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A Bifurcation phenomenon for the periodic
solutions of the Duffing equation

By

Yukie KomaTtsu, Tadayoshi Kano and Akitaka MATSUMURA

1. Introduction and Result

In this paper, we study a bifurcation phenomenon for the periodic
solutions of the following Duffing equation which describes a nonlinear
forced oscillation :

a.n w’ () +uu’ @) +ru®) +aud() =£(t), tER,

where ¢ and a are positive constants, £ is a nonnegative constant, and f(¢)
is a given periodic external force. It is known that for any periodic
external force there exists at least one periodic solution of (1.1)with same
period as the external force. Furthermore, if the external force is suitably
small, then the periodic solution is proved to be unique and asymptotically
stable. On the other hand, in the case of the relatively large external force,
numerical computations show a possibility of not only the non-uniqueness
of the periodic solution but also the existence of various bifurcation
phenomena. In particular, a strange attractor discovered by Uedal[6], so
called Japanese attractor, is well known. However, it is surprising that
there have been no mathematical proofs of the existence of bifurcation for
the periodic solutions of (1.1). The aim of this paper is to give a
mathematical proof of the existence of bifurcation for a special family of
external forces. To do that, we define the one-parameter families of
periodic functions {x;(t)}:s and {f,()}:5, with period one by

{ u: (t) - =Asin2xt, A >0,

(1 . 2) f’1 (t) : :u”1 (t) +/1.u'; (t) +Ku; (t) +au’; (t)v

so that the equation (1.1) has the trivial periodic solution u(¢) =u.(¢)to
the external force f(¢)=f.(¢) for any A >(. Then our main Theorem is

Theorem 1. Suppose 1 and k satisfy
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34r*—k) (1671-2—/:)2)
20m 3847

and the external force f(t) =f(¢) is given by (1.2). Then there exist at least
three positive constants A;(i=1, 2, 3;,1,<A;<As), which depend only on u
and Kk such that a nontrivial periodic solution of (1.1) with period one
bifurcates from {u,(t)} > at Ai=J/A/a(i=1, 2, 3).

0<k<4r® uSmin<

To prove Theorem 1, we first reformulate the problem on the periodic
solution of (1.1) to an integral equation in Section 2, and apply the
Krasnosel'skii's Theorem [3] on bifurcation to the integral equation in
Section 3. A crucial part in this process is to show the eigenvalue problem
of the linealized equation at u(¢#) =wu,(¢) has at least three algebraicly
simple eigenvalues. We investigate the eigenvalue problem in Section 4
and 5 by making use of the arguments on the continued fraction along the
same line as in the paper Meshalkin and Sinai [4], where they studied the
stability of stationary solutions of Navier-Stokes equation. Finally we
show some results of numerical computations in Section 6.

Acknowledgement. One of the authors would like to thank Prof. H.
Okamoto for calling our attention to the paper Meshalkin and Sinai [4].

2. Reformulation of the problem

We shall seek the periodic solution of (1.1) with period one in the
form

@.D u(@®) = () +Av(0).
Substituting (2.1) to (1.1), we obtain the following problem :

v (@) +pv' @) +rev@) +ar L W) @) +NQ@) @) =0,

2.2) [v(t+1)=v(t), tER,
where L(v) and N(v) are defined by

L) (®):=3v()sin? 2xt,

@.3) [N(v) () : =3v2(t)sin 2zt +v3(2).

We reformulate the problem (2.2) into an integral equation in the space E
defined by

Q2.4 E={u@®eCR);ut+1D =u(t), teR}

with the norm Il % Il : =supewew.u | u@) |.
We first consider the case £ #(. It is easy to see that the problem
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©.5) [ v’ (@) +pv' () +rv (@) =f(D),

v@E+1D)=v(®),tER

has a unique solution vE ENC*(R) for any fEE. Let us denote this solution
by G(f). The problem (2.2) is reduced to the integral equation in E:

2.6) v=—al’G(L (W) +N®)).

