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Some remarks on inertial manifolds
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1 .  Introduction

A recently developed theory o f  inertial manifolds revea ls  tha t t h e  asymptotic be-
havior of so lu tions to  s o m e  classes of semilinear evolution equations is controlled by
a  finite-dimensional system. More precisely such equations a d m it  a  finite-dimensional
invariant m anifold  w h ic h  a ttra c ts  e v e ry  solution e x p o n e n tia lly  (w e  c a ll it  inertial
manifold) and  the  ordinary differential equation reduced on the manifold determines the
asymptotic behavior of the original e q u a tio n . For example it is known that there exists
a n  inertial m anifo ld  fo r a  reaction-diffusion equation and Kuramoto-Sivashinsky equa-
tion under som e condition (see C. Foias, B . Nicolaenko, G. R. Sell and  R . Tem am  [7],
C . F o ia s , G . R . S e ll a n d  R . T em am  [8], J. M alle t-P are t and G . R . Sell [12] and  R.
Temam [15]).

A lthough there a re  m any w orks for the existence of the inertial manifold, it seems
th a t  th r e e  basic  techniques w o rk  i n  th e m  :  Hadamard method (o r the  graph trans-
formation method, see [12] a n d  P . Constantin, C. Foias, B. Nicolaenko and R. Temam
[3]), Lyapunov-Perron method (based on the varia tion of constants form ula, see S. N.
Chow and  K . L u  [1 ] and  [7 ], [8 ], [15]) and  the  elliptic regularization method (see A.
Debussche [4] and so  o n ) . O u r  aim  o f this paper is to  charactrize L yapunov-Perron
method from the point of dynamics of the sem iflow (generated by so lu tions). Usually
the technique to find a  fixed  point of som e operator (w hich com es from  the variation
o f constants formula) is called Lyapunov-Perron method ; this fixed p o in t in  a  suitable
fu n c tio n  sp ace  w h o se  g rap h  g iv es  t h e  in e r tia l m a n ifo ld . H ow ever in  the  classical
adaptation of the Lyapunov-Perron m ethod, it seem s to be difficult to re la te  it to some
property  o f  th e  se m iflo w  e x p lic itly . C . Foias, G. R. Sell and  R . Tem am  used in [8]
some property of the  flow  namely squeezing property (or cone property) f o r  th e  proof
of the existence of the m anifold. Through their researches w e w ill use  the  squeezing
property more effectively fo r  th e  above purpose than in  t h e  related w orks including
[8 ] . S in c e  the  squeezing property is charactrized in  term s o f  differential inequalities,
w e hardly  use the variation o f  constants form ula in  the  p roof. F u rtherm ore  w e  can
a lso  m a k e  c le a r  a  geometrical meaning o f th e  exponential tracking in  the  squeezing
property and prove it shortly.

W e w ill also prove th e  regularity  of the inertial m anifold (C '-m anifold). Here we
w ill  sh o w  t h a t  t h e  in e r tia l m anifold i s  a  lim it  o f  a  fam ily o f  approximate inertial
manifolds of Galerkin approximate equations in  C '- to p o lo g y . T h is  w ill be discussed
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in  § 4 . In §5 we investigate how the inertial manifold varies when the nonlinear term
is perturbed. Roughly speaking th e  difference of inertial manifolds is estimated by
size of the perturbed term.

2 .  Main Results

Let f l  be a  separable Hilbert space and denote its inner product and its norm by
(•, •) and I -  I respectively. We consider the equation in  H

(2.1)

{

—
d u  

+Au+R(t, u)=0 ,
dt

u(t0 ) =u, .
We assume the following:

A l: A  is a positive selfajoint operator and is compact.
It has eigenvalues 2 j  and  eigenfunctions wj satisfying

Atu j =2 j wi,

0< ,1, 22 23 'I' •
A2: There is a  r (osrs1/2) such that there are constants K ,  K ,  and  K , such

that for every t, h  in R and u, v in  D(A )),

R(t, u)

(2.2) R(t, u)—R(t,

IR(t+h, u)—R(t, u)I

where AT and D(Ar) denote the  fractional power of A  and its domain respectively.
A3: There exists an  integer N>0 satisfying

(2. 3) 2N + 1 -2N>K 1(214-1-2 rA;2)2 .

Remark 2 . 1 .  T h e  equation (2.1) has a  unique solution u(t) in  C(Eto , co); D(Ar))n
00); D (A)) fo r  every to E R  a n d  un E D (A r) under A l and  A 2 . Then we can

define a  semiflow

S(t, to ): u(t o ) ED(Ar)---> u(t)ED(Ar) for t to .

Under the above assumptions, we can obtain three theorems below.

Theorem 2.2 . Under A l ,  A2 and A3, there exists an manifold M t for each t R
which satisfies the following:

(1 )  Lipschitz Property:
There exists a Lipschitz function  0 (., -) from  RxP N D(Ar) into (I— P N )D(Ar) such

that fo r  each t in R,
Mt= graph 0 (t, • ),

where PN is a projection operator onto the space spanned by w w1, 2 ,  -  3 ,  • .• W N.
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(ii) Invariant property:

M t=S (t, t o )Mt of o r  t, to in  R .

(iii) Exponential tracking:
For any  solution u(t)=S (t, t o )u o ,  there exists a v0 G114- 1 0 such that

I AT(S(t+t o , t0)u0 — S(t+10, t0)v0)1<c1e' (t 0)

where c , and y are Positive constants independent o f  t  and to .

Remark 2 .3 .  W e call the manifold .5i= {M0 }- -< t ‹ .  inertial manifold for ( 2 .1 ) .  If
th e  n o n lin ea r te rm  R  is periodic w ith respect to  t ,  then  0  is  a lso  p e rio d ic . For an
autonomous equation (2 .1 ), 0  is independent of tim e t. T h en  .32=- M 0 f o r  any t.

The constant 1) is any num ber betw een vi a n d  v , which are defined in (3.2) and c1
is g iven by (3.23) in  § 3.

