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Erdiis-Rényi law for stationary Gaussian sequences

By

Yong-Kab CHoi

§ 1. Introduction

Erdôs and Rényi [11] discovered a  n e w  la w  o f  la r g e  num bers, nowadays called
t h e  Erd6s-Rényi law. T h is  la w  s ta te s  th a t  fo r  a n  i. i. d . sequence fe j  ; j=1, 2, •-• }

w ith  partial su m s  S0 = 0  and S = ,  if  th e  m o m e n t  genera ting  func tion  M (0=i=i
E exp(te,) exists fo r a ll tE(0, t i ), then  fo r e a c h  aE{}11/(t)/ill(t); t (0, t1 ) }  and  c=c(a)
such that

w e  have

where

exp(-1/c)=I(a) :=inf M (t) exp(—t a) ,

limD(n, [c log n])= a , a. s.,

S i+ k - S jD(12 , m a x  
O i n - k

and  E- I denotes th e  integral part.
M any general v e r s io n s  o f  th e  ErdOs-Rényi la w  f o r  i. i. d . sequences h a v e  been

developed by Book [1]--, [2], NI. Csbrgo [5] , [6], S. Csbrgo [7], Deheuvels [8]- , -, [9] and
Steinebach [17] ,--[20] and others.

However, Deo [10] initially developed the original Erd6s-Rényi law  to  a  stationary
Gaussian sequence under a  condition on the correlation function. M ore precisely, sup-
pose {e ;  ; j=1, 2, ••• } is  a  stationary Gaussian sequence with Ee 1 =0 , E V =1  a n d  rn=

n=1, 2, • • • , such that

lim n' 4"131- =0 for some /3>0

and

0<a 2 -=1+2 E r1 .
1=1

then  fo r each 0<c<00

lim D(n , [c log n]).= a -V 2/ c, a. s..

Our object o f  this paper is to  im prove Deo's result and  obtain  a  general form  of
th e  Erd6s-Rényi law  fo r stationary G aussian sequences. O ur re su lt is  a s  follows :  Let
fei ; j=1, 2, •••1 be a  stationary Gaussian sequence with  E 1=0, E e1=1 and r i i =E e
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560 Y ong-Kab Choi

fo r all n 1. D e f in e  S n= E ej  a n d  ESii=0-4—>00 a s  n--*00. For 1 k n, s e t

k —

C(n, k)=- m a x  
S 1 +

 ,
S./

( 1 )
osj V  Fes n - k  ' Ok

W e assume th a t th e  correlation function is either

n=1, 2, •••, ( 2 )
or

lim n'r n =0 fo r  s o m e  v>0 ( 3 )

T hen  w e have for each 0<c< 00

lim C(n, [c log n])=-V2/c, a. s.. ( 4 )

In  § 4 w e obtain an extension of the above result : Suppose t h a t  { a n : n=1, 2, ••• } is
a  sequence of positive integers such that

( i ) a n  is increasing, ( 5 )

(ii) lim =0 fo r all > 0 ,
71'

an (iii) is decreasing fo r  some Co >0
nco

Define fo r  n
S i+ a n —  S iC*(n, a )= °Mn_a x  —

,v2  l o g  n  ( f a n  *

Then under the condition (2) w e have

lim C*(n , an )= 1 ,  a. s.. ( 9 )

If  an  i s  a  regularly varying function, then under the condition (3) we shall also obtain
th e  result (9). T ak ing  a n -=[c log n ] in  (9), w e g e t (4) from  (9) (cf. Remarks 1 and 2).

To obtain these results w e shall investigate its upper and  lower bound separately.

T h is w ork has been done during m y stay in the Department of Mathematics, Kyoto
U niversity . I wish to express my sincere gratitude to professors S . W atanabe, N . Kôno
and  S . Kotani fo r their k ind  guidance and help in  w riting  th is  paper.