In the case of k=(), since G is not well defined, we need a further
consideration. Noting that the solution of (2.2) satisfies

@.7 [Lo@O+NE ®ar=0
we rewrite the problem (2.2) as
v +ur'=—arl* (L) +N@)) +a22£l(L W@ +NW) @))dt,

ey {f o (®)sin? 9t di = —% [ ‘N @O,

v+ 1D =vQ®), tER.

To solve (2.8), we consider the following two linear equations for fEE
and BER,

V(O +u' O =0 - [ @,

©2.9) :
foua)dt:o, v(t+1) =v(0), tER,

w” (@) +pw’ (¢) =0,
(2.10) 1
fow(t)sin2 omtdt =8, w(it+1)=w@), tER.

It is standard to see that the problem (2.9) has a unique solution v€ENC?
(R), denoting it by G(f), and the solution of (2.10) is explicitly given by
a constant

@.11) w=—r— B 98
fo sin’ Ot dt

Thus, the problem (2.2) with k=0 is reduced to the integral equation in E:

v=—aX®G(L (v) +N())

(2.12) 1 ~ 9 i
+2a2? fo (sin? 27t) G (L (v) +N(v))(t)dt—§ fo NQ@) (®)dt.
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3. Proof of Theorem 1

To show Theorem 1, we apply the Krasnosel'skii's Theorem [3] to the
integral equation (2.6) (resp.(2.12)) for £ >0 (resp. k=0).

Theorem A (Krasnosel’skii’'s Theorem). Let E be a Banach space and
f(x, A) be an operator with domain DCE XR into E of the form

flx, ) =x—ATx+g(x, ).

Suppose the followings :
M %0, (0, 2) ED.
(2) T is a linear compact operator E—E.
(3) glx, 2) is a nonlinear compact operator D—E, which satisfies
g0, 1)=0, glx, 1) =0(llx Il ) uniformly in the neighborhood A =2,.
(4) 1/Ais an eigenvalue of T with odd algebraic multiplicity.

Then (0, Ao) is a bifurcation point for f(x, ) =0.

Now, let E be a Banach space defined by (2.4) and T be an operator
E—FE defined by

aD T [G(—L(v)) if K+,

G-Lw)+2[ \(sin? )G W) (Ddt  if k=0,

and g(v, 1) be an operator with the domain D=E X R, into E defined by

Gar* N(v)) if k#0),
(3D &) = |Gl NG a1 (sin? 2t N (W) (Ddt
+% fo ‘N (D)dt if k=0,

where R.={A€R; 1>0}. Then the both integral equations (2.6) and
(2.12) are equivalent to

3.3 f, 1) :=v—ar?Tv+g(v, 1) =0.

Therefore, we must show the corresponding assumptions (1)~(4) in
Theorem A for the equation (3.3). These are verified by the following two
Propositions.

Proposition 3.1. (i) G(), G(HEENCHR) for any fEE.
(ii) There exists a positive constant C such that for any fEE

NGO I, 1GPH I <CIfI,
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|1 L6m]. |Lem | <c]|s].

(i) G and G are compact oparators in E.

Proposition 3. 2. Suppose u and k are positive constants satisfying the
assumption of Theorem 1. Then there exist at least three positive constants A;
G=1, 2, 3 A1<A;<A3) which depend only on 1 and k such that A7' are
algebraicly simple eigenvalues of T.

The proof of Proposition 3.1 is given by a quite standard argument on
the ordinary differential equation, so omitted. We shall give the proof of
Proposition 3.2 in the next section. Then applying Theorem A to the
equation (3.3), we can prove that a nontrivial periodic solution of (3.3)

bifurcates at 1,=/A4,/a(i=1,2,3).
4. Eigenvalue problem of linearized equation
In this section, we give the proof of Proposition 3.2. First we note that

the eigenvalue problem for T is again equivalent to the problem :

w”’ @) +pw () +ew@) +3Aw @) sin? 2zt=0),

4.D wt+1)=w@), tER,

where we set A =al%. We expand the solution by Fourier series as
4.2) wB)= 2 ae”™, {a}.eE L2
Substituting (4.2) to (4.1), we obtain

i (—47*n*+ 2muni+k+3A sin® 2nt)a.e*™ =0,

which implies that {a.}.e: satisfies the following recurrence formula:

