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additive functionals of complex brownian motion
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0. Introduction

Let z(t) , x(t)-1— J— ly(t), z (0 )= 0 , b e  a  com plex B row nian m otion s ta r tin g  a t the
o r ig in .  M any w orks have been done o n  th e  lim it theorem s for additive functionals of
z(t). W ell-know n classical results are  due to G . K allianpur an d  H . Robbins ([5]) for
occupation tim es and to  F . Spitzer ([10]) for w inding  num ber o f  z ( t)  around a  given
n o n -ze ro  p o in t. T h e  fo rm er result has been extended by Y . K asahara and S. Kotani
( [ 6 ] ) :  They obtained scaling lim it processes fo r a  class of additive functionals of z(t)
including occupation times of z(t) in  bounded s e ts .  T h e  la t te r  result has been extended
by J. P itm an and  M . Y or ([7], [8 ], [9]) w ho obtained th e  jo in t  lim it  distribution, as
t im e  te n d s  to  in f in ity , o f  a  c la ss  o f add itive  func tiona ls  o f z (t) including winding
num bers around several n o n  ze ro  p o in ts . M a in  purpose o f  t h e  p re se n t p a p e r  is  to
reproduce and extend som e results of Pitman-Yor b y  th e  method of Kasahara-Kotani :
In  particular we discuss the convergence as stochastic processes o f  time scaled additive
functionals belonging to a  little  m ore general class.

F irst, w e describe briefly  th e  m a in  id e a  o f K asahara -K otan i. In  order to study
th e  lim it process a s  /1- > C O  of additive functionals /12 (t), A >0, g iven  in  the  form

1 ruGzi)
AA(t)=----

2N (2)0 f ( z O d z s

w here u ( t ) =e " - 1  and  N (2) is som e norm alizing function, we set

Z(t)=log (z (0+ 1)

and introduce a n  increasing process

1r 2 (t) . -- j u - '(<Z> - '(22 t)).

(Generally, <M>(t) is  th e  usual quadratic variation process o f  a  conformal (local) mar-
tin g a le  M (t)  a n d  g - 1 ( t )  i s  t h e  right continuous inverse function o f  a  continuous in-
creasing function g ( t ) .)  T h e n , b y  the  tim e substitution, w e  have

1 r t 222(3) 1)eaÀ (8)d22(s)A 2 (1- 2 (0)=-- N(A)Jo f (e
_
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w here 2 2 (t) , -(1/2)Z(<Z> - 1 (22 t)). Note th a t  2 À ( t )  i s  a  com plex B row nian motion for
every 2 > 0 . T he lim it process of 4 'M  can be found if we can obtain the limit process
a s  2--00 of the  jo in t continuous processes {A A (r À (0), 2 2 (t), VA(t)1. T he limit process
o f  12À(t), r Â (t )}  is given by  b(t), 11(01 w here b(t) is  a  com plex Brownian motion and
tt(t)=maxos.sv R e[b(s)] ( c f .  Lemma 3.1 o f  [6]). T h e  s tu d y  of convergence for the
above joint processes is therefore reduced to that for

1  
N(2)

f(e 2 " -1 )e "m d b (s )
0

as 2-4 00. If  w e represent b(t) as

b(0=x(t)-1-

w here 0(t) is  a  Brownian motion on the unit circle T=11/27rZ'-1--='[0, 27r] s o  th a t  (x(t),
0(1)) is  a  Brownian motion on the Riemannian manifold RxT, th en , in th is study , the
ergodic property  o f  0 (t ) plays an important role ; indeed , it is a  homogenization pro-
blem for (x(t), 0(t)).

W e would apply this m ethod of Kasahara-Kotani to  som e problem s discussed by
Pitman-Yor, nam ely to the study of joint lim it distribution, as 2-400, of the processes
(A,, À )  given by

w here  a,, ••• , an a re  d is tinc t po in ts  on  C\ 101 a n d  f,, j=1, ••• , m , a re  so m e  Borel
functions on C .  If f ,===-1, then Srn[Ai1 2 ( t ) ]  is  a  normalized algebraic total angle wound
by z (t) a ro u nd  a , u p  to  the  tim e  e 't — 1. Writing

0), ( x ,  0 ) E R x T  ,

Pitman-Yor discussed the case w hen g o  depend only on 0 .  Here we consider a more
general case by introducing a notion of fu nc tion s reg u la rly  va ry in g  a t point a ,  and
a lso  a t the point a t  in f in ity . T his class of functions w as introduced by S . Watanabe
in  an unpublished n o te . In  order to  apply Kasahara-Kotani's m eth o d  to  th is  c la ss  of
additive functionals, w e  n e e d  an  ergodic theorem for Brownian motion (x(t), 0 (t)) on
R xT w hich w e establish in 8 1  b y  u s in g  the method of eigenfunction expansions.

Finally, we sum m arize the contents of th is  p a p e r . In  § 1, w e consider a  class of
diffusion processes on R d  x M  w here M  is  a compact Riemannian manifold and obtain
an ergodic theorem for t h e m . In  §2, w e apply the re su lt o f  § 1 to  a  homogenization
problem for Brownian motion (x(t), 0(t)) on R xT and thereby describe the limit pro-
cess as o f  t h e  j o i n t  processes

1 N  (2 ) f,(a— ae ' )dz(s)}
, °

w h ere  a E C \ {0}, z (t)=x (t)+ /_1Ç d0(s) so  th a t z(t) is  a  com plex B row nian motion,

and f ,  are taken from  the class of regularly varying functions in  the sense given by
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Definition 2.1. H ere, the asym ptotic K night's theorem  o f  Pitman-Yor [9] f o r  a  class
o f  conform al m artingales a lso  p lays an  im p o rtan t r o le .  In  § 3, w e obtain the joint
lim it theorem  for additive functionals o f th e  form (0.1) by applying th e  results in  §2.

§ 1 . An ergodic theorem fo r  some class of diffusion processes on compact manifolds

L et M  be a n  m-dimensional compact (connected) C- -Riemannian manifold without
boundary a n d  (0 , ) , „  b e  a  B row nian m o tio n  o n  M  (se e  Ik e d a  a n d  W atanabe [4],
Chapter 5, section 4 ).  T h e  generator o f ((9 t ) is (l/2 )'M , w here A y  i s  t h e  Laplace-
Beltrami operator fo r  M .  Since M  is  compact, Am  h a s  pure point spectrum

(1.1) •••

and w e denote th e  corresponding normalized eigenfunctions by {ya n k  It is  k n o w n  tha t
the transition density q(t, 0, n) o f ( (90 has th e  following expansion :

0 , 7 2 ) ,  E 6. - 2 . t . ( 0 ) 9, n ( 72) ,
n=0

which converges uniformly in (O, n )  fo r every  t>0 (see Chavel [1] p .  140).
Let (Xt),,0 be a n  /V-valued diffusion p rocess  d e te rm ined  b y  t h e  stochastic dif-

ferential equation

(1.3) dX t=a(X l)dB td-b(X t)dt,

w h e re  cf(x ) an d  b (x ) a re  bounded and smooth. a(x )  is uniformly non-degenerate and
(13,),, 0 i s  a  d-dimensional Brownian motion.

W e assume th a t X  and a re  independent and X 0 = 0  a n d  (90 =0 0 (0 0 e M ) throug-
hout th is section.

Our m ain resu lt in  th is  section is  a s  follows

Theorem 1.1. L et h be a B orel m easurable f unction f rom  R d  to 1=t 1 a n d  f  be a
B orel m easurable function f rom  M  to IV  satisf y ing the following conditions:

(1) h(x)I _ const. Ix1' f o r e v e ry  x E lt t

for some ex>—  min(2, d),
(2) f  is  in  L P(M )=L P(M , d0) f o r some p  w ith p . .1  an d  p>m/(a+2), w here d0

is the volume elem ent of  M,
(3 )  f  is null charged  i. e.

A f

f(0 )d0=0.

Then f o r ev ery  T >0, it holds that

E (0, ro[ sup ' 11.(X ,)f (02 5 )ds_ostsr

as 2--÷co.

(1.2)

To prove our theorem, we prepare some estimates for E,111(X t)I and En I f (R t)I.
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Lemma 1.1. SuPPose that h :  R d —*R1 satisfies 111(x)i const.Ixl" f o r every xERa,
where a> — d . Then f o r every xERd and t>0,

Ex1h(X t )I .<const. tao+const. x  '1 (d>0) •

P r o o f .  From the  assumption o f X t , we have the following estimate for the transi-
tion density p(t, x , y )  of :

const. x—(1.4) p(t, x, y)<const. t- d12 e x p {  
2t

(See Friedm an [3 ], p . 141, Theorem 4.5.)
T h en , from th e  assumption fo r  h(x),

1 1.(1.5) Exlh(Xt)I 5const. exp const. x — y  2i
2t

const
const• el2)

W a d yRd

exp(—Rd• 2 t e+ x I'd e .

If  a>0 , th e  right hand side (RHS) o f (1.5) is bounded by

const. exp (  const.
Rd

I 2)(-Vtlepade2

+const. exp
(  c o n s t .  $ 1 2 )

I  x adeRd 2

=const. ta 12+const. IxI a •

I f  — d < a 0 , th e  RHS o f (1.5) is bounded by

c o n s t .  t a 12e x p
( const. IA!

'Rd 2 t I de

const. $12 
exp

/
)le -k x [J T2 LYE=const.

,$,/vtizi
e x p (

c o n s t . l e 1 2 ) 1 $ 4 - x / - J  
t  la d e+const.

2

const. t'/ 2l e + x / . / /  lade1E-Fx/vij<,

const.ler) e+const. exp( d2

const. t a / a . Q. E. D.