§2. Upper bound

Theorem 2 . 1 .  Let {ej ; j=1, 2, •••} be a stationary Gaussian sequence with Ee 1 =0,
EV =1 and ES;i=a ii. Then we have for each 0<c<00

limsup C(n,[c log n ])../ 2 / c , a. s.. (10)
n— oe

P ro o f. L et N  be th e  se t o f  a ll positive in te g e rs . F o r  k E N  a n d  c> 0 , le t nk=
max{ n E- N; log n]}  so that k= [ c log n] if and only if n k _,<n_<n k .  Then we have,
fo r la rge  k  and a n y  >0

( 7 )

( 8 )
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PIC(n k , [c log nk])>•V2/c±s}

= P  { max S J+Cclog nk) — Sj
osisn k-[clogn k3 .VEClOg n kiaCclog n k J

> 1 /2  C

k p  {   C c log  n k3 >W 27c+s)Aqc log n k ila Cc log n k

<711 - ( 1 / 2 ) ( / " ( E ) 2 _<n 31 _<exp { — (6 1 /c )k }

where 61 =6 1( s ) >0 .  Thus

, 1') 1C(n k ,[c lo g n k ])>•V2/c-1--s}<0.9

B y the Borel-Cantelli lemma,

limsup C(n k , [c lo g  n -1- e , a. s. ,
k-.00

but we see that from the definition o f  nk

C(n, Ec log n])S C(n k , Ec log nkJ) •
Since s is arbitrary, we have

limsup C(n, Ec log n ]) - V 2 7 c , a. s ..

§ 3 .  Lower bound

First we shall consider the case in which the assum ption (2) holds. In  th is  case
we need a  preliminary lemma due to Slepian [16].

Lemma 3 . 1 .  Let {ei ; j=1 , 2, •••} and {n i ; j=1 , 2 , •••} be standard normal random
vaiables with cov(e i , .f )__<cov(77„ 77; ) for each i* j=1, • •• , n. Then for any real Il i , •••,

P ie i _<ui  fo r  j=1, -•- , fo r  j=1, ••• , ni.

W e note that if cov(e i , e j ) 0  for i# j=1 , ••• , n.

P im a x e iS u n l-0 (u n ) (11)
W s n

where 0(-) denotes the standard normal distribution function.

Theorem 3 . 1 .  Let fe ;  ; j=1 , 2 , — I be a stationary Gaussian sequence with E$ 1 =0
and EET=1 such that ES 4=o1 and r n =EA 1. 1+ n Then we have for each 0<c<00

liminf C(n, [c log ?2]) • V 2 /c ,  a .  s . .

P ro o f. For each  0<c<00 a n d  n e N , we define the positive integer h n  by

h n =  [nC log n •

For i=1, 2, ••• , h n ,  we define the partial sum

561
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Since E$72,$. 0  for n*m ,

Note also that

for ••• , hn ,  and

Yong-Kab Choi

Z n , i ' :--- $(1-1)Cc log n3+1+ + $ iC c lo g  n3 •

i *  i.( 1 2 )

Var(Zn,i)=01,10 g n]

Z  • d
n ' t' - ' / V ( 0 ,  1 ) .

a Ce log n]

From (12) and (13), we can apply the inequalty (11) to the sequence 1 Z,,, i ; i=1, , hnl.
Then w e get for 0<s<N/2/c and large n

P 1C(n, Ec log n]).N/2/c—EI

= P max Si+[c lo g  n ]
--  Sj El

o s jn  -Lc log 717 VEc log ?III ce log  n]

=

{

max Z n il  <(V2—EVON/log n1
isishn a [clog it]

{ C ( 1 / 2 -  eV -ON/log n )1 h n

If  un .--,-- (N/2—EN/cWlog n  and Z ,- -, AT(0, 1), then

0(u n )= 1— P (Z u n )

Clearly there exist .3"> 0 and K > 0  such that for all sufficiently large n, w e have

1
P(Za_u n )k K ( -

1  

- -
1

)exp (---2 -4 ,)>= Kn - i+5"u„si

and

Thus we get

0(un)'n_exPl—hnP(Z---un» — Kn6' } (14)

where 3'-=3"/2>0. Then for large n and some 3'>0

P {C (n, [clog /2])__..N/2/c—el _exp{ }

Therefore, the series

P {C (n , [ c log n]) ./2/c—s}
n = i

is convergent and using the Borel-Cantelli lemma we get

liminf C(n , [ c log 12]) V 2 7 7  a .  s. .
Pi  —boo

From Theorems 2.1 and 3.1 we can conclude

(13)
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Theorem 3.2. Under the assumptions o f  Theorem 3.1, we have for each 0<c<00

lim C(n, [c log n])=-- a. s..