(43) An(A)an_*_anf?.—l_an«iﬂ:Oy nEZy

where

n 167°n*— 4 8muni
RY| 3A

We study this recurrence formula according as n is odd or even. In the
case n=2m+1(mEZ), setting bn.=am+ and B,(A) =A,..;(A), we rewrite
(4.3) for {ba} mez as

4.0 Bu(A)bptbu+bpn=0, mEZ.

A,(A)=-2
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In the cace n=2m(m€EZ), setting d,=a,, and D,(1) =A,.,(A), we rewrite
for {dm} mez aS

4.5) D,(A)d.+dn-1+dn =0, mEZ.

For the solvability of these recurrence formulas (4.4) and (4.5), the
following lemma holds.

Lemma 4.1. (1) The recurrence equation (4.4) with A=A, has a
nontrivial solution {b,(Ao)}nesE L% if and only if {B.(Ao)}nez satisfies the
condition,

4.6) | By(A)) =By | =1,
where
B(A) = 1
B.(A)— 1
By(A) —

By(A)— |

(1) The recurrence equation (4.4) with A=A, has a nontrivial solution {d.
AD}mez € 2% if and only if {D,(Ay)} ez satisfies condition,

4.7 Dy(Ay) =2ReD(Ay),
where
DU = 1
Dy(A) —

DXOE

We shall give a proof of Lemma 4.1 in Section 5. Let us admit Lemma
4.1 for the moment. Then, to prove Proposition 3.2, we have only to show
that there exist A,€R.(=1,2,3) which satisfy the equality (4.6) or (4.7)
and which correspond to the algebraicly simple eigenvalues of 7. To do
that, we make use of the following Worpitzky’s Theorem [1] concerning a
family of continued fractions.

Theorem B (Worpitzky’s Theorem). Let § be a family of the formal
continued fractions :
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s aEC, | a | S%for any REN

as
1+
Let w,(C) and w(C) respectively denote the n-th approximant and the value of
a convergent continued fraction C. Then a family § is uniformly convergent,
that is,

lim sup | w,(C) —w(C) | =0.

n—so CEF

Furthermore, it holds that | w(C) | < % for any CEG.

First we consider the existence of A;(i=1,2) satisfying the equality
(4.6). Weintroduce some notations and definitions. Let [4 ;7] denote the
ball which has the center A&C and the radius rER,. When the ball (A ;7]

does not include the origin, we define the reciprocal ball by [A; 7] ‘12[
h r

p ] We next define the constants {A,}-,(0< A, <A, <A

[hI*=7" | h|*—
z</i'3</i'4</‘i5) by
A= 8(4n*— IE), A= 24" — /c)’ A= 4(4r*— /s)
21 3 3
A= 4(167*— /c) A= 2167 —x) A= 4(36m*—k)
9 4 3 i} 5 9 ]
so that they satisfy the following relation:
A /I /L /iz /iﬁ
Re By(A) = 0 -1
59 28k 16« 8«
Re B,(A) R s 16+ T+ 1
48« 24k 19 16x
Re By(A) 48+ 12 —x 23+ P —:3—4-—3(36”2_,6)
A Ay A,
Re DI(A) 1 0
6
ReD) | Wippe | bty
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In the following, we note that the continued fraction B(A) can be
rewritten in the form

1
Bi(A)
1
B,()B,(/)
1
B,(DBy(A)
i+

(4.8 B) =

1+

1+

In the case (<A <A,, it holds that ReBy(A1)>3/9, ImB,(A)<(, and | B,
(A4) | >4 for i>1. Then Theorem B imples | B(A) | <1/2, and it easily
follows

4.9 | By(A)—B(A) | >1 for 0<A <A,

In the case A =A,, it holds | B:(A,) | >16 fori>1. So, Theorem B gives

~ 2 . ~ . 1
| B | SW and | By(A) =B | < | By(A)) | +§. From
the assumption of Theorem 1, | By(A,) | = | ImBy(A)) | <3/5. Therefore
we have
(4.10) | By(A)—BA) | <1.

