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1. Introduction

Recurrence and  conservativeness o f  symmetric Markov processes have been
studied by several p e o p le . F irstly  K. Ichihara [13], M. Fukushima [8] gave
a  recurrence criterion fo r symmetric diffusion processes on  R d . K. Ichihara
[16 ] also gave a  conservativeness te s t fo r  such  p rocesses . Y . O shim a [24]
e x te n d e d  th e ir  c r ite r ia  a n d  g a v e  th e  g e n e ra l c r ite r ia  o f  recurrence  and
conservativeness for symmetric Markov p ro c e sse s . M. Takeda [32] also gave
the conservativeness test for diffusion processes on R d , which is sharper than
[16 ], [24 ], by using th e  Lyons - Zheng decom position. O n the other hand, K.
Ichihara [14], [15], M. P. Gaffney [10], S. Y. Cheng and S. T. Y au [2], A. A.
G rigor'yan  [11], [12], and  M . T akeda [33] gave  the  c r ite r ia  fo r Brownian
motions on Riemannian m anifo lds. K . T h . S tu rm  [3 0 ] extended their works
for strong local regular Dirichlet forms by using the Carathéodory (intrinsic)
m e tr ic . He assumed the relative compactness of balls by this metric (see also
[ 3 1 ] ) .  H. O kura [23] also gave the recurrence criteria fo r regular Dirichlet
form s by using the  capacitary in eq u a lity . He assumed the local integrability
o f  m e tric  by  jum ping m easure  w ith  th e  re la tiv e  compactness o f  balls. H .
K aneko [1 7 ], [1 8 ] extended th e  resu lts  o f  [ 2 3 ] ,  [ 3 0 ] .  H e used  a  c lass of
exhaustion functions instead o f  th e  Carathéodory m e tr ic . In  th e  c a se  o f
regular Dirichlet forms on  locally compact state space, M. Takeda [35] gave
th e  conservativeness te s t  fo r  symmetric diffusion processes transform ed by
supermartingale multiplicative functionals by  u sing  th e  Carathéodory metric
with the relative compactness of balls. A ls o  Y . O shim a [25], Y. Oshima and
K. Th. S turm  [26] gave a criterion of conservativeness for the time - dependent
D ir ic h le t  f o rm s . In this p a p e r ,  w e  w i l l  g i v e  t h e  re c u r re n c e  and
conservativeness criteria f o r  symmetric diffusion processes o n  a  separable
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m etric space transform ed by supermartingale multiplicative functionals. We
also use the Caratheodory m e tr ic . O ur metric is slightly different from what
w as used  i n  [3 0 ], [3 1 ], b u t is  ve ry  re la ted  to  th e  m etric  used i n  [4 ], [5 ],
[ 2 7 ] .  T o  show  the  re su lts , it  is  e ssen tia l th a t th e  cut - off function o f  this
m etric belongs to th e  domain of D irichlet f o r m s . In  th e  ca se  o f  Co- regular
Dirichlet forms on locally compact state space, C o

- regularity assures the above
a rgum en t. In  the  case  o f quasi-regular Dirichlet form s o n  separable metric
s p a c e s , w e  c a n  n o t  c a r r y  o u t  th is  p ro c e d u re , s in c e  a n y  b a lls  a r e  not
necessarily relatively com pact and  the  domain o f  form s d o  not necessarily
contain continuous functions w ith com pact support. Instead of the relative
compactness of balls, w e assum e the finiteness o f  1- capacity o f balls. T h e n
w e  have th a t  th e  cut - off func tion  is  in  th e  domain o f  fo rm s by  u sing  the
characterization o f  t h e  dom ain o f  fo rm s assoc ia ted  w ith  t h e  transformed
processes due  to  P . J .  Fitzsim m ons [6 ]  a n d  th e  ideal property  of Dirichlet
space in  th e  reflected D irichlet space (see Theorem  3 .1  a n d  Theorem 3.2).
So we can get the criteria  fo r recurrence and conservativeness. O ur criteria
are  slightly  sharper than M. Takeda [35], bu t a re  indicated by K. Th. Sturm
[30] in the framework of Co- regular Dirichlet forms.

The organization of th is paper is as fo llo w s . In Section 2, we review the
basic property of quasi-regular Dirichlet f o r m s . In Section 3, we present the
transfo rm ations b y  superm artingale M ultip licative functionals a n d  th e
characterization of the associated Dirichlet s p a c e .  In Section 4, we investigate
th e  Carathéodory m etric  o f  quasi-regu lar strong  local D irichlet form s and
show that the cut - off function of metric belongs to the domain of forms under
the  finiteness o f 1- capacity of balls (see  condition  (A ), ( B ) ) .  In Section 5,
w e g iv e  th e  c r ite r ia  f o r  recurrence a n d  conservativeness a n d  prove them
u n d e r  (A ) ,  (B )  and  the  finiteness of local energy o f  go (see condition (E )).
In the last section, we collect some examples.