Lemma 1.2. Suppose fELP(111—>lii, d û ) w ith  s o m e  p i.  T h e n  f o r  every OEM
and t>0,

E0I f ce t) 5(const. t - m0 P +const.)11.f •

P r o o f .  For a  m om ent, le t p > 1 . First note that
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E,91f(001=1 3,9(1, 0, 72 ) I f ( , c1) 2 5 ( nr,Xt, 8, dn) l / q 1lf lip •

where q(t, 8, 77)  is  the transition density o f e t a n d  1/q+1/p=1.
Since we have the uniform estimate

q(t, 8, 72)- const. t- mo( t  ,1. 0)

(see C h ave l [1 ], p . 154-455), setting 3> 0 small enough,

1/2 i/q0. 1,1 0, 0, n rd n )  i(t<05(const.1
m

r - o - i)0 0 , 0 , y i)dn) 1,t<6)

=const. t' " P  1(t<a) •

On the other hand, from (1.2) w e have

2(  . 0 1,2
0 , 8 , i(t> ,)5 (E-  e - Â nt (pn(00 E  e - Â n* . ( 0 2) 1 (t>a)n=0

< ( E  e --,z,o(p n (0 )2 )  ( o e  - n Bçon (.02 )
n = 0

1/2 0 . 1/2

_ 1 ( 6 ,0 ) 1 ( 2 q 0 , 7 2 ,  72 )1,2

<const..
Hence

m q(t, 8, nrd n)  1(t >0) const. V (M ) i ,

where V (M )= d 8 .

Therefore,

E0if((901 . (const. tin/ 2P 1(t<0)+const. V( W R011f

<(const. r m 1 2 2 +constA l f  .

I n  t h e  c a s e  t h a t  p = 1 , w e  c a n  p r o v e  t h e  lem m a sim ilarly by replacing

Om q(t, 8 , nrch2) 1 / 2 w ith sup q(t, 0, 77). Q. E. D.

Proof  o f  Theorem  1.1. First we will prove the theorem in  th e  c a se  th a t  f=yo,,
for so m e  n 1 . F ro m  n o w  on w e w rite the expectation E (0 .0 2 ) sim ply by E.

Set

0)47E(.2,0)(h(X0yon(62,))ds

and

Alt 2 =u2(Xt, e2t)+Ç:h(X)ion(e2s)ds

In order to prove that
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(1.6) E supov r Ço h(X,)T.(020ds1---> 0 00),

it is clearly sufficient to prove that

(1.7) E sup  1u2(Xt, aaol o (2 co )
n , t 0 '

and

(1.8) E sup i M0 I 0 (2 ---> co).
o s t0 '

The convergence (1.7) is proved as fo llo w s . B y  th e  orthonormality of
(1.2), w e see  the following identity:

E 0 ( . ( 6). 23))4 , 1 q(2s, 0, 71)y).(7))(172

e- À ."99,,(0) for e v e ry  O E M.

Clearly yon (0) is bounded since yna  is continuous and M  is  compact and hence we have
the basic estimate

(1.9) Eo(sc.(023))-<-const. e-27123

By Lemma 1.1 and (1.9), w e obtain the  following estimate fo r u

(1.10) 0)1_1-Ex I h(X 3)1 E o(g n(e .za))1ds

<const. sao ds+const.lx1"1(a> coç . 2 ds0 0

=const. 1ca>co 2- 1  •
Hence

E sup 1u2(x t , e,„)Isconst. 2 -- " 0 - i+const. 2- 1  E sup  1.X0 1 1(a>c) •ov O ' o t 5 T

Here

(1.11) E sup IXtl a < ±c °ogtgr

holds for a > 0 . Indeed, if  a > l,  w e  have by  (1.3) and the martingale inequality that

E sup  1Xt la=E sup a(X,)d B,+1: b(X,)dsostlro g t0 '

a

const. E sup lç a(X s )d BR !  +const.
o s t 7 ' .0

const. E a ( X  B ,  +const.

const. E I XT1 '  ± c o n s t .  ,

IWO and

and the finiteness of EIXTI" follows from (1.4). I t  is  e a s y  to  s e e  th a t  (1.11) is also
valid for 0 < a l  since
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E sup I X c o n s t .  (E sup I X 212 )a  / 2

ost5T o s t s T

by H older's inequality . T hus (1.7) is proved.
W e  n o w  show  (1.8). F ix ing  2>0  a n d  se tt in g  g t =  {(X s, 20 ); ,  w e can

prove that M t ' becom es an (F 2 )-m artin g a le  b y  a  repea ted  u s e  o f  Fubini's theorem.
(Note by Lemma 1.1 and (1.9) that

E[Ç:IE (x,,6 2 ,)(hau»n(e 20)1 du]

= E K E x t (ha 0)11E8 2 ,(Wn(e 2 ))1 du]<+ 00 .)

T hen  w e  have

E sup I Mt 1 (E  sup M t À 12 )1" a const.(E l MT À 12 ) 1 "

ostT ci tsT

(const. E u 2(X r, e 27)1 2 const. E h(X Oçon(e 2.9)ds
J o

b y  the martingale inequality . H ence it is only  necessary  to  show that

I ,= E  u  ( A' , e 2T) 20 as co
and

1 2 = E  0 0 h(X s)çan(e As)dS) — >  0 as A — › co.

W e can easily  see  that /,—*0 a s  2—>00. Indeed, (1.10) implies that

/i const. 2 - " - 2 +const. E IX rIa l(21>0)±const. E IX r  I "  1 (21>0)

and the finiteness of E I X r  1 ( 21>0) and E Y 7, 12 " 1(a>0) follows from (1.4).
F ina lly  w e sha ll p rove  tha t as 09. By Lemma 1.1, (1.9) and Fubini's

theorem , w e have

12 =2EN: ds .ço
o du h(X 3 )h(X 04 n(e 20»n(e 0]

d s '
o du E [h (X )Ex u (h(X.,-.))1E[y07,(0 ,z„(E n(.,9 t o  0,

A u sT-  ( s - u ) ) ) ] •

Since Lemma 1.1 implies that

E [h(X u)E x u (h(X 8- u))] I -5-EC I h(X) E x u ( I ha  3-01)]

const. (s—u)dhRuao+u" 1(21>0)

and (1.9) implies that

E[go t i (0 1.)E e A u (4 n(6) 2(O- .)))] I const. e (8 - u )

/2 <const. f T 8ds1 du e -  n i(s -u )(S — Il y  x l 2 u a  1 2

• o o

T
+const. d s  du e-  '1 . 2 " - u) u" 1( 21>0 )Jo JO

2) 1 /2
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const. 2- ai'd-const. 2' 1(a>0)

— >0 (2 00) .

T hus the  proof of (1.6) is complete.
N ext w e w ill show Theorem  1.1 fo r general f  sa tisfy ing  the conditions ( H )  and

(Ill). Let be  th e  se t o f  all linear com binations o f  finite number o f  yoi , ço,, ••• . We
k n o w  b y  (1.6) th a t T h eo rem  1.1 holds fo r f E L  . Furtherm ore, by Lem m a 1.1 and
Lemma 1.2 w e  have that

E sup05t5T Çoh(xof(e S)d S (E  I h (X  s ) I ) (E  f d s

. (const. sai2 (2s) - 1 " 2 Pds+const. o s'ods)11f11,

_<(const.2-'0P+const.)11f P •
Therefore,

E sup 1r It(Xs)f(e2s)ds0v5r 0 (o(1)+const.)11fIlp ---> 00).

To complete th e  p ro o f  w e  h a v e  o n ly  to  n o te  th e  following facts :  S ince  M  is
com pact, any  con tinuous func tion  f  on  M satisfying th e  null charged condition (111)
is uniform ly approxim ated by functions of ( c f .  Chavel [1], p . 139-140), a n d  con-
tinuous functions are dense in  L ( M ) .  Q.E.D.

§ 2 . Some limit theorem for additive functionals of a Brownian motion on the
cylinder

In  th is  section, we will prove some limit theorem (Theorem 2.1) for additive func-
tionals o f  a  B row nian m o tio n  o n  th e  cylinder R xT , T=R/22rZ ---- [0, 2n], a s  a n  ap-
plication o f  Theorem  1.1 in  th e  previous section.

F irs t o f all w e prepare som e notations for conformal m artingales. L et z(t)=x(t)±
N/-1y(t) b e  a  conform al m artingale i . e .  <x>(t)=<y>(t) an d  <x, y>(t)=0. We denote
these common processes <x>(t) and  <y>(t) b y  <sz>(t). Throughout this paper we always
denote by <z>- '(t) th e  p rocess ob ta ined  by  th e  r ig h t con tin uo u s inverse  function of
t--).<z>(0. I f  <z>(t)—>00(t—>00) a. s., then  th e  time changed process z(<z>- '(0) becomes a
complex Brownian motion b y  th e  K night theorem . W e alw ays denote this B row nian
motion b y  i(t).

If  z1(0=xi(1)+N/-1y1(t) and z,(0= x 2(0+ \/-1y2(t) are conformal martingales, then
<x i ,  x2XtXxi, 372>(tAwe denote by <zi , z2>(t) the matrix of quadratic variation processes (<yi, x2>(0<yi, Y2>(01'

Note that

<z, z>(t)=<z>(t)( 0
1a n d

1 0(ç o
. 0 1(s)dz„  . 0 2(s)clz,) (t)= t

o gte(0102*)(s)d<z>8( )0

-p,sm (0,02*)(s)d<z>( 10
1

) .
. 0
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(Here 0 *  represents the  complex conjugate o f  0 .)
Let (S , g (S ), p ) be a  measure space and set g=1 .4E .B (S ); p (A )< +  col .  A family

o f random variables M  { M ( A ) ;  A g . }  is called a  (real) Gaussian random measure on
S  w ith m ean 0 and variance measure p  if  and  only if  M  i s  a  G aussian system  such
th a t  E [M (A ) ]= 0  a n d  E U I,I(A )M (B )]=p (A nB ) hold fo r an y  A, B F. F u rth e rm o re ,
a  complex Gaussian random measure M  o n  S w ith m ean 0 and variance measure p  is
by definition a  family o f  complex random variables M (A ) w h ich  can  b e  ex p re ssed  in
the  form  M (A )=M i (A)d —N/ —1M2(A ) w here M 1 a n d  M 2 a r e  mutually independent Gaus-
sian random  m easures with m ean 0 and  the  sam e variance m easure p.