Theorem 2 .4 .  In  addition to A2 and A 3, assume that R(t, u ) has a  Fréchet deriva-
tive DR  w hich belongs to 0 (R X D (A r); -C (D (A r); H ) ) .  T hen Alt i s  a  C'-manifold.

N ext w e w ill consider the  perturbed equation of (2.1)

(2.6)
{  --d T +Av+K(t, o=o ,

v(to)=v0,

dv

w here w e assume th a t  P(t, u ) satisfies A l, A2 and A3 as R (t, u ) d o e s . U n d e r  A l, A2
and A 3 , w e  have Lipschitz functions 0 , 0- w hose graphs represent inertia l manifolds
for (2.1) and (2 .6 ) respec tive ly . Let us consider the equation on the manifold,

{d p +Ap+PR(t, p+Ct, p))=0,
dt

W e d en o te  a  solution of (2 .7) (resp . (2 .8)) b y  pi(t, t o ,  p o i )  (resp . N(t, to, P02)). Let us
introduce the  next equation.

(2.9) 2N+1-2N—Ki(1±1-92'-nr+,—Ki(1-1-1)2rN=0 .

It is easily  checked that (2 .9 ) has tw o  solutions, say  1,, 12(1, > 1 2 > 0 ). W e assume
A 4 : T h e re  e x is ts  a constant IC, satisfying

(2.10)I  R(t, u )— (t, u)I _<K 3e - rt for any  te R ,  u e D (A r),

w here 77 is some number satisfying

(2.7)

(2.8)

{ d p  dt +Ap+PP(t, p+Ct, p))=0 ,

P(to)=P02GPND(Ar).

p(t.)---"PoiEPND(A T),
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(2.11) 0Sn<2N+i—Ki(1-ktn2rN+1 •

Theorem  2.5. L et the equations (2.1) and (2.6) satisf y  A 1- A 4 .  L et 0 , .0  be the
mapping representing the inertial m anifolds for (2. 1) and (2. 6) respectively. T h e n  for
any  tER, pEPD(Ar),

Ar(O(t, p ) — ( t ,
 p))1 c2K,e - '11

where c2 is a Positive constant independent of t, p .  Moreover, if

(2.12) 2N-FKI(1+4)27nr<n<ÂN+1—KI(1-1-/I1)2rN+l

then f o r  ev ery  solution of  (2 .6 ) there exists a solution of  (2. 1) which approaches it ex-
ponentially . T hat is the follow ing sense: F o r  to R, Po2EPD(Ar), there exists
P N D(Ar) such that f o r all t  in  R,

(2.13) I Ar(Pi(t, to, Pol) — Po(t, to, poo))I ,

where c, is a positive constant independent of  t, t, and Poo.

R em ark 2.6. In particular, when 7 = 0, w e have the estimate :

1 Ar(0(t, 1;0)1 -5--c2 sup 1R(t, u )— (t,  u )I.
teR, ?LED (AT)

T h e  above Theorem 2.5 will be proved in 9  5  where the constants c2 a n d  c, a re  given
by (5.3) a n d  (5.7).

R em ark 2.7. T h e  squeezing property is first introduced by C . Foias, G. R. Sell
and R . T e m a m  [8 ]. In  this paper, this property is modified and the condition for the
existence of the manifold is improved by its modification. In addition this modification
m akes u s  to  tre a t  t h e  regularity and the perturbation of the m anifold easily. S. N .
Chow and  K . L u  proved the existence of C'-manifold a n d  th e  exponential attractivity
by estimating a n  integral equation. Their gap condition is rather restric tive . O n  the
other hand, P. Constantin, C . Foias, B. Nicolaenko and R. Temam [3] and M . MiklavCiE
[13 ] proved the existence of the m anifold with th e  better gap condition than that of
this p a p e r . B u t they did not make m ention of the regularity and the perturbation.

3 .  P roof of the existence of an inertial manifold

We simply write P = P N , Q = I— P N , Preparatory to a  proof o f Theorem 2.2 , we
will prove an  elementary lemma below.

L em m a 3.1. I f  A 3  i n  § 2  is satisf ied, then there ex ist positive constants 1 and 6+
such that

12N+K,(14-0-'1)2'N<ÀN+i—K,(0-1+l-1)2iv+i,

0<0<1 .
(3.1)

P r o o f .  We can see from th e  inequality o f  A3 that there exists a positive constant
/ satisfying
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2N+1 - 2N—K,(1+1 - 1 )2rN.,—K,(1+02 7.N>0.

It is clear that we can take 0 < 0 < 1  satisfying

2zsr+ i —AN—Ki(0 - 1 +1 - 1 )2rA,+,—K,(1+0 - `02rN >0. •

Set
vi-=2N+Ki(1±0-102rN

(3.2)
v2=2N+i—K1(0 / - 1 )2rN+1 .

We introduce a  complete metric space:

F= fq(t)EC°((-00, to ] ;  QD(Ar));

e- r(3.3) I Arq(01 ‹
K 0

 firAT.li eto - )̀ ,1 -7

Aqq(1 - 1-  h) — 9(0)1 h I e2 "0 - `)f o r  a ll tS  t+ h <t 0}

w ith the metric:
d (q 1, q2)=- sup I Aqq1(t)--q2(0)1e' " )

ogoo

where i  is any num ber such that 1./,<1, <1.,2. The positive constant B , will be deter-
mined la te r .  Fix any to in  R , Po E P D (A r ). We define a  m ap T 1 0 0 o n  g  in  the  fol-
lowing w a y . F o r  q ( t ) e g , consider the equation

(3.4)

T h is  finite-dimensional equation has a unique solution p(t) , p(t, to, Po, q) for all t_<to•
Using the solution p(t), we define the following mapping:

(3.5)T  1 o (q)(t) =—Ç croe- A" - s)QR(s, p(s)+ q(s))d s

Hereafter we often write T(q)(t) without its subscripts to a n d  p0 . Since th e  function
R(t, p(t)+q(t)) is  Lipschitz, (3.5) is equivalent to

(3.6)

(see D. Henry [10]).

—
d  

T(q)+AT(q)+QR(t, p(t)-Fq(t)) =0dt

Proposition 3 .2 .  F o r a l l  to R  an d  Po PD(Ar), T1 0 ,p0 i s  a contraction m apping
f r o m  g  in to  g.

