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On mod p  cohomology of the space X,- and mod p  trace
formula for Hecke operators

By

GOID NISHIDA

1. Introduction

Let M 2 Z  denote the set of 2 x 2 matricies o v e r  Z .  The semigroup M 2 Z
acts on the 2-torus T2 as endomorphisms in the standard way. For any sub-
group r  of M 2 Z , w e can define the semi-direct product I"  x T 2 . We denote
the classifying space B (F y T 2 )  b y  X 1. O ur m ain  in terest is in the case of

= SL 2 Z or congruent m odular groups. In this case it is known [3 ] that there
is an isomorphism

H 2 n+ i (X 1 ; R )  H i (r ;  H 2.(B T 2; R ) )  5

where the right hand side is the cohomology of the group r  with the coefficient
module H 2 n(BT 2 ; R). Then the Eichler-Shimura homomorphism turns out to be
a homomorphism

m k  H21'-3(x1; R),

where M k  i s  the space o f modular forms o f weight k  for F .  M oreover it is
know n [6 ]  that w e can define a  Hecke operator T (n) on H*(X F ; M ) for any
module M  induced from a stable self m ap of X i.- , and q  commutes with Hecke
operators. N ow  the theorem o f Eichler and Shim ura [7] asserts that 0: S1'
H (T; H21' - 4(B - 2; R)), where Sk i s  the space of cusp forms of weight k  and H .

means the parabolic cohomology of F .  Then it is also know n [3 ]  that
dim  R  H 2k-3(x1; R) = dim R  HAT.; 

H 2 k - 4 ( B T 2 ;  R ))

where v is  the number of equivalent classes of cusps.
In this note we study H*(X r ; Fi,), which has richer structure; the action of

Steenrod algebra and the module structure over 1-1"(X F ; Fp ). W e shall show
that H"(X F ; Fp ) Fp [x, y ] 1 ,

 the ring of r-invariants. In the case of I" = SL 2 Z,
Fp [x, y] 1  F p [q, q 1 ],  deg q = p  + 1  and deg q, = p(p — 1). It is shown (Corol-
lary 3.3) th a t H*(X F ; Fp )/qH*(X F ; Fp )  satisfies certain periodicity. Using this the
Fp [q, q 1 ]-module structure of H*(X,-; Fp )  is determ ined (Theorem  5.3). As a
corollary o f those results, w e give a formula on mod p  value of the trace of
Hecke operators acting on cusp forms.
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2. Additive structure of H*(X r ; Fp )

Let F  denote SL 2 Z  or a congruent subgroup of SL 2 Z . L e t  d  be a positive
integer such that for any F-module over Z [ 1 /4  H i (F; M ) = 0  for a ll i > 2. I t
is w ell know n that there exists such a n  integer d  and one can take d = 6 for
F = SL 2 Z  (se e  [6 ]) . F o r a  Z [1 /d ] -m odule M , the Serre spectral sequence for
the fibration

B T 2  X 1  =  B (F ix T 2 ) BF

collapses and  we have a short exact sequence

O — ) H 1 (F; Hn(BT 2 ; M ) )  H " '( X  r ; M )  H ° (F; Hn +1 (BT 2 ; M))--■ O.

L e t  x  a n d  y  b e  th e  s ta n d a rd  b a s is  o f  H 2 (BT 2 ; Z ) .  T h e n  w e  have
H*(BT 2 ; M )  Z [x ,  y ] 0  M , and  the  above argument shows the following.

Lemma 2.1. There are  isomorphisms

H 2 "(X 1 ; M )  H ° (F; Z[x , y]„ 0 M )

and

H 2 " 1 (X 1; Hi(F; Z [x , y ]„ M )  ,

where Z [x , y ],, denotes the m odule of  homogeneous polynomials in  x  an d  y  o f
degree n.

N o w  l e t  p  b e  a  p r im e  s u c h  th a t  (p, d) = 1. T h e n  (:),H 2 n(X1 ; F p )
H ° (F ; Fp [x, y]) F p [x, y] 1  is the ring of Dickson invariants. The additive struc-
ture of H " d (Xr ; Fp ) is given a s  follows.