2. Review of quasi regular Dirichlet form

Let X  be  a  separable metric space and m a  a - finite Borel measure on X  with
fu ll topological s u p p o r t .  Consider a  sym m etric D irichlet s p a c e  ( 8 ,  g )  on
L2 (X ; m ), namely g  is  a dense subspace of L 2 (X; rn) and u  = 0 V u  A l E g  if
u e  g  and  g  i s  a  sym m etric non-negative definite bilinear form  on X g
satisfying g  ( u  ,  u ) (u, u )  for u E g, and g  is com plete w ith respect to

811 2 - norm. Here 8 1 (u, y) = g (u, y ) ±  f  x  uy dm  for u, y  E g .  F o r  a  closed
subset F  of X, w e se t g -F. =  E =  0 m - a. e. on X  —  .  A n increasing
sequence {F,,} n EAT of closed subset of X  is sa id  to  be  an  g - nest o r generalized

00

nest i f  U  fI F n  is 81 ' 2 - dense in  g .  A . subset N  of X  is  sa id  to  be  g - polar or
n=1

00

g - exceptional if there exists an g -nest {F n ) n E N  such that N C fl  (X — F,i ) . A
n=1

statement P= P (x ) depending on x EX is sa id  to  b e  "P 8 -  q.e." if there exists
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an 8 - polar set N  such that P  (x ) holds for x E X — N .  A  function u is said to
be 8 - quasi-continuous i f  th e re  ex is ts  a n  g - n e s t  {Fn} n e N  su ch  th a t u IFn i s
continuous on F n fo r  each n E N .  A subset E of X is said to  be g - quasi-open
if there exists an  g - n est {Fn}nEN such that E (1 Fn is  open w ith respect to  the
relative topology on F n  fo r  each n E /V. g - quasi-closedness can be defined as
the  dual n o tio n . F o r  tw o subsets A , B  of X, w e w rite  A  = B  8- q.e. if  IA =

I g  8- q.e. If a function u has an g - quasi-continuous m-version, we denote it by
W e p repare  th ree  conditions w hich a re  called the conditions of quasi-

regularity of (8 , g) as follows:
(QR1) There exists an 8 - nest of compact sets.
(QR2) T here  ex ists  a n  81/ 2 - dense subset o f g  whose elements have

g - quasi-continuous m-versions.
(Q R 3 )  T here  ex is t an  g - po la r se t N C X  and un g ,  n E N  having

g - quasi-continuous m-versions n , n E N  such  that { n.-  1n- neN

separates the points of X — N.
Assume th a t  (8, g )  is quasi-regular, nam ely  (QR1), (QR2), (QR3) hold.
Then there exists an m-equivalence class of special standard  processes M/
properly associated w ith ( 8 ,  g ) .  F ix  a  special standard  process M= (Q, Xt,
C, Px ) properly  assoc ia ted  w ith  ( 8 ,  g ) .  P roperly  association means that
x  1 -* f f j(X t(w ))  Px (d o t)  i s  a n  g - quasi-continuous m-version o f  T t f  for
f E (x) n 1,2 (X; m). U n d e r  the quasi-regularity of Dirichlet space  (8, g ) ,
there exists another Dirichlet space (8, ,g- )  on L 2 (2, 'a)  w ith a locally compact

-
separable m etric space X  and a  positive  R adon measure o n  X , w hich  is
Co

- regu la r a n d  8- quasi-homeomorphic t o  ( 8 ,  g ) .  P rec ise ly  to  sa y , there
exists an g-nest {Kn 1 of compact sets, and a locally compact separable metric

space X, and a  map i: Y= U  ( n
— 'iY such that il i f „ is  a  homeomorphism and the

n=1

image (E, §-) o f  (8 , g )  for ik =m °i - 1  i s  a  Co
- regular Dirichlet form on L 2  (X;