{

—
d

p+Ap+PR(t, p±q(t))=0 ,
dt

P(to) -= Po •

Before the proof of Proposition 3.2, we give definitions of several se ts  and  three
key lemmas. Define I I ,  C1 , Q (B ) and 12'(B) as follows:



(3. 8)

{ 1  d
Y it'u '

2 - - - - - ( 2 N + K i 2 r N ) w 2 - K 1 2 ï i v w z

—
d  

z2 —(2N+1—Ki2TN+1)z2+Ki2rAr+iwz2 dt

in  H,

in  C 1 .
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11 ,1(w , z )E R 2 ;

C I = {(w, z)ER. 2 ;

Q(B)=--1(w , z )ER 2 ; z lw 0, z  0  B}( 11),

S P(B )={ (w , z )ER 2 ; z l w 0 ,  z O B } (cH ).

In the next three lemmas, it is assumed that the  functions w (t), z (t) are non negative
and belong to C ° (( — 00 , td, l)n c i((— .0 , to), R).

Lemma 3 .3 . Assume that two functions w (t), z (t) satisf y  t h e  following differential
inequalities:

672

(3. 7)

I f  (w(t i ), z(t i ))EC I f o r  some t 1( t0 ) , then (w(t), z (t))EC I f o r  any  t _t, and th e following
estimate holds:

(3.9)0 5 z ( t ) z ( t 2 ) e - ` ( ` - ` " f o r 12 1<t_<t, .

Moreover i f  z (t) is bounded in  (-0 0 , to ], then

(3.10)0 z ( t ) l w ( t ) 1 < l e ' " 0 - t ) w ( t 0 ) f o r  all t t0 •

Lemma 3 .4 . Assume that two functions w(t), z(1) satisf y  t h e  following differential
inequalities:

1  d
c—i t iv 2 -- -- - (2N+Ki2 7N—v)w 2 —Ki2rNwz — K,2 7NBw in  H,

(3.11)
1 d
2 dtz 2— ' (2N+ — KA4-1 —  ) z 2 + K 12 , + ■ Bz

where B  is a P ositive constant. I f  there exists t 1( 10 )  such that

(w(t i ), z(t i ))EQ(B ),

then (w (t), z (t))EQ(B ) f o r  any t t 1 and

in  Q(B),

(3.12) . z(t) z(t o )e - (, 2- , )(t - t2) f o r t2 < t t i

w here v2 i s  a s  i n  (3. 2). Furtherm ore i f  z ( t )  is bounded i n  (—co, to ]  a n d  w(to)
B /(1 -0 ) l, then

0(3.13)0  w(t)_< (1 _ 0 )1  B ,  O z ( t ) .  (1 _
6)

0 ) B f o r all t to .

Lemma 3 .5 . Assume that two functions w(t), z (t) satisfy



w(t)= I ArP (u(t)—v(0)I

w(t)= e"t - to) P(u(t)—v(t))I

z=lw

cl

z(1)=. I AT Q(u(t)— v(l))

z(t) ,  e'" - to) I ArQ(u(t)—v(t))I

0
1- 0

or

(1-0)1
F ig . 1. Squeezing Property. F ig . 2. Modified Squeezing Property.
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(3.14)

1 d
{  2  d t

w°--?.4—(2N-FKA—p)w2—K,27NBw

1 d .,„
2 

dtz2 _-_. —(2N  ,., -7 )z° -1- K12riv.,1wz+K1 2 +17 B 7N -. in  f2/(B),

in  H,

and that z(t) is bounded in  ( -00 , to ] and w(t 0 ) 0l - '13. T h e n  z (t )O B  f o r all t lo.

Remark 3 .6 .  These lem m as will be applied to the difference of solutions u(t), v(t)
to  the  equation (2.1) o r  equations specified la te r .  F o r  example,

If the  flow  for those equations satisfies the condition of Lemmas 3.3, w e ca ll the
flow  h a s  squeezing property ( o r  cone Property). W e also call the flow  has modified
squeezing property if the  flow  satisfies that o f  Lemma 3.4 o r  Lemma 3.5.

Proof o f  Lemma 3 .3 .  If  (w, z)EC t , then  (3.8) yields

1 d
Wi(z°-12w2)-5-- — ( 2 N + i 7■1 —K1 (1+1 - 1 )27

N + 1 —K,(1±1)20z 2

T h is  inequality implies the invariance of the cone  {(w, z)E- I2,2 ; 0 (see F ig . 1).
T h e re fo re  i t  is  s e e n  a s  a b o v e  th a t  i f  (w(t,), z(1 1 )) E C i , then  (w(t), z(t))EC i f o r  any
t_.<t i . In  this region, th e  following inequality holds :

1 d  <,
2 dt z 2

T hus w e  ge t a  desired inequality (3.9).
W e w ill next prove th e  la tte r  p a rt o f  th is  le m m a . If there exists  t 1 ( t0 )  such that

(w(t,), z(t i ) )  in  C1, then  by  le tting  t2 .- -0,0 in  (3 .9 ) w e g e t z(t)=0 an d  w(t)=0 fo r  any
t_.<t,. In  su ch  a  c a se , th e  inequality Z(0<tw (t) also holds fo r  all t t 1 . C onsequently
z(t) /w(t) fo r an y  t to . T h e n  the  first inequality o f  (3.8) yields

1 d
—(2N+ KA(1-Fl))w 2 > .2 dt w 2 '- - -
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Integrating above inequality, we have tha t (w(t), z(t)) satisfies inequality (3.10) for any
t<t o . •

Proof  of  Lem m a 3.4. Let (w, z ) be in  Q (B ). Since oz ..0B /(1 -0) holds, w e m ay
replace B  by  (0 - ' -1 ) z  in  (3.11). T hen  w e  have

{

1 d-
2  

—
d t

(z2 -1 2 0 5  — (v2 — v1)z2 + v(z2 -1 2 w2 ),

In view  of the flow on the boundary 6s2(13), these inequalities imply the invariance of

H\Q(B)={(w, z) R2 ; 0 5z5/w or 0 ze B} (see Fig. 2).i o

If  (w(t i ), z(t i )) ED(B), th en  its  invariance says that (w(t), z(t)) belongs to D(B) for t ti .
It follow s from  the second inequality of (3.15) that

z(t)Sz(t 2)e - 2- oct - to for any  t2 < t t 1 .