Next we shall consider the  case  in  which the condition (3) holds.

Theorem 3 .3 .  Let {e) ; j= 1 , 2 , be a stationary Gaussian sequence with Ee1 =0,
E$1=-1 and ES;i =o1--00 as n—*00. Let the correlation r n , be such that

li
.

 m n'r n =0
n - .

for som e v > 0 .  Then fo r  each 0<c<00

liminf C(n, [c log n])___ ".12/c,

F or the  proof o f Theorem 3.3, we shall need th e  following lemmas.

Lemma 3.2. (Leadbetter e t al. [15] ) Let {ei; 2, ••• n} be N(0,1)-random varia-
bles with cov(e i , ej )=A 0  such that

< 1 .

Then fo r  any real num bers u n and integers 1%li<l2<•••<lk n < n  w ith kn <n,

(15)

a. s..

P  m a x  /.; :- u7,1-

where r o =  A 1 K =K ( 6 )

2,
(1i.) k n+ K I nil e x p (  u 7  

i s i < j skn1 +  I ni l

is a constant independent o f n.

Lemma 3 .3 .  Let ( j = 1 ,  2, ••• n ) ,  3 ,  k n and r i j  be  as in Lemma 3 .2 .  Assume that
I ni l j )  and, for some v>0

p n t <m - f or all m=1, 2, ••• , k n - 1 .

Then, there exist 60 >0,2>no>0 and K > 0  depending on 3 and v only  such that for all
0< n< n o

11 2

E  I r o l e x p (  
isi<J , kn 1-tH )

SKn - 3 0,

w here u="'./(2 -77) log n, 0<n<2.

Pro o f . F o r th e  3  given in  Lemma 3.2, we take 3' such that 0 < 3 < 5 '< 1 , and choose
a  such that

1 -3 ' 1 -60 < a <  1 + 3   <  1 + 3   .

L e t  0 < n 3 ' - 3 .  W e split En into two sum s:

E I ro  I exp
" 1 Sti(i kn 1+Ir1JI

I i-J I< L n
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1272,
r "

• I e x p (  
1 + In./E  I 

I i - j l a [n a ]

=-2';,"+EW) , say.
Then,

2T )e x p (  
15i<jSkn \ 1+5 )

2 12/(1+6)U n )_<.(3knn a iex p (---2—

.: 45721 +a (n - 1 +0 7/2 ) ) 2 /( 1 +3 )

where A 1=-41-Ea
2  

 +
5

>O.
1 + 5  1 +

In order to estimate ET, we define for each k = 1 ,  2 ,  • • •  ,

bk =suPip .; k m <k „-11. (16)
Then

5k=k - ' f o r  k =1, 2 ,  • • •  , k g -1 .

Set
 p = - [ n a ] .

 I f  p kn - 1 ,  then we have

(17)

From the  assumption of the lemma, (16) and (17), we have

(18)

for i ,  j  such that 1 _ i<j5 ..k n  a n d  I i—j1 Choose 2>n o>0 so small that no.<6'--(3
and A 2 =av— n 0 > 0 .  Then we have from (18)

\
15i<jSkn

EW )  =  E  I ro  I e x p (  1+Ir i i I

u72, I r o l 
16i< j6kn

< [na] - ') E  ex p (— u g )ex p rol

exp( — u)exP(u4Di a l - ')

=Enal - 'nv e x p ( ( 2 - 0 1 o g  nkn a ] - ')

./f[na] --vnv

for some constant K .  This completes the proof.

From Lemmas 3.2 and 3.3 we can obtain the following

15i<JSkn

Lemma 3 .4 .  L et {e ; j= 1 ,  2, , n } be N(0, 1)-random variables with cov(e i ,  j )=
A i j  such that 3=m axlA 1 i l< 1 .  L et 1<l i <l 2 <•••<l k n <n  and k„„<n be arbitrary positive



E rdds-R ényi law 565

in te g e rs . For a subsequence f e i i , j=1, ••• , k n I  o f  the sequence {$.i; j= 1 , 2, •••, n },  let
r i i = A i i i i ( i# j)  be such that !n i l „<_.p, i _j ,<1 and for some v> 0

pm<in - ', m=1, 2, ••• , k g - 1 . (19)

T hen there ex ist constants (30 >0, 2>i)0>0 and K  depending only  on 6  and 2) such that
f o r all o<n<no,

P{  m ax  e t 4 : n } 0 (u n ) k n-FICn - '0. (20)
1 S 1 5 k ,  ' -

where u n =../(2— 72)  log n, 0<2<77.