Theorem 2.2. ( [3 ])  L e t  p  be a prim e such that (d , p) = 1. L e t  y  be the
number o f  equivalence classes of  cusps o f  F. Then

dim  Fp H2" +1(xr; ) = dim F , F p  [x, y],f  + dim, Sn + 2 ±  y ,

where S,, + 2 is the space o f  cusp forms o f  weight n + 2.

P roo f. Consider the short exact sequence

0 —) Z( p ) [x, y] -P-■ Z ( p ) [x, y] 4  Fp [x, y] - ± 0

of Z ( p ) [F]-modules, where p  is the  reduction mod p. Then w e have an exact
sequence

0 H°(F; Z ( p ) [x, y]) H°W; Z ( j x ,  y]) H ° (F; F,[x, y])

H '(F; Z o o [x, y]) 1 1 1 (F; Z ( ,) [x, y])■ 11 1 (F; Fp [x, y]) — ) O.

First we show that H °(F; Z ( p ) [x, y]) = O. S in c e  F is a congruent modular group,
F D F(N ), the principal congruent modular group for some N .  H ence Fn a =
( 1  N ) ( 1  0

a n d  F n  f i  =  
N  1

)

•
 O n e  can easily check that for any homogeneous

V )  1  
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polynomial f (x , y) e Q [x, y ], c f  =  f  only if f  = ax "  for some a e Q  and f lf  = f
only if  f  = by" fo r some b e Q . Therefore H ° (r ;  Q[x, y]) =  0 and  s o  is  for
H ° (/'; Z( p ) [x, y]). Now note that

rank (11' W ; Z ( p) [x, Y],,)/Tor) = dim R  H i  (1'; R [x, An)

By the Eichler-Shimura isomorphism we have

dim R ( F ;  R [x, y]„) = dim R  S„+ 2  + y.

Then the theorem follows from the above exact sequence and Lemma 2.1.

3. A periodicity

I n  th is  section w e  suppose th a t  r =  SL 2 Z  a n d  p > 5. Since SL 2 Z

we see that H i (SL 2 Z; Z[x, y]„ 0 A) = 0 for odd n and a Z ( )-module0 — 1
A  a s  show n  in [7]. L e t  q = xyP — xPy e Fp [x, Y ] +

 a n d  q1 = xP (P- 1 )  +
x

( l ) 2 y 1 _ 1  -F 
,  

• + xP - 1  y(P- 1 ) 2  + yP (P- 1 )  e F,[x , y ] p ( p - 1 ) . F o r  a  m atrix  a E  M 2 Z
we have a(q) = (det a)q  and for a e M 2 Z  such that det a 0  0  m od p , we have
a(q i ) = q 1 . It is well known that the ring of Dickson invariants is given by

Fp  [x, y]

Let (q) be the ideal of Fp [x, y] generated by q and let Q. = F[x, y]/(q). Then
Q . is  a  graded Fp [M 2 Z] -m odule. If n p , then Q,, Fp [x , y ]„ . If n p  +  1,
then Q„ has a  basis  [f], [ x ' y ] ,  ,  [x" - P+ yP - 1 ]  and [y" ], where [ f ]  means
the class of f  e F p [x, y ] in  Q ., and we have dim Q„ = p + 1.

Now let p s  denote the reduced power operation. Note that ps: Fp [x, y]„ =
H2 "(BT 2 ; Fp ) —> +s(p 

— 1) —  H 2n + 2s(p -1)(
114 ;  Fp )  commutes with the action

of M 2 Z .  The following lemma is obvious.

Lemma 3.1. pPq = qq i , soP'q  = qP and gosq = 0  i f  s p ,  p  +  1 .

By the lemma, one can define an  induced Fp [M 2 Z]-homomorphism

O s : Qn — 4  Qn+s(p-1) •

If n p  + 1, taking the basis [x"], , [x" - P+ l yP - 1 ]  and [y "] in  this order we
can identify Q„ with Ff, ± 1 . Then we have

Lemma 3 .2 . Suppose that n  > p  + 1 . Then

— (n )  x  •  Q. Q n +s ( p - 1 ) •

The proof is easy from the Cartan formula. Then we have the following
key observation.

