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Introduction

L et A  be a central sim ple algebra of dim ension n '  over a non-archimedean local
field F  and  L  be a maximal unramified extension of F  in  A .  R ecall that any compact
(mod center) C artan subgroup o f  A ' is isom orphic to E ' f o r  som e extension  E /F of
degree n. G erard in  [G 2] constructed  th e  'cuspidal unramified series', which is the set
o f  irreducible supercuspidal representations o f  A '  param etrized  by  regular quasi-
characters o f  Lx.

T h e  aim  o f  th is paper is to  get the  character form ula  for the unram ified cuspidal
se rie s  o n  reg u la r e lem en ts  in  a  co m p ac t m o d u lo  center C artan subgroup E ' o f  A '
w hen [A :  F]=1 2 , 1  a  p r im e . Since the case 1 = 2  is  w e ll-k n o w n , w e  assum e 1  i s  an
odd p r im e . W e note tha t, w hen  1 is  a  p rim e , A  is isom orphic to the division algebra
of dim ension 12 o v e r  F  o r  th e  algebra of / x / m atrices over F .  O ur m ain results are
Corollary 1.2.2, Theorem 1.2.7 and  Theorem 2.2.3.

L et D „ be a division algebra of dimension n '  o v e r  F .  Deligne-Kazhdan-Vigneras
[BDKV] and Rogawski [R ] proved the  abstract m atching theorem : there is a bijection
between irreducible representations of D  and  essentially square-integrable representa-
tions of G L„(F) w hich preserves th e  characters up to  (-1)n - '. (c f . T h e o re m  2 .2 .1  in
th is p a p e r) . In  th e  tam e c a se  n  is  prime to th e  residual characteristic o f  F , Moy [M]
proved that there  is a  bijection between the  sa m e  s e t s  a s  above  using  t h e  concrete
co n stru c tio n  o f the  representa tions g iven  by  H ow e [H 2]. In  general, the relation of
these tw o bijections is unknow n. (See [Sa], [M ]). W e show  that, if n  is an odd prime,
these tw o bijections coincide on  the  cuspidal unramified series. (See Theorem 2.2.3).

Howe and Corwin [CH], [Co] have considered characters o f  irreducible representa-
tions of D;`, in  the tam e c a s e .  T heir resu lt (N o], T heorem  1) is very  in teresting , but
it is complicated and  not practical in  a  s e n s e . W e treat only the special case, but our
resu lt is very  sim ple and gives a  complete knowledge o f  th e  representation r o . (S e e
(1.1.2) and (1.1.6) for the definition of 2 r) .

In  s e c t io n  1 , w e  t r e a t  th e  d iv is io n  a lg eb ra  c a s e .  Subsection 1.1 is devoted to
review  the construction of an irreducible representation 2r0 of the m ultiplicative group
of a division algebra D of dimension 12 o v e r  F  from  a  regular quasi-character 0 of L'
according to [G 2]. W e note th a t  in  th is case r 0 is m onom ial i. e. induced from  a  one-
dim ensional representation. Subsection 1.2 is th e  m a in  p a r t  o f  th is  p a p e r .  We corn-
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pute  the  character form ula of n o . More precisely, we give t h e  decomposition o f  no
a s  Ex-module, where E/F is  a  separable extension of degree 1 in  D .  Theorem 1.2.1
and Corollary 1.2.2 are the m ain results o f this se c tio n . To prove Theorem 1.2.1, we
proceed a s  follows. Since 2ro =indW p o  (c f . 1.1.5), we get :

(1.2.5) I L. = e
aEL'\D x 111

by Mackey decomposition. We determine a  complete system o f  representatives of the
double coset Lx\D' /H and divide the representatives into the sets K ,, ,  with the  follow-
ing good property :

(1) alla - J r\ L  does not depend on  the  choice of
(2) th e  number o f  elements in  each fiber o f  th e  map :

K ,,,s a 1---> p -o- 1  E(L "na Ha - 1 ) - i s  constant on

(See Lemma 1.2.11-Lemma 1.2 .16). Then we can easily prove Theorem 1.2.1.
Section 2  is devoted to the  case  A.' =GL /( F ) .  A s in  section 1, we first review the

construction of an irreducible supercuspidal representation H o o f  GLi (F ) from a  regular
quasi-character 0  o f  L '  according to [G 2 ]. In  subsection 2.2, we show  the  corres-
pondence x0-4H0 coincides with th e  Deligne-Kazhdan abstract matching. It amounts
to get the  character form ula of H o . Theorem 2.2.3 is th e  m a in  theorem o f  this sec-
t io n . F o r th e  proof, we u se  the  result o f Kutzko [K], which reduce the  computation
o f  t h e  character o f  H o t o  t h e  computation o f  th e  character o f  th e  'very cuspidal'
representation o f  FxGL i (N )  whose compact-induction to  GL/(F )  i s  1 1 0  a n d  compute
the character only on the  se t o f 'very cuspidal' elements. Then by virtue o f Theorem
1.2.1, we get Theorem 2.2.3.

T h e  author would like to express his sincere gra titude  to Professor H. Hijikata
and Professor H. Saito fo r  their advice and encouragement.