ni) satisfying that {i (Kn )}  is a n  6 -n e s t . T h e  definition of the image ,g) of
( 8 , g )  is  a s  follows: Define a n  isometry i * : L 2 (2; ni) — 5 L2 (X; m ) by setting
i * (u#) t o  b e  th e  m-class rep resen ted  by  n  i  f o r  a n y  Yi'(X) -measurable
nî - version ft of u# E L2  ( il?; .  g ' )  is defined by ,g--= tu # EL 2 (.2; tr-t) (0 )
E }  a n d  8(0, y#) =g (ti* (0 ) i*  (v # ) )  for u# , -g  (cf. Chapter VI Theorem
1.2 i n  [2 2 ]).  F o r  a  function u  o n  X , w e  s e t  u s`  b y  u# (y) = u ( x )  if
y = i (x ) and otherwise u# (y) = O. T h en  rep re sen ta tio n s  u, y of m-classes in
g  satisfy u# , V #  E , i* (u#) = u, i *  (v#) = v and g  ( u ,  y )  =  ( u # , y # ) .  Hence we
c a n  t r a n s fe r  t h e  r e s u lts  o f  [9 ] to  q u a s i- re g u la r  D irich le t form s. Such
procedure is called th e  "transfer method". T he well-known application of the
transfer method is the Fukushima decomposition as follows: for u Eg,

(X0) =Mlui +M u] , Px
- a.s. for 8- q.e. x EX. (1)

H e r e  M r  i s  th e  s q u a r e  in tegrable  m artinga le  add itive  functional whose
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Here rT is the reverse oprator on Q =D ([0, œ ) X):

rr (0)) (t) =  
icy ( (T  —  — ) if t

co (0) if t >T.

F or an  8 -quasi-open  se t E  a n d  a  se t si of m-a.e. defined functions, we
introduce a  c lass o f increasing sequence of 8-quasi-open sets and the local
space on E  of si denoted by EE, Eloc respectively: Let L'(E ; m ) be th e  all
m-a.e. defined functions on E.

CO

HE= G , is g-quasi-open for all n, G n cG n + i 8-q.e. and E =  U Gn

n=1

dEloc
=

 tu  E L
°
 (E; 111): there exist {En} E E E  and un s i  such that u=un

m-a.e. on E }.
When X —  E is g - polar, we simply write E, 4 ,  instead of E E ,  E l o c .  We

also use the notation gib
=

 4  (IL -  (X; m ) .  Another application of the transfer
m ethod is th e  Beurling - Deny type  decomposition: there exist a-finite signed
Borel measures tt ( t),,v> fo r  u, y E  g ,  a  a -fin ite  B orel m easure k  o n  X , and
a -f in ite  B orel measure J  o n  X X X — d  w ith  4c.tz),,v> (dx ), k  (dx ), J (X , dx )
charging no 8 - polar set such that

(u' 2y) =11 v >+ f  f  [a] M c1 J+  f u, v E g . (3)x xxx
-  -

H e re  [u] (x , y ) = u (x) —  u (y) . Indeed, le t  0„) , .„, ,, J  ,  k  b e  th e  measures
appeared in  the  Beurling-Deny decomposition f o r  (E ,  § ) .  It suffices to  put

11%,v> (A ) = ( i  (A n Y)), k (A ) =12- (i (A n )  and J(A  x B) =.T(i (A  n
x i(B n 31) f o r  A ,  B  E  33(X). I n  t h i s  p a p e r , w e  w i l l  n o t  u se  th e
charac teriza tion  of J, K  w h ic h  e s ta b l is h  t h e  u n iq u e n e ss  of
decom position ( 3 )  ( s e e  [2 1 ] w h ic h  g iv e s  t h e  characterization fo r  th e
u n iq u en ess) . If M is  a diffusion process with no killing inside, namely J= k =
0, equations (1 ) a n d  (2 ) a re  extended to u E 10 . A t  th is  stage, W I i s  a
local square integrable continuous martingale additive functional and  N U J  i s  a
continuous add itive  functional locally  o f  z e r o  e n e rg y  (c f . §5.5 i n  [9]).
Condition (QR2) implies that every element u Eg has an g - quasi-continuous
(8-q.e. finite) m-version 17( [22]) and every element u E f 1Oe  h a s  so  ([21]).

quadratic  va ria tion  <M tui > t i s  the  positive  continuous additive functional
admitting 8 - exceptional se t and  N U I  i s  th e  continuous additive functional of
zero energy (cf. §5.2 in  [ 9 ] ) .  Also the following Lyons-Zheng decomposition
holds (cf. §5.7 in  [9] a n d  [6] ): for u E  T>0,

u (X ) — 77(X0) = t(r r ) (r T ) ), 0 T < C, Pm - a.s.

(2)
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For an  g - quasi-open set E, w e pu t ,7 E ‘=. E  g: û 0 g - q.e. on X — E } and
E (14, y) = g (u, y) for u, y c  E .  T h e n  (gE, gE) is  a  quasi-regular Dirichlet

space on L 2 (E; m ) i f  (g , g ) is  so  ( [ 2 7 ] ) .  In  [21], we showed , - .Eloc= (  E )  loc.