SL2 Z = Fp  [ q,  1 ]

Corollary 3.3. Suppose that n ,  m  p  +  1  and n m  mod (p — 1). Then
Q. Q n , as Fp[M2Z]-modu1es.
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Pro o f . By the above lemma, we see that the action of reduced powers on
Q*  is  s im ila r  to  the  case  o f H*(CP; Fr ). T h e n  a s  shown in  [1], we see that
there are integers ki a n d  s i a n d  chains of isomorphisms

Q n  —+u t  Q k i
 1 24.' Q k 2  - 4

 •  •  •  •  QM

where ui =  taPsi o r (p l " ) '.

Next let r  be a positive integer. W e denote the graded algebra Fi [x, y]/(qr)
b y  Q .  A s  f o r  Q*  = 12 (: ),  QV  is  a  graded Fr [M 2 Z]-module, a n d  by Lemma
3.1 we can define the  reduced power

s  Q (, ,r) Q (r)
n +s(p —1) •

Lemma 3.4. Let n and m be integers such that n > 2(p + 1) and m > 2(p + 1).
Then there is an  isomorphism Q 2 ) Q (,„2 ) a s  Fp [SL 2 Z]-modu1es i f  i) n #_ m mod
p(p — 1) or ii) n m  mod p —  1 and nm  # 0  mod p.

Pro o f . N ote that dim QV )  = 2p + 2 if n 2 ( p  +  1 ) .  It is clear that

ql :1 2 ) Q 1 2 1 ,1 2 ( P  — 1 )

is  a  monomorphism o f  Fr [SL 2 Z]-modules a n d  hence a n  isomorphism if  n >
2(p + 1). This shows the case i). Since fd i g = 0, we have a following commuta-
tive exact diagram of F[M 2 Z]-modules

0  — >

0  — >

Qn — p —1i
Qn —2

Q(2) P  

Q (n2+ p —1

0

O ,

where p  is the reduction homomorphism. Then by Lemma 3.2 and by the five
lemma we see that

vn2) 0 4 _ 1

is an  isomorphism if n 2 ( p  +  1 )  and n 0 ,  1  mod p. Suppose that n 0  mod
p, then combining the q 1-periodicity we see that Q n(21, Q (n2i)p  _ 1 , r ) ( 2 4 )  

p(p —1) are
isom orphic to each other except QV2k (r  _1) s u c h  th a t  n + k(p —  1)# 0  m o d  p.
This completes the proof.

Remark. T h e  isom orphism  i n  t h e  le m m a  is  n o t  a n  isomorphism of
Fr [M 2 Z]-modules in  general.

4. Computation of H ° (SL 2 Z; Q * )

W e regard Fr [x, y ]„ a s  a  representation o f SL2 Fr  o v e r  Fp . We write this
Fr [SL 2 Fr ] -module Fr [x, y] r sim ply by K . G lover [4] has shown the following.
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Theorem 4 .1 . i) V0  1 7 1 , , V p _i  i s  the  se t o f  all irreducible representation
of  SL 2 F p  over F,,.

ii) Vp _ , is  projective.
iii) There are ex act sequences of  S L 2 Fp -modules

0 1/1 Vp Vp  2  - -0 0

and

+2V p  +i +1 V p -i-3

f o r 0  i p  —  3.

Corollary 4.2. Let 0 < k  < 2p —  2. T hen V k contains the triv ial representa-
tion as a com position factor if  and only  if  k  = 0, p + 1 or 2p —  2. For k  = 0,
p + 1 or 2p —  2 , the multiplicity of  the triv ial f actor is 1.