N o ta t io n  L e t  F  be a  non-archimedean local field. W e denote by r) PF, - F1 T k F
and VF the  m axim al order o f  F , the m axim al ideal o f OF ,  a  prim e element of P F , the
residue field o f  F  a n d  th e  valuation o f  F  normalized by vF (TcrF )-- = 1 . We se t q  be the
number o f elements in  k F . L et A  be a  cen tra l s im p le  algebra over F .  Its reduced
norm is denoted by NA1F and  its reduced trace by trA / F .  Hereafter we fix an additive
character 0  of F  whose conductor is PF i. e . 0  is triv ia l on  P F  and  not trivial on OF•
For an irreducible admissible representation 7  o f  A ", th e  conductoral exponent o f  r  is
defined to be th e  integer f ( n )  such that th e  lo c a l c o n s ta n t E(S, ,  0 )  o f  Godement-
Jacquet [G.J] is o f th e  form aq - 8 (f ( ' ) - n )  where 772 -= [A :  F ] .  We call n- m inim al if

f  (70= minf (r0(71. NA/17
) )

where 72 runs through the  quasi-characters of F ' .  F o r  a  quasi-character )7 of F ' ,
n .N A I F  is denoted simply by )7 when there is no  risk of confusion. Let G be a totally
disconnected, locally com pact g roup . We denote by 6 ' th e  se t  o f  (equivalence classes
of) irreducible admissible representations o f  G .  F o r a  closed subgroup H  o f  G  and a
representation p  o f I I ,  we denote by In d p  (re sp . in d p ) t h e  induced representation
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(resp. compactly induced representation) of p  to G .  For a  representation 7  o f G , we
denote by 7177 the restriction of 7  to H.

1. Non-split (division algebra) case

1 .1  Construction of the representation. Let D  b e  a division algebra of degree
/ (dimension 12)  over F with / an odd p rim e . We denote by 0 D, PD, 7:0 'D  a n d  v ,  the
maximal order of D, the maximal ideal of O D , a prime element o f P D  and the valuation
of D  normalized by vp(tu' D )=1.

L et L  be an  unramified extension of F of degree 1. L  can be embedded into D
and, up to conjugacy, the  embedding is unique.

Definition 1 .1 .1 . Let 0  be a  quasi-character o f Lx.
(1) 0  is called regular if  all its conjugates by the action of Gal(L/F) are distinct.

We denote by L ' ;„  the set of regular quasi-characters o f  Lx.
(2) Let f(0)=min {77 Ker0D1+F2}. 0  is called generic if  either

(a) f ( 0 ) = 1  a n d  0  is  n o t w titte n  in  th e  form 7). N u r  where 72 is a  quasi-
character o f Fx  or

(b) f ( 0 ) >1  and lzF(V f ( ° ) - i re)=--k r, where r 0 p iL - f ( 0 ) _ p 2L - f ( 0 )  such that

0(1+x )=0(trL IF(rox )) f o r  x  E P T ) - 1  •

We note that any regular quasi-character o f I . '  is written in the form (720AL.,, F )0 0
where is a  quasi-character o f Fx  and 0  is a  generic quasi-character o f I/ .

We construct an  irreducible representation r o f ro m  0 E i . ; „  according to f G2].
A t first we treat the  case 0  is generic . If f ( 0 ) =1 , then 0  itself can be regarded as
a  quasi-character o f Fx 0i, since F"Ok.11-FPDL=-Lx/1±PL. Therefore we set

(1.1.2) 0=Indiîcpb0 .

Then r0 i s  an  ill-educible representation of D x  with f(7r0 )= 1 .  If f ( 0 )=m +1 >1 , then
there exists an element r e E P L m — ( F n P im ) + P r '  such that

(1.1.3) 0(1+x )=0(trz ,/p(rox )) f o r  x E P P 4 + 2 )  / 2 ]

where [  ]  is the  greatest integer function. (Recall that th e  conductor o f  0  is  P F .)
L et 0 r0 (1+x)----0(trD / F (7o x ) )  fo r  x EFIP"+" 1" .  Then (pr o  i s  a  quasi-character o f 1+
pcD(>nt+2)/2]. Set H = L ' a ± p p n t + 2 ) 1 2 ] ) c p »  and define a quasi-chai acter po of H  by

(1.1.4) p9(h.g)=0(h)gb1,(g) f o r  h E L x ,  g E l±piiml+2)12] .

We set

(1.1.5) 2r0 =IndWp o .

Then 70  i s  a n  irreducible minimal representation o f  D »  w ith  f ( r 0 )=1 (m +1 ) . (cf.
[H I], IV).

F or a  regular quasi-character 0  written in  the form 0=-070NL/F)00' where 72 is a
quasi-character of F ' and 0 ' is a non-trivial generic quasi-character o f L ", we set
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(1.1.6) ro =ro ,0 7 1  •

N ow  w e get a  correspondence  O E L e g i t O E u i X .  T h e  following result is known about
this correspondence. (c f . [G2], [H1]).

Proposition 1.1.7. W ith the above notations, for any  regular quasi-character 0  of
it 0 i s  an irreducible representation o f D  such that:
(a) the representations r o and 7r8

, associated to two regular quasi-characters 0  and 0 '
are equivalent if and only i f  0  and 0 ' are conjugate under Gal(L/F) ;

(b) the central quasi-character o f 7r0 i s  the restriction o f  0  to F"
(c) for any  quasi-character )7 o f F x , the twisted representation 7r0 0 7 )  is equivalent

to r0o ,70NLIF;
(d) the contragredient representation o f r o  is equivalent to ro - i;
(e) the L -function o f 7r0 i s  1;
(f) the s-f ac tor of i t  i s  s(r 0 , 0)=6(0 , ( P . t r L i F ) ;  in  particular f ( i t 0)=1. f  (6)
(g) { 7  re I 0 EL ;o g l G px  I f (7c)=.

 0 (mod /)} .