N e x t, w e  p ro v e  th e  la t te r  p a r t  o f  th is  le m m a . I f  there  ex ists  t 1( t0)  such that
(w(t i ), z(t1))ES2(B), we obtain

z(t1).<z(12)e- ( v2 - oct1 -1 2 )f o r  any  t,( ti ).

Since z(t) is bounded, w e have z(t 1)=0 b y  le tt in g  t2 —>-00. T h is  contradicts the  hy-
pothesis (w(11), z(t i ))E Q (B ). Thus w e can say that

{  e i th e r  0 5z(t) . /w(t),

or z(t). 
— 1

0

- 0
B .

In the set
0 { (w , z )elt 2 ; 05z  .<1w and —  (1-0)1

w e see from  (3.11) that

1  d-c—f t . w2 ._:(1)-2 N — K,(1+0 - '1)27
N )w 2 >0

This inequality means if  w(t0)50B /(1 -0 )1 , th e n  w(t) 013/(1-0)1 fo r  a l l  t t„. Con-
sequently, we obtain

0..<z(t). 10- 0 B  .
•

Proof  o f Lemma 3.5. W e can prove this lem m a in the sam e m anner as in  Lemma
3.4, so  w e omit it.

(3.15)
1  d

z 2 _ ( 3.)2 _ 14 z 2

Proof  of Proposition 3.2. F ir s t  w e  w ill  p ro v e  th a t  T  m aps g  in to  g .  W e will
use the following lemma in order to estim ate the bounds of T(q).
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Lemma 3 .7 .  F or any r<O,

(AQ)r erA Q  I .r(QH)

I f  0.<r <1,

Tre - r l r  - r

27N+Ie r 'N+ 1

fo r  —r2v+1r<o

for z  --1" A-A-1 •

e - r
(1
._co l(AQY eD A Q  r( o .rn d r 1 _ 7 2r,- -. •

Proof. S e e  R .  Temam [15].

The next immediately follows from Lemma 3.7:

ArT(q)(t)I ,<5 '  A re - A" - s) Q I x ( Q H ) Ko ds

e - rK o2 r1,7+ •i—r

Set 4t p=p(t+h)—p(t), 4 2q, T(q)(t+h)— T(q)(t). Those satisfy the next equations ;

d
d
—

t
4 c» -+ - tP+ PR(l+ h, P(l+ h)+9(1+ h))— PR(t, p(t)-1--q(t))=0 ,

d—
d t

4 2q+,44 1q+Q R(t- h, p(t+h)±q(t+ h))— QR(t, p(t)-E-q(t))=0 .

T a k in g  the scalar product betw een above equations and A 2rZ I o p , ,A 2 1 4 1q respectively

and using Poincaré inequality yield

1  d
Ar4cPl 2 —  2N I A ,  p

(3.16)

K2—K1 (1 ArJ i p  -413,e'"° - i ) +

1 d
Y i t 'A rAtql 2 - 1 A " 1" 4 , q 12

h I )1 ArdtP

K2
K 2 rN+12(1 Ar p +(Bie“to - o+  K 1 )1 hI)IA T + 1 1 2 4 191 •

Put w(t),e'cl-t2)1 AT A t • 'p z ( t ) , e'(' - '0) Ard t o I. T h e n  the first inequality of (3. 16) is

(3. 17)
2  d t w 2

— 21.7 — K ,WN )w 2 — ( B 1 +  1,-2K )1 h w •1  d

On the other hand from  the second of (3. 16) w e have

(3.18)- 2 - 1 Tt
d  z 2 —  -I- If viri+12 ( w B K

K :)I h I)X  ,

Ar+1/24 tq

Let S21 be  ,S2'(B 1)  with 0(B i + K o/ K i )I h e.,
K2

f4={(W  ,Z)ER 2 ; Z O(.131+7T)1 .
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Recall (3. 1). In  ,Q;, w e have

e o ) s A r +1/2 zit g  s s A rzu s

K
K : h I)

T he  right hand side o f  (3. 18) decreases a s  X  increases if

X KviV iT(w +(B1+ 1-
K

f :)1 h 1)

T h is  fac t and  the  inequality I Ar+1 /2 404 I I Ar4t9 I yield

1 d K2(3.19) — (2N + 1-1 )).e+ K A A -1W Z ± K i22 ;sr+ I(B 1+  —

K ,
)Ih lz

W e must show

K2 
W (t0 — h) 01- 1 (B1+ K 1 )1  h

in Q .

If  i t  is  valid, then w e get

z(t)5_ 0(B,-F I
K
.fz )  h fo r  t to — h

by applying Lemma 3.5 to  (3. 17) and (3. 19). W e can estim ate a s  follows :

w(to — h)=e - ' 4( P  0 —  P(to -

(1)0 — eA k  Po)I 101 A1e- A(10- " - ') PR(s, P +01 ds))

.--(2Ar I A' Pol KoWN)I hi.

T hus take  131 satisfying

OK2 
(3.20). B ; i (1  8 ) K 1 , (ANIArpoId-Ko2 );00 - i i}

and w e obta in  tha t T 0 0 0 m aps from  g  into itself.
F inally  w e w ill prove that T  is  a  con trac tio n  m ap . L e t q1 a n d  q, be in  g .  Put

J q p=p(t, to , po , qi )— p(t, to , po , q2) , 42q-=T1 0,p0(q1)(1) — T10 .P 0 (q2)( 1 )  w h ic h  sa tis fy  th e  fol-
lowing inequalities :

1 d
cTi I ArzlqP Ard2P12—K,27A,(I Ar ti q pI ± Ar(q 1—q2)I)I Ar dq PI ,

1  d
d t

l A 1 4291' 5 —  I A " " 2 40q 12 + KAW( I ArdqP I + I Ar (41—  2) DI Ar+ 1 1 2 d0q I

Set /44 0 = e'" - to (Arzl,p I, z g (t)= e'" - 0̀) A r d q q l and

Q2= 1(w, z)Eltz ; 42)}.

