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A remark on the homotopy type of the
classifying space of certain gauge groups

By

Shuichi TSUKUDA

1. Introduction

L et P k  b e  the  principal SU  (2 )  bundle  over a  closed simply connected
4-manifold X with c2  (Pk) =  k, gk its gauge group and g°k its based gauge group.
F or integers m and n, le t  (m, n) denote the GCD of m and n  if mn* 0, (m, 0)
= (0, m) = m . In  [3], it is show n that gk r e i f  and only i f  (12/d (X ), k) =
(12/d (X ), k') where d (X ) =  1 if the intersection form of X is even and d (X)
=  2  if odd.

In  th is  p ap e r w e  s tu d y  th e  homotopy ty p e  o f  B k . T h e  purpose o f this
paper is to show the following result.

Theorem 1.1. If Bgk is  homotoPy equivalent to Bgv, then (k, p) = , p)
for any prime p.

Note that the result for p = 2, 3 is obtained from the result o f  [3].
T heorem  is p roved  by  com puting  th e  Postnikov in v a r ia n t  o f  (Bgk)(p)

which is B k  localized at p.
B y  [1], we have two homotopy equivalences

Bgk  M a p k  (X, BSU (2) )

and

=  M ap' (X , BSU (2) ) .

For a fixed prime p 5, denote HP - (p) by B an d  p u t (c f . [2])

M k ,X  = Mapk (X, HP')(p)
Mapk (X , B)

= Map' (X, H P " )  (p)

Map' (X, B).

Consider the  Postnikov invariant k 2 P - 2 (Mk,x). I f  Bgk Bgv, then k2 P - 2 (Mk.x)
= W P - 2 (Mkr,x) for all p . So, to prove Theorem 1.1, we have only to show
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Proposition 1.2. (k, 1)) = p if and only if k " ' (M k ,x ) =  0.

which will be proved in §2.
The author would like to thank Professor Akira Kono for his advices and

encouragements.

2 .  Proof of Proposition 1.2

F o r  a  space Y  and  a  non  negative integer q, le t Y  <  q > --= YU eq+' a  U
.......b e  a  space obtained from Y by killing the homotopy groups in dimension

q Consider the fibering

M t,X M k , X
7i B.

T h e  m ap r  induces a  map Tr: M k,x  < q >  B  < q >  su ch  th a t the  following
commutes,

mt,X Mk,X B.

f  I if
M k , X  <  > B < q > .

Lemma 2.1. If zq (B) = 0, then the homotopy fibre of YEis M x q  >  .
Proof. Let F b e  the hom otopy fibre of Ff, then  w e have a commutative dia-
gram,

M* k,X Mk.X
It B.

y I If
M k,X  < q > B < q>  .

By the homotopy exact sequences for the fibrations w hich correspond to  the
horizontal rows of above diagram and the morphism between these exact sequ-
ences induced from the vertical maps of the diagram, w e have M tx  q  >
F.

Recall that the p-component of 7c3+k (V ) is  (se e  [4 ])

r 
Z

0

/ p  

O
k

<
=

k
2p

<
-

2p
3 .

— 3, 2p — 3 < k < 4p — 6
2

(p )3 + , (s 3 ) = t 

Therefore we have

100 < j < 2p — 3, 2p — 3 < j < 4p — 6 (2 . 1)
( W k i " s 4 ) Z /p j  = 2p — 3
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0 0 j  < 4, 4 <j 2 p + 1, 2p+1 <j < 4 p -2
r; (B) =  Z ( p )  j  = 4 (2.2)

Z/p j =  2p +1,

in paticular 7C2P (B) = 0 and we have a commutative diagram,

A Mk B.

j. f I 1f
Mtx  < 2p > M k,X < 2p > B < 2p > .

Denote HP -
1 12 by A  and consider the map

„1: A  — Hp(p - i)/2 H poo B,

where 1 is  a  localization.

L em m a 2.2. There exits a map a: A Mk,s4 such  that r 0 a = .1 if
and only if there exists a map 13: A  Mk,54 < 2p > such that Tr 013 -= f 0 2.

Proof. If there exists a, put 13 = j•- ocr.
Conversely if  tehere exists S, since dimA = 2p — 2 < 2p — 1, w e have a

map g : A —* Mk,s4 such that fof f and

f0 .2 irog 2-z 01 /3'.

Again since dim A  <  2p-1, /1 =

Lemma 2.3. There exists a if and only i f  (k, p)= p.

Proof. It is clear that there exists a if and only if there exists a  map (1): A  x
S4 —0 B  such that the following commutes,

A VS4 2Vk BV B

A  x  S 4 B.