Throughout this section, w e alw ays denote L 2(T--*C , dO /27) b y  L 2 (0, 2,7). Let us
introduce a  definition o f  regularly varying functions o f  a  complex variable :

Definition 2 . 1 .  A  function f (z )  defined on 0<lz— a I < R  is called regularly  vary ing
a t  a (* 0 ) w ith  o rd e r p(> —1/2) i f  there  ex ist som e slow ly  vary ing  (a t 00) function
L(2), c(0)E L 2(0, 27r) and r> (log l a/ R I)V 0, w hich have the  following two properties :

1 ° )  There exist som e constants s O, K>0, and 20 > 0  such that < p + 1 / 2  and

2, y r / 2
dO I(2." L(2))'f(a — x - ' () )12e-  x2 0  dx

Jo

< K . ( s» —'+' 121(o < ( i) d— s" e+' /2 1(sz ) )

for all A 2O a n d  s>0.
2 ° )  For an y  s>0,

c2, ( 1 0  .ç-o2
(2P L(2)) - 1  f (a —aeLT+'-io).._cox_xy i2 e -x218 d x

— *0a s 00 .

F o r a = 0 , w e  su b s titu te  the  cond ition  r>00g I a/R I )V 0  w ith  th e  co nd ition  r >
(—log R )V 0  a n d  a— a e's+' - 1 °  w i th  e'.2 +' - ' 0 in  th e  above definition.

W e call N(2)=2P L(2) and  c(0) the  regular norm aliz ing f unction of  f  at a and the
asym ptotic angular com ponent o f  f  at  a, respectively.

Furtherm ore, w e call a  function f (z ) defined on R  re g u larly  v ary in g  at  00
w ith  o rd e r p  if 1(z)--=-1(1/ z) is  re g u la r ly  v a ry in g  a t  0 w ith  o rder p .  T h e  regular
normalizing function o f  f  a t  00 and  the  asymptotic angular component o f f  a t  00 are
those of J a t  0, respectively.

Remark 2 . 1 .  T h e  class of functions regularly varying both at a  and a t 00 defined
above contains the  o rig ina l class o f  func tions regu la rly  vary ing  a t a defined by Wa-
tanabe ([11]).

Example 1. F o r  a n y  g iv e n  d o m a in  D  c  C  s u c h  th a t  D  o r  Dc is bounded, the
function f(z )=1 D(z ) is  regu larly  vary ing  a t a w ith  o rd e r  0  f o r  a n y  a ECu {00}\aD.
T h e  regular normalizing function o f  f  a t  a  is  1 and the asymptotic angular component
o f  f  a t  a  i s  1 i f  a E D  and 0  i f  a 0 D .  (H ere w e consider that 00ED w hen  DC is
bounded.)
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Example 2 .  Let g(0 )E  L 2(0 , 2 r) and let h (x )  b e  an  ordinary  regularly  varying
function at 00 w ith exponent p(<00) such that

h(2x) <K•(xP - s 10st<i)--i-xP -" lo x im ))h(2) —

for a ll 2, w here K >0 and e_.() are some constants satisfying  < p ± 1 / 2 .  Then

f(z )-= g (a rg z —
a

a )  h (  log

is regularly  varying at a w ith  o rder p .  The regular norm alizing function of f  a t  a
is  h(2) and the asymptiotic angular component of f  a t  a  i s  g(0).

W hen f (z )  is regularly  varying at co , the asymptotic behavoir of f(a— a e
2 r 4 - 0 )

1( x >o ) a s  2--->00 for every  a * 0  can be described using that of f (e 2 x+v - ic)1 ( x >o ) :

Proposition 2.1. Snppose th at a  function f ( z )  def ined o n  izi >  R  be regularly
v ary in g  at 00 w ith  order p. Then fo r any  a C\{0}, there exists r'>10g(1±R/la I)
such that the following two properties hold:

10 ) There exist some constants s -0, K >0 and À0 >0 such that < p ± 1 / 2  and

(2.1) /1:4 ' ' d O r 1 f(a— a e 2 x+ v - ' )
r ,

/ 2 N (2 )

• (sP - e+112 10<s<o± sP l( ())

fo r all 2 22 and s>0.
20 ) For any  s>0,

z—a
—a

2 2
e- x odx

(2.2) 12:=-1
0
2 'r dOr

J r '/2
1 

N ( 2 )  
f(a — a c( —arg ( — a))• xP

2 2
e - x  1 8 C/X

— O  a s  2 --> 00 ,

where N(2) and c (0 ) are the regular normaliz ing function of f  at  00 and the asymptotic
angular component of f  at  00, respectively.

P ro o f .  By the assum ptions, the re  ex ists  som e r>(log R )V0 w hich satisfies the
following two properties:

1 ° )  There exist som e constants €._13, K>0 and 20 >0  such that < p + 1 / 2  and

(2.3)
' 2 , r

dOV:: 2 1  N
1
(2 )  f

Jo

for a ll 2. 20 and s>0.
2 ° )  For any  s>0,

2 2
e - x  / 8 d X - K * ( S P - 0 + 1 / 2 1 - ( 0 < 8 < l ) + S P + 0 + 1 / 2 1 (SZ1))

(2.4) Çn d O r
0 r /2

1  
N ( 2 )  

f (e '  - ')— c (-0 )•  x P
2 2

e - x  " CbC 0 as 00 .

Now denoting max (r, log (I a 12 -1-2Ia I), log (1+1/la I)) by r  again, w e see that (2.3)
and (2.4) clearly hold for th is  n ew  r. T h ere fo re  w e  m ay  assume th a t r_log(la12-1--
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21 a I) and r.log(1+1/1 a I). Set r'=log(1+er/1 a 1). W e  have that r'>log(l+Rila I)
since r>log R.

In order to change the variables of the integrals I , and /2 above, we set

a — a  e
2x,

= e
2x +v o

Then

x '=x — logl a./ 2 I ,
1

0/ ---=0— arg(— aP)
and

dx ' A c10/=(-2-J-121z — a1 2 )- 1 •dz A d2=1P1 2 dx A dO ,
where

P ( x ,

Hence

1-1=-
2rz 

d 1(2x--log iad. 2i>,- , )•I N(A) - 'f (e 2 s + v ° )I z

o R

1
Xexp(— (x - 710g1 a./ 1 1)2 / s ) 1 »  Fax .

Noting that I J 2 I (1+  I a 1 c 's ) - 1  an d  r'-=-log(1+er/ I ai), we see that if fix —log I a»  I>
r', then 2 x > r .  So we have

r2 zC +

Jor / 2

1  f ( e ,i.x+v -le )
N(2)

1
X ex p( — ( x - - logla,P1) 2 / 4 P 1 2 dx .

Moreover by the  inequality r.log( I a 12 +21a ) it holds that

I J2 I 5_-(1 —la Ie - 2 s) - 1 <(1-1 a le - r) - i <I a l 'e r  12 .

This implies that

(2.5) —
1

logI I < -

2

for x > r / 2 .  Therefore,
2z

af - 2 er d e
JoT / 2

which proves (2.1) together with (2.3).
Similarly,

2 :

al - 2 er d 0
J O r i a

1 N(2) iye2x+v-ie)

f  2  +  — 18 )(2.6)
1

N(2)

2

e - X 2 1 " d X

— c(-0 -Farg » )• (x —  lo g j a l ar e - x2 i"dx

On the other hand, by rlog(1+1/1 a l)  it holds that
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T his implies that

1
lo l a P I> — x

fo r x >r/2. N oting this and (2.5) w e have the estimate

X P a » 1( ,,>, / ,05= const. xi'l ( x > ,,,

fo r an y  p> —1/2. Hence we can easily prove that

• 2 r:
'2.7) dO

Jo7 - 12
c(— 0)x 9 — c(-0 )(x log a »

2
e _x 2,4 s d x

— >0 a s  2 00

by  Lebegue's convergence theorem and  the  fact that

JÀ(x, e) ---> 1 as 2 — >  
CO

uniformly in  0  fo r any  x >0.
Since arg P—>0 a s  2--->co uniformly in  0  fo r an y  x >0, w e can also prove that

.0 1
(2.8) c/0

+  
( x —  logl a »  O P

Jor i 2 A

X I c (-0 )— c (-0 -k a rg »)1 2 e- x2 i4 8 dx —> 0 a s  2 —> (X J

by  Lebesgue's convergence theorem and  the  fact that

.ço2n l
e( - 0) — c( - 0 - Parg JA)1 2 d0 — > 0 as co

for fixed x>0.
Combining (2.6), (2.7), (2.8) and (2.4), w e obtain (2.2). Q. E. D.

L et (x 0 , 0 ,)  be  a  B row nian m o tio n  o n  th e  cy linder R X T  sa tisfy ing  x 0 =- 0  and
00 =0  a. s. Clearly

z0 =x1-FA/ 1 1 -1). :des

becomes a  complex Brownian m otion . O ur m ain  theorem in  th is  section is a s  follows :

Theorem 2 .1 . (1 ) Suppose that the functions ••• , fm  def ined on 0 < lz— a l<R
are regularly  v ary ing  at a  w ith  order p,, ••• , p m , respectively . Denote the regular
normalizing function of f t  a t  a and the asym ptotic angular com ponent o f  f i  a t  a  by
N i (2) and ci (0 ), respectively fo r  i=1, •-• , in. T hen there ex ists som e r> (log  aIRDVO
and we have

Jo 
fi(a—ae's)1(2x 8<-7-)dz,,
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Ni(A) - 2 \  I f  i(a—ae 2 's)1 2 1(2x,<-7.)ds}

- - > -(F4 .
0 ( —x8) ."1 (. 3<odzs

P1M(1cx,<0>ds, dB),
.30 Jo

c ( — x024"i1(.r s <o)ds10

as 2.--00 in law, w here "e=  2 c(0 )d0 and M  is a com plex  Gaussian random  m easure
7 0

on [0, 00)x [0, 27r] w ith m ean 0  and variance m easure dt•(d0/27r) which is independent
of z(t).