1.2  Character formula. In  this subsection we compute the character of 7ro . More
precisely, fo r  a  separable extension E I F  o f  degree 1 in  D / F , w e g ive  the  decomposi-
tion o f  r o  a s  E x  m o d u le . F irs t w e  tre a t the  case  E  i s  unram ified . W e  c a n  assume
E = L  because E  is  con jugate  to  L  in  D .  W e need  som e notations to  s ta te  the main
theorem o f  th is  section. L e t  U 0 = L<, U,-=F"(1H-Pi)(i_>_1), Ut --=- U, — U i+, a n d  X ,-=

G Z. W e  se t F=G al(L/F) and denote by X„0 t h e  character o f  r e .
xecL. I v o-

Theorem 1.2.1. L et 0  be a generic quasi-character o f L '  with f ( 0 ) =m +1  and 7ro

as in (1.1.2) and (1.1.5).
(1) (Decomposition o f 7r0 as Lx-module)

n 1 2 1  m

(71 _ - •o I L.=( (131,0 ° (1)0 (X  0 +(0  1 )  ,,(1-1)(1-2)(a - 1 ) / 2 X a ) .

(2) (Character form ula of  r o  o n  L")

 

1(1 -1 );12 ( E 0 ( x " ) ) i f  x E U , ( 0 _ 1 <m )
,rer

1 (1 - - 1 )n i / 2 (  E 0( x , )) i f  x
ET

X,„0 (x) ,

 

Corollary 1.2.2. Let 0  be a regular quasi-character o f  L '  w ith min f (0 0 (rio N L , F ))

= m +1 and 7ro as in (1.1.6).
(1) (Decomposition o f r o  a s  L"-module)

1(1-1) 12- 1

IL . =(
rE T

 00o.)0(X 0+( q  1 ) '
n

E  e i (t-,)(1-2)(i -1)12,y a ) .

q̀ a = 1

(2) (Character formula of r o o n  L ')
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E  0( x o ) )

o'er

E O ( x ) )
, Er

 

Lo(x)---

i f  xE U 'l (0_ j<m )

i f

  

Proof o f Corollary 1.2.2. This follows immediately from Proposition 1.1.7(c) and
Theorem 1.2.1.

W e need several steps to prove Theorem  1.2.1. Let us s t a r t  w i th  the structure
of D .  By Skolem-Noether theorem , there exists a prime element C OD such  tha t

for a n y  x E L  ,

w here a  is  a generator of G a l(L / F ). W e  set "o-i = e t . T h e n  it  f o llo w s  th a t  "Li is  a
prime element of p  and

D  =L  (D eL  e ••• Epe1- /̀..,

en=0LEBeOLEB . . . 1 @e 1 - 1 0r,

(1.2.3) PD ="PLEDeOL ED 0E 1 - 1 0/,

PD- 1 = i3 LI3PL 

Let 0 be a generic quasi-character of L '  w ith  f (0 )= m + 1 . If f(0 )=1 , th en  70 =
Indf o L O . Since {1, e, e2 ••• , V - 1 }  is  a complete system of representatives of D'/FxOL,
w e  g e t  X-,0

-=- E ,er(006 ). W e  assume f(0)=- --m + 1 > 1 . W e  re c a ll that 70=Indirpo,
where H =L x ( 1 + n ( m 1 + 2 ) 1 2 1 ). (See (1.1.4) for the definition  o f  p a ). It fo llow s from
(1.2.3) that

(1 .2.4) H.= ...Fx(0 ,i+epLL00.-Fom+..,+$(1-0,2ppn+i)/21+e(i+1)/2pCzn/21+...±$1-ipirt127)

By Mackey decomposition [Se],

(1.2.5) rc = e
aEL..\D.in

w here pg(x)=p o (a - Ixa) for x E a lia - i n i / .

At first, w e shall investigate  L '\D "/H . W e  have o n ly  to  c o n s id e r  Lx\Fx0L/H
because

(1.2.6) L'\Dx1H=U V(L'APOL/1-1) (disjoint union).J=0

For convenience, we often use the following notation:

 

1- 1  

—  2  )

(14-1.
2   5 .zS / -1 ).

(1.2.7) n(i)=

 

Lemma 1.2.8. Let a = 1 ±D :f$ ic r i and b=1.-I-E1:1e i P1 (a 1 , P i EOL ). Then all=bH
if and only i f  a i —P I EP 1/ ( " )  for
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P ro o f .  B y (1.2.4), aH=b1 -1 im plies that there exist 1 0 E01; a n d  ri, ••• , r / _,EPIL")
such  that b=-_a(zleiri). Since OD=OLEDeOLE1)•••EDE'OL and e - Ixe , --- x °  for x L , w e
obtain:

1=ro-Fz' E

(* ) EJ=1 riaci=j

/-1
E

Therefore w e have To E l+ P im 2 1 -"  and p i —a i E P r )  ( 1 / 5 1 - 1 ) .
Conversely we assume igi —cr i E P R (i) ( 1 S iS 1 - 1 ) .  By putting To-1 , ----zizz,zir j av_j

into (* ) ,  we get

E r i (aV_J -13:fà lj_j ) +7z' E
J = 1

Thus it fo llow s that

m in [  m
2
+ 1   1, vL (r i ), ••, vL(r/-1), vdri+1)+1, ••• vz,(2- 1-1)+1)

f o r  1 5 i S   1
-
2

1
 ,

v dri)  m i n ( [ ]  , vL(Ti). • • • vixri+0+1, •,

/+1 .for
2  —

Hence our lemma follows from the sim ple fac t th a t th e re  is  no solution to  the  system
o f inequations:

••-, x1-1, x1+1+1, ••• , x 1-1+1) ( 1 i 1 - 1 ) .