Since the only obstruction to get 0 lives in the image of
k = (1  k )* : H 2p+2 s4, A  v  s 4: Zip) _,H2P+2 (A  X  s 4 , A  v  s 4: v p )

hence i f  (k, p)= p, there exists 0.
Conversely if there exists 0, we have a commutative diagram,
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H4 (B; Z/p) H2P+2 (B; Z/p)

0* 1 i o*

H 4 (A  X  s 4; VI) ) H2P+2 (A x S4; Z/p) .

There exists an element u  E  H4 (B; Zip) such  tha t Y)1 (u)= 2up+1/2 *  O.

04: 0 g)1 04 ) = (p* (214p + ii2 ) =  a p - in  0  kb,

where we write 0 *  (u) = a ® 1 + 1  0 kb.
On the other hand

Y '(0*(u)) =  Y ' (a ±  kb) =  0,

therefore aP - 1 1 2  0  kb -=  0 and we have (k, p) -= p.

Lemma 2.4. There exists $  if and only if the Postnikov invariant k2 P - 2

(Mk,S4 ) =  0  e  H2 P - 2  ( fk,s4 < 2p-3 >  , Zip).
Proof. B y (2 .1) and (2.2), we have a commutative diagram

M * k,s4 , M C S4 , B

I i I
K (Z/p, 2p - 3) = M *

 k , s 4  < 2p>m k „ s 4  <  2 p  > B  < 2p >

M k,s 4 <  2p-2 >  — > M k ,s 4 < 2p-3 > .

We have also an exact sequence

H2P - 2  (Mk ,s4 < 2p>) ‹  . '  H 2 2 (B < 2p>) <-- - H 2P- 3 (K (Z/p, 2p-3))

V°2 ) *  I —=

//2P -2 (A) _,-_-_ Zip

where H* ( )  is understood to be the mod p cohomology.
Note that k 2 P -2 (Mk,s4)= T (1iazip,2p-3))•
If there exists S such that Tr 0 /3 = foÀ, then

(f° 2 ) * ° 1- (1 )= S * ° -1t * ° 1- (1 ) =  0,

hence k 2P- 2 (Mk ,s4) = O.
Conversely if k2P- 2 (Mk,s 4) = 0, then
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Mk ,s4 < 2p > B <  2p >  x K (Z/p, 2p — 3)

and we can get 13 easily.

Lemma 2.5. k 2 P-
2  (Mb ,s 4) =  0 if and only if k 2P

-
2 (M k .) =  0

Proof. From the cofibering
V S2 -•  X  S 4

where q is the collapsing map, we have a fibering

M 41;,54M r , X 1-1

By (2.1) and (2.2), we have

{0

0. j<2, 2< j <2p - 3, j = 2p —2, 2p - 3 < j< 4p  — 8

zi (lek,x) =  E l3 b Z (P )  i — 2

Z/p j  =  2 p - 3
ED bZ / p  j =  2p - 1.

Therefore the following commutative diagram

Mt,54

Mt,x Mk

induces a fibre map

K (Z/p, 2p - 3) — >  M k ,s 4 <2p-2  > Mk,s4< 2p -3  >

1
K (Z/p, 2p - 3) — >  Mk,x < 2 p -2  > Mk,x < 2p-3 > ,

and a commutative diagram,

H2 - 2  (m b ,5 4 < 2p-3 > ; Z/p) H2P-3 (K (VP, 2 .13 - 3) ; Z/P)

H2P- 2  (M k ,x  < 2p - 3 > ; Z/p) H2P-2 (K (Z/p, 2p — 3) ; Z/p) .

If k 2 P - 2 (M k,x)= 0, then
k"' (M k ,s 4) = q*k 2 P-

2  (Mk ,x ) =  O.

Since we have a commutative diagram
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Mk.s4 < 2p - 3 >> B  < 2p-3

Mk,x < 2p-3 >,> B  < 2p-3

we have a map S: M k,X  < 2p - 3 > Afk,s4 < 2p - 3 > .

If 10' (M k ,s 4 ) = 0, a s  w e saw  in  the  proof of Lemma 2.4, there  exists a
section

Mk,s4 < 2 p - 3 > M k , s 4  <  2p - 2 > .

Mk,s4 < 2p-3>

Is

M k ,x  < 2p-3 > .

Hence

k 2 P - 2  (Mk,x) = s * (k2 P - 2  (Mk.s4) ) = O.

Thus we complete the proof of Proposition 1.2.
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Therefore we get a fibre map

K  (Z/p, Mk,s4 <2p- 3) 2p-2 >

K  (Z/p, Mk,x <2p- 3) —> 2p - 2 >