By (4.9) and (4.10), the Intermediate Value Theorem proves the existence
of a constant A,€ (A,, A,) such that

(4.11) |Bo(/11)—%(/11) | =1.

In the case A,<A <A, it holds that ReBy(A) < —1and | B{(A)B,.,(A) |

. . 1 17
>4 for i>1. Then, Theorem B imples B(1)E B [1, 2] . From the

assumption of Theorem 1, we can see | arg B;(A1) | <x/6, so that | arg B
(A) | <n/3. Therefore ReB(A) >0, and we easily have

4.12) | By(A) —B() | >1 for A,<A<As

By (4.10) and (4.12),the Intermediate Value Theorem again proves the
existence of a constant A,& (A,, A,) such that

(413) fBo(Az)—%(Az) | =1

Next, we consider the existence of A;&ER, such that {D,.(A;)}.ez satisfies
(4.7). In the case 0<A<A; we have | Di(A)Dis;(A) | >4 for i>1.
Similarly as in the previous case, we obtain ReD(A) >( which implies that
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4.1 Dy(A)<2ReD(A) for (<A< A,

In the case A=A, it holds | D:(A,) | >4 for i>3 Noting that D(A)
can be rewritten in the form

D)=

1
D,(A)

-1 . 3

L D) " DA
I+

D;(A) +

1

we have D) eE[D/AN)—hA);r(A)]' where h(A) and r(A) are the

. 1 ] 1 -1 .
center and the radius of the ball Do) [1, 91D, | ] respectively,

which are explicitly given by

1
2

h(A)=

D,(A) _
1,r(/l)— B

| Dy(A) | 2_Z | Dy(A) | Z—Z

Therefore we obtain the following estimate

Re(Dl(/i4)_h(/id))+r(/i4)
| D1(/I4) _h(/L) l 2_7’2(/14)

Set £=ReD,(A,) and n=Im Dy(A,), then Dy(A,) = —£/3, D,(A) =ni/2, and n
= —uk&/(67). Substituting £ and 7 into (4.15),

1
£+
?+ﬁ—%
ReD(A) < ; 2
R grt ) (e )
(4.16)

(o)

- 7772('{2-1-7]2——[11-)+772+1.
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In order to see 2Re®D (A,) <Dy(A,), we must show the inequality
17 _1 1
.17 (T (e4m— 1)+ 92— 1<0
To do that, we define f(x) : =x*+9 » 159x —24 « 27 + 36. Using £>6, we have
1/n _1 L_
(i
-0 o
wEN, 1 /u 15 /W8N, 1 5
2454(36712) * 24(3 )+ 9652\367r“‘>+ 2 :

1 15 [y _i
<01 362 36%)*24(3 >+48 AT
254

- 362f (46
From the assumption of Theorem 1, 0<%/ (367%) <16, so that f( 367r2><0

Therefore we obtain (4.17), which implies
4.18) IReD (A <Dy(A)).

By (4.14) and (4.18),the Intermediate Value Theorem proves the
existence of a constant A;& (A, A,) such that

(4.19 Dy(A3) =2ReD(A,).

Thus we have proved that there exist at least three eigenvalues of T.
Finally we show these are algebraicly simple eigenvalues, which means
dim DKer(A,»‘1 I—-T)"=1. Since (4.12) and (4.14) shows that (4.6) does
n=1

not hold for A =A; and neither does (4.7) for A=A, and A=A;, we can see
dim Ker(A7' I-T)=1. So we need to show Ker(A;' I—T)*=Ker(A;' I—
T). If it does not hold, there exists a nontrivial solution u&E of (A7 I—
T)u=w for any wEKer (A7 I—T), which is equivalent to the solvability of
the following equation :

.20 uw’ () +uu’ () +rut) +3Au(@)sin? 2nt = — 3Awsin? 2xt.