N ow  note th a t V k  =  Q k  for k  < p  and there is a  short exact sequence

0 —> v„ - p  - 1 Qk —■ 0

of Fp [SL,F p ] -modules for k  > p + I. L e t  a ,  be the class of .X2 P - 2  —  xP- l yP - 1  +
y 2 P- 2  i n  Q2 p _ 2 .  O n e  can easily  check t h a t  a ,  i s  S L ,F p  ( a n d  hence SL,Z)-
invariant. Then by Corollary 3.3, we have SL 2 Z-invariant elements a k e Q

k ( p - 1 )

for k  > 2.

Theorem 4.3. T here is an  isomorphism

H ° (SL 2 Z; Q.) Fp {1, a 2 , a3, ...}  .

Pro o f . N ote that there  is no SL 2 Z-invariant in Qk  fo r  0  <  k <2p —  2  and
H

°
(SL,Z; Q2 p _2) F p { a 2 }  by  C oro lla ry  4 .2 . T hen  th e  theorem follows from

Corollary 3.3.

Lemma 4.4. H ° (SL2 Z; Q(
3
2d,_1 ) ) = O.

Pro o f . Consider the  following commutative exact diagram

OQ  p  -3
Q (2 ,_ 1 )
V2(p-1) Q

2  ( p  - 1 )

1. 19 1 1 6 0 1 101

0 Q 2 (p  -  2)
211(
3(p-1 ) Q 3(p-1)

By Corollary 4.2, 44 _ 3  and Q 2 ( p _2 , do  not have the trivial factor. In  particular
w e  h a v e  H°(SL, Z; Q p - 3 )  H

°
(SL2Z; Q2(p-2))  H

°
(SL2Z; Q2(p-2)/Im 0 ') O .

From  the  exact sequence o f  th e  group cohomology associated with the short
exact sequence 0 —> Qp _

3  -44  Q 2 ( p - 2 )  
Cok 0 ,  w e  s e e  t h a t

0 : (SL,Z; Q p _3 ) (SL,Z; Q 2 6 ,_
2 ) )

0
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is  a  monomorphism. Then w e have the following commutative exact diagram

0 H° (S L 2Z;Q ( 2
(
)2 ( p -1 )I s.>1 H CI(SL2Z; Q 2 ( - l ) ) 6 H i (SL  2Z , Q  p -3)

s..1

0 H° (SL 2 Z; Q (
3
2
(

)

1 ) ) H°(SL2Z; Q3 (,1))
o

 H1 (SL 2 Z; Q 2(p -2)) •

Now the middle vertical arrow  is an isomorphism by Corollary 3.3. Then the
left 01 is  an  isomorphism by the five lemma. Now  =  V 2 ( p _i )  h a s  no
SL 2 Z-invariant and hence H

°
(SL2 Z; Q(

3
2
(
)
p _1 ) ) 0 .

Corollary 4.5. There are isomorphisms

1m [p t : H ° (SL 2 Z; Q (: )) H ° (SL 2 Z; 12 )]

1m [1.),„: W (SL 2 Z; Fp [x, y]) - > H° (SL 2 Z; Q,K )]

F p ll, a p , a2 p , ...}  .

Pro o f . Since p  5 ,  w e  have 3(p - 1) 2 ( p  +  1 ) .  T h e n  b y  L e m m a  3.4,
H° (SL 2 Z; QV),_1) ) H° (SL 2 Z; Q(4 - 1 ) ) 0  if s 3 and s #  0  m od p. Now note
th a t a p k  =  [q ],  the class of .711  in a n d  hence apk e 1m p , .  This completes
the proof.

Corollary 4.6. There is an  isomorphism

(SL 2 Z; Q (: )) -L; qW (SL 2 Z; Q ) C)Fp [q i ] .

Pro o f . Consider the exact sequence

O -> H° (SL 2 Z; Q * )  11° (S L 2 Z ; Q T ) Ir(SL2Z; Q * )

Then the corollary follows immediately from Corollary 4.5.