( 2 )  Suppose that the functions f„ ••• , def ined on Izi > le are regularly  v ary ing
a t  00 w ith order p „  • • •  , respectiv ely . Denote the regular norm aliz ing  f unction  of
f i  a t  00 and the asy m ptotic angular com ponent o f f i  at  c o  b y  N i (2 ) and c0(0 ), respec-
tively  fo r  i=1, ••• , m . Then , for ev ery  a EC\ {0} , there ex ists som e r> (lo g (l+ R /laD )
VO and w e have

{Ni(2) - f  f  i(a — ae Â ")1(2x 8>)dzs,.0

Ni(2) - 2 S.
o
.i( a — a e .9 )1 2 1(2x s> o d sL i „ ,

1c.v8 >odz30

• 2,
(ei(0) — FiXxs)"1110-(x,>0)ds, d0),

.Ç

0 0

t

To (X8) 2 P 1  1 (x 3>0)dS}

'Z r
as Â—*00 in law, w here e= 

2
-7r

 0  

c(0 )d0  and M  is  a com plex  Gaussian random  m easure

on [0, 09)X [0, 27] w ith m ean 0 and variance m easure dt•(d0/27) w hich is independent
of z(t).

P ro o f .  We will prove (1) only, because by Proposition 2.1, the proof of (2) proceeds
similarly. (Note that

D c i ( —  —arg(—a))-- -e71)(x s )iM(1 ( x ,>o ds, d0)}.
15igin

is equivalent in  law to

(r• r2n
i ) 0 ) 0 (C i(6 )— )(x 3 )"A A 1 c x 3 > 0 )d s , d0)} ).

L e t {e0 001, e1, ••• e i ,} be some orthonormal system in  L 2 (0, 27r) such that
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c i (0)= i o a i (k )e k (0), a i (k) C (k =0, ••• , p)

for i =1, ••• , m . Define

(2.9) I 1,2 (t)=- 0 ek(i108)1(2. g <-,-)dz., ( k = 0 ,  • ,  p)

for some r> (lo g  a/R  ) V O . Then it holds that

(2.10) I2 =E  sup0v5T N(A) - '
J o

 i(a —ae'zs)1(2x .,<_,-)dz,0

0=0J o
 ( — xs)Pic/Vk 2 (s) 0 a s  2 00 .

The proof of (2.10) is as follows. Let q(t, 0, v ) be the transition density of 0(t).
Then

12 =E sup 
Ç
 (N i (2) - i f i (a— ae's)— c i (20,)(—x8)P01 ( 2.r„<„ ) dz,

o s t s T

- const.E o I N i (2) - 1 f  i (a— ae 2 z8)—c i (20,X—x s )Pi! 2 1( 2x s < _,- ) ds

=const.E o Nl i (2) - 1  f 1(a— aex 0+' - ' 8 (  ') )— c i (0(2 2 s))(—x 0 )Pil 2 1 ( 2x 8
<_,,ds

T Çoo

= c o n s t .  d s  d 0 q (2 2 s, 0, 0) I Ni(2) - 1  f i(a — a e ' ° )
0 0

—c(0)(—x)  2   1

e - x2 1 2 sdx •
A/27rs

Hence noting the inequality

q(s, 0, 72) . .const. s'od-const.

which we have seen in the proof of Lemma 1.2, we have

1-
A - const. ds(const. 2- 1 s- 1 +const. s--10 )

0

2, cx,

X  dO Ni(2)-ifi(a —  a e 2 x c0(0)( — x)Pi I 2 6' 2 " 8 dx
0 —r /A

T his last expression clearly tends to 0  a s  2- 0 f o r  some r> (log I a/R  I )V 0  by the
definition of regularly varying functions at a  and Lebesgue's convergence theorem.

Similarly we have

(2.11) sup IN0(2) - 2 f  i(a— ae 's)1 2 1(2x,<_,,ds
o tsT 0

—  cil 2 Ço (—  xsPid<V 0 2 >s 0 a s  2 00 .

2

Actually,
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J2 =-E sup
1) T

o (Ni(2) - 2 1f i (a—ae h )12 — I ci I 2 ( — x0"01(2s 2<-,)ds0

=E .ço I N(A)- 2 f i (a — ae".)I 2— I ci(a s)1 2 ( — x5 )° 1 (2.vs <-,)ds

+ E  sup
o t

Co

c), I 4,1001 2 — I ei I 2 )( — x02 0 i1(2 xs <_,,ds

h (1)+1 2 ( 2 )

By Theorem  1.1, w e  have th a t  Ji ( 2 ) —>0 as 2—*00. As for f a" >,

)112
1 ( 1 ) 5 . ( E o l Ari (2) - Ì f i (a—ae 2 's)1 +  c4205)1(—xs)"1 2 1 ds

><( 7' )112
.E I N0(2) - 1  f i(a—ae 2 '.01 —Ici(2001(—xs)Pi1 2 1(2.r s <-,)ds

Jo

b y  Schwartz' in eq u a lity . T he first expectation in  the  last form  is bounded by a  con-
stan t by  the definition of the  regu la rly  vary ing  func tions. T he  second expectation in
the last form  is bounded by the expectation

C T

E D IAT,;(2) - 1  f i (a—ae 2 z8)—c i (20,)(— x8)"1 2 1(À.,<_,-)ds

which tends to  0 as 2 —> C O  as w e  have seen above in the proof of (2.10).
Therefore if  w e can  p rove  tha t the joint processes

{ .0(—x0 )PidV02(s), ( —xB)PidVk 2 (s) ,

.(— xs) 2 Pid<vo i >3, Ç(—.7c8)2 P id < v kÀ >s " " P

0 i j ns

converge to

{ .
0 ( — xs)oilcx,<0)dzs, ' d0),.0 S. 2

,:ek(OX—xs)P 1114(1(. 8 <0,ds, 

f. 1 1 5 k g p
( —  X s)2Pil(x s<O )dS , ( —  X s )2 P il( x ,« ) )d S

Jo 0 1 5 in t

as 2--> 00 in law , then w e can fin ish  the proof of o u r  th e o re m . T h is  fo llo w s a t once
from Lemma 2.3 and Lemma 2.4 below. Q. E. D.

B e fo re  s ta tin g  th e se  lem m as, w e  in tro d u ce  th e  follow ing tw o general lem m as
which have been obtained in W atanabe [11].

Lemma WL Let M 2  be a  continuous conform al m artingale f o r  any  2(1 ._co)
satisfy ing the following proberties:

(2.12) E(04,1>(t))2 K1(t) f or any  t> 0  and 152<oo ,

(2.13) 02(s)I 2 d<M2>(s)) 2 5K 2 (t) fo r  any  t>0  and 152<oo ,
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(2.14) .çto 02(s)I 2 d<MA>(s) cx' a s  t —> co a. s. for any 2(1,3,_00),

where K i (t) and K2(t) are some positive functions independent of  A, and 02(0 (1_2<00)
are some (g t m 2)-predictable real or complex valued Processes.

I f

<MA>, 0 .
a
. ,i(s)dM,i(s), MA), .ço

.2(s)rd<M 2>(s)}

<M00>, (f o
.M o o ) ,  1o

. 10‘.0(s) 2 d<IVI.>(s)lf

as 2-->00 in  law on C([0, 00)->CxRxIi 4 xR ), then

{MA, f 2(s)dM2(s), 102(s)1 2 d<1112>(s)0

{111,.° 0c,o(s)dlt/I.(s), . ° 1(1) -(s)I 2 61<Mo.>(s)}

as 2->co i n  law on C([0, 00)-›C 2 x1?).

P ro o f .  W e w ill prove t h e  lem m a assu m in g  th a t M A a n d  0  2  a r e  real valued,
because th e  proof o f  th e  general case follow s at once from  th is case . S e t

N2(t)=- -- (s)dMA(s)

By the condition (2.14) and  the  K night theorem , we see that P2T  ( 1 - 0 0 ) becomes
a  B row nian m o tio n . T h u s  t h e  law s induced by N2=./S).2(<NO) form  a  tight family,
w hich im plies that th e  fam ily o f  laws induced by

{MA, NA, <MA>, <Ma, NO, <N2>}

is  tigh t. H ence  w e m ay  choose  one of th e  lim it points of the above fam ily w hich w e
m ay assume to  b e  th e  law  of

{M ., X , <Mcc>, <Moo, ,
where

0.(s)dM.(s)

and X  is some continuous p ro c e ss . T h e n  w e  c a n  c o n c lu d e  th a t  X = N . a s  follows.
W e see from  the condition (2.12) th a t b o th  {M 2(0} 2 ,1  a n d  {0142>(t)}21 a re  uniformly
in teg rab le  f o r  a n y  t> 0 .  S im ila r ly  w e  s e e  f ro m  th e  c o n d itio n  (2.13) t h a t  both

\ AV ) }  A 1  a n d  {<NO(t)}2,, a r e  u n ifo rm ly  in te g ra b le  f o r  a n y  t> 0 .  Therefore
IM2(t)N2(t)}2,, a n d  I<MA , N  2>(1 )} 2 ,1  a re  also uniform ly integrable fo r  any  t> 0 .  Con-
sequently , w e see that Ms., and X a re  (gm- x)-martingales and  that

<X>=<AT.>= 0 10..(s)1 2 d<M-Xs),

<X, M.>--=<1\1.0, 111.>4 Oc.,(s)d<M.>(s)
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from  the  Skorohod theorem  realizing a  sequence o f  random  variab les converg ing  in
law  by an  almost sure convergent sequence . F rom  these  w e have

<X— N.>=<X>+ <N„.o> —2<X , N.>

=2 . :10.0(s)I 2 d<M.>(s)-2:000(s)d<X, M.Xs)

=2 0. 1000(s)1 2 d014.>(s)-2: 000(s)1 2 dal00>(s)

= 0  a. s.,

w hich im plies that X=IV00 a. s. Q. E. D.

Lemma W 2. L et M i be a  continuous conformal m artingale such that 1im" 00 <M2>(t)
=00 a.s. f o r every 2(1<2.<_+00).