By using Lemma 3.5 an d  w(t2)=0, w e can prove sim ilarly a s  in  th e  above that  z0(t)
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Odo(91, 92). •

Applying the contraction m apping theorem , we can find a  fixed  p o in t in  g  which
w e  d e n o te  b y  q(t, to, Po). W e also  denote  a  unique solution of the  next equation by

P(t, to, Po),
{ d

—

d t
P±A1)+PR(t, P+4(t, t0 ,  P0))=0 ,

(3.21)

P(t0)=Po •

Proposition 3.8. p(t, to, Po) and q(t, to , Po) are  locally  Lipschitz w ith respect to to
and po .

P ro o f .  Set

w At)=e - °̀) A r (P(t, to, p0 +e)—pct, to, po» I,

zgt)---=--et - tolAr(q(t, to , t„ p0)) I.

Two functions we,  ze satisfy

—
1  

—
d

wi_(2.)-2 N —K i ,17
N )4—K,2 7

N weze in i i ,
2 dt

1 d- - z 2 —(2v+i—KA+1-04-FKA+iweze  in  C1.2 dt

I t  fo llo w s  f ro m  th e  boundedness o f ze (t) and  the  squeezing property that z (t )/ w (t )
/0 1E1 fo r a ll t _to , w hich proves L ipschitz co n tin u ity  w ith  respect to  p,. A s for

Lipschitz continuity w ith respect to  to ,  w e can prove th e  following similarly :

e t - t olAr(o(t, to, 1)0) - 4(t, to— h, po))I

A r(p(t, to, P0)— p ( t , to—  h, POI

le -  At(p(t o — h, to, P0)— P0)1 (by using Lemma 3.3)

</(2N 1 Arpo +K-0201 h1 for _‹to . •

W e  w ill  sh o w  th a t  th is  f ix e d  p o in t (At, to , Po) is represented by a  graph from
PD(Ar) in to  QD(240.

Lemma 3.9. o(ti, to, p0)= 01, to, pi) f o r  ti _Sto w here  pi=P(1t, to, po).

P ro o f .  P u t Ap= P(1, to  1, 0)— P(t, t1, p1), dq=o(t, to, p0) - - 9(t, tl, p1). T h e  squeezing
property show s t h a t  ArJo I A r J p 1 .  T h is  lem m a fo llow s from  substitu ting  t=t,
into Jp, J o  e.,

I A1(9(t0, to, P0) - 9(t1, t1, P1))1.-lIAT(P(t1, to, P0) — p(t1, t i ,  pl)) 1=o . •

Set
(b (t , p )= 0 , t , p).
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Lemma 3.9 implies that

0(t, p(t, to P0))=4(t, to PO.

Therefore it turns out that p(t, t o , A)), q(t, t„ po) are solutions of

—
d  

p+Ap+PR(t, p+O(t, p))=0 ,
dt

,

—
d  

q+Aq+Q R(t, p+O(t, p))=0.
dt

We can easily check that

A r(0 (t+h , p )-0 (t, P ))1 -
O K ,

 h l— (1 -0 )K ,

lAr(0(t, p1) - 0(t, po))1_11Ar(Pi — P2)1.

Here we used Lemma 3.3, 3.4 and (3.21).
Now consider the exponential attractivity. Let u(t) be any solution of (1.1) with

the initial value uo . Define

1)3 , .0 = {P+O (t, P )ED (Ar); I A r(Q u(t)-0 (t, I))) I I Ar(Pu(t)— P)11.

u(t o )

F ig . 3. Exponential Tracking.

This set is not empty because Pu(t)+0(t, Pu(t))ED t u o . O n  th e  other hand, th e
semiflow is invertible on the inertial m anifold. Setting , ( t 1, t2)=S(t1, 12)13132 , we have

g(t„ tog(to, to)=g(t„ for any t„ t 3 , t a R .

We se t Ift,. °=- Pg(to, t)D3,„ 0 f o r  t to . By applying th e  squeezing property in  Lemma
3.3 to the difference of two solutions, we get

g(t 1, t2)D0 2 .„0 cD 01 .,, 0f o r  t0 5t 1 _<t2 .

Thus K03 ,u0 =K0 1, 0 cK0 0  v o  fo r  t0 St 0 t2 (see Fig. 3 ). It is obvious that K 3, 3 0  is a  closed
bounded set with finite dim ension. Set K 3 0 =r1 0 , 0 If 0 ,„ o which is a  nonempty compact

(3.22)
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s e t .  W e can choose a n  elem ent po i n  Ko. T ake  the solution v(t) on the m anifold as

v (t )= ( t ,  t0)(P0+0(t0, P0))EKt.. 0

=P(t, to, P0)+0(t, p(t, t„ p 0)).

Because o f th e  definition of K 0  's o '

ArQ(u(0—v(t))IL> l ArP(u(t)—v(t))1 fo r an y  t t o

I AT Q (u(i) — v(t)) I I  Ar Q(u(t 0)—v(to)) I e- ' ( " ° )  ( b y  the  squeezing property)

e-r
-5_(1ArQuol+Ko 1-7

Thus we can conclude
Ar(u(t)—v(t))I

where

e-r(3.23) c,-=(1-1--1-T"(1 Ar(I—PN)uol-1- Ko ,FN+1) . •

4 . Regularity of an  inertial manifold

Consider th e  Galerkin approximate equation

d(4.1) um+Aum+PmR(t, u m ) =0 ,
dt

w here M . .1■1-i-1. W e can construct an  inertial manifold for this approximate equation
(4.1) w ith  the  same dimension N .  Define the  subspace of F ,

gm = iqm (t)E C °((-00 , t.] ; PArQD(A0);

I Ar q m (t)I _<. e - r K ° ,
—  1— r

Ar(q h)—q m (t))I B  h l  e “ 00- 0  f o r  a ll t td-h

w here B, satisfies (3.20). L et qm (t) be  in  g m . C o n s id e r  th e  next equation

—
d  

p v +A p m +PR(t, p m ±q m (0)=0 ,
dt

PM (to )=P o .