In proving Theorem 3.3 we shall make use of Lemma 3.4.

Proof  of  T heorem  3 .3 .  Let p>o be a constant such  tha t p>2/v fo r v > 0  given
in  th e  T heorem . T hen  for given 0<c<00 and nEN , we define the positive integer
k n  o f Lemma 3.4 by

kn =--[ c log n±(log n)P] .

For th is kn  and i =1, ••• , kn ,  we also define the partial sum

Y net = - (i-1)(C c log n J+ C (lo g  n )P 3)+ 1+  •'' + e iC c  log n 3+ (i-1)1(lo g  n )/9 3 •

Then by the assumption of the theorem,

Var( I' Lc log n3 (21)
and

Y n , d
-, , N(0, 1), i=1, •-• , k n . (22)

aCc log n3

Define rn (i, j)= corre lation (Y , Y n ..), i# j ,  and le t m= Ii—il ;  then be the assumptions
of the theorem we obtain for large n

E ( Y n  t Y n  irn(i,D I= ,.2, , [c log n]

KI E {( c[, log n3-1-C(log n)fi])+1+ " •

+ e a c  log n]+( i-i)C (log n)13 3)(e(J-1)(C c log n3-1-[(log n)P])+ 1+  • "

+ e1Cc log n3-1- 0 -0 C ( lo g  n ) 193 )}  I

• K(log n) 2

{ (m -1 )[ c  log n]-1-m[(log n)P]}'

(23)ne(log n )  - 2

w here  K  i s  a  co n stan t. In  Lemma 3 .4  i f  w e  s e t  7)=2 - fo r 0<s<
N/2/c, then u n =(-V2---s•./C- j•N/log n. We now apply Lemma 3.4 for

K [log 
n ] 2  I r ( j _i  -1)Cc log n 3 + (j-M lo g

1
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aCc log n]

Thus from (14), (20) and  (22), we obtain fo r some 5', 5 0 > 0  and  all la rge  n

P {C(n, [clog n])<N/2/c—s}

P { max —  S Pi-Cc l o g  nj -  S < 1/21 C
ozjsn-cc logn3 N/EC lOg niacc log n3

Y  •  P { max 71.3 < W 2  — 6-Vc)-Vlog n
1 5 iS ie 0  a C c  log 72,3

-</)(un)k n+Kn-ao

exp(— 70')+K n  , (24)

where K  is a  c o n s ta n t .  F o r  g iven  k  IV ,  s e t  n'k =min{ n k-=[c log n ] }  so  that
k=-- [c log n ]  if and only if n;, - n<n'k , .  From (24) we get fo r  k large and some 3">0,

P {C(n;„ [c log  nO<V27c—el

exp{ —(n )6 ' } +K(nD - 5 0

.<exp{ — [exp(k/c)]ai } K[exp( k/c)] - 5 0

s"K exp(-3 "k ).
Thus

{C(n'k, [clog n])<N/2/c—s } < Cr 3

By th e  Borel-Cantelli lemma

liminf C(nik , [clog n i0)__  s/2 /c— , a. s. .

Since s is arbitrary, we have

liminf C(n, [c log n]);?_. V2/c, a. s..

Combining Theorems 2.1 and Theorem 3.3, we have

Theorem 3.4. Under the assumptions o f  Theorem 3.3, we have for 0<c<00,

lim C (n , [c log n])-= •N/2/ c, a. s. .

§  4 . An extension

In  this section we shall also assume that {e ; : 1=1, 2, • • } is a  stationary Gaussian
sequence with Ee 1 = 0  and  EV--=1.

4 . 1 .  U pper bound. To obtain an extension of Theorem  2.1, w e shall m ake use
of the  similar techniques as in Chan [4 ] and  Steinebach [20].

Yn j=1, ••• , k i i .

