2), ) h = 0

fo r  a n y  e  C œ (S ')  a n d  AO N .  T hus w e have

f ( 2 )= 0  a. e. ,

wh!ch completes the proof. Q. E. D.

Added in p ro o f. Recently, it turns o u t th a t  the  cond ition  a < 2  in  (A .2), which is
used only to prove Lemma 4.5 , can be replaced by a  w eaker condition 1 7 o (x )= o ( r 2 )  near
infinity, since Lem m a 4.5 can be proved under th e  la te r condition by M . A rai a n d  O.
Yamada, [27].
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