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The Brown-Peterson cohomology of BS0(6)
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Kouichi INouE

1 .  Introduction

The complex cobordism of the classifying space of the n-th  orthogonal group was
computed by W. S. Wilson [5 ] , w hich is the simplest possible result that we can expect.
W e review it here :

M U *B U (n)/(ci et, •  •  •  • c, —c)

c ]]/(c1 — ci, • - •  c . — ct) •

w here ck i s  the Conner-Floyd Chern class and c;l: is its com plex conjugate . In case of
BSU(n), an easy calculation leads to

MU* BSU(n)=---' MU* BU(n)/(F,)

MU*[[cz, • • • • en]] •

w h e re  F i= E  wu t, ( c f .  the Conner-Floyd f irs t C h ern  c la ss  c1 = E  ti)•  T h en  the next
problem is the case of B S O (n ). W e must concentrate on a calculation of a 2-primary
part of MU* B S O (n ). For an odd prime p,

MUÉ;,)[[c2, c4, • • • , C2k, ••• : 2k -<41]] •

W e get the answ er im m ediately  w hen n  is odd. S ince BO(n) BZ 12XBSO(n) in this
case, the diagram

MU*BU(n)  M U *B SU (n )

MU* BO(n) > MU* BSO(n)

becom es a  pushout diagram . But w e  s t i l l  d o n 't  have a simple description of
MU*BS0(2n).

P. Landweber [2] studied the cobordism of the classifying spaces of abelian groups.
H is result claim s that B P *B A  is even-concentrated, e . ,  BP*BA- BPevenBA, where
A  is  a n y  a b e lia n  group. N. Tezuka and N. Y agita  [3 ] and A. Kono and N. Yagita
[1 ] investigated more general cases. The au th e rs  of the former p ap er s tu d ied  the
ordinary cohomology of the classifying space of the finite p-group G w ith  po elements
through the Brown-Peterson cohomolgy, and obtained the re su lt  th a t B P *B G  is a lso
even-concentrated. The authers of the latter paper conjectured that this property holds
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for all compact Lie groups, and show ed that their conjecture is  tru e  for G =S 0(4), G 2,

F 4 , E 4 , PU (3), PS U (4k +3) and S pin(n)(n510).
The main purpose of th is paper is  to  show th a t  the conjecture is  tru e  for SO(6).

Theorem 3 .1 1 .  (1) The A tiyah-Hirzeburch spectral sequence f o r  B P* B S 0 (6 )  col-
lapses at the E 3 2 -term.

( 2 )  B P*B S 0(6 ) is concentrated in  even degrees:

B P*B S 0(6)-:leB P*[[c 2 , c4, ed] {1, a l

e B P * [ [ e 2 , c6]]/(c2 — c ,  • ,  c 6 - 61){c3, c5}

where the isomorphism is just a module zsomorphim.

Brown-Peterson cohomology o f S U (6)/S 0(6) is  s tu d ie d  in Section 2  in  order to
know a certain differential to be non-trivial in the Atiyah-Hirzeburch spectral sequence
for B S 0 (6 ) . We carry out an actual computation of the spectral sequence in  Section 3.
Section 4  contains a table of Q i w k  w h ich  is  u sed  for computing differentials of spectral
sequences.

I thank  K . Iriye fo r many discussions and encouragements on th is  subject.

2 .  The Brown-Peterson cohomology of SU(6)1S0(6)

The ordinary cohomology of SU(6)1S0(6) w ith  th e  coefficient Z /2  is well-known :

(2.1) H*SU(6)/S0(6)- A (e2, 03, e4, e 5 , 06),

w here e k  i s  th e  im ag e  o f  th e  Stiefel-W hitney c la s s  w k u n d e r  th e  induced  m ap  of
S U(6)/S 0(6)--41S 0(6). The action of the Steenrod operation is completely determined
by Wu formula

—  —1)
(2.2) S qiw j= E 1.1) i +j— k W  k f o r  z. :<./

le 0 k

so that w e can com pute the Bockstein spectral sequence in order to know the ordinary
cohomology of S U(6)/S 0(6) w ith  the coefficient Z ( 2 ) .

degree H*(SU(6)/S0(6); Z(23) degree H*(SU(6)/S0(6); Z(2))