If
IA/2, <A42>i ---> <AI.>} as — >  co

in  law on C([0, 00)—›C x  R ), then

{MA, <M2>, iM 0 0 ,  <M00>, as 00

in  law on C([0, x R x C).

P ro o f .  Let X(t) be  a  process such that

012 (0, <M2 >(t), AM} --> IM.(t), <Mco>(t), X(t)}

a s  2—+c)0 in  law  and  re a liz e  th is  se q u e n c e  b y  a n  a lm o st su re  co n v ergen t sequence.
Since 11212 (<M2 >(0)=M 2 (t), w e  have th a t X(OV100Xt))=11//00(t). Hence X(t)=/1100(<1vI00>- 1 (0)
= AL( 0 . Q. E. D.

N ow  w e state our lem m as w hich a re  essential in  our proof.

Lemma 2.1. I f  cELi(0, 27r) and p> -1 , then

I,i =E s u p  1' c(,108X—xs) 9 1,1.,<_,,ds-6:(—xxi(x 8<(,)ds0 ,t , ,

o a s  2

fo r  any r ( ) .

Proof.

I2 const. c(A0 s)(— x ( 1 ( 2 7.) — 1( s <o))I ds

+E suposts r
t
o (c(2O8)--e ) ( — x8Y 1(. 8<o)ds

:=I2 ( 1 ) +I2 ( 2 ) ,  say.

By Lemma 1.1 and  Lemma 1.2 w e have
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Elc(,10 8 )( — xs)P (1(2x,<-7.) - 1 (z 8<o))1- E1 2 c(208)( —  xs) I

__ 2E1.x 3 1PEIc(20 s )l =2E l x 3 1 P E I c(0(22 s))I

I sP12 (2 - 1 s- 1  ' 2 +const.)< +00 .

Then we can see easily that

Elc(20 3 )( — xs)P(1(2x,<_,)-1(s s <0))I — Oa s  2 -

for any s>0 by Lebesgue's convergence theorem. Since

çor
 
sP1 2 (2 - ' s- ' +const.)ds < co ,

w e have tha t /1( 1 )--->0 as /1-0 0  using Lebesgue's convergence theorem again.
On the other hand, it follows from Theorem 1.1 tha t tz 2 ) —>0 as 2---+00 since 20(t)

has the same law as 0(22t). Q.E.D.

Lemma 2 .2 . I f  c ( 0 )  L 1 (0, 2r) and p>— 1, then  for any  2 (12 .<00 ) and  any

Ct
I c(20 8)1 ( — xs)P1(2x,<_,)ds — >  cc  a . s . a s  t co

0

Proof. F i x  K > 0 , t> 0 , and 1 2<00 . Then for any a>0  w e have

c(208) l( —  xs)P1(2x,<-7.)ds>K]0

= P [ ro lc(20(tes))1(— x(a z s))P 1(2 .(a28)<- r )ds>K/a 2 ]

, p [ o
t Ic(dIce0 s)1(—Xs)PlUax,<-r)dS>K70( 2 + P]

This, together with Lemma 2.1, gives an inequality

a 2 t
Urn inf P [ c(208)1( — x s)P1(2x ,<-,,ds>K ] 0(— xs)P1(x s <0>ds>s]a .00 0 

for any s >O . T he la s t  expression obviously converges to  1 as e--40 because x 0 =0.
Therefore, noting that the process involved is increasing in t, we obtain the lemma.

Q. E. D.

Lemma 2 .3 . L et V k 2 (t) (k==0, • • • p) be a s (2.9). Then

{V 0
2 , V k ' , <V 0

2 >, <V0 2 >} i k=p

---> i1 o 1( <0)dz8, ek(0)M(1(.8<ods, dO)
j o  Jo

1(x8<od5, s<o)ds} 1 , k , p0
a s 2--->00 in  law.

Proof. F i r s t  note by Lemma 2.1 that
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<V1,2 , 176(t) ---,+:;:

0 1

se( rnek( eei (k*: *10:2 ) 01::i x d
(0 11

s
 0 )
( 1 — 0 )

aki r i ( x  <o)ds0 (10  01)
--> f o r  k, 1=0, ••• , p

a s  2—)00 o n  C([0, 00)-4i 4) in  probability fo r an y  t>0 and , also by Lem m a 2.2 that

<V ko c  a .  s .  as t  -->  Go f o r  k =0, • • • , p .

F ix  t>0 and  s > 0 . Since th e  facts stated above im ply that

P[<1 1,2 >(n)<t] —> 0 as f l —  o c

P [ . 1 ( x
s
 <0)dS<t] O a s  n

and

P[<T7  h'i >(n)<t] P[fnol(. ,<o)ds <1] as oc

for an y  n>0, there  ex ist A0 >0 and  n0 >0 such that

P [07 1,2 >- 1 (t)> no] =P[<17  k 2 >(n 0)< t] <E

for all A AO. T h e re fo re  th e re  e x is ts  2,>0 such that

P [  < V ,  V > 1 (0 7 ),'1>- 1 (t))>s]

-5/3 [0 7 ),À >- 1 (0>no]+PCsuPI<Vk À , 17 12 >1(t)>E1

<2s

fo r a ll ,1 21. Consequently we have

a s  2.-00 in  probability fo r  any  t>0, f ro m  w h ic h  w e  o b ta in  th a t  {VO4 , VI', •••,
co n v e rg es  in  l a w  t o  a  (P+1)-dimensional complex Brownian m otion as 2—>o° b y  the
"asym ptotic K night's theorem " in  Pitm an and Yor [9] (p . 1008).

O n the o ther hand, w e easily  see by L em m a W1 a n d  Lemma W2 th a t t h e  limit
law  o f  {V 0

2 , <17 .32 >, V02 }  is  th a t of

i ( s 8<0) d Z s, , .0
.1 -Cx s <codZ, . 0

. 1
(x s<O) dZ s}•

H ence w e can conclude that th e  limit law of V k •i(t)(k =1, ••• , p) can be represented
by  th e  law  of

Urn
30.)0 

e0 (0)A1(ds, d û ) ( k = 1 , , p).



v i = fo -() oicx,<0)dz.,{

17 / (t)-= ek(0)11/1(1cx,<ods, d0).0,0

and

J o
( — xs)Pcl<V1, 2 >s— : ( — x3)Pd<V 1,— >8 — *0 a s coE sup

OstsT
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T hus w e  have

{V 0
2 , Vk 2 , <Vi 2 >}W7212), ---> 1.Ç.

0 lcv,<o)dzs, 0
. 2

o 'ek(0)M(ds, (10), t i-(..,9<0,dsr k P

as 2 — co in  la w . T h is  implies the  assertion  of the  lem m a. Q .E .D .

Lemma 2 . 4 .  L et V k
2 (t) (k=0 , ••• , p) be a s (2.9). I f  p> — 1/2, then

(2.16) .fa.(—x0Pd1702(s), '
0 (— x) 2Pd<Vo 2 >s}

--->  iç 1(x < 0 ) d 2 s , f ( — Xs ) 9 1( .2.0 <O)d Z0, ( —Xs)2P1(x,<o)d.S}
0 00

a s 2—*oc i n  law  and

(2.17) { 1 7 ,a , fl
. (—x s )PdVk l (s), . 0 (—xs)2Pd<17 k2 >811-

2
0

:rek(0)11/1(1(x,<0)ds, d0),

0
. 10

2 - e0(0)( — xs) P M( 1 (.,<0)ds, dû),

(—x,)"10•,<0,ds}

f o r  k=1, ••• , p  a s 2—>00 in  law .

P ro o f .  Set

By Lemma 2 .1 , we have

E s u p  t
o (—xsrPd<Vk 2 >s- S o ( — xs) 2 P d<Vk">s

05t5T
0 a s  2 — > co

fo r  k=0, 1 , ••• , p .  O n the  o ther hand, Lemma 2 .3  implies that

Iv  2 , 0 701 >} {v0 0 0 , 07 kn } as

in  law  fo r each h .  Therefore.

{1 7  k 2 , OA>, 'COP dV  k 2 (S), V CI ( s ) ) . X sY dV  CI(S ))}
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1 0 )

=-
5.

, ( — xs)
2

117 s2 , <V,»>, Pd<VkÂ>s}
J O 0  1 °

1 0 ) 2
<Vk>, ( —xs)Pd<Vk - >s( , ( —xs)Pd<Vkr">s}

0 1

a s  2—>00 in  law  fo r  each k.
T hus if  w e  can  p rove  tha t th e  above processes satisfy the conditions (2.12)-(2.14)

in  Lemma W l, then  (2.16) and  (2.17) follow from Lemma W l.  It is easy to  show that

(2.18) E<Vh '>(t) 2 const. (tio+const. t) 2 , 1 <  2< co

for each  k .  Indeed,

E<V 1, 2 >(t) 2 = 2 q d s .ç:lek(20 01' e s(20 01 2 1(x,<0>lcs,,,<0,du

r i

▪

dsç t e s)1 2 1es(20,,)1 2 du

=2EÇ I dsÇ s(0(2 2 01 2 1es(0(22 u))1 2 du.0 s

▪ const.r

Here th e  last inequality follows from  Lem m a 1.2. T h en  w e  have (2.18).
W e can also prove that

ÇJO
 — x s ) ' P d <Vs 2 >s 

2 
const. t2 P(t112 +const. 0 2 , 1

fo r each k b y  a  sim ilar argum ent as above using Lemma 1.1 and  Lem m a 1.2.
Further it has a lready been show n in  Lemma 2.2 that

Ç:(—xs)"d<Vs i >, --->  co (t ---> co) a. s., 1 co

and

t( — xs) 2 Pd<Vs - >s= 0( — xs) 2 P1(x s <o)ds Co (t 09) a. s.

fo r each h .  Consequently we have completed th e  proof o f  th e  lemma. Q. E. D.