Theorem 4 .1 .1 .  Let ES=o1, and the sequence ia„, n=1, 2 , •  } satisfy the con-
ditions (5) and (6). Then we have
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limsup C *(n, a n ) 1, a. s . .n_.00

P ro o f. Let s>0 be given, and C >0 be such that O<C<2s+s 2 . L e t  k  be any
integer such that 1_<k.<72:. Then for large n

P {  max C *(n , k ) > 1 + E }
1SkSnr

-=P {  m ax m ax —
-V'2i +lOe-g7:---nSi -

 > 1 +
 6 }1SlesnCO5/5n-k

= P •{—S 1  >(1+s)N/2 log n}isk,nco,isn-k

<Kn 1+c- (1
+s)2 =Kn - r , (25)

where K  is a constant and r=2s+s 2 — C >0. T ake 0 > 1  an d  consider th e  following
sequence of integers { [ 0'] ; i=1, 2, •••}. Then for large i ,  (25) yields

P  {  m ax C *([0 '],
1skscelY:

Thus
{ m ax C * ([0 9 . k)>1-kel<00.
1 kscei34:

By the Borel-Cantelli lemma,

limsup{ max C*([0 i ] ,  k ) }5 1 + s ,  a. s.. (26)

For any 0>1 and given i ,  suppose [0 i - 1 ] 7.2. [0 1] .  Then it is obvious that

max,,C*(n, max. ,,C * ( [0 t ] ,  " (  
lo g [0 i]  ) 112

iskscoly. log[0i-'1

.Since 
[ O s ]

 is decreasing,

<  log [0 i] [0 i ]1_ 
log[O 1] [0 ' - ']

as i---+00 and 0 - 4 .  From (26), (27) and (28), we get

limsup{ max C*(n, k)} 1 + e ,  a. s. .

We note that whenever a n <nc for large n,

C * (n , a n )_< max C *(n, k ).
l ‘k sn C

Thus from (29) and (30) the proof is complete.

4 .2 . Lower bound.

Theorem 4 .2 .1 .  L e t  ES;-,=o1, an d  r„=E$ 1 ,1 + n L < O ,  n 1. L e t  th e  sequence {an;
n=1, 2, •••} satisfy the conditions (5) and (6). Then

liminf C*(n, a n ) 1, a. s..

(27)

(28)

(29)

(30)

n•■••30
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P ro o f .  The proof is very  sim ilar to  that of Theorem 3 .1 .  But we should remark
th a t for given a n ,  if  we define the positive integer h n b y

h7,=[n
an

then there exists (3ll> 0  such that

127.t _n l - - 0 `1 2 )

since a„<rt  for large n.

From Theorems 4.1.1 and 4.2.1 we can conclude

Theorem 4.2.2. Under the asumptions of Theorem 4.2 .1 , w e have

lim C*(n, a ) = 1 ,  a .  s . .

Remark 1 .  For each 0< c< 00, se t a n =[c log n] in Theorem 4 .2 .2 . Then Theorem
3.2 follow s im m ediately from  the fact that w ith probability 1

1=lim C*(n , [c log n])

S j + [c  lo g  n] — S j  (   EC log 72]  \ 1/ 2
=lim max

- [ c log n] A/[c log n]o'cc log n ]  \ 2 log n

=lim  C(n, [c log n]).N/c72.

Theorem 4 .2 .3 . L et E.S --=-- al and  r f t = - E e t e i + n  such that

(i) a n  is  a regulary  varying function, (31)

(ii) lim  e r n =0 f o r so m e  v>0. (32)

Assume that the sequence a„ ; n=1, 2, —} satisf ies the conditions (5), (6) and (7). Then
w e have

liminf C*(n, a n ) _ 1 ,  a. s..
n

Before proving the  theorem, we need some lemmas.

Lemma 4 . 1 .  L et the sequence {a n ; n=1, 2, • •• } satisf y  the conditions (5), (6) and (7).
L et E S 4=64 and f u rth e r, f o r  som e a > 0 ,  a =nah(n) w here h(n) is  a slowly vrrying
f u nc tion . For 0>1 and a Positive integer i ,  le t [0 1 ] ._<n_[0 1 - i ]  and

N = n ;  n — an-<[09 — acei31.
Then w e have

IS14-a n — S j + a [ 0  31 limsup max m ax   u a. s.. (33)
-V2 log n a n

and
IS i + a  —S 

j
-I(ii ) l i m s u p  max max n — 0 ,  a. s.. (34)

i_.00 nE N i n -a72/6C tr i 3-acei) -V2 log n  ran
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P ro o f. First let us prove ( i ). From (7 ) we see that

a nn   )C o o

a g i][ 0 ]

and
Oct)