20 Z(2) {e23456 } 1 0 Z / 2  {0235}

18 Z/2 {e,,,,} 9 Z(2) {e45+36} Z/2{036}
16 Z/2 fe2 3 5 6 1 8 Z/2 ie s ,}
15 Z (5) {e456} 7 Z/2 fe34+251
14 Z (2 ) fe2345+ 356} Z/2 { e35 6 } 6 1 (2) fed
13 1 /2 e 3 46+556}3 4 6 + 5 5 6 , 5 Z(2){e224-5} 1/21e6}
12 Z/2 {e3 4 5 } 3 Z/2 e 3 }
11 Z(2)10236.56} Z/2{0.} 0 1 ( 2 )  {1 }
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In  the  above table, e2 3 + 5  m ean s e2 e3 +e , and so  on.
Now we consider th e  Atiyah-Hirzeburch spectral sequence converging to B P*SU(6)

/SO(6):

(2.3)E 2  B P*O H *(S U (6)/S 0(6); Z (2)) ) B P*S U(6)/S 0(6).

Recall that B P * =Z (2)[v i, y2, •-•], w here I vn l= —2(2 4  —1). T h e  differentials o f  this
spectral sequece are  quite complicated, yet the  following lemma gives a  guide  line for
computing.

Lemma 2.4 ([4]). The .f irst differential of  the A tiyah-Hirzeburch spectral sequence
converging to P(m )*X  is  d2„.-1=v m ® Q ., w here Q . is the M ilnor operation.

P(m )* () is  a multiplicative cohomology theory whose coefficient ring i s  P(m )*=.-
Z /2[v n „ • • • ] .  T h e  Milnor operation mentioned above is a  cohomology operation
inductively defined a s  follows.

(2.5) (20=Sql , Q .= E Q .- i ,  S q 2 Th1=Q n-1Sq 2 Th-ESe Q n --1  .

Using this lemma and W u formula, especially the action of Q  (0 i 4) on w k (2.<1z.<6),
we can determ ine th e  E 4 -term o f th e  spectral sequence (2.3). T h e  formulae o f  Q iW k

are  arranged in Section 4.

degree E4-term

20 B P* fe234561

18 BP*/(2, v1){e2426}
16 B P*/(2,  y 1)  {e 2 3 5 6 }

15 B P* {2e456}

14 B P* 1 e2345+ 3561 B P*/(2 , v1) {e3 5 6 }
12 B P*/2 le, 4 5 1
11 B P* {2e236+56} B P*/2 {e56}

10 B P*/2 {e285}

9 B P* {e4 5 + 3 6 } B P*/(2, y 1 ) {e 3 6 }
8 BP*/(2, vi){eas}
7 B P*2 { e34+25}

6 B P* 12e 6}

5 B P* { e,,,}
3 B P*/2 fe,}
0 B P* {1}

W e need more information to  determ ine further differentials. For that, we use the
Serre spectral sequences fo r  th e  fibration S U(6)/S 0(6)-43S 0(6)--B S U(6):

(2.6) E2-_-_--z-B P*S U(6)/S 0(6)0H*(B S U(6); Z (2)) B P*B S 0(6)

and  fo r the  fibration SU/S0--*BSO— *BSU:
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(2.7) B P*SU/SOOH*(B SU ; Z ( z ) )  B P*B S O .

There are some elements in  these spectral sequences that should equal to zero in
th e  Ew-term , i.e., c k — cr= 0 in  B P*B S 0(6 ). c : is a  complex conjugate o f c k  and
ck = E h  tk ,  so we can describe c : as follows.

Lemma 2.8. T hese form ulae hold in  B P*B S U  (6) (and slightly  dif f erent for
BP* BSU):

ct—c 2 =-3 v 1 c3 +60c4+6vic 2 c3-150c 5 +5v2c2c 3 -5v z cz.-Fhigher terms

cl— c 3 = - 2 c 3 +hz gher terms

4 =-- -5 v 1 c5 -1-higher terms

—c 5 = - 2 c 6 H-higher terms
- C6

=
C6(

4
14C 3 + 3 V 2 C 3 - 8V 1C4

-
6VI V 2 C 4  1 8 1 A C 2 C 3+26V'I C 5  2 4 0 V 2 C 2 C 3

+30v1v 2 c5 -Fhigher terms).

Hence the leading term s o f  th e  above form ulae are  boundary elements in  the  S erre
spectral sequence (2.6).