Lemma 1 .2 .9 . We put

M= {(ad a - 1 , cra2 a - 1 , •  ,  a " l ' a - i) ta E L 1  COP ) X • • • XOP)

where OP) =K er1V L IF. Then the map (a i )E(OLY - 1 , -4 -F E I :le i cti E 0 i ,  induces a bijection
from  M v o  L y -y (pcz m +1)121)(z -012x (pim 9(l-1)12 to L x \F x 0 v H .

P ro o f .  F or a E L x  a n d  1.3,-1, ,

, 1-1 . , /-1ay+ E )H = 1 +  Ei=1
ai ct- IISOH

Therefore our lem m a is obtained from  Lem m a 1.2.8.

In  order to  prove Theorem  1.2.1, w e  n e e d  m ore  in form ation  about Lx\Fx0L/1 -1.

We prepare some notations.
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F or 1 < i_</ -1  and O S p<n (i), w e set

MVO L ) i - ' X Oi; X (0 z . )
/ - i - l A p i ( m + 1 ) / 2 3 - p - 1 ) i - l x  ( 1 +  n m + 1 )  /2 ]-p )

x(pEL (m+1) / 23 - 11) (<1 - 0/2) - i >< f o r  1 S i<
—  2 '

A/ VOL) - ' X 0;, X od-i-v(pi(nt+i)/2]- 1,-1)0-1)/2 (pELmtu-p-i)i-((1+1)12)

x(1±pint121-te)x (p5nt/23-191-1-1 for

(01./Pi.`m+1 ) /2 ] - /̀- 1 ) i - 1  X (0;/1+pon+i)/2],-P)x(oL/p5ond-i))23-p)( (l-1),2)-i

X(0/./Pi7 / 2 ' ' ' ) ( / 2f o r  15i._. 1
2

1 
 '

.1  p , i
=

 ( 0 L / n m + i ) / 2 ] - p - i ) ( 1 - 1 ) / 2  x ( o zin n / 2 ] -p - i)i- (0 + 1 )/ 2 ) x  (o p / i± p / 2 3 -p )

1+1.for 2   S z 5 I-1 ,

and
,

E E VP.f)1 (PI ,

We define goi : (01.) i - 1 X 0 X (O L ) - i - 1  — *(OL ) - 1 ><N X (e)",)` - ' - '  a s  follows:

(1.2.10) i(ai, ••• , •-• , isi-i), is i = a ; a f 'a q - 2/•••aq -  k iw ,

w here h is determ ined by 0• k</  and (mod 1). ( I n  particular Pi=NLIFat)•

Lemma 1 .2 .1 1 .  (1) A  com plete system  o f  representatives o f  th e  d o u b le  coset
L'\Fx0i) /11 is given by U .

05p<n (1)

(2) The map goi  induces a bijection f rom  I,, i  to  J 0 . i .

P ro o f . Part one follows immediately from Lemma 1 .2 .9 . For part two, it suffices
to  se e  th a t gn, induces a  bijection from  /„,, to  f0,1. I f  P i ,  n e o l ;  and 2, 131 -1 , 12 ,

••• n - i  e  OL  s a t is f y  ( i t ,  ••• , e 13 0,_ ( a + p i (7.-.),2, )  x x

( p i n t / 9 0 - 1 ) / 2 s ,) then  there  ex ist aGO'i and y i EPR 0 )(1 i5 I - 1 )  such that

= c e a - 1 /81(1 Y i )

r i =exc i a'(13 i +y i ) (2 5 jS / -1 ).

T h is  implies:

NL/F(/31)  N L I k r o  mod 1 + P 77'+')/ 2 3  (m u ltip lica tiv e  equivalence),

••• ••• /3 ' mod PR ( i ) f o r

Therefore wi induces a  well-defined map from /0 ,, to f 0 ,1 .  The induced map's bijectivity
N  L IF

follows from th e  bijectivity o f  th e  map 0 i ) \01/1±PI,

Next we consider th e  te rm  aHa - Y1Lx in  (1.2.5).

Lemma 1 .2 .1 2 . If  a  e K , 1 , th e n  a H a -Y 1 I,'= F '(1 + P P )-(` ).

x(o L/P 5.- 1 2 ] - PY- 1 - '
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P ro o f .  Since P c a l l a - ln L x ,  w e  h a v e  only to  see aHa - incYL' =0(1H-Plic" - P).
I f  aE aH a - Y 101 , then there exist r o 01 and 7 i e./3 2( i ) - P  (1 S i1 -1 ) such that a a =
aEi:W r i . P u t a=1-1- zleji31 . Then we have

/-1
70=a .J =1

1-1
(a g - ' — ro )$ i=ri+ E 131-ir,i+Zr E (1

By replacing To by a—Tv'EN T J P̀ti-J, we get

(1 S i5 1 -1 ) .

Therefore aE0(1+./3 2( 0 - P ) a n d  a H a 'n 0 c 0 (1 ± P 2 ( 0 - P). A s  f o r  aHa - ' n01,D
Op(l+PR ( i ) - 1 9, we can prove it by the  same argum ent in  the  proof o f Lemma 1.2.8.

O ur next task is to compute pg fo r  a E L x \D '/ H .  T h e  above lemma te lls  u s  that
N E (Fx (l+P2 (i) - P))" i f  aEK p ,i . I f  a '=e ia ,  then a'Hai - in L '=a H a - ln L "  and  p r =
0 0 o - i .  Therefore it suffices to consider p5" fo r  aeL 'A Fx 0L /H .