5. Fp [q, a l  ]-module structure of 111 (SL 2 Z; Fp [x, y])

L et u e Fp [q, q 1 ] b e  a  D ickson invariant. T h e n  u • : Fp [x, y] -> Fp [x, y]
induces a  homomorphism H I (SL 2 Z; Fp [x, y]) -> 1-11 (SL 2 Z; Fp [x, y]) and we see
th a t  1/1(SL 2 Z; Fp [x, y ] )  is a n  Fp [q, q 1 ]-module. I f  w e iden tify  Fp [q, =
H ° (SL 2 Z; Fp [x, y]) with H"(X sL2Z; Fp) and 111 (SL 2 Z; Fp [x, y]) with
H0" (X „ 2 z ; Fp ) (Lemma 2.1), then it is easy to  see that this module structure is
the same as one induced from the cup product.

N o w  let M *  d e n o t e  th e  g ra d e d  Fp [SL 2 Z ]-m odule F p [x, y]/(q, q 1 ) =
F p [x, ®F[,,,,]Fp. B y C orollary 3.3, w e easily  see  that M k =  0  for k p2.
M oreover it is known [5 ]  th a t M *  i s  a Poincaré duality module.

Lem m a 5.1. 1-11 (SL 2 Z; Q,k )  is F p [q j-free.
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Proof. By Corollary 3.3 and Corollary 4.2, we see that the trivial factor in
Q*  appears a s  a  submodule. Consider the short exact sequence

1 pO --+ Q*  -o Q *  -o M,,, -o 0

w h e re  p  is t h e  re d u c tio n . T h e n  t h e  a b o v e  a rg u m e n t sh o w s t h a t  p * :
(SL 2 Z; Q * ) -o H ° (SL 2 Z; M * )  is  an  epimorphism and  hence we have an exact

sequence

(SL2Z; Q * )`0 11 1 (SL 2 Z; M * ) 4 M *  -  O .

This shows 111 (SL 2 Z; Q * )  is F [q 1 ] -free.

L e t T : denote th e  subspace o f  H i (SL 2 Z; Fp [x , y ]) consisting o f  q-torsion
elements.

Lemma 5.2. i) Every q-torsion element is single torsion, i.e., i f  q2 u = 0  then
qu = 0 f o r u e 111 (SL 2 Z; Fp [x, y]).

ii) T„q Fp  i f  k  = s(p  -  1 ) -  2, s 0  mod p , and Tiiq L' 0  otherwise.

P ro o f Consider the exact sequence

0  F p [x, y] 4 Fp [x, y] Q*  -* 0

and the associated exact sequence

0 W (SL 2 Z; Fp [x, y]) 4 inSL 2 Z; Fp [x, y]) H° (SL2 Z; Q* )

4  H l (SL 2 Z; Fp [x, y]) 4 111 (SL 2 Z; Fp [x, y]) 1 )̀111 (SL 2 Z; Q * ) -o O.

T h en  b y  T h eo rem  4 .3  a n d  C orollary 4 .5 , T : = Im ô  is  s p a n n e d  b y  Oak),
k  # 0 mod p. This shows ii). Let u e H1(SL2 Z; Fp [x, y]) be such that q2 u = O.
T h e n  u = ô 2 (v) f o r  s o m e  y e H ° (SL2 Z; QV ) ), w h e re  S( 2 ) : W (SL 2 Z; QV ) ) -o
H 1 (SL 2 Z; F p [x , y ] )  is t h e  coboundary assoc ia ted  w ith  th e  e x a c t  sequence
0 -> Fp [x, y] 24 Fp [x, y] -> Q(

*
2 ) -o O. B y  C o r o l l a r y  4.6, W (S L 2 Z; QV) ) L'-

qH ° (SL 2 Z; Q * ) ® Fp [ q , ] .  I f  u e qH ° (SL 2 Z; Q * ), say, y = qw, then ô 2 (v) = S(w)
where (5 i s  th e  coboundary associated w ith 0 -> Fp [x, y] 4 Fp [x, y] 4 Q*  -00.
Hence qu = O. This completes the  proof.