P ro o f . Since complex conjugation is a  ring  homomorphism, we have

(2.9)c ' — Et(t1) • t(tk),

where

(2.10) e(t)=expEp(— logBp(t))

=— t— v i t2 —vTts—(2v1+v,)t 4 —(4v1+3v i v z )t 6

—9(vH-Ov2)e+ h igher t  terms.

We have a commutative diagram :

(2.11)

BP*BU(6)

B P*B 0(6)

>  B P * B S U ( 6 )  B P * [ [  a r •  •  •  C611 A F1)

 

> BP*BS0(6),

  

where

(2.12) B P*H c„ ••, c 6 ]]/(c 1 —c'', • •• , c6 -  et)
B P*[[F„ c z ,  « ,  c d ]/(F , — F t, •••, c6 — c ) .

F , is the image of c , under the  map of B det* : B P*B U(1)-41P*B U(6). Therefore we
have

(2.13)

=  
—

V1C2 — V1C 4
—

V 7C 2C 4+V 2d
- 2

V2C4+VIV 2 d
-

2V IV 2C 2C 4+ • •

c, (l+v!c 2 +14c3 -Fv1c., ±v? czcz-F2vzcz—v,v2c1± 2vivzc4-1-20vzczcz+ ••-)

-Fci(-2v 11c2-2v2c2+ •••)+ higher c , terms.

F1=7- ± BPti
{=1
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Then the image of c , under the map BP*BU(6)-43P*BSU(6) is

(2.14) v 1c5-v ia-i-v ic4-v 2a+2v 3c4-v Icz c3-1-2v d

-v 7c 2 c4-2v1v2c2c34-3viv2ci-2viv2c2c4+ ••• •

The pushout of the above diagram (2.11) is

(2.15) BP*[[ci, ••', c . ] ] / ( 1 1 , c 5 - c ' ,  ••• , c 6 - c ' )

••• , c611/(c2 - c t ,  • • •  c6
-

c6
4
) •

W e can then prove this lem m a through simple calculations. A  le ad in g  te rm  o f any
elem ent x  in the ideal (c 5 - c ' ,  • • •  ,  c ,- c t )  must become a  boundary element because x
should be trivial in BP*BS0(6).

Lemma 2.8 c la im s  th a t 2c 5 , v10c3, 2c5, viOcs, and vs Oc s cs in  the Serre spectral
sequence (2.6) a re  b o u n d a ry  e lem en ts . On the one hand, the spectral sequence (2.7)
shows th a t th e re  must be som e BP*-generators in BP*SU(6)/S0(6) w hich  pro ject to
the above elements because BPQ*SU ISO'_=; A B pQ . ( f  f 9 ,  f , , , • • • )  and B P *S U /S 0  must
contains 2f 5 , v1f5> 2 f 9, v i f  9, 2 f 1 3 , V 1 f1 3 , • • •  •  Since their degrees a re  3, 5, 7, 9, and 11,
e 3 , e 2 3 3 ,  e „,„,  one of e4 5 + 3 6  and e 3 6 ,  and one o f  e 5 6 and 2

e23 6+5 6  are infinite cycles in the
spectral sequence (2.3). In fact, the remaining non-trivial differentials are only d 5 (2e 6 )
and d 7 (e36 ). W e need the follow ing lem m a to prove this fact.

Lemma 2 .1 6  ([4 ]) . Suppose there is a relation E v „x „ - - 0  mod P  i n  BP* X , where
v „ y 2 , • • , ) ,  then there exists y EH*(X ; Zip) such that Qi(31)=-- to(xi), where p :  BP* X

-> H*(X ; z ip ).

The paper [4 ] gave consideration to odd prime case, but its proof is still valid for
the prime 2.

Lemma 2 .1 7 . d 5 (2e 6 )=- 0 0 e 5 6  an d  (17 (e  ) v  (9 'to36, - 2356.