Lemma 1 .2 .1 3 . L et c E F", y P 'L'(i) - P and a=1-1-tirPOD'EM eja i +E M e ia J )E K p . i .
Then

i-1 •(,4pV )(c(1+y ))=0(trL IF  TO' p + '( 01' f  1-i(a)aY - i  — ro(f 1-j(a))° i a.i)
j =i

+ zE- 1 (rg - i  f l-J (a )ce j - j —r8(f I-J(a)) a i cei))3?),

where f  j (a)EL  is def ined by  a - 1 = E e l f 1(a).

P ro o f .  Since (pit toV) is  triv ia l on  F ',  we can assume c = 1 . P u t g = l + x ,  then

a 'g a g - i= ( l+ a - 1 ) - 4 g ( l+a- 1 ) g - i

=(1-1-a-1) - 4 (1-1-g(a--1)e )

=1+a -Ag(a-1 )g - ' —(a-1))
i-1 1-i_ i ± a _i_c r f p(Tri. E $ i c e  j ( e ) g _i E v a x g ,) g _i _ 1)) .

(731E51- 1Elai+az-leicOEPP"+"'", p0(1+ x)=.0(trDI FT ox)(xOEFP' + '" ' )
trD tpreelL =0 (15151-1),

(p t̀t pF, 1)(g)= p o ( a 'g a g ')

=0 ( t r DiF ro a 'a t l '( v i e ja i( e ) g - i - 1)

t-iE _1)))

Since and
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= 0 ( t r L I  F 7  e a 'z '" 1 OD' ( f  t _i (a))"a j (g°' g - 1 - 1 )
j=1

z -i(a)r )  J ( g c i  g - 1 - 1 ) ) ) .

In  the  last te rm  o f  th e  above equations, r o EPim, f  I _J (a)EPP,, and  g ° ' y°' — y
mod P l (n( i ) - P) . Therefore

(0, p,V )(g)--=(p(trL I  FT o a TD'P  + 1  (11T E
1

 (f i _; (a))° i (xj (ga l  g- 1  —1)
J =

+ N ( f  ) ( o r . , axe./  g 1 ) ) )

(W e note 0  is  triv ia l on  PL ). Hence our lemma follows from th e  following property :

tr L / F uva i = tr L /F u 6 - j v fo r  a n y  u, vEL

W e prepare th e  next lem m a fo r the  purpose o f  writing  f 0 (a)  b y  (a j)16j6/-1.

Lemma 1.2.14. Fo r a = E ;_ z ,  a; (a j E  L ), put

A (a) , (Tv'ti+c ( i - i ) Im a i - ;  moat)

f  a o• • •  z ' a 7 1 - 1 \
a, al • •

 

E M 1 (L ),
'•.

a '\a1_, ••• a, /

   

and
a1

at-

a, • • 'GI 7.71alk-.!, •• • 131 à - '

A k (a)=(-1 )k -1 ,v a l k-11-1 E L' 

at, ••• a °/! +; 1 2 ••• 1tr",')

i.e . A 0 (a)  is the (1 , k +1)-cof actor o f  A ( a ) .  Then

j   A 1(a) 
a =

I A (a)I

where A (a)I  is the determinant o f  A (a).

P ro o f .  By th e  m ap A :  D-÷1111(L ) , w e can em bed D  into M i ( L ) .  Then our lemma
follows from the basic matrix theory.

W e define L-valued functions R  on Of: 10 0 i x e i - t- '  by :

i 1R ,,,(P„ • • • , 191-1)=171 1`" 1 (71 f 1-,;(a)ari l  — 78(f 1- .1(a))' J )

l - 1

+ + 1 E (ref1-./(a)ar e(f t--)(a)) °  f a .r)J=i
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w here yoi (at, ••• , at-1)=- (fi1, ••• , p )  and a= 1± -GM tn 'E l:IV a k + E iz li V a k ) . (As for the
definition of yoj  and  f  ,(a), see  1.2.10 and Lemma 1.2.12 respectively). It is easily seen
th a t  R p , i  is  w e ll-d e f in e d . In  fa c t , w e  c a n  show  b y  v ir tu e  o f  Lemma 1.2.14 that

••• , is  a  rational function of Hai 1„-J k1 1 - 1 .  W e fix 13., (1 j / - 1 )  for all
j  but 1— i and define a  function on O . b y  :

R p , i ( P l y 191-1-1, X ,1 3 1 - 1 )  •

T he next lem m a is the key  point in this proof of Theorem  1.2.1.

Lemma 1 .2 .1 5 . Let L( 0 = { x E L ltr L IF x =0 )  .  Then P , i  has the following property:
(1) Pp, i  induces a surjection from OL/PEL

77" 1 - P to .11P+1 - m nL ( 0 /PPL+
1 - [ ( . +1 , 1 2 , n L ( 0 )

and each fiber of the induced map has qc°1 1 2 3 - P elements i f  1 <i5 (1 -1 )/2 ,
(2) P , i  induces a surjection from  OLIPC2n+123-p-1 to  pp+2-n trvuovpii+I-Ent/23nL(o)

and each fiber of the induced map has e m + 1 ) 1 2 3 - 1 , - 1  elem ents i f  (1+ 1 ) / 2 i 1 - 1 .

P ro o f . W e assume 1 i ( / - 1 ) / 2 .  B y virtue of Lemma 1.2.14 and Lemma 1.2.15,
w e can show

P p, i(x)E---- a x  — ( a x ' b mod Pivz,(.)+2p+1-.

w here a , z r 2 P + 1 ( r g - i _ r o ) p 2 , p + 1 - m _ PIP+2 - °1 and b  is a constant in Pig+' - m . Therefore
w e  can  ge t ou r lem m a by  induction on [m/2]—// since P. , , ,( x )  mod PPL±I- E(' - "R ]  i s  a
polynomial of ix , x°, ••• , x° 1 - '1  whose coefficients belong to PIP + ' - m . The case (/4-1)/2
S i .< / -1  is proved by the sam e way.