L et now  B *  = p * (T :), where p :  111(SL2 Z; Fp [x, y]) fi l (SL2 Z; M* ) is  the
reduction homomorphism. Then we have

Theorem 5.3. There is an  isomorphism o f  Fp [q, q 1 ]-modules

(SL, Z; Fp [x, y]) a  Fp [q, q 1 ] ( 1 1 1 (SL 2 Z; M * )/B * ) $  F p [q, q i ]/(q) B *  .

P ro o f We take Fp [q, q 1 ] -indecomposable elements u1 , in  7 : .  Adding
other Fp [q, q 1 ] -indecomposables u 1 . . . . . v  i n  111 (SL 2 Z; Fp [x , y]), we can take
a s e t  S =  {u i , ur , v i , ..., vs } s u c h  t h a t  p * : Fp {S} - + (S L ,Z ; M  *) is
isom orphism . We are sufficient to show that if there is a relation R  =  f u i +
E g i v, = o, f1, g e F p [q, q 1 ], then f i E qFp [q, q 1 ] a n d  gi  = 0 for all j , j. We prove
this by induction on the degree of R .  W e suppose that there  is no non-trivial



522 Goro Nishida

relation R  in  111 (SL 2 Z ;F p [x, 
) ] k )  f o r  k  < n. This is obviously true fo r  n = p.

N ow  le t  R = + E g i v, b e  a  re la tion  in  degree n. Let ü  a n d  IT;  b e  the
classes of ui a n d  vi  in  111 (SL 2 Z ; Q ), respectively. By Lemma 5.1, { /Tr,

iTs } is  a  basis of the free F [q 1 ] -module H l (SL 2 Z ; Q ) .  Then k = E fitTi +
E gitT;  = 0 implies that fi, g;  e qFp [g, q 1 ] fo r  a ll i, j. Let g ;  = qhi ,  then we have
E qhi vi  = q E hi v; = o, i.e., E hi v;  is a  q-torsion. Then we have a relation Ehv3 =
E k i ui fo r  s o m e  k .  But by the assumption of the induction we have hi  = 0  and
hence g  = 0  for all j. This completes the proof.

F o r p = 5, deg q = 6, deg q 1 = 20, p — 1 = 4  and  p2 — 1 = 2 4 .  W e list the
dimension of H l (SL 2 Z; M s ).

k 0 2 4 6 8 10 12 14 16 18 20 22 24

dim 1/1(SL 2 Z; Mk ) 0 1 1 2 1 2 1 2 1 2 1 1 0

dim B, 0 1 0 1 0 1 0 0 0 1 0 0 0

6. Mod p  trace formula of Hecke operators

In  this section we study the  Hecke operators acting on 1-11(SL 2 Z; Fp [x, y]).
L et A  b e  a commutative algebra over Z [1/6]. L e t V  b e  a n  A [M 2 Z]-module
and let a  e M 2 Z  such that det a >  0 . Then one can define a  Hecke operator

T(a): H i (SL 2 Z; V) —> H1(SL 2 Z; V)

for i = 0  and  1, as follows (see [7]). Let SL 2 ZaSL 2 Z be the double coset, then
there is a  splitting

SL2ZaSL2Z = H SL 2 Za i

into finite disjoint sum  of left cosets for some a i e M 2 Z .  F o r u e H° (SL 2 Z; V),
we define

T(a) = E a i u

It is easy to  see that this gives a  well defined class in  H° (SL 2 Z; V).
Next let y e SL 2 Z, then by the above splitting we have a i y = y i a, for some

yi e SL 2 Z and some j. Let u e H l (SL2 Z; V ) and let c: SL 2 Z  —> V be a  1-cocycle
representing u. Then the  function "e: SL 2 Z —> V  defined by

"e(y) = E Fi c(y i ) , = (det ai )a -

is  a  1-cocycle a n d  T(a)(u) is defined to be the  cohomology class [e].
It is c l e a r  t h a t  a  H ecke o p e r a t o r  i s  n a t u r a l  w i t h  respect to

A [M 2 Z]-homomorphisms. L e t  0 V —>W —>U —> 0  b e  a  e x a c t  sequence of
A [M 2 Z]-modules, then one can easily check that the connecting homomorphism

6: H ° (SL 2 Z; U) —> 111 (SL 2 Z; V)

commutes w ith Hecke operators.
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For the m atrix a =
( 1  0 )

, T (a)  is denoted by
n

specify the module M on which T(n) acts, we write as
we fix a prime p  5 and / denotes a prime different

Lemma 6 . 1 .  For q, e H ° (SL 2 Z; Fp [x, y ])  we have
i) T(p)q7 e qFp [x, y]
ii) T(1)q? = (1 + 1)q7.