From the standard argument, the solvability of (4.20) is equivalent to the
condition

(4.2 fo w(Ow. Osin® 2rtdi =0,

where w. is a solution of the adjoint equation to (4.1):
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(4.22) w’ () —pw' . () +rew. @) +3Aw. (@) sin? 2zt=\.

NOting that w « (t) :u)(_t) = _Z a—nean‘r’ (4.21) is rewritten as _Z (an_an+2)2
=(. Therefore we must show n==e

(4.93) 3 (@)’ #0 at A=Ai=1,2.3).

n=—oo

In the case A =A,, from the definition of {b.}mez given by (5.4) in the
next section,

3 @)= 3 (ba—bpe)?

n=-—oo

=2{—2(m b)*+ReBi(1—p)?) + 2Re (bn—bnr))?)

m21

=2{—3(Im by)*+ (Reby)*+Re (B30, (01—2)) + 2 Re (bp—bne)?

m21

= —2{3—4(Re by)?— Re(b3o,(0,—2)) — 22Re (by— bpe1)?

m21

Taking notice that (Re b0)2=%(1+Re(b0)2), we have

4.2 3—4(Re by’ —Re(510,(01—2)) — ZRe(bn—bps)’?

m21

=1—9Re(b?) — Re(biol— 2b301) — 2 Re (b — b))

m>1
>1+2ReBo+0) — 1 o1 1 7=2 [ o1 | =2 | bu—bymy | 2
>14+2ReBy+o)— 1o | 2=2 | 01 |
205,121+ 121 )2 | | 2

_ _ o A+ 1o 1) o |?
>1-4 1ol | oy | ERPAE .

However, Theorem B implies | 0. | SIBLISO that | oy | <% and | p; | <

i. Using these estimates, we obtain (4.24) >(. Therefore we can show

the inequality (4.23) at A=A,.
In the case A =A,, we can rewrite (4.24)as

4.25) 3—4(Re bp)?*—ReBjo1(0:—2)) — Z:Re(bm—bmﬂ)z

m21

=1+2Re(By+p1) +2Re(bjo;) —Re(bp}) — 2 Re (b —bmer)?

m21

=142Re(By+p1) +2Re(— By+B)01) —Re(biod) — 2 Re (by— bnsr)?

m21

=—1+2Re(Bo+p) +2 | By | *+2Re Byoi+Re((By+p1)o?)
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— 2 Re(bn—bmi)?,

m21

Since it follows —1<ReBy<( and |Im B, | < g from the assumption of

Theorem 1, and Theorem B implies | o, | < and | o; | 223 we have

2
=53
(4.25) <—1+4+2Re By(1+Re By +2 | Im By | +2Re p;(1+ReBy)

+2Im By Im o;+ | o1 | 2—ZRe(b,,.—bmu)2

m2]1

<—142 | Im By | *4+2Im By Im 1+ | oy | 24 22 | bp—bps|?
2 2
—14+2 | Im By | *+2Im By Im o1+ | o1 | 2+ (1+ |pz||p) ||2101|

2
—1+2 |1 Im By | *+2 [ Im By | |1 | + 2(1+1I_DT '|02)||2.01 |
<.

Therefore we can show the inequality (4.23) at A=A,
In the case A =A,, from the definition of {d.}.cz given by (5.5) in the
next section,

2 (an_an+2>2= =Z_m(dm_dmw‘l)z

n=-—oo

—9{Re((1—d)?) +Re((di—dp)) + 2Re((dn—dn: D)D)

m2>2

=-2{2d | 2—3<1+‘32}'f;>2‘<32/1_’:>2

—Re{di0:(0,— 2} — 2iRe((dn—dms)D).