P ro o f. It is  easy  to  p rove  d 7 (e 3 6 )= v 2 0 e 2 3 5 6  (Lemma 2.4 w ith  m -= 2). I f  w e sup-
pose d 5(2e6)= 0 in the spectral sequence (2.3) then BP*SU(6)/ SO(6) has BP*-generators
1, è

.'
3, 

'
è
'
23+5, 2e6 ,

0
3 4 + 2 5 , j3 5 , j3 6 4 -4 5 , ê 2 3 5 , j5 6 •

 2
;
.
2 3 6 + 5 6 , e

.
3 4 5 , j3 5 6 , j2 3 1 6 + 3 5 6 .•  2 e456, e2 3 5 6 , e3 4 5 6 ,

and -23456  because this spectral sequence collapses at the E s - te rm . T h e re  are of course
some relations am ong these elem ents. W e need Lem m a 2.16 in o rd e r  to  d e te c t th e ir
relations. One of them  is V 1 e 3 5 6 ± V 2

0'
3456

=
E  a„x „ a t E P ,  because the following equations

hold in H*(SU(6)/ SO(6); Z ( 2 ) )

Q 0 e 2 3 6 - Q 3 e 2 3 6 - Q 4 e 2 3 6 - 0

(2.18) Q 1 e 2 3 6 - e 3 2 6

Q 2 e 2 3 6 - e 3 4 5 6 •

But th is  relation leads to  a contradiction. Consider the Serre spectral sequence (2.6)
a g a in . W e  have Lemma 2.8, which says
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d 6 ( 3 ) - V I O C 3 d 6 (ê 2 3 + 5 )-2 C 3 d 8 (3 4 + 2 6 ) - V IO C 6

(2.19)
d 8 (3 6 + 4 5 )

- 2 C 5 d I2 (ê 6 6 )-V 2 0 C 3 C 6  •

T h e n  d6(v1j326-i-v2ff3426)=. vié560c8 mod / 3 , on one h a n d , d6(E )----Ev5v2.2-e4660 c 3  o r 0

mod P .  But w e  have supposed c/5 (2e 6 )= 0  in the A tiyah-H irzeburch spectral sequence

for S U (6)/S 0(6). This means vie 5 6 # 0 , so there is no relation between 0 5 6 and v 1v2 2e456.

The differentials in the A tiyah-H irzeburch spectral sequence for S U (6)/S 0(6) that

should be considered are exhausted . H ence  w e have the following theorem.

Theorem  2.20. B P*S U (6)/S 0(6) has a  BP*-filtration whose associated graded

module is

B P *  11(aB P */2  fe3 IEDBP* fe 3 3 5 IEDBP*{4e5}

E3BP*/2{e 3 4 , 2 5 }EDBP*/(2, /),) 4'351 @ B P* ie36+431

EDBP*/2{e232}@ B P* {2e236} EBBP*/(2, vD{e36}@ B P * /2  4' 343 1

@ BP* fe2343+336lEEMP * 1(2 , v 1 ){e 2 6 6 }@BP*12e4661

@ BP*/(2, v1, v3){ 6.2326}03BP * /(2 ,  y 1)le3456}EDBP*ie23456} •

P ro o f .  This is  a direct consequence of Lemma 2.4  and Lemma 2.17.

3 .  The even-concentratedness of B P*B S 0(6)

W e consider the A tiyah-H irzeburch spectral sequence for B S 0(6) in this section :

(3.1) E 2_'--2B P*OH*(B S 0(6); Z (2))  B P*B S 0(6).

It is well-known that

(3.2) H*(B S 0(6); Z (2)):-=' Z(2)[1)1, P 2 ,  X ]e Z / 2 [P I ,  P 2 , X, W 3, 1V5] {W3, W5, ,

w h e re  p,, p 2 , x, w 3 , w6, and a  are the elem ents which respectively project to La

w6, w3, w 5 , and w 2 w 5 d-w3w4 under the reduction map p: H*(BS0(6); Z(2))---41*(BS0(6):

Z / 2 ) .  Notice th a t C hern class elements c2 , c3, c 4 , c s ,  and c6 a re  respectively project to

pi, id  P2, id  and X2 u n d e r  the map H*(BSU(6); Z ( 2 )
)-*H*(B S 0(6); Z ( 2) ). Hence its

E 5-te rm  is  as follows.