P roo f. Let a = (
0  /

) .  Then in the splitting SL2 ZaSL 2 Z = L E "  SL2 Za i ,1 0

w e  c a n  ta k e  a ,  
( )1 0
0  1  

and a, 
=  (1  i)

0  /  
for 1 < i < 1. (H ere 1 m ay be p). If

1 p ,  th e n  det ai = 1 # 0  m o d  p  an d  hence ai e  = q 7 .  Then by definition,
T(1)q7 = (1 + 1)q7. This shows ii). For 1 = p, ao x = 0, ao y = y, ai x = x + iy  and
at.), = 0 in  Fp [x, y]. Then

T(P) 617 = YP 7 ( P - 1 ) + (x + y)Pn(P- ' )

We write this polynomial by f (x , y). Then f (x , ix ) = 0 for any i e Fp  and hence

T(p)q7 = x (x  + y )... (x + (p — 1)y)yg(x, y)

for some g(x, y). Since x(x + y)... (x + (p —  1)y)y = q, the lemma is proved.

Lemma 6.2. For a, e H° (SL2 Z; Qk (p - 1 ) ), we have
i) T(p)ak  = 0
ii) T(1)ak  = (1 + 1)a k .

P roo f. By Corollary 3.3, we are sufficient to show the lemma for k  = 2. But
the computation for a2 is sim ilar to  q .

Now let V„, Vi be a graded K [M 2 Z]-module over a field K .  We define
i>o

a power series in  K [[t]]

11,(V* ; n) = E (Trace [T(n)111 1 (SL 2 Z; Vk )] — Trace [T(n)IH ° (SL2 Z; V,)])t k +2 .
k ( )

H e re  +2 in  th e  exponen t is  added  to  ad just the degree w ith the weight of
modular forms.

R ecall tha t q  i s  n o t  M2 Z-invariant, in  fac t aq = (det a ) q .  L et D  b e  the
1-dim representation of M 2 Z over Fp  defined by a(v) = (det Œ)v for a E M 2 Z and

e D .  Then we have an exact sequence

0 F p [x, y] 0 D 1 ) Fp [x, y] 4 Q*  —> 0

of Fp [M,Z]-modules. The associated exact sequence

0 —> H ° (SL 2 Z; Fp [x, y] 0 D )  H ° (SL 2 Z; Fp [x, y]) -̀'4 H° (SL2 Z; Q* )

111 (SL 2 Z; Fp [x, y] D) -2+ H i (SL 2 Z; [x, y]) 124 11 1 (SL 2 Z; Q ) —  0

T (n ) . W hen w e need to

T (n)1M . In the folowing
from p.

' • • -F (X (p  —  1 )y ) "
(P -1 ) xpn(p-1)
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is  compatible w ith Hecke operators. H ence w e have

I-L(Fp [x, y] 0 D; n)tP+ 1  — 11,(Fp [x, y]; n) + 111(Q* ; n) = 0 .

A s Fp [SL 2 Z ]-m odule, Fp [x, y] 0 D = Fp [x, y ] .  Therefore we can identify
Hi (SL2 Z; Fp [x, y]) with Hi(SL2 Z; y] D) as m odules. L e t T(1) 1 a n d  T(02
b e  Hecke operators a c tin g  o n  Hi(SL2 Z; Fp [x, y ] )  a n d  H'(SL 2 Z; Fp [x, y] 0 D),
respectively. Then from the  definition we easily have

Lem m a 6.3. T(1)2 = IT(1) 1 f o r any prime 1.