In order to see (4.23) at A=A, we must show

(4.26) 21d | 2—3(1+ ) < ) —Re {dio,(0,— 2)}
— ZRe((dn—dme)) #0

Noting that | o | <% and | o | <32—1, we have

21 di = 3(1+ 2 ) —(E) ~Reldion(0—2)) — ZiRe((da—dn))
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2211 =3(1+ ) () -2 ol = dil ol ?

A+ 1ol ) lal?®ld|?
1—l03

Z@‘Tl‘ﬁ_ 319> ldi | 4(”
>3 a1 -6(1+-2

Since Re di= —Re(D,+0,)/ | D;+0; | * and Re D,(A3) >0, we get

_ 1 2k N\ 11
(4.28) ldi | *= Re(D,+a,) <1+ 3A3>> 2

By (4.27) and (4.28), we can show the inequality (4.23) at A=A, This
completes the proof of Proposition 3.2.

5. Proof of Lemma 4.1

In this section, we give a proof of Lemma 4.1, by the similar argument
in Meshalkin and Sinai [3]. Throughout this section, {bn.}mez {dn}mez B,
and D denote {b,(A¢)}mez, {dn(A0)}mez, B(Ap), and D(A,) respectively.
(I) The case n=2m+1

First we show the proof of necessity. We assume that {b,}mez € £°
satisfies (4.4). Then b,#( for any m&Z. In fact, suppose that there exists
k such that b,=(0. Then by.,=Cbw+, for any [EZ, where C, is a constant
which satisfies | C, | —o0 as | [ | o0, Let us separate the cases accoding
as by is zero or not. If b+ =0, then b,=0 for any m&Z, which contradicts
that {b.}necz is a nontrivial sequence. If b,+;#0, then | bps, | >0 as || —
o which contradicts that {b.}.cz € £ Therefore we can well define p,,=

bb—’"(mzl) and ﬁmz—bbi_—l(ms()). So we can rewrite
m—1 m

Bm+pl+pmﬂ=0, m>1)
4.4) as ™
B,+0.+

=0, (m<—1)

m+1

which implies respectively,
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PO

" 1

Bm+l— Bm+2— )
G.D
pn=— L (m<0)

B 1

m—1 1

Bm—Z_ Bm—a_

On the other hand, it follows from (4.4) with m=( that

(52) Boz 1 + 1
1 1
Bl_*l B.,— 1
B2_ B3— ' B—Z_Ba—_'
Using the relation B,=B_(m+1), we have
4.3 ' | Bi—B | =1,
where
P p—— :
B,— 1
Bg—

This completes the proof of necessity. Next, we show the proof of
sufficiency. We assume that {B,}.ez satisfies (4.6). Let us define {b,}mez
as follows,

by=0%, 0<arg pi<m
(5.4) b= 00102 "Om (m>1)
b_=pt, r<arg i< 9
bn=b_10-10-2"""Om+1 m<—=2)

where p, and p. are given by (5.1). Then it is easy to see that {b,} ez
satisfies the recurrence equation (4.4) and {b.}.<:E £° This completes
the proof of sufficiency.
(II) The case n=2m

Let us define {d.}nez as follows,



Periodic solutions of the Duffing equation 205

d0=1,
(5 . 5) dw=010y""0n, (m > ].)
dm=(700_1-"0m+1, (mS _1)
where
On=— 1 (m=>1)
D.— 1
" 1
DMH_ Dm+2_
5.6) |
= — (m<0)
D 1
m—1 1
Doog— -

Noting that {D,}ne; satisfies D,=D_,, we can give a proof similarly as in
the case n=2m+1. This completes the proof of Lemma 4.1.