§ 3 . Application to a  limit theorem for "winding-type" additive functionals

Throughout this section let z (t )= x (t )-H / -1 y (t ), z(0)=0, b e  a  complex Brownian
m otion s t a r t in g  a t  th e  o r ig in .  L e t  a„ a 2 , •• , an  b e  g iv e n  distinct points on C\ {0}
and  a = c) . F o r i=1, ••• , n, 00, le t  f  f ,2 , • • • r f  i m  be som e regularly varying func-
tio n s a t a i  w ith  o rd e r  p ,,  p i 2 ,  • • • / p , m ,  respectively. (See D efinition 2.1.) We denote
th e  regu lar norm aliz ing  function  o f  f . „  at a i  b y  N i 5 (2) an d  th e  asymptotic angular
component o f  f , ,  a t  a, b y  c o (8 ) fo r  i=1, ••• , n, 00 a n d  j=1, ••• ,

"/2 d-const.){2 - 1 -(u—s) - ' 0 d-const.} du.
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T he m ain  purpose o f  th is  section is  to  g iv e  the  jo in t limit processes, a s  2-400, of
the  processes {A o _i , A i .,, 2 }  defined by

1 c.(21) f
ip(i,(zs)dzs

A8i-2(0= 2.1■T11(2)30 z 3  a 1

1 c u (A t) f  J ( Z 2 )
 , D(i+)kz.ou■-1zs.1. ,Ai3+ A (t )=  2 N . 0 .0 )  ) , z,—a i

w here u (t)= e 2 t  1, D (i— ) is som e bounded dom ain containing a ,  a n d  D ( i+ )  is som e
d o m a in  su c h  th a t DU-He is  bo u n ded  a n d  a i 0 D ( i + ) .  A s w e shall see , a  particular
choice o f  D (i— ) and D ( i+ )  is im m aterial in  th e  limit theorem.

First, w e introduce the  notion  of K-convergence fo r stochastic processes :

Definition 3 . 1 .  L et D 1 =-D 1 ([0 , o 0 ) — R d )  b e  th e  space o f  a ll R d-va lued  righ t con-
tinuous functions w ith  left lim its. A  sequence of D i -valued stochastic processes {X .(0 }
is said to be K-convergent to  X—(t) if there  exist a  sequence o f  Rd x R-valued stochastic
processes {(17 .(t), yon(0)} and  (Y.(t), ço.(t)) such that

1 ° )  Y ( t )  (l_n_<_cro) and  çon (t) (1<n < ea) a re  all continuous stochastic processes,
20 ) (p„(t) is non-decreasing a. s., ço„(0)=0 a n d  son (t)—>00 a s  t—>09 a. s. fo r  a ll 1_<

n < 00,
3

0

) X n(t)=Y (q). - 1 (t))
40 ) { ( Y . ,  T )} T—) a s  n  co in  law  o n  C([0, 00)—>R d x R).

W e rem ark that the  m ain  lim it theorem s by Kasahara and  Kotani [6] a re  in  th e
sense  o f  K-convergence. If IX „ (t ) }  i s  K-convergent to X ( t )  a s  n---00 and X _ (t) is
non-decreasing w.p. 1, th e n  {X n ( t ) }  is w eakly A -convergent to  X . ( t ) .  Generally, M 1 -
convergence does not follow from K-convergence b u t ,  i f  {X „ (t ) }  i s  K-convergent to
X ( t )  a s  n—*00 a n d  w oo' has no fixed discontinuous point, th e n  {X,i (t )} converges to
X .(t )  a s  n—>00 in  the sense o f  f inite dim ensional distributions. T h is  fact is obviously
derived from  th e  following real variable proposition :

Proposition 3 . 1 .  Let y „ ( t ) }  an d  IT „ (t )}  be sequences of  continuous functions on
[0, 00) su c h  th at yon ( t )  is non-decreasing an d  son (t)—> C O  ( t  0 0  )  (n=1, 2, ••.). Suppose

Y.(t) - - ->Y(t) and çon (t)— T(t) unif orm ly  i n  t o n  each com pact sets as n—, 00 and w(t)--00
(t—>00).

I f  y (t) is  constant on (T - 1 (t 0 —), (p - i(t o ) )  f o r some t o E [0, 00), then we have

(3.2) Yn(40.-1(i0)) ---> Y(S0 - 1 (to)) (n  - ->  00).

Particularly , i f  (p- V0 — ) =90 - 1 (t0) then w e have (3.2) also.

W e om it the proof.
N ext, in  o rder to  desc ribe  th e  jo in t  lim it p rocesses, w e  in tro d u ce  a  particular

system o f  n complex Brownian motions and n+1 complex Gaussian random measures.
A s  in  t h e  preceding sec tion , w e  a lw a y s  d e n o te  b y  A t )  the  time-changed process
/11(014) - 1 (t ) )  fo r  a  conformal martingale M(t).

(3.1)
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Let C=(C i , ••• , ( n )  b e  a  C a-valued  continuous process w hich  has t h e  following
properties :

(1) Each Cz =e i -H / -1 2 7  is  a  complex Brownian motion s ta rtin g  a t the orig in  for
i=1, •••, n.

(2) Setting

{ Ci - (t)--= o
l l-(ei (s)<o)dCi(s)

.,.
l

Ci (t) o= 1 ( w »s ) dCi (s),

th e  fam ily {C,_, ••• , (\
n _, Ci+1 is mutually independent and Ci+=C2+-=•••=- C.+•

A n im portant fa c t is  th a t a  Ca-valued process with these properties exists uniquely
in  t h e  sense  o f  l a w .  W e  w ill ex p la in  the  structure  of C in  Remark 3 .1  in  th e  last
part o f th is  section.

Furtherm ore w e take n + 1  com plex G aussian random  m easures M i , ••• , M,, M ^
w ith  the  following properties :

(3) Each M , is  a complex Gaussian random measure o n  [0 , 00)X  [0 , 27] with mean
0  and variance measure dt• de/2r fo r  i= 1 , • • , n , + .

(4) T h e  family IC, 1VL, ••• , M n , M ,}  is mutually independent.
Now define, fo r  i=1, 2, • • • , n,

Z 1(t) =X 1( t )+ - J -1 Y 1(t)=
CI  d z s

Jo z 0 — a

2 , 2 (t)=,)?1
2 (1)+N /-1 4 -7 , 2 (1)=- 1  Z 1 (<Z i >- 1 (22t))

and

r i
À (t) =  u 1(<Z i >- '(2 2 t)) = 2

1
2  log [2 2 I a i  T oe '  i 2 ") ds + 1]

Then our theorem  can be stated a s  follows :

Theorem 3.1.

{2 i a , A i j j ( r i 2 ) ,  A ip -
 2 (ri'l l i g rnn". — > ,

as 2—>oo in  law on  C([°, 00)— W nx R nx C "x C nin), where

/MO= m ax ,.(s) ,
058V

(3.3) (t)=-ciiÇo(—Ei(s))PiidCi_(s)

-F d60,.ÇT  (c0(60 — cit)( — $i(s))PiiMi(d<Ci-X s), 

(3.4) X 15+(t)=c4ei(s)P-idC1+(s)

t f2

+ Ç (cosj(6 ) — c.,)$i(s)P - J A 1+(d<Ci+>(s) (10)
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1 27r
and e=:—  c(0 )d0 , in g en era l.

27t.

A s a  corollary to Theorem  3.1, we can conclude the following :

Theorem 3.2.

{ 2 1 A ,  A  A A  Ai l - , ip-11212Z {(i,

a s 2—>co in the sen se  o f K-convergence.

P ro o f o f  T heorem  3 .1 . T he fact that

{2 t 2 , r1 2 }  - - ->  lCi, max ei(s)} as
0585•

— › co

in law  on C([0, 00) C x  R ) for each i  w a s  o b ta in e d  b y  Kasahara a n d  Kotani ([61,
Lemma 3.1).

The first important step  in our proof is the following transformation :

IC  1>- 1  (12 t) f  (z ) 1  f < Z 1 > -1  (2 2 t)d z ,

o z3—ai(3.5) f(ai— aiez("))dZi(s)J 2 30 

Ç—  f ( a i — aie a l i 2 ( " )d 2 i 1 (s).

B y th is transformation, w e  have

Aii_ 2 (ri a (t))=  N i
i
, ( 2 ) Ço(f 0.1D(i--)/(a — a ie a 2 i a " ) )d2 i

À (s)

Ai i +
2 (r i

À (0 )=  N
1

. ( 2 ) r o ( f - j •i n c i .0 )(a i —a i e " , '" ))d2 i 'l (s).

Fix sufficiently large r> 0  and set

Fi i .) (0 =   1  Ç f({
A r f i ( 2 )  0

, i i \ a i —a i e " i 2 "))1 ( 2  f  i 2 (s)<- r )d 7. ' i 2 (s)

Fi j +2 (0 =
 N o o

1

:f . ;( a i — aie "

Since

s u p  11D(i-)(ai—ale x
2 1-1---1.°) -1(2 x<— r)

0s062(r

and

I 1D(i+)(ai — aiea x+v--e)_1(2sup x>r)1
05es2,,

as 2—>00, we can easily deduce that

(3.6) E sup 1A 11 , '  (r 1
2 (0)—Fi i ±

2 (01 —> 0 as —> 00ovzr
and

(3.7) E sup { 2 (r1't »0 < F j 't >O as A  ---> 00
o s t s T

(s ) ) 1 (,11 i  to>,- )d 2i 2 (S) •
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by a  similar a rgum ent as in  the  proof o f Theorem  2.1.
Therefore the  jo in t processes

<Ao- 2 ( 1-12 », A o+ 2 (ri 2 ), <AiJ+ 2 (ri 2 )>HVitZ

have the sam e lim it law  as  th e  jo in t processes

C-2i2 , Fo- 2 , <Fif- 2 >, FtiJ+ 2 , <F11+A >112.127: •

W e k n o w  b y  T h eo rem  2.1 t h a t  th e  jo in t  lim it p rocesses a s  2 -0 0  o f  {2 i
2 ,

<Fij_ 2 >l1 n a n d  {2 i 2 ,  F15+2 , <F1J+ 2 >} w sm  a r e  ICJ, <-Co-> }i n a n d  {C2,
respectively f o r  e a c h  i, w h ere  _Co_ and  . f i i +  a r e  defined by (3.3) and