> 0 .Aco 1an—aw l

Thus by (5) and (31), for large i  and any s > 0  we can take 11/1> 0  such that

cla n (35)
aan-a[03

and M E> 1/ 2 .
From (35) we get for large i  and any e>0

I Si+aP { max a o  >
V g lo g  n Ca,

<E0 i 1 P i l S a n— S a c e i j I

 > s V 2 1 o g
aa n -a [e i]

a n
Ca n - a [o i ] i

 

KO -(sZ M 2- 1 )

where K  is a constant. Thus we have for large i

 

(36)

IP max max S »Fa S  i+ a o  i3 I  

coi,,,,,,[0i4-130,i,[0]–a wi, V 2 log n ( Ian —

<KO - ( ‘2 m 2 -2 ) i .

Therefore, we get

> j p i  max max I Si+an — Si+acei3 I  >El<
[ei3snrei+1306igcoi3-a[oi) V 2  log n  an

By the Borel-Cantelli lemma, ( i ) follows. Similarly, we can obtain ( i i)  when n E N E.

L emm a 4.2. Under the assuinptions of Lemma 4 .1 , we have

liminf C *(n, a li m inf C*([60], "ro i])' a . s.. (37)
n 8

P ro o f .  First consider the case n.AT, in  [0 1 1 n S . [0i -" ] .  Then

S S i 
C*(n, a i i ) max

05jsE6i3-acei3 ../2 log n  an

max S j + a [ o  ij —  Sj

nsisCO3-awi] N/2 log n ( I a n

I SI-Fa  n  S l+ a c e  — m ax m ax (38)
n *N i  s [e a  o i l n  Can

From (33) and (38) we get



°a
(37) fo llow s from  (39). N ext consider the  case niV 1. T h e n

min - -  — >  1, a s  i —>co a n d  O—d (40)
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. . . .i - f a [ j i J jliniinf C * ( n ,  a )^ lim in fm a xn-. l - . , o j . [ O ] — a 0 i j V ' 2  log n

liminf C * ( [ O U ] ,  a [(i iJ) • m ax ( C a o i ) (  lo g [O J  ) 1 / 2

a. s. . ( 3 9 )
i -.L e ] n t : o i + 1 j log[OI

logn
Since is decreasing and

n

C * ( n . a 71 ) max
S ) + a 9 i ] S j

log n

— m a x  m a x
S j + a S j + a i j

n E N  O j E O t ] - 7 0 i 1  s 1 2  log n t l a

—max maxj + a L (41)
nEN1  r — a f l j E O ] — a [ O i J  V'2 log n

From  (33), (34) and (41), w e obtain  (39) again . Then in  the sam e w ay, (37) can be
concluded and the proof is complete.

Now we are ready to prove Theorem 4.2.3.

Proof of Theorem 4.2.3. P roceeding to  the sam e line as in  the proof of Theorem
3.3 , w e can deduce that for a ll large n a n d  0 < r< 1

P{C*( n , a n )< 1 _ } e x p ( _ n ô ' ) + K n 0 , ( 4 2 )

w here K, ô' a n d  ô  a re  p o s it iv e  c o n s ta n ts . T a k e  0 > 1  and  consider the  fo llow ing
sequence of integers

 { [ f i ]  i 1 ,  2,} .
 T h e n  th e  in e q u a lity  (4 2 )  y ie ld s  fo r  la rg e

number i
J) { C*([Ou], a [ o ] )<1—sj

e x p ( _ - [OuIö') + K[OuI o .

Thus the series
P{C*([OuI, a [ 6 ] )<1—s}

is convergent and
lirninf C*([Ou], aioij) l — , a .  s .

For given j, set [ O i ] n [O t+ 1]. Then from  (37) of L em m a 4.2  w e have the result.

Çombinig Theorems 4.1.1 and 4.2.3, we obtain

Theorem 4.2.4. Under the assumptions of Theorem 4.2.3, we have

j1 (*(?l, a)=l, as..
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Remark 2 .  A s in  Remark 1, take a„= [c log n ]  in  Theorem 4.2.4. Then Theorem
3.4 follows from the observation that

[c log n]c=— .
n_.. 2 log n 2

Corollary. (D eo [10]) L e t f e 3 ; j= 1, 2, have the correlation function r n = E $,e,„
such that

lirn ni+Pr n
, --0 f or some 10>0. (43)

Set
0 0

0<a 2 =1+2

T hen for each 0<c<00

lim  D (n, [c log n])=a ../2/ c, a. s..