Summing up the above lem m as, we have the following result.

Lemma 1 .2 .1 6 . (1) I f  1 i S (1-1)/2 ,

Kp ,( F . ( i +  p i ,on+ /23-p)r

a i - - >  iow1

is a surjection to  (Fx(l+pczia+1)/2]-t)/F.(i±p72,-2 —)) and each  f iber o f  th e  m ap has
(q-1)qw - 1 )(1 - 2 )(m - 2 1 0 1 2 )- 1 0 - 1 ) - 1  elements.

(2) I f  (1+1 )1 2 5 i<1 -1 ,

pgpV

is  a surjection to  (F'(1+Pirat 2J- °)/F'(1-1-P 2 1- 1 )) -  a n d  each _f iber o f  th e  m ap has
1 ) q ( ( 1 - 1 )  0 -2 )  ( D I - 2 p  - 1 )  / 2 )  - 1 0 - « 1 4 - 1 ) 1 2 ) ) - 1  elements.

P ro o f . L e t 1 <s <tS 2 t ,  b E N n L ( ') ,  c E F "  a n d  y E N - t. T h e n  th e  map b .b  =
(c(l+ y) , —, sb(ti by)) induces an  isom otphism  betw een F I n L ( ') /P in L o )  and (F'(1-1-
P2 - `)/ P ( 1 - FP1 - 8 ))" since the conductor of gb is  PL  a n d  L /F  is  u n ram ified . Hence our
lemma holds by virtue of Lemma 1.2.15 and Lemma 1.2.12.

Proof  o f  Theorem 1.2.1. By Lemma 1.2.16,
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1)(p1 (1.-.2) ( m - 2 / ) / 2 ) - 1 ( j - 1 ) - 1 X . _ z p

/- 1if 2 'e
fi e f (

1-1-1if 2

w here X  i = ED X E(L ," 1 F'(i+P{ )) - X•
 Thus by Lem m a 1.2.11 and (1.2.5), w e have:

o I L. -=( ED ° a)0(X0 - 1- (qE r
1)

n 1 ( / - 1 ) / 2 - 1

,
m
E  q (/ -1 )(1 -2 )(.-0 / 2 .xa ) .

a= 1q' —1

The rest of Theorem  1.2.1 follows immediately from the above formula.

N ext w e consider the case E L .  T h e n  E  is a  totally ramified extension of F of
degree 1. This case is very easy.

Theorem 1 .2 .17 . L et 60 b e  a  regular quasi-character of  L "  w ith minf(00(7oNLIF))
=m+1 and iro  as  in  (1.1.6).

(1) (Decomposition o f  n o a s  E"-module)

01
 =  0 0 q ( 1 - 1 ) ( 1 - 2 ) m X

XE(E x I F x (1-1-11 m + 1)) -

(2) (Character form ula of  iro  o n  E ')

{

0 i f  x0F"(1 -FPL"')

0(c)10 1 - "m 1 2i f  x=c(1-Fy)EF"(14-PP+ 1 ).

P ro o f . It suffices to say that X, 0 (x)=0 if [(/m-F2)/2]SvE (x -1 )</m . (We note that
F '(1± P r)= F "(1 -E P r + 1 )). Set r=v E ( x - 1 ) .  From  the definition o f 7re,

x n 0 (x) ,  E  p o (g - , x g)
geDx1H

1 p o (( l+ k ) 'g 'x g (l+ k )) .=.
e i n t + l - r  - [ ( C m + 1 - r ) / 2 ] ) geD./H k E ppon + i-r)/23 ,p/m + ,- r

D D

Set g 'x g = l+ h .  B y virtue of (1-Fk) - '(1-1-h)(1-kk) 14-hk—kh mod pe((l+
k) - 1 (1±h)(1.-Fk))-=0(trwF(T oh—hro)k). Since h e/3 7

13  a n d  hOPE-E-PL+ 1 , the map
0(trDiF(reh — hre)k) is  a non-trivial charac ter of (cf. 6.7 [Ca]).
Therefore X,0 (x)=-0.

2 .  Split (matrix algebra) case

2 . 1  Construction of the representation. In th is  section, w e  tre a t the case A =
.1111(F )  w ith  1 a n  o d d  p r im e . W e  s e t  G=GL i (F), K=F"GLI(OF), Ko=GL0F), A,=
FPI/10F) and K i =1-1-A 1 (i.>_1). L et L  be an  unramified extension of F  o f  degree  1,
th e n  L  can  be  em bedded in to  M i (F ) and, u p  to  conjugacy, the embedding is unique.
As in the division algebra case, w e construc t a n  irreducible representation H o from



884 Tetsuya Takahashi

O E L ;„  according to [ G ] .  At first we treat the case 0 is generic. (cf. Definition 1.1.1)
If f (0 )= 1 , then there is an irreducible representation 4 of K o which is trivial on K,
and such that its tensor product with the pull-back of the Steinberg representation of
K o /K, GL,(k F ) i s  the representaion induced by the one-dimensional representation
tx=q9(t), tE01 xE K i, of the subgroup Cq,K,. W e denote by /co th e  representation
tx ,—*0(04(x), tEF', xGK o , of K  and set

Ho=indY,Ko.