(3.4). T h en  th e  law s of

{2 i 2 ,  A 1 f - 2 ( r i 2 ) ,  <A5i- 2 (7i 2 )>, A11+ 2 (D5 2 ) ,  <Aii+ 2 (r52 )>}12AZ,

2>0, form  a  tight fam ily because each com ponent c o n v e rg e s  in  la w . F urther it is
clear from the  above argum ent that w e m ay assum e fo r any lim it po in t o f this family
th a t  it  is  th e  law of

{Ci, <A0->, <-11ii+>111'.4 „

where Ci , C2 , ••• , C,, are  some complex Brownian motions,

0

rtr2x
(Cii( 6 0 - 6 0)( — USD P i i MI:(d<Ci-XS)/ d0),

0 0

A i i i - ( 0 = 6 4 0 e i(S ) P ' ' i dCi+(S)

f 2 'c(C (0) — Ceoi)ei(S) P c * Sii(d<Ci,>(s), dO), 0. 0

an d  Al—1/ 2 n/ A.4'1/ A 4 2 ,  • • •  ,  Ian a r e  some com plex Gaussian random  m easures on
[0, 00)x [0, 2r] w ith  m e a n  0  and  variance  m easure dt• dO /22r. W e fix these C„ ••• ,

Cn. MI, • Mn, /141, , 117I n  below . It rem ains to  p rove  th e  identity

(3.8) '6.+=î2+=

th e  identity

(3.9) M i-=  2 =  ". =Jan :=M+

and  the  mutual independence of

(3.10) C -  / N, C2-, C/Nn-, MI, M 2, ,  Mn , M + .

Firstly  w e prove the  identity  (3.8). A s a  consequence o f  (3.6) and  (3.7), we may
replace D (i+) b y  D (1± )nD (2-1-)n••• ry D (n+). Therefore  w e m ay assume that

D(1-1-)=D(2-1-)= D (n+):=D (co)
Set
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r i t )  1
Wt+ i (t) = —

2  0 z g — a g
loc.o(zo)dzo.

This is  the particular case of A i 1 +
2 (t). W e rem ark that

(3.11) E sup I W1+À (T- 12 (1)) — W1+À (vi l (t))1 2 — *0 a s  A —> œ
O z t0 '

and

(3.12) E sup I <Wt+ a (ri l Dt —<WH- 2 (zi 2 )>, I
ostsr . — * 0 a s  2 ---> 00

for any  i. T o prove (3.11), note that

Wi+ a (ri.2 (t)) = - -
2
11 . <

0
z 1 > - 1 ( 2 2 t ) 1

z 2 —a i

l m . ) ( z g ) d z s

1 r i >- 1 (22t) 1z 2 — a ,
1D(00)tzo)•-,—

z8—a1
d z ,2 0 zg—ai

=Ç1D(.0)(ai—a,e' 2 ' 2 " ) )R 0i
1 2 , Af', 2 )d2, 2 (s),o

where

Hence
E sup I Wi+ À (ri l  (t)) — W il- 2 (71 1 (0)ogto ,

const. E \ lDc --- ) (n i al e2 1 2 ( 8 ) )1R i (2it'cl , 2 f7 i
2 ) -11 2ds

J O
 .

Since 1D(-)(ni—ale s '/ - 1 ° )I R1(x, 0)1 is bounded in ( x ,  0 ) E R x T  and suposos22,1D0.0(a 1 —

ai e 8 )I R i (2x , 0 )-11 -0  as 2—)00 fo r a n y  x *O , w e can deduce the convergence
(3.11). The proof of (3.12) can be given similarly.

T hen  the law s of PA , 2>0, of

{ 2 tÀ , w i+ À (D iÀ ), < w i+ À (r i')> , Wt+ 4 (ri 2 ), <Wt+ 2 (vi 2 )>} 15.ig n

form  a tight fam ily  and w e m ay assume one lim it point Pc. o f IPA} to be the law  of

Ci+7 <Ci+>, C 1 + , <C1-1)} n •

Let 13 2,,
- - > P c  for some subsequence and w r ite  2 , as A  for the notational simplicity.

W e  c a n  p ro v e  th a t  <W i ,_2 (r i
2 )> t —>œ and <W i +

À (r i
À )> ,-00  as t--09 by  a similar argu-

m ent as in the proof of Lemma 2.2, and hence w e have, by Lem m a W2, that

igt A , Wt+ A (rt A ), 14/t+ A (rt A ), W t.'(ri 2 ), Wi+ 2 (r12 )}ists.

{Ci, C i+ ,  Cti+, C1+, C1+115iit

as 2—>00 in law. W e m ay  assume by the Skorohod theorem  that this convergence is

uniform  on e a c h  compact in te rv a l a . s . T h en  w e  see  th a t Ci +  is  id en tica l to  C ,  for

i=1, ••• , n because W i +
2 (r t

À )= W i +
2 (z-i '). T hus the identity (3.8) is now proved.

Secondly, we prove the identity (3 .9 ). W e can prove sim ilarly to (3.11) and (3.12 '
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that

E sup I Ai1+ 2 (2- 11 (i)) — Aii+ 2 (ri'l (0) I 0 as ---> co
ogt5T

and
E sup I <A,)+ À (r1 2 )>t — <A0+ À (T*12 )>t 0 a s  2 co

ov s T

for any  i  and j .  Let P0. be one lim it point of the tight family of the laws P 2 , 2>0, of

{2 i 2 ,  A ii4 2 ( r i 2 ), A15+2(r1 2), <11.0+ 2 (1- 12 )>Iitig7,'

W e m ay assume the law  of P 0 .  to  b e  the law  of

{Co - A - Al2+, 12+/fl ititri •
Let P2, - - >Pc ., for some subsequence a n d  w r ite  2„ sim p ly  a s  A. S in c e  w e  c a n  p ro v e
th a t <Ai1+(ra 2 )>1-- *00 and <A0+(r1 2 )>2- - 09 as 2--400 by a similar argument as in the proof
of Lemma 2.2, and hence by Lemma W2 w e  have that

2 2  A 0 , 2 (r iÀ ), 4 ii+
4

( r i 2 ) ,  Aii+ 2 (1- 12 ),

{Ci, 4 + ,  -Ali+, P li+ } lt i r i

as 2--+co in  la w . W e m ay assume b y  the Skorohod th eo rem  th a t th is  convergence is
uniform on each compact interval a. s. T hen  w e  have that

(3.13) -A11+(t)=1\21+(t)= = - Pni+(t) ( j = 1 ,  • - •  ,  in)

because A 2+
2 ) .

 A l 2 +
2 (r i

2 ).
Set

To+(t)=- --4+(<Ci+> - 1 (0) •

T he identity (3.13) implies that

(3.14) g15+(t)---F222+(t)= • •• =740(0 (j=1, • • • , in).

On the other hand, note that

W ii+(t)=c — iro (ez(<Ci+> 1 (s))V  0)P00Jd + (s)

tS'2
(C0

. j (
0 ) — C .5 ) (e t( ‹C t+ >  l ( s ) ) V O ) P - JM i( d s  c10)0 0

and

<320+>(t)= I coo.f I 2 t (es(<Ci+> - 1 (s))VO) 2P0.ids .

Since e(<c,>-(o)vo, 1=1, ••• n, a re  th e  sam e reflec ting  B row nian  motion b y  the
identity (3.8) (See remark 3.1 below), we have that

(3.15) O lii+X t)=<X 2J+>(t)=--- • • • =- 0 7 .;+>( t) ( j=1 , •  •  •  ,  m ) .

Combining (3.14) and (3.15), w e obtain  the identity



E sup
o 10 '

Ai1_ À (r 0 2 (t)) — kE o a i i ( k T ( — g i 2 (s))PildVik_ À (s) 2 — >  0  a s  2 >  CO

and
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Yil,+(t)=Y/2.7+(t)= = n + (t) (j=1, ••• , n i).

This clearly shows the identity (3.9).
Finally, we prove th e  mutual independence o f  (3.10). L et ie 0 . 1, e l ,  •••  , ep l be

some orthonormal system in  L 2 (0, 270 such that

C tJ ( 0 ) =--- A a t , (k )e k (e ), a „ ( k ) E G  (k = 0 , ••• , p)

for i=1, •-• , n, co an d  j=1, ••• , m . S e t

▪ ik...2(t) =Y ûe k (2k (2i 2 (s))1 .ty(s)<-r )d2i À (s)

  k +  (t) —  e  k k i  (S ))1 ( fy ( g )> r ) d 2  ( S  ) •
Jo

By (2.10) and (3.6), we have

E supost‘r A,J+ 2 (r i 2 (0) —  E a  .( k) r .g • 2 ( S ) P
q̀ d 17 .i k+

;i ( S )
k = o  . 0 J

2
— › 0  a s  2 --> 00 .

Hence by Lemma 2.3, Lemma 2.4 a n d  Lemma W 2 w e m ay assume the law of one
limit point of the tight family of the laws of

A i 1 ÷
2 (r i À), .o ( - - À(s))Pudv i h _À(s), V i k J ,

f.

,  v - -„: +2 1 1 5 j s r t ;  o ‘ h p
( i 2( S ) ) ° .1dV  ik + 2 (S ) ,  V  ih +

Jo

2>0, to be the  law of

- -
11C V i k — ,  CV i k - ,

C.l S j S n i ;  u t e 6 p

e i ( S ) P c ' i d N i k + ( S ) ,  N i k + ,  c V ik + t
0

where
cl/ to-(t)= C i-(t)

cVsk-(t)=S .ek (0)Illi(d<C i-X s), d6) (k=1, ••• , p)
0 0

cVio+(t)-- -- Ci+(t)

cVik+(t)-=-n 2:ek(0)1171i(d<Ci+Xs), dO) ( k = 1 ,  • ,  p ).