P ro o f .  A s in  Ibragimov [12], we have from th e  above assumption that

=-Ece1+ • • •  enY=n+2
„ i < J , n

n-i
= n + 2  (n — i)Eei$1+i

=n(1+2 /1
n-1 ( j

n )

= 71a 2 {1 - Fo(1)}. (44)

Since (43) and (44) imply the conditions of Theorem 4.2.4, we have with probability 1

C*(n, [ c log n])
n - 4 0 . 3

Sj-I-[c log  n3 -  S j
=  lim  maxn—osis_n-Lc log n] 1/2 lOg n  [ e  l o g  i i ]

[c log n ] v/2 1'7+[C lo g  n) -  S j  
=  lim  max [ c log n] k 2 log n

= lim  D (n, [c log n ] )  J 7 - - ./ 2-
1

.
71-oce

§ 5. Examples

First we shall give a n  example o f  Theorem 3.4. Suppose fe i ; i=0, +1, ±2, •-•}
is a  strictly stationary sequence with

E$ 1 = 0  and 0<V ar(e i )<0.0 (45)

F or a ll — 0.0_ij<00 , let Fii  denote the  B orel a-field o f events generated by random
variables ek(i k j). F or each n=1, 2, •-• , we define th e  dependence coefficient:

p(n)=sup I correlation(f, g)I , fE L 2 (F ) ,  g L2(Fr-f-n),
I. g

(46)
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where L 2 (F l )  denotes the collection of a l l  P i -measurable random variables. T hen  the
sequence {$i ; i=0, ±1, ±2, •••} is  c a lle d  a  p-m ix ing if p(n)- 0  a s  n—>00. From
Ibragimov [13]-[14] and Bradley [3 ] w e can  see  tha t if

00

n ---1 
p(271)<00 (47)

then
( i ) the sequence { ei ; i=0, ±1, ±2, •••} has a  continuous spectral density f (2) and

(ii ) w hen f(0)#O, 6r4 ,--, 27rf(0)n as co . (48)

From  these facts we can deduce

Example 5 .1 .  Let fe ;  ; j=1, 2, —} be a stationary Gaussian sequence with Ee 1 =0,
EV--- -=- 1 and

p(n)__.12-1) for s o m e  v>0 (49)

and further f (0 )# 0 . T hen  w e  ob ta in  the re s u lt  o f Theorem  3.4. For, (49) implies
(47) and (15). Furtherm ore , since  f(0)#O, (48) implies d---*00 as T h u s the
conditions of Theorem  3.4 are satisfied.

Example 5.2. L et {X (t) ; —00<t<00} be a  fractional Brownian motion w ith  the
covariance function

1
E { X (t)X (s)} = —

2
{ It1"+  I sl 2 a-- It—s1 2 a l,  0<a<1.

Then
EfiX (t)--X (s)} 2 }=lt— sl'a

Define random variables

e n
=X (n)— X (12-1), n=-1, 2, •••

Sn = a n d  X(0)=0.i=i
Then

ES 7
2,=EX (n) 2 =n 2 "

and {en  ; n=1, 2, ••-} is  a  stationary Gaussian sequence with Ee 1 =0 and Ee1=1.

( i ) 0 < a -
1  

i f  Een em n # / n .
— 2

In th is  case w e have from Theorem 3.2

lim C(n, [c log n])= .N/2/c, a. s.. (50)

In  particular, if a=1/2, th e n  fe, ; n=1, 2, •••} i s  a n  i. i. d. Gaussian sequence with
Ee1 = 0  and a n d  it  is  w e ll k n o w n  th a t (50) is  the result of Erd6s-Rényi law
for i. i. d . N(0, 1)-sequence.

1
(ii) L e t <a<1, then
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r„ = 0 (n - (2 2 ' ) ), a s  n ---> 00 .

T hus there exists a number v  with 0 < v < 2 -2 a  such that

lim  e r n =0
n

From Theorem 3.4 we also obtain (50).
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