We define a  mapping o n  g m u s in g  a solution pm (t)=p m (t, to , p o , q )  o f  above equation
a s  follows:

(4.2) 31(43f)(0= r -  R(s, pm (s)±q m (s))ds

W e can check similarly a s  in  § 3 t h a t  T M  i s  a  contraction  m a p p in g . W e  d e n o te  the
fixed point of T m  b y  9 (t ,  to, Po). L e t  Pm(t, to, Po) be a unique solution of the follow-
ing equation :
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(4.3)

W e  c la im  th a t  the sequences lat r 31 1 V + 1 , I T K I J I 2 N + 1  are Cauchy sequences in  g  (uni-
formly in  po). Indeed since Pm T l u-m = T m ,

d(q, q m ) =  sup e'" 0) 1 Ar(T (q)(t)— T m (qm )(t))1
cv o

d „(T (q), T(q m )) +  sup e '"  ' 0 )  I Ar (T (u 0) (  —  m(q m)(0)1

.<_1 9 d■,(9, TO+ S u?  e'" - to)  I A' Q mT(qm)(t)1.

Thus w e get

1
d q sup e'" - - '0)124rQm T(9,1f)(t) I' t t0

(4 1.4) sup e ° ° ° pm (s)+q m (s))ds1
—  1 -0  tt o

2K0
1 _ 0  Gim +1 - 0 r - ` (by Lemma 3.7).

W e will estimate I Ar(Pm— P )I. From  (3.21) and (4.3), w e can see that

1 d
Ar(Pm— P)I 2 —(2 N K 1,1)1 m — P)1 2 K Ar(q m  —q)  1 AT(p 2v — p)1

holds. M ultiplying the above inequality by e t -  to) and using (4.4), we deduce

2K0
(4.5)e 1 ° 0 )  I (P  —p) 1 (Âm .1— 0

This and (4.4) im plies that our claim  is valid.
N e x t w e  w ill sh o w  th a t  the existence of Fréchet derivatives D p o pm (t, to, po) and

D po qm (t, to , p o). Differentiate (4.1) w ith  respect to  the initial deta po a n d  decompose
i t  as follows:

ciPme+APme+PD,,R(t, Pm-f-am)(Pm-kame) , --- 0 ,
dt

(4.6) Pm(to, to, Po)e=e
1 d

—
d t

ame+Aame+PmD„R(t, pm + qm )(p m e+ a m e)=0 ,

w here pm (t)=Dp opm , m (t)=D p oqm . W e observe that this formal proceeding is justified
b e lo w . Let g m b e

{cr.} EC°(( -0 ,), ;  -r(PmD(Ar): (I—Pm)(1D(A r ))); 1 Aram 1 op -5-21e ( to- o}

w here  I. d e n o te s  the operator l nporm, th a t is, for a n y  L  ..c(D (A r) ; II),

sup I Lu I.
ueo(Ar).inrulzi

i—
ddt

P+AP+PC)(t, p+q m (t, to , 1)0)=0,

P(to)= Po.
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F or any  am E g m ,  le t  pme=pm(t, to, Po)e be a solution of

d—
d t

Pm$+Apm$ -FPD.R(t, pm+qm)(pme+am$)=o,

pm(to, to, Po)e --=

This solution pm e  is  linear in  e. W e define the  operator

m ( o.
 m ) —  c.se - A " - ')P m  QD s, pm (s)-F qm (s ))(pm e+ om e)d s ,

Using Lemma 3.5, w e  have

e v (t - t 0 )  A
l m(am)el -51121rel fo r any a m E  Jf

e t - to)  I Ar(Tm(cm,i)e — tm(am, 2)e)I O  plitp e' ( `- °̀) 1Ar(am,1e—um,2$)1,

fo r an y  v in  th e  interval (vi, vo) an d  crm,iam,,Egm

Therefore there exists a  fixed point am e = t m (a m )e satisfying

—
d  

av$4-Aame+PmQD,,R(t, Pm+qm)(Pme -Fame).--- 0 .
d t '

Hence th e  equation (4.6) is justified.
W e w ill show  continuity o f  pm , am w ith  respect to  po .

Lemma 4 . 1 .  A ssum e tha t f(t, p )  belongs to C°(RxPD(Ar); H ) .  Fix any
PD (A T ). For any s>0, there exists a positive .3 such that

SUP e 0 ( ' - '0)/ 2 D .R (t, f (t , po+p))— D.R(t, f (t ,  P 0))1.p56
tgto

f o r all pEPD(Ar) satisfying I A l p  I -5 o

P ro o f. S et 4 = t 0 —(2/(v—v1)) log 2K 1e, which is less than to if  s is sufficiently small.
We obtain

sup e c, - , oct-tolo ,
1D .R (t, f(t, po+p))—D.R(t, po)lop

t s t

< 2 K , e ( ' - '1 )(t - to)/ 2.

O n the other hand, the mapping

(t, e( -0(t-to)121D.R(t, f ( t ,  pod-P))— M ( t ,  f(t, P0))10P

is uniformly continuous in  th e  in terval [t„ t o] x  ip P D (ilt ); I Arp . Thus w e can
find a positive number 3 such  tha t fo r an y  p  satisfying I Arp I

sup 6, ( , - 1 ) ( t - t o) , 2

1DoR(t, f(t, Po+P))—D,,R(t, f(t, P0))1opSs .te stt o

681

Po in

Lemma 4.2. 'The solutions p m (t, to, po ), am (t, t 0 , PO o f  (4. 6) are  continuous with
respect to poEPD(Ar).
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P r o o f .  Set

1,4,(pm(t, to, po+pi)—pm(t, t., po)e)1,

z ( 0 . , , , , t_tolAr(am(t, to, Po - Epo$-0 .frict, to, P o ) )

Those functions w(t), z(i) satisfy  th e  following inequalities :

1  d
-2- -d -0 ,2 -2Nzo 2 —KiÂni(w+z)m—KAB,w in  I I ,

where

—
1

—2v+iz2+Ki21(wd-z)z+Ki2?"v+iB2z2 dt
in  fl(B2)•

B 2 =  ( 1 4 - 1 ) 1 A T e l  sup  e 1 ) (0 - 0 0 "ID uR (t, /At, to, p0+p1)+0, t 0 , Po+pi»
tvo

—D u R(t, p(t, to, Po)d-q(t, to, Po)) lop

Applying Lemma 3.4 to  th e  above inequalities and  using Lemma 4.1, we conclude the
proof. •

N ext w e w ill p rove that pm , am  c o n v e rg e . P u t M.214 1 ._ N d -1 . We set

w(t) , -- e " -- tolAr(p m (t, to, Po)e — P31, (t, to, Po)) I,

z(t) , e (t - to illr (a m (t, t u , po )e—c m ,(t, to , po)el.