(3.3) E2 BP*EPI, P2, Xi@BP * /2[P1, P2, X, w3]{w3}

EDBP*/2[Ply P 2 , X, w3, w5] iw,,

:.--..B P*[P), P 2 , r ]  {1, XI EBBP * /2 [Pi, PI,w ]  w 3 , w, Xw 3, Xwg}

B P * /2 [P 1 , P 2 , , w23. ,

• iw,, w3 w5 , Xw5 , Xw3 w5 , w , w 3 14, Xtv!, Xws wg,

a, w3 a, Xa, Xw,a, w 5 a, w 3 w ,a,Xw,a, v 3 w5 al

B P*[P i, P2/ r ]  {1, XI @ B P*72[PI, P 2 , X2, wfl {w5, w ,  Xw3, X1/4}

@ B P */ 2 [P i, P2 , X', w!, 14]



Brown-Peterson cohomology 661

•{w2 , w 3 w6 , Xw5 , Xw3 w6 , wg, tvga-i-w 3 wg, X7v2,

a, w,a,Xa,Xw,a+Xwg, tub a, w3 w6 a+ wg, 6 a,Zw,w,al .

In the first place, pi, p2 , x, id  and wg are infinite cycles because they are in  the
image of H*(BSU(6); Z ( 2 ) ). We can compute the differential d, on the other generators

from Lemma 2.4 and Table 4.1.

degree 3 5 6 7 10

X tv, w6 X a w,a

d3 (x) wg w3w6 Xw, wg wga+w,wg

11 12 12 13 14

Xw, Zu/ w6a Xa Xw3w5

0 Xu4 w,w,a+wg Xw,a+Xwg Xwgw6

16 18 21

Xwg Xw5a Xwswa

Xw,wg Xwg XL v 5 (wga+ w,wg)

Consider the entries in the columns for d 3 (x ) to be v,-tensored. Consequently, we
get the E c term.

(3.4) E4:-=:BP*D1, P2, r i  {1, 2X}EDBP*/2[PI, P2, X2 i IXIV51

EDBP*/(2, VI)IPI , P2, X' , 14 ] Oa Xw3,X24W51

E3BP*/(2, V1)1P1, P2, X2 ,  74  w fl

• { w3w6, w , wked-w3wg, w 3 w6 a+wg,Xw2a-FX14,

Xw,wg,Xwg,Xw b (wga+w,wg)}

B P*[P ., P2, X2 ] i1, 2X} EDBP* /2 [P1 , P2, r] {Xw51

EDBP*/(2, vi)[Pi, Ps, X2 , w] {w , Xu4w2}

EDBP*/(2, v i )[p „  P s , X2 , wg, wg]

•{ws w„ Xws , wg, wgad-w s wg, ws w,a-Fwg, Xws ce+Xwg,

Xwg, Xw5 (wga-pw s wg)} .

Lemma 2.17 implies c/5 (2X)=00Xwb in this spectral sequence since there is a  map
of spectral sequences

BP*OH*(BS0(6); Z(2)) )  B P *B S  0(6)

BP*OH*(SU(6)/S0(6); ZO O  )  BP*SU(6)/S0(6),
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and there is no element except Xws whose degree is (0, 11). It is easy to see that the
differential d, is trivial for other generators.

(3.6) EG BP*[PI, P2, r ]  {1, 4X}E3BP*/(2, V)EP1, P2, X 2 ]  {Xwb}
(1913P*/(2, V1)EP1 , P 2 , r, wn{w1,Xidw5}

EBBP*/(2, V1)EPI, P2, r ,

•{waw,, Xwa , wg, wgce+w , awg, w aw,a+wg, Xw , ,a+Xwg,

Xwg, 6(wgad-w awg)} .

BP*[P 1, P2, X 2 ]  {1, 4X}EBIBP*/(2, V)EP 1, P2, {Xw5}

@ BP* /(2, V1)[P1 , P 2 , , wg]Iwg, wg, Xwgw,, Xwg}

EDBP*/(2, V1)EPI, P2, , wN,

•{w3w5,Xw3, ulad-w3wg, w,w,a+wg+Xwg,Xw,a+Xwg,

P2wt, Xw & g a d  w 3w!), Xw5(wA+Piwwg+ P2wt)d - r wg(wgad-w awg)} .