Then H o i s  an irreducible supercuspidal representation with f(1/ 0 )= / .  We assume
f(0 )=m +1 > 1 . Let Or o (l+ x )= 0 (tr (1 o x)) for x Then Or e  is a quasi-character
of (See 1.1.3 for the definition of To .) Set H= L -I- Ax -  - C ( m + 2 ) / 2 3 ) e K  and define
a quasi-character p o o f H  by

(2.1.1) p o (lt g ) ,  0 (h)Or o (g) fo r  it E Lx K---c(n+2)12i•

We consider two cases according to the parity of ///-1-1.
Case m+1 ev en . Set

(2.1.2) K o = I n d g p o  and H o = in acKo .

Then fi;o is an irreducible very cuspidal representation of K  and H o i s  an irreducible
supercuspidal representation of G  with f (1  (9) , l(m+1).

Case m+1 o d d . Set H' , - L 'K . 12 . Then there is an irreducible component p0 of
the induced representation Inn' p 0 which is characterized by :

(2.1.3) Xpb(x)=0(x) fo r  x EH — F x (l+PL)K(.+2)/2•

(See Lemma 3.5.36 in [ M ] . )  We set

(2.1.4) Ko=indii,po and H o = in a c Ko

Then tco is an irreducible very cuspidal representation of K  and H o i s  an irreducible
supercuspidal representation of G  with f (H 0 )---1(m+1).

For a regular quasi-character 0 written in the form 0=(7).ATL/F)00' where 7) is
a quasi-character of F  and O' is  a non-trivial generic quasi-character of 1 ,', we set

/10=H/p0)7 •(2.1.5)

Now we get a correspondence OEL'r e g ■—>H 0 E 6 .  As in the division algebra case, the
following proposition is known about this correspondence. (cf. [G2], [FI2], [Ca], [M ]).

Proposition 2 .1 .6 . W ith the above notations, for any  regular quasi-character 0  of
L ',  11 0 is an irreducible supercuspidal representation of GL/(F) such that:

(a) the representations H 0 and H o , associated to two regular quasi-characters 0 and
O' are equivalent i f  and only  if 0 and O' are conjugate under Gal(L/F);

(b) the central quasi-character of H o i s  the restriction of 0 to F ";
(c) fo r  any quasi-character r? o f  F ", the twisted representation Ho on is equivalent

to .N LIF;
(d) the contragredient representation of H 0 is equivalent to H 0-i;
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(e) the L-function o f  H 0  i s  1;
(f) the e-factor of 11 0 is €(H 0 , 0)=-E(0 , Ootria F); in particular f (11 o)=I. f (0);
(g) ol0EL ;egl = E  I H  is supercuspidal and f ( 1 1 ) ( )  (mod 0} •

W e set A1,-=  {r el 0 E L , ,}  and 6}1„,= 010 . T hen by  Proposition 1.1.7.
(g) and Proposition 2.1.6 (g),

r -D" I f (70=-0 (mod 0}

}} „ r =  J i Ô 1H is  supercuspidal and f (H ) - -.0 (mod 1».

B y Proposition 1.1.7 and Proposition 2.1 .6 , w e  g e t the correspondence betw een f
and OicInr.

Proposition 2 .1 .7 .  The correspondence A „,D n o  <-4 IIE G ,°,,,,, i s  a bijection and
preserves s-factors, central quasi-characters and conductors.

Remark. O ur correspondence is a  specia l c a se  o f  H o w e  bijection, w hich  is a
bijective correspondence between th e  irreducible representations of the multiplicative
g rou p  o f a  d iv is io n  algebra of degree n  over F  and essentially square-integrable re-
presentations of G I(F ) (n  is  prime to  the residual characteristic o f F )  via admissible
characters.

2 .2  Character fo rm u la . W e shall compute the character X11 0 on the set of elliptic
regular elem ents of G .  A t first w e recall the following important resu lt by  Deligne-
Kazhdan-Vigneras [BDKV] and Rogawski [R].

Theorem 2 .2 .1 .  L et 1) 7," be the multiplicative group of  a div ision algebra o f  degree
n  over F and E  be a separable extension of degree n  over F .  (E "  can be imbedded as
a compact (mod center) C artan subgroup in  both D',1 and GL,i (F)). There is a bijection
it, ->T1 between irreducible representations o f  D i," and  essentially square-integrable repre-
sentations o f  GL,(F) with the following properties:

(1) i f  x is a  regular elem ent in a com pact (mod center) Cartan subgroup E " ,  then

X„(x)= ( - 1 ) " "7 11 (x),

(2) e(ro, 0)=( - 1 )n - 1 6 (1 1 19, 0) •

B y the above theorem , we get :

Corollary 2.2.2. T h ere  is  a bijection be tw een  bu' n r  an d  6,°,„, which preserves
characters, e-factors, central quasi-characters and conductors.

W e shall show two correspondences in Proposition 2.1.7 and Corollary 2.2.2 coincide.

Theorem 2 .2 .3 . (Character form ula of  H o ) L e t  0  be a  regular quasi-character of
L " w ith min f (00(7).N L IF))=m +1 and H 0 a s  in  (2 .1 .5 ) . I f  x  is a  regular elem ent in
a compact (mod center) Cartan subgroup E " , then
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X, e (x)=X11 0 (x ),

1 " - 1)fi2( E 0(x°)) i f  x E 111 (05j<m )
Er

1 ( 1 - 1 ) 1n1 7 ( Z  0 ( x 1 ) ) i f  x E U  ,
eiE r

886

i.e . if then

Xi, (x)

where I. I i=F x ( l+P k )  and 1115=U ; --U j + 1 an d  if  E L ,  t h e n

{  0 i f  x 0F"(1-EPP'+')
X116 (x) , ---

0(c)lece - I) i f  x =c (1 +y )E F " (1 +P e .") .