W e can easily check that these satisfy

—
d  

w2 - 2 N ui2 —K i WN (w+z)w—K i 2rN B 3 w in  H,
dt

where

—
d

zz 5 -2 v + iz z -F-Kik;z+i(w -1-z)z+KA,B3z
dt

in  Q(B 3 ),

B3=-(1+1)I Are!  sup e ixt - to) , , ID u R(t, Pm(1, to, P0) - 1- 9m(t, to, Ps))K it s t o

—D u R ( t ,  m, (t, to, P0)+qm , (t, to, po)) lop •
Lemma 3.4 implies that

0 0  
w(t)

( 1 - 0)1
 B 3 , Z(t)-_-

1-0  B 3.— 

If  B 3 te n d s  to  0 a s  M, w e can  g e t th a t pm , am  converge  com pac t uniformly
in  po.  Indeed, if  n o t, there  ex ist s, t;(--<to), M ;  a n d  po ;  such  tha t

zu- z ; )12 1DR(tf, Pmp i , to, POJ)+q31,(th tOr po;))

—DR(t i , p(t j , to, Poi )+q(ti, t., /h)DI op •

T his inequality shows that tj  (j=1, 2, •••) is bounded. W e m ay assume that tj converges
to  t*  and  p o i  converges to  p t  by taking a  subsequence o f  Oh ,  i f  necessary . T here
exists s ' such that
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(4.7)P m i ( t i ,  to, Poi)d - qm P j, to , P o»

—DuR(t i , p(tj, to, P05)+q(t1, to, P0i))1,,„a.s' •

Let M1-40,0 in  (4 .4). W e can get by using (4.4) and  (4.5)

',m p h  to , po,)+q,,,(t i , to, PO P(t*, to, P )+ q(t* , to, Pr),

P(ti, to, P o i)+ 0 ,, to, PO P(t*, to, 14)±4(t * , to, Pr).

Considering t h e  above fac t a n d  th e  continuity o f D u l? implies that th e  left side of
(4,7) m ust tend to  zero, which is a  con trad ic tion . T h u s  pm (t, to, P0) a n d  am(t, to, Po)
have their limits p(t, to, Po) a n d  a(t, to, po) respectively.

Next we will show  th a t p m  a n d  am  a r e  derivative o f  pm , gm respectively . Set
w ( t ) _ e c t - t 0)1 Arpm 't, t„ Pod— se)—Pm(t, to, po)—sPm(t, to, Po)el,

z ( t ) = e t—t0)i Arqm ( to, Pod—se)-93f(t, to, po)—sam(1, to, po)$1.

These satisfy

NW' — f i 2rm (w +z)w —K 1A B4 wdt —

—
d  

zz<-2m+iz2-1-Ki2nt,i(w+z)z-FK,WA,B4zdt

in  H,

in  Q(B4),

where we le t  B 4  be

(1-1-1)1Arsel 
sup e( ' - ' 1 ) " ' ° ) / 2

.ç DuR(t, C(P3t(t, to, Pod- sç)+9.11(t, to, Po ±se))
K it s t o 0

+(1 — C)(Pm(t, to, P0) - 1- 9m(t, to, po))) — D„R(t, m (t, to, P0)+qm(t, to, P0))1opg .

Here we used a  mean value form ula for any continuously differentiable function f ,

f (u)— f (v) „ f (Cud-(1+C)v)dC(u —u).

Lemma 3.5 im plies that w(t) 0B 4 /(1-0)/ , z(t) 61 .8 4 / (1 -0 ) . W e  c a n  a lso  g e t B4
=

0( Is )  compact uniformly in  po a s  s—*O. We conclude that p m , q v  h a v e  Fréchlet deri-
vatives by using th e  fac t tha t p m ,  C f m  is continuous with re sp ec t t o  N .  Hence we
get the  following lemma :

Lemma 4.3. pm(t, to, P0), qm(t, to, Po) have Fréchlet deriv ativ es in  po.

By th e  mean value form ula, w e have

Pm(t, t o  Po+se)—Pm(t, to, Po)q P 3 t(t ,  to, Pod-sCE)sedC ,

qm (t, to ,  Po+se)--9,w(t, to, P0)=Ye am(t, to, Po±sCe)sedC.

Letting M--00, w e have the  following equalities:
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P(t, t o , Po±se) — P(t, to, P0)=Top(t, to, Po±sCe)sec/C
(4.8)

0 ,  to, P0±se)-9(t, to, P0)=:(7(1, to, Po-i-sCe)sec/C.

Hence we deduce from th e  contiuity o f p, a  in  po a n d  (4.8)

Ar(P(t, t 0 ,
 P o + s e ) — P ( t ,  t 0 , po) — P(t, to, Po)se)I

qo Ar(p(t, to, Po+sU) — P(t, to, Po))seldC

,

I M O ,  t o ,  Pod- se) - 0 ,  to, P0) — t(t, to, Po)se)I

=•5=0(1s1)

Thus w e have proved that p(t, to, Po) and q(t, to, P o) have Fréchlet derivatives.