Since the E 6(E 7)-term is almost a  P(2)*-free module, th ere  is  no indeterminancy
owing to computing d ,  from Lemma 2.4 and Table 4.1.

degree 6 8 9 11

x 4X wail), Xw 3 Xw,

d7(x) 0 waw,a+wg+Xwg Xw3a+Xwg Xgwg

13 17 21

wkx+w s wg XtOws Xwg

wg+P1w3wg+P2wl Xzwl X2wgwg

31

Xw,(wga+w atvg)

x2 wg(wity+w30 )+xwb( wl+ piw M +Nwt)

In the above table, we omitted tensoring y, to the entries in the columns fo r d ,.
The fect that c/7(4X)=--0 cannot be determined in the same manner. But it is actually
true because

(3.7) d ,(4X) E  7 6 ' " Z /2 iv,Op ,Xw3, v 20(wla w 3wg)}

d ,
E 7' 2 ." Z /2 {vgaP iXw aa+PiXwg), vg0(wl - FPiwwg+P2 1,11)}

and d7d7 -=0.
Hence the E s-term of the spectral sequence is as follows.
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(3.8) P2, X2] { 1 , 4X}EDBP*1(2, VI)[PI, P2, X2]  IVIOXW51

EDBP*/(2, VDU'', P2, WU {la 144}

EDBP*/(2, V1)LP1, P2, X9{X 2 wg}

EDBP*/(2, y1, V2)EP1, P2, X2 , 74:1 {X2 14, X 214Wg}

EDBP*/(2, v i , V2)EP1, P2, X21 la WU

• iW3W5a+Wg+XW3, XU)3a+XWg,

XW5( 14)1±P1WWg+P2 14 )+ X 214(W;a+W3Wg» •

Now we we must take it into consideration whether d , and d u  are trivial or not.
Recall again that there are some elements which should be zero in the E.-term , i.e.,
be boundary elements of some differentials. Those are the lowest degree terms of the
eiements in the ideal (e ,-e t , • • - , e 6 - e t ) .  Thus we can compute them to a certain
extent.

Lemma 3.9. T he differential d ,  is triv ial and d 1 1 (v 9 O nv 5 )=--- 0(g)X 2 w .

P ro o f .  For the following equation, a&Xzwi turns out to be a  boundary element.
4 13 •(3.10) (v2c6+-
3

vc 6 )(ct -c2)-(5v7c2c6-1-9v1v2c2c6)(ct`-c3)- viu2c6(ct -c4)3

5
+(31* 9 +15v1v,c s)(ct - (v 1 -  v  2c 2)(ct - 6)= -5004d-h igher term s.

Hence d3X 2 WP,E 1 2 , 2 2  requires some element i n  E V . " ,  E a . " ,  o r  E1 9 which
maps to i4Orwg by the differential d c , d ii, or dn. Since and E -

8
-2. "

- - --:Z/2{v,(3X w 9 } , we can conclude that d 9 (v 1 ®Xtv 5 )=0  and du (v2 ®Xw 5 ) =-00X 2 wP, More-
over, i f  w e  assum e d9 (4X)EE 8• 5 :.--=Z/2{v 1v2 OP I Xw5 } to  b e  non-trivial, vg®P i rw !
(=du(v i v,OP i X w,)) m ust b e zero , which is, in fact, a non-trivial element in  the  E „-
term. It is obvious that d , and d i ,  are trivial for other generators.

The diferential d i ,  is also trivial for degree reasons, and the remaining differentials
to be considered are completely determined by Lemma 2.4 and Table 4.1.

Theorem 3 .1 1 .  (1) The A tiyah-Hzrzeburch spectral sequence f o r  B P*B S 0(6) col-
lapses at the  E.-term .

(2) B P*B S 0(6) is concentrated in  even degree:

B P*B S 0(6).B P*[[c 2 , c4, c6]] {1, -a } EDBP * Hc2, • • • , c6]]/(c2 - ct, • • • c,} ,

where the isomorphism is just a module isomorphism.

Proof.

(3.12) EI5 r=." El4 El2
8 P * [ P1 , P2, X2 ] {1, 4X}
EDBP*1(2, P2, WU 4 11 , IA }
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(DBP*/(2, v 1 , P)[P1/ P2/ X2 ] {X2 14}
EDBP*/(2, v 1 , vorp„ p 2 , r, {X2w3, rwlw}

eBP*/(2, y 1 , V2)[P1/ P2/ X2 , wg , wg]

•{w3w3a-Pw2-1-Xwg, Xw3a+Xw!, ufg- i- P1wgw!HP2wA,

Xw3 (w g P w3wg+ P3w0-X 2 wl(wga w3wg)+P1r(w3w3a+ w+Xwi)} •

The differential d13 can be computed from Lemma 2.4 and Table 4.1 as follows.