Therefore if  we can prove that

I C V 1 k - ,  N 2 k - ,  • —  N i e k - ,  N 1 0 + 1 0 5 0 5 p
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is  an (n+1)•(p+1)-dimensional B row nian motion, th e n  the m utual independence of
(3.10) follow s at once.

T o prove  th is, set

dzz  — a  ,
G i k _2 (t) , --  —1  2 2 ' e k (arg

0 —ai

dz
G k  +2 (t) =  —1 .f A 2 ' e k (arg z3— ai

 )1(lo g lzs -a i /-a i l>r)2 0 \ —ai / z,—ai •

B y the transformation (3.5), w e  have

±
2 (2 - 2 <Z i>- 1 (22t))=V ik ± 2 (t) •

This implies that

(3.16) <Gzk-', Vit-À>(<Vik--4>-1(t))•

B y (2.15), the right hand side of (3.16) converges to Co
 °

o )  in probability a s  --›00 for

any t> 0  i f  k  * 1 . On the other hand, since

loo g iz3-a i t-a i i<-r) .1 (I,0g li 3 -a1 /-a1 i < , )= 0 i f  i # J

for sufficiently large r , w e  have that

(3.17) Git-- À >(t) =-- ( 0  0 )
0  0

for an y  k, 1. Combining (3.16), (3.17) and the obvious relation

<Gik+À , G 0a- 2 >(+= ( °  0
0  0 )

for any  i, k , 1, w e can conclude by the asymptotic Knight's theorem in Pitman-Yor [9]

th a t  {Gik_ 2, ••• , Gn 1, - 2 ,  G converges in la w  to  an (n+1)•(p+1)-dimensional

Brownian motion. T h en  n o tin g  th a t Gik± 2 (0.--=Vik± 2 ( t) , w e arrive a t  the needed con-
clusion.

Now the proof is complete. Q. E. D .

Remark 3 .1 .  (due to S. Watanabe)
The Cn-valued process C-=--(C„ ••• , Cn ) can be constructed  as follows : We follow

the notions and notations concerning Brownian excursions t o  [4 ] ,  C hapter Ill, section
4 .3 . T a k e  n  poisson point processes o f Brownian negative excursions p i - ,  p , - , ••• ,

p „ - ( i . e .  stationary Poisson point processes on cr4/- w ith  the characteristic measure n+),
a Poisson point process of Brownian positive excursion p +  (i. e .  a  sta tionary  Poisson
point process on clt/+ w ith  the characteristic m easure n+) and n + 1  one-dimensional
Brownian motions 19,, I2, ••• , j

3, /3+ such that the fam ily  •••  P + , Ai, 
,6 3 ,)  is m utually  independent. The sum  p ,  of p , -  and p +  is a Poisson point process of
Brownian excursions (i. e. a stationary Poisson point process on ci,t1=c-W- UctrE w ith  the
characteristic measure n =ii - ± ,i+) and w e can construct a B row nian  motion e z f ro m
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p i  a s  in  Chapter III, section 4.3 o f [4], i=1, , n .  Set

i(t) = P • (1:1c i cs)<0)ds) +P +(:1Q i (8)>0)ds)

and define finally

1(t)=e1(t)A- N/ —17 Mt), z=1, • • • , n.
T h e n  it  is  e a sy  to  se e  th a t {C„ ••., Cn }  satisfies the conditions (1) and (2) above.

Conversely, suppose w e  are given a  fam ily  IC,, ••• , C O  possessing  th e  properties
(1) and (2). Set

{

Ct-(t)=- .Ço
t icei (8)<0,c/Ci(s) (i=1, — , n)

Ci+(t) -----
 .Çt

oicei cs»odCi(s) (i=1, ••• , n)

and write

(3.18)

and

(3.19)

Cz-(t):=-"ei-(t)+ i_(t) ( i=1 , • ,  n )

C14-(t):=e1+(t) -  F's/ —17 i + (t) (z=1, • • , n)

f := a z (t)± — 1)90) (i=1, • • • , n)

_,(t)= , + (t)= • -- = . , + (t) :=a +(t)+ --1P + (t).

B y  th e  assum ptions, a1, ••• , a . ,  a+ , 131, ••• , pn, p+ a r e  m utually  independent 1-di-
mensional Brownian m otions. B y Tanaka's formula, w e  have

(3.20) e 1(t)A0=Ç i _(t)-1 1(t) (i=1, •-• , n)

and

(3.21) e z(t)V 0= e i+(t)-1-1z(t) (i=1, • • , n)

w h e re  11( t )  i s  th e  lo ca l t im e  a t  0 of one-dimensional Brownian motion $1(t). If we
make a  tim e change t ,--><$,_>- '(t) for (3.20) and t--›<e i + >- '(t) for (3.21), then e 1(<e i _)>1(0)
AU, i=1, ••• , n, a re  m utually  independent reflecting B row nian m otions on ( -00, 0]
and ei (<$1+ >- 1 (0)V0, i=1, ••• , n, a re  th e  sam e reflecting Brownian motion on [0, 00).
T h a t is , from  (3.20) and (3.21) w e  have n+1 equations

(3.22) J z (t)= a — s(t) (i=1, • • , n)

r + (t)=a + (t)+0 + (t),

w here r 1 ( t ) = e 1 ( < e 1 - > - i ( 0 ) A 0 ,  i=1, n, r+(t)=e1(<e1+> - 1 (t))VO, 951(t)=11(<$2->- 1 (t)), i=1,
•, n a n d  + ( t)=lg e i + >- 1 (t)). T hese  equations g ive  th e  Skorohod decompositions of

r i (t), i=1, ••• , n, ; in particular,

T
s--1  Ço1( o < r i ( 8 ) < E ) ds (1=1, ••• , n,

If  p +  is  the Poisson point process of positive Brownian excursion corresponding to
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and p c , i=1, ••• , n, are the Poisson point processes of negative B row nian excursions
corresponding to  r i , th e n  p , - , • • • , p , ,  p + , ••• , X , X  a r e  mutually independent.
T hus w e  have recovered this independent fam ily from  {Ci h, i ,  a n d  h en ce , th e  uni-
queness in  law  o f  ICJ i s  n o w  o b v i o u s .

Set
pi(t)=-max ej (s) (i=1, • •• , n)

(I sgt

and
o•+ (t)=(max r + (s)) - '(0 = in f u ; r+ (u)=t}.o s,.

T hen  w e  have the following :

(3.23) 1(pi-4(t))=0.,(a + (t)):-=e(t)

<ei->( 1 , - 1 (0 )=0C 1(t)
(3.24)

<$,+>(ii-1(t))=0+-1(t)
and

I <ei->(//i - 1 (0)=0C 1(0+(6 +(t))) (=OC I (e(t)))
(3.25)

L. <eii->(P,,-1(t))=°+(t) ( *çb+-1(e(t))) •

These properties are easily deduced by our w ay of construction o f  IC,(011,1 , c f . [4].
The structure of the process t,—e(t) is well known : I t  is  the  inverse  of the  Dwass's
extrema! process (cf . [2 ] ) ,  in particular, for f ix ed  t>0  e (t ) h a s  th e  exponential dis-
tribution w ith m ean t.

Putting together (3.18), (3.19), (3.22), (3.24) and (3.25), and noting  that r 1 (g5, - '(t)) 0
(i=1, • • • , n, +) and r + (a. + (t)) --==.t , w e can  express Ci ± (11

-- '(t )) and Ci ± (p i
- 1 (t )) as follows

f C i _.(1, - 1 (t)) =  t+  — 1C  i (t)

—t+ -V —1C + (t)
and

Ci-(PCV))=--- e (t)+  — 1C (e (t))
(3.27)

CI-F(14-1(0)=t—e(t)d- -V -1X(o-„(t)),
where

C „(t)=.
 i (çbci(t)) (i=1, • • • , n, +).

Note that C I , ••• C„, C , are  mutually independent Cauchy processes in  (3.26). Note
a lso  th a t C 1 , ••• , C . ,  r ,  p +  are  mutually independent in (3.27).

These processes appear as components of lim it process of windings of z ( t ) :  The-
orem  3.2 implies that

{ W i - 2 , W i + 2 } 1 5 i6 n  - - - > C i+ ( f l i - 1 )1 1 5 i5 n

as ,1-400 in the sense of K-convergence, where

T i v i + 2 ( 0 =  1 cu(At) 1
z,—ai

1D ( 1 , ) (z3 )dz, (i=1, ••• , n).2.)o 

(3.26)
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T aking  D(i+)=D(i— )` ,  t h e  process cgm[W,"(t)+Wi+ 2 ( t ) ]  i s  a  normalized algebraic
total angle w ound by z(t) arocnd a i u p  to  the tim e u(21-)--= e2 " - 1 .  Then the imaginary
p arts  o f (3.27) clearly  show  th a t th e  prim ary  description by P itm an and  Yor ([7]) of
th e  asymptotic joint distribution of windings o f z,.

In addition, using above analysis, we give a n  another description of the joint limit
process o f  windings o f z , b e lo w . L et g(z) be a  bounded function such that

,,I g(z)11zI'm(dz)<00

for som e s > 0 , w here m(dz) denotes th e  Lebesgue in te g ra l .  Set

1
27r

-.Ç
c

l g(z)1m(dz)

and

TÀ (0=
1  f u ( A t )

g(z s )ds .
Â

T h en , by  Kasahara-Kotani's result (see [4]), w e  have

(3.28) 12 , ICJ, 2g1,(p, - 1 )} 2gel „„„

a s  2—co in  the  sense o f  K-convergence. Combining (3.28) and  Theorem  3.1, w e  have

(1 '(. /(2))), C2 ,(1, - °(./(2g)» l

as A-300 in  the  sense o f  K-convegence i f  g (z )> 0 .  B y (3.26), w e can  express this last
limit process as

ci_(10-i(t/(2g)))= t/(2 )+ A/ —ic i (t/(2g))

ci ,(1,- i(02 -g)))=—t/(2M-FA/-1C + (t/(2g)).

T h is  is one o f  natural (symmetric) descriptions for the joint lim it process o f  windings
o f z(t) in the com pact Riemannian surface CU {co} .
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