5 . P ro o f  o f  Theorem 2.5

F irst, w e  note that w e can choose 1, 0 and  v satisfying

0<0<1,

Recall that po, to, Po), P2(t, to, Po) a r e  t h e  so lu tio n s  to  (2.7) a n d  (2.8) respectively.
For simplicity o f our notations, w e  set

P1(0=P1(t, t 0 ,  P o ) ,  p2(t)=N(t, to, Po),

(5.1) 41(0=0(t, MO), 92(0=d5(t, P2(0),

P(O=P1(0 — h2(0, 9(0=91(0 — q2(t).

T h en  w e  g e t th e  following equations by (2.7) and (2.8):

dp -1- AP+PR(1, P14- 0(t, P0))—PP(t, P2+ - (t, po))=0,dt

dt ±Aq+QR(t, pi+o(t, Pi))—QP(t, p2+43(t, p 2 )) = 0 .

Therefore putting

(5.2)w ( t ) = ,  e ' c t -  to) Arp(t)1, z(1)=e'('-'03 J Arq(01

and using the  same arguement in  §3, w e have

d
c7t

w 2 - - 2 N w 2 - 1 ( 1 2 7 N ( w - F z ) w — K 1 2 r N B 5 w

fo r  any  t to

in  H,

dq
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in S2(B6),d t  —

where Bo=(Ko/Ki)e - '`'• Using Lemma 3.5 yields

OK,z(t)_< e-vo
— (1-0)K , for an y  t to .

Particularly w hen w e put t=t o ,  w e get

Ar(1) (1-0, po) —  ( 4 ,  Po))I -5c 2K 2e - vo
where

0 
(5.3)C 2  =

(1 -  0)K ,

(see (5.1) and (5 .2 ) ) . Let us prove the last part of T heorem  2 .5 . The condition (2.12)
assure tha t w e can  find  1, 0 satisfying v i <77<v2 where I), v 2 are as in ( 3 .2 ) .  W e put

Pi(t; ts)=-Pi(t, ti, p o(t)) (i=1, 2).

Then w e can easily  check that

{

1  d  A , _ I

2  d t if -r131 2 =-- (2 N+ 1 ( 1(1 + 1)ArAr) A i fi 2A r 1 5 1 2

i)- (1)= ; t1) - 1)1(t l3).

T hus for t ti _<t,,

(5.4) Ar(Pi(t ; 11) — Pi(t to)) I I Ar(P2(t1) — PI(ti ; t2)) .

On the other hand w e estim ate the difference of the solutions of (2.7) and (2 .8 ) .  Con-
sidering A 4, w e see that 13(t)=p 2 (t) — p,(t; t 2 ) satisfies

1  d
d t

lArli 2 -i-(2v+Ki(1-F1)A)1Ari51 2 >---K3e - 0 2YNIAri51.

Through the observation of the flow of

ii)(t)=e 0  A T (t)

and the fact iv(t 2)= 0 , w e  have

0 K3
1Z(t) —0)1 K,

Hence

O K , 
(5.5)A r j 5 ( t 1 ) 1 (1-0)1K ,

Substituting (5.5) to (5.4) yields

for an y  t to •

for a n y  t ito  •

O K  
(5.6) I Ar(Pi(t ; ti)— PM; to))I -5 

( 1 - 0 ) 1 1 f 1

e - "  .3-  o t , - , , t for t t1 _t2 .

It is  show n  tha t p,(t ; 13) converges compact uniform ly when t ,  tends to  in f in ity . The
lim it function  fi i (t)=Iirri t ,—p i (t; t 2) is  a ls o  the solution of ( 2 .7 ) .  B y le tting  t i =t  and
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t2 —*00 in  (5.6), we obtain

tAr(P2(t)— 1)1(0)1 5c o lf s e- v ,
where

(5.7) cg= 0  ( _c2\ •(1-0)/K i \- -  / I •

6 .  Example

Consider the next example, Kuramoto-Sivashinsky equation,

a u  d'u 3 2u au
W + 6- 7c4 + 5Ti + u -a—x- = °

(6.1) u(0, x) , u,(x)

u(t, x+L)=-u(t, x)

u(t, —x) , u(t, x)

in  —00<x<00

in  —oo<x<oo, 1 >0,

in  —00<x<00, 1 >0.
Let H be

L L{uE L 2 (—  ,  y ); u(x)-= —u(— x)}

This equation has an absorbing se t g .  tha t is , a  compabt set which attracts solutions
in  a  finite tim e .  Especially,

L  L \gc{u e ll; u E 1 1 2 — ,Ï• Iu1 -5 -po,lux15PI},

w here constants po ,  p i d e p e n d  o n ly  o n  L  (see  B . Nicolaenko, B. Scheuer and R.
Temam [14] and its refeiences)

p0 = 0 (L 512 ),

p,=0(1, 712 ).
We define

A o u=(13 ,v 0 u)„, ,

Au-=u x x x x -I-ux x —Ao u,

soR(u) )(uux—Aou),21up 1)_(12up .i l -=-4
w here  N0=[L/27] ( [ . ]  is  deno ted  by  Gauss' symbol) and
satisfying !so'1 3 and

1 if

W( x ) = i 0 if

Then we can easily check that

ÇD is a  smooth function

I R (u)— R (v)I c 4 L 4 u —a I +c6L 8 I A " 4(u —01

in  —00<x<oo, t>0



Inertial manifolds 687

(see P. Constantin, C. Foias, B . Nicolaenko and R. T em am  [3 ] and [ 7 ] ) .  It is easily
shown that th e  co n d itio n  A l an d  A 2  a re  satisfied. We can find some number N
satisfying

2 N i- I — AN —4c4L4 —2e5 L2(2k(4.,-F,W4 )>0 .

because 2N=O(N 4 ), 1,v+1-2N -0(N 3 ). Since R (. )  is  C ',  we can construct th e  C'-
inertial manifold.
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Added in  proofs : After submission, the author knew the following article :

F . Demengel and J. M. Ghidaglia, Some remarks on the smoothness of inertial manifolds,
Nonlinear Analysis T. M. A. 16 (1991), 79-87.

T hey  prove  the existence of the inertial manifold and its regularity in the case
where the linear term is a sum of a selfad joint operator and a skew-symmetric operator.
T h e  sufficient condition for the existence and the regularity of the manifold is  more
restrictive than the corresponding condition A3 in  § 2.