N ow  the  above argument shows the following

Theorem 6.4. Fo r any prim e 1, we have

1
IL(Fp [x, y]; 1) — 

1  —  I t P

,1F1,(Q*; 1)

Next w e  c o n s i d e r  IL(R[x, y]; 1). Note that 111 (SL 2 Z; R[x, y])
(SL 2 Z; Z[x , y]) C) R and  H° (SL 2 Z; R[x, y]) 0 .  Hence we have

HA R[x, Y]; 1) e Z [ N ]  •

Lem m a 6.5. H f (R[x, y]; 1) TL(Fp [x, y]; 1) mod p.

Proof. Let T* b e the subgroup of p-torsion elements in
111 (SL 2 Z; Z w [x, y]). Then

Trace [T(1)111 1 (SL 2 Z; R[x, y])] = Trace [T(1)111 1 (SL 2 Z; Z (p ) [x , y ])/T ]

as above. B y Theorem  2.2, we have an exact sequence

0 H ° (SL2 Z; Fp [x, y]) 1-11 (SL 2 Z; Z (p ) [X ,

4  H 1 (SL 2 Z; Z w [x, y]) (SL2 Z; Fp [x, y]) -+0

commuting with Hecke operators. Then w e have an exact sequence

0  H ° (SL2 Z; Fp [x, y])— T*  T * 0  F p 0  .

Taking generators o f  T*  i f  necessary, we easily see that

Trace [T(1)IH° (SL2Z; Fp[x , AO ] = Trace [T(1)1Tk (i) Fp ]  .

Since 111(SL2 Z; Z ( p ) [x, y]) 0 (SL2Z; Fp [x, y]) w e have

Trace [T(1)111 1 (SL 2 Z; Z ( , ) [x , .1])/TO

Trace [T(1)11-1 1 (SL 2 Z; F p [ x ,  y])/T] — Trace [T(/)IH° (SL2 Z; Fp [x, Y ]k)/TO -

This completes the proof.

N ow  let S k  be  the  space of cusp forms of weight k. Hecke operator T(1)
acts o n  SI,  a s  a  complex linear map an d  o n e  can define Trace [T(l)S,,] as a
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complex linear m a p . It is known [7 ]  that using a  suitable base of Sk , T (1) is
represented by an  integral matrix. Hence we can define

H,(1) = E Trace [TM'S dt k  e Z [N ] .

Theorem 6.6. For any  prime 1 we have

12 H 1 ( 1 )

1 — ItP
H , ( $ 2 , , , ;  1 )  —  E  ( 1 +  1 2 k - 1 ) t 2 k  m o d  p  .

Pro o f . Recall that the Eichler-Shimura theorem [7 ]  asserts that there is an
isomorphism for even integer k

Sk 0 R{Ek} H 1 (S L 2 Z ; REX, Y I-2 )

where R{E,} i s  the
R-vector space spanned by the Eisenstein series E .  I t  i s  k n o w n  [ 7 ]  that
T(1)E, = (1 

1 k - 1 ) E k .
 N o te  that the trace of T(1) on Sk a s  a  real linear map

is the twice of that a s  a  complex linear m a p . Then the theorem follows from
Theorem 6.4 and Lemma 6.5.

Remark. Since I i i (SL 2 Z; Q ,) is periodic for k p  +  1  with period p — 1,
H,(Q,; 1) is determined from the coefficient of tk  f o r  k  < 2 p .  If one knows
Trace [T ( l)S ,,]  for k 2 p  +  2 ,  then using Theorem 6 .6  one can compute the
mod p  value of Trace [T(01S k ]  for all k. For example let p = 5. We can com-
pute H,(Q * ; p) as follows. In this case we have

2H 1(p) H 1(12 1,; +  E t .

Up to weight 14 there is only one cusp form A  of weight 12. It is known that
T(5)41 0  mod 5  and hence H(5) 0  mod 5  up to degree 14. Then by the
periodicity we have

H,(Q,; 5) —  E t2 k m o d  5 .

and hence we have H 1 (5) 0  mod 5.
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