(3.13) d13(4X)=0

cl15(w3w3a - Hvg+Xwg)=v30(rw4-kw(wil+Piwiwg+P2wD)

(1,3(Xw3a+Xwg)=v30(Xw5(4±P1w!3w-F-P274)+X 2 wg(wga-Fw3wt)

±p
1
r(w 3 w5

a+wg-FXwg)).

The fact that cl1 5 (4X)=0 follows from d13 d13 = 0 .  Hence the E i ,-term is

(3.14) E13 BP*[P I, P2/ X2 ] 11, 4XI

EBBP*/(2, V1)EP1/ P 2/ WU
9).13P* /(2, v 1 , PD[P1/ P2/ X2 ] {X2 w j

v1, PO[p ' ,  P2/ X2 , wg]fXzwLrultvg, LO+Pluiwil -  - P2ẁ311

EDBP*/(2, v 1 , v2, PO[p !, P2/ X2 ,  I VI• 14 ]

• {X2 Wg+ 14 (W H - P114 W H - P2W3)/ XW2(W/I+PIWg 10±P2W 1)

+X 2 4 ( 14a+W 3W g)+P IX 2(W2W5a+ 14+XW)} •

By the same manner, we get d310)=PIX 2 (20wg+wg(wH- PO44+P2wW, where ti  is
the last generator in the E 13 -term above. d r (4X)=0 (r_16) for degree reasons. Thus
the E 32 -term, which is also the E.-term, is expressed as follows.

(3.15) E22:-- -B P * [P I , p 2 , x2] {1, 4X}

9BP*/(2, POD!, P2/ 11) 0 0 4 ,  /41
CDBP*/(2, vi, vg)IPI, P2,X 2 7{X2 4 }

EBBP*/(2, v„ V2)[P1/ P2/ X2 , wniX 2 wg,rwgwg, w4 - 1- P1dwg - I- P2w11

eBP*/(2, v i , v2, v3)[P1, PI, X2 , w:23, tvg]/(Pir)

•{X2 wg- F0 w - PPiwiw! - E P2w1)1
v1 , v2 , v3, V4)[P1, P2/ X2 / la  14 ]

• IPIX2(X2 Wf3' 4- W !M H - PIWW!±P2W9))} •

The E 32 -term is generated by elements in even degrees, hence this spectral sequence
collapses at the E 32 -term . The differentials which are not concerned with X a re  all
derived from the ideal (c 2 - c ' ,  ••• , c 6 - c ') .  T h ere fo re  th e re  is  no further relation
among c2 , •••, c3 . This fact affirms that the map from the pushout of the diagram (2.11)
to BY*BS0(6) is  monic. Hence we obtain the theorem.
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4 .  The table for Q„,w k  in  H * (B S 0 (6 );  Z ( 2 ) )

Table 4 .1 .  W e can compute Q i wk as follows.

Q0w2=w3 Cl5w3=0 Q0w4=w5

Q1iv2=w2w3-1—w5 Q5w3=w1 Q1w2-- --  Luau), Cl1w6=w3w6 Cl5w6=w3w

Q2w2 -- - w2w3+w3+u4w5+w4w5+w3w6

(12tv,=u4L44-14

Q2W4 = 114W 3W 4+1V 3w 2+  w iW 6±w 2U )4W 5+1V2w3w6+  w5 w6

Cl2w5---w2w3w5+w3w4w5+w2w2+ww6

Q2w..--- --- ww3w6+w3wiw,+w2w,w6

(137vz=ww3+wM+w2wg+Aw,+w;w5+1.Nw4w,+wlw5+w3w40+w2w1+ww,w,

+w3w1w6+ww5w6+w3w3w2+

Q3w3=w2w2+tv2+ ww2+ww2+1,4114

Q3W4 =  W 2.V3W 4+ W 3W 4±W 2W 3W i+W 3W 1+ W M W 6 - F W2W4W5+ W2W1W5+ W2W3W4W2

+  WM+ W 40+ W W 3W 6+ W 2W 3W 21W6+ WW5W6+ W2W2W5W6+ WIW6W6+ W3W2W6

+ 114 11i3Wti+ W3W4W

Q3 W 5=  i4W 3W 5+ W 5+1V2W 3W 4 W 5+ W 3W W 5+ W 2W 2+ W W 4 W 2 W 2 1 0 ±W 2 W 3 W + 1 0

± W 2w 2W 6+ W M W 6 - k W1W6W6+ W3W5W

Q3u).= .14w3w6+ w3w6+11/2w3w4w6+ w 3 w1w 6 + zuw 5 w 6 + w w 4 w 5 w 6 +  w,wiw,w e