Rem ark. (a) W hen 1=3 , this theorem  follows from  t h e  matching o f  e-f actors
between 70 0 v  and / / 8 077 fo r  72EF' by virtue of the converse theorem [JPS].

(b )  When x E L  a n d  j < f  (0)/3, Theorem 5 in  [G1] tells us

Xn8 (x)=X1 0 (x ):= 0 1 - D2i2 (  E  0(0 ) f o r  x E L II.

Proof  o f  Theorem 2.2.3. By Proposition 2.1.6(c), we can assum e 0  i s  a  generic
character w ith  f ( 0 ) = m + 1 .  By Corollary 1.2.2 and Proposition 2.1.7, there exists a
generic character 0 ' such that X110 (x) --=X, 0 , ( x )  i f  x  i s  a  regular element in  L " .  We
shall show  0  is conjugate to 0 ' under Gal(L/F). Let L e g  b e  th e  se t  o f  regular ele-
ments in  L » .  Then I 4 .„=L " — F " .  It is rather difficult to calculate Zn o ( x )  f o r  all
x e I 4 „ ,  b u t it is easy  i f  x  is a  'very cuspidal' element in  L " .  (For the definition of
the  term 'very cuspidal', see [C ] ) .  L et 14, ,̀ be th e  s e t  o f  very cuspidal elem ents in
L .  In  our case , L i;,-=L x— F"(1+PL )=1/ 4

0e.

Proposition 2 .2 .4 .  L et E =G al(L IF).  I f  x  belongs to 14,`,, then

X110 (x) ,
, E r 0(x`i)

i. e.
X, 8 ,e ( X ) f o r  x ELIt

We 'move this proposition afterw ard . B y the  above proposition, we get:

(2.2.5) E (0 0 (0 = E  (0 ' a )  o n  Ut .
o.E r ,Er

We prepare the  following simple lemma.

Lemma 2 .2 .6 .  L et A i #  {1} , A2 be _finite abelian groups and A =A i X A ,. W e assume
•-• ' 114  and f r4 ,. .• satisfy  the following conditions:
(a) either v i  an d  n't are triv ial on A , f or all i  or non-triv ial on A i f o r all i,
(b) f o r aE(A 1 —{11)X A2,

A
T hen {721 , ••• , 2,1 --= {Y);, 72/7-} .



E  )7(ga) ,

gEA,-(1) 7)(a) otherwise.1
(1,411 - 1)72(a) )7 is trivial on A,,
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P ro o f. For )7 EA ,

Therefore we get from (a) and (b), rh(a). Er, Oa) for a e A . Hence our lemma.

Since 0 I F.=- .0' I F . ,  we may assume 0 and 0 ' is trivial on F ' .  By virtue of f(0 )
= f(0 ')=m +1, we can regard 0 and 0' as quasi-characters o f L"/F'(1.-1-TI,n+i). More-
over Lx/F"(1+131 , ')  can be regarded as the direct product of F"(1±PL)IF'(14 - Pr.'")
and L'/F"(1+P L )  since the order of F "(1 + P L )/ F '(1 + P r ') i s  prime to  the order of
L '/ F '(1 + P L ). Therefore we can apply the above lemma to {0°7},Er and {O'ocr} C E r

by virtue of (2 .2 .5 ). Thus 0' , --- 00o-  for some a EGal(L/F).

The rest of our work is to prove Proposition 2.2.4.

Proof of Proposition 2 .2 .4 . We recall H o =ind%Ko . By Proposition 6.11 in [K],

X110 (x) , X, 0 (x) fo r  x E Lv'c •

Thus we have only to consider X .  W e  s ta r t  w ith  the case f (0 )= 1 .  In th is  case,
Ko  I K  is a pull-back of an irreducible cuspidal reprentation of GL /(k F ), whose character
formula is w ell-know n. For example, Theorem 7.12 in [Sp] tells us X,c 8 (x)--, --E„r0(xff).
We consider the case f (0 )> 1 .  If f (0 ) is even, it follows from (2.1.2) that:

X, o (t) -= ,68(g- I tg) fo r  tEL e gg 1 1 ,

where ,60 is defined by

p o (x) if x EH
■60=  0 otherwise.

If f (0 ) is odd, it follows from (2.1.4) that :

X,o (t)= g e f H ,  ipb(g - 'tg) f o r  tEL',= e g ,

where 2.  p b is defined by
(x) if xeH

).( 6 -1  0 otherwise.
We note that

(2.2.7) X4(t)=p0(t)=0(t) fo r  tEL,;,.
(See (2.1.1) and (2.1.3)).

By Skolem-Noether theorem, there exists an element eeK o such that:

e 'x e = x 6 f o r  a n y  x E  L ,

where a is  a generator of Gal(L/F) and

m i (o p ) - - - - 0 L e e o L e • • •  eei - ioL.
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O ur prposition follows immediately from (2.2.7) and  the  following lemma.

Lemma 2 .2 .8 .  L et g E K  and tE L , .  I f  g - itg r'E  L 'K ,, then gEeiL "K i  f o r some J.

P ro o f .  L et g - Itgt - - 1 =u (l+v )  fo r  u E 0 ;, and L et g = Z W e ja ;  w h e re  a iE
O L •  Since tgt - ' - - g u  mod A i ,  w e  g e t  (t" I t'—u)a )

-_- 0 m odP2. If  there  exist j i a n d  12
such  tha t  1 1 *1 2  a n d  t 0 ''t - 1 t`" 2 t - '  m o d /A , th e n  tE F '(1 +P L ). S ince  tEL42 -=Lx —
F"(1+PL ) , we get our lemma.

R e m a rk . Proposition 2.2.4 follows directly from Theorem 5 in  [G1].
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