6. Numerical Computations

In this section, we show some results of the numerical computations.
First, we made the numerical computations by the typical Runge-kutta
scheme of four steps and forth order for the equation (1.1), (1.2) with the
coefficients £=x=a=1 and the initial data (x(0), x’(0)) which are
suitably taken in a neighborhood of ((), 274):

x" (@) +x +x(@) +x*@) =P(A sin 2xt)

6.1 {P(A sin 27zt) : = (A sin 27t)” + (A sin 27t)’+ 2 sin 2zt + (Asin 271)3,

The pictures of the trajectories (x, x") are given in Figure 1~ Figure 7.
“Range” in the left upper side of the figure indicates the range of x, while
the range of x’ is taken to be 2z times of it so that the trivial solution u:
depicts a fixed circle. Figure 1 shows the trajectory at A=3. We observe
that the trajectory of the trivial solution u; is stable. As we continue to
increase A, the trivial solution u, loses stability at 1=2,%=4.19---. Figure 2
shows the trajectory at A =4.3. We observe that the trajectory is a slightly
different circle from the trivial solution. Tracing this branch forward, we
have a typical trajectory of this branch at A=8 in Figure 3. The
trajectories of this branch have a symmetry with respect to the origin. As
we continue to increase A, the trivial solution becomes stable again at A=
2:=6.71---. The trajectory at 2=6.5, which is a little behind 2,, is given in
Figure 4. Tracing this branch back, we have a typical trajectory at 1=2 in
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Duffing Equations. N
X”+1.0X+1.0X"+1.0%X3=P(3.000*sin (2Pi*t))
RANGE=6.0000

N
N

LAMBDA = 3.0000
Fig. 1

Duffing Equations. .
X"+1.0X+1.0X'+1.0X3=P(4.300*sin 2Pi*t))
RANGE=8.6000

A
%

LAMBDA = 4.3000
Fig. 2

N
\-

Duffing Equations. .
X”+1.0X+1.0X'+1.0X3=P(6.500*sin(2Pi*t))

RANGE=13.0000
LAMBDA = 6.5000
Fig. 4

Duffing Equations.
X"+1.0X+1.0X’+1.0%X3=P(8.000*sin(2Pi*t))
RANGE=16.0000

N
\lJ

LAMBDA = 8.0000
Fig. 3

Duffing Equations.
X”+1.0X+1.0X"+1.0%X3=P(2.000*sin (2Pi*t))
RANGE=8.0000

LAMBDA = 2.0000
Fig. b
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Duffing Equations. Duffing Equations.
X"+1.0X+1.0X'+1.0X3=P(6.500*sin (2Pi*t)) X”+1.0X+1.0X"+1.0X3=P(10.000*sin(2Pi*t))
RANGE=20.0000 RANGE=20.0000

[
-

-

1

LAMBDA = 10.0000 LAMBDA = 10.0000
Fig. 6 Fig. 7

continued fraction
range=[1.0000, 11.0000]
Ymax= 5.000000

D(x) —2*Ref(x)
1= 1 B=g)(x) | oo

Fig. 8
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continued fraction
range= [1.0000, 101.0000]
Ymax= 5.000000

.['L 1
R ]
\

|

D(x) —2*Ref(x)
1= 1 B=g)(x) | oo

Fig. 9

Figure 5. The trajectories also have a symmetry with respect to the origin.
With a further increase of A, the trivial solution loses stability again at A =
A3=9.93:--, and we have a pair of stable trajectories. The trajectories at 4
=10 are given in Figure 6 and 7. In this case, each trajectory has not a
symmetry, different from the previous cases.

On the other hand, we mathematically studied the eigenvalue problem
for the linearized equation in Section 4, and we had the necessary and
sufficient condition (4.6) and (4.7). Therefore, we next tried the
numerical computations for the continued fractions in (4.6) and (4.7)
until the error become less than 107, The graphs of the functions 1— | B,
Q)—8BQ) | and Dy(21) —2 Re D(1) for 1<A <21 are given in Figure §. We
have that 1— | B;(A) —B(1) | intersects A axis at A=4.19---and A=6.71--,
Dy(1) —2Re D(A) intersects A axis at 1=9.93:--. These results are well
consistent with both the statement in Theorem 1 and the above mentioned
results of numerical computations for the equation (6.1). Finally we
should point out that the number of bifurcation points is expected to be
not only three but infinity, as suggested from computations for 1<A <101
in Figure 9.
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