—Fwgv,w!we+ w2w6+w2u2+ww6w!+to3w

Q4W2 = W25W9+ W2 2 W g+  WM+ WM+ W r+  W P W 5 +  ww1w5+ w2w2w5+ w22 w4w5

+wgw4w5+wDylw5+w 74w5+14wswiwg+w,wwg+ww+w3w214+wgw4w1

+w2w3wM+1v2wW>+ Aw4w+w2w2+w3w2+w2 2 w3w6+ww6+ww3w:w6

+w3w2w6+14w2w5w6+wgw1wsw,+wtwgw6+ww,ww6+ww3w+w2w3w1w2
+wgw54+w2w4w5w2+w1w5w+w2w+w2w3wt+wlw+ww,w2+w,w,wt

+71)314,

Q4w3=w24 w2-F w2w2±w2,v1°+w2 2 w2+w:114+ w2w2-F ww2d-wIw2w1H-w2w2

+wD1)1.4+wMw+wtze,w,2,-Fw!wiu14-wNw'il

Q4W4 = W24W 3 W 4 + W M W 4 + W W 3 W 4 + W 2 5W3W2CI- W 2W + W gW 3W 1±W 3W Id - W22W W 5

W2° W 5+ 10W 4W 5±W 2W 2W 4W 5+W 2W 2W 5+ W 2W W 5+W W 3W 4W +W 2W 3i ,(1W2

+ W 2° iV 2- F IA W 4 W + W 2V:W !+U4W 2+ W 2W 2W 4W 2+ AW 3W IW 2H-W 3W 1W 1

+ 14W2Wg - I- W W 4 W g + W W 4 W +  U 4 +  W23W 3W 6±W 2W W 6+ W W 3W 2W 6

+ W 2 W 9 W IW B ±W P W 5 W 6 + W M W 6 W 6 + W '3' W 8W 6+W MW 5W 6+ W 2W 2w2W 5W 6

+ 24W 5W 6+  W W 3 14W 6+ W 3W 2w 2W 6+ W 2W M W 6+ AW 3W tW 6+ W 3W 1W 6+W W gW 6
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▪ w aul+ ww 3w 4u4+ 3w106 -+ W314 14+ v zwiw 4w 514+ w 3 wtwt

+ 11)21414-1-1v1w 5wg+tolw 3 wtd-Law 3 w 4 wld  W3w M -Pulw 2Ix 4 W

+W2W3W2±W5Wil

Q4 1 0 5=  W 4 W3W6+ W2WSW5+WW3W5+ W2 2 W3W4W5H- W3W4W5+ WW3W1W6H- W3W74W5+14 3 Wg

W2tVgWg+WgWgW4WE±W2WWg+WgLOWN - W2WIWg+ W2W3Wg+ W2W3W1W2

+ W M+ WtW4Wt+ WiWt+ W2W3W2+ WiW3W4Wg+ W3W,IW2H - W2Wg+WW2

▪ W2M W 6+W PW CHALOW IW 6+W M W 6+ W gW g W 5W 6+ W giVIW 5W 6+ 111WgW6

WDVDOW6+WW3W54+ WgW4W5W 26+ W3W1W5W 26+ W 2 W 1 W M +  WW

+ 14 103W5U4 -1- w 3 w 4 w 5 w t+w 2 w tle t+LV M

Q 4 6 =  W24 W3W6+W2' WgW6+ WW3W6+ W2 2 W3W4W6+ W3W4W6+ 111W3W:1W6±W3W 74W6

W 3 W5W6+W2WgW5W6+ WW1W4W6W6+WMW6W6+ 7,14 14W6W6+W2WW6 1V6

▪ WDV3W6W6±W2W9W1WgW6+WW2W6+WtW4W2W6+ WlWgW6+ W2WgWtW6

WD,V3W4Wt 1V6±W3WIWtW6+ 14W 2W 6+ 14W2W6+ WgWgW+ WgW1 10+W rW 6W Z

+ 1010W 5td+ W bV1W 5W N -  WgWEW - F WgW3WN- WgW4WN- W2W:U4

▪ T2 14 11/5WN-  W1W6Wt+ WW3W W3W4W6+ W2W6W
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