H ere ( E) loc is the local space of g x on E.
W e collect several properties o f  th e  energy m easure o f  continuous part

11%,v> for u, y E g • T h e  proof can be seen in  [21].

Lemma 2.1. T he energy measure of  continuous Part 01),,n> satisfies the
following properties.

(11) (Schwarz inequality) For u, y C g ,

../-x f(x) g (x) 1 v> (dx) ,1 f x f2 (x) (dx)I x  g 2  (x) OL> (dx) .

(r2) (Markoyian property) For a n y  u  g  and r>0,
(F3) For any u = (u 1, ••• , uk), y=(vi, ", vi) w ith u i ,  v iE  b (1

and F (R k )  G  E  (R I) w ith  F  (0 ) =G  (0 ) =0,

k 1H aG ( c ,u.)te.(» (F(u),G(,)> (ix ; axi
i =1 j=1

(F4) (Derivation property) For u , v , w E g  O L v ,.>=1 -474,w >+FO L ,w >.
(F5) For u, V E ,  ,a% > 0 > . _ m  implies ,u% v „,_.m.
(F6) (Strong local property) For any g - quasi-open set E  and u C g  with

u=constant m-a.e. on E, 1E tt%>
=

 0 , In particular Ix_Ept% > =0 for u  g  E.

Next lemma is also shown in  [21].

Lemma 2.2. (i) For u E w e  c an  d e f in e  a unique a- finite Borel
m easure 0, on X  such taht IE„,u%> = Eng%.> for {E n } E  E, Un E  g satisfying
u  u n m-a. e. on E .  ( i i )  u  E g  / 0c charges no g - polar set. ( i i i )  All
assertions in Lemma 2.1  hold with the functions in g I n c  by replacing the functions
in  g  except the latter assertion in (F6) . The latter assertion is replaced by that
it E ,..gio c with 17=0 g - q, e. on E C  satisfies IEctt%>•

3. Girsanov transformation

L et X , m  b e  a s  in  S e c tio n  2  and  assum e t h a t  ( g ,  g )  i s  a  quasi-regular
Dirichlet space on L 2 (X ;  m ).  Owing to the quasi-regularity condition (QR1),
w e m ay treat X  a s  a  Lusinian space, namely X  i s  homeomorphic to  a Borel
subset of a com pact m etric  space . Indeed , le t  {K i}  b e  a n  g - nest of compact

0 0

se ts  a n d  p u t Y = U K i ,  a n d  Y  is  th e  completion o f  Y. S i n c e  K1 i s  a Borel

subset of Y , s o  Y is  a B orel subset o f Y , hence  it is  a  Lusinian space . W e
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already know m (X —  Y ) =  0 . Thus w e m ay take Y  as  the  s ta te  sp a c e . Let
M = (Q, X t , g .,  g t ,  C , P x )  be  the  associated special s tan d a rd  p ro cess . We
assume M  is a diffusion process with no killing inside, namely the sample path
of M  is continuous until the  life times of M  and E h m  [ f ( X )  tJ = 0 for
any non-negative Borel functions f ,  h .  A t th is  s tage  the  measures J  and  k
appearing in  th e  Beurling - Deny decomposition (3 ) vanish . Throughout th is
paper, w e fix ço E 1 0 ,  w ith  Ço O. Note that every 8 - quasi-open set E  is  an
g - q.e. finely open set, namely there exists a  finely open Borel set f  such that
E = Ég - q.e. Let X , b e  th e  finely open Borel g-q.e. version  of Ix E  X: 0 < -(o"
< c c ) .  T h e n  b y  [2 1 ] , w e  h a v e  logy° E  toc. H en ce  b y  the
Fukushima decomposition, we can construct the  functionals M1 1° " 1 a n d  ATP°"1

defined on t < Tx , such that

loge-,6(Xt) — log(X0) = m pogyD1 ±Npogy0), Px-a.s. g - q.e. x EX. (4)

Here Tx . = inf It 0 : X tX , )  i s  th e  f ir s t  e x it  tim e o f  X , .  W e define  a
multiplicative functional of M  by

1LP'1 =exp [Mli 0 g 9 1  — —
2  

<M u" '  >drit,,x ,} .

I t  is  e a s y  to  s e e  th a t  L I °  i s  a  supermartingale m ultiplicative functional.
Indeed, le t  {En} E  Ex , and vn E  g  with log yo = vn m -a.e. on E .  T h e n  b y  Itô
formula L r = 1+  _rotP x - a . s .  on  It < rE,„] g - q.e. x E X , .  Let L 7=1+
fot Lloi d/Wv. , . Then Ex  [Lrig s] Px-a.s. 8-q.e. x  Xy0 for s, t E [0, cc)
w ith  s  < t .  Hence Ex [L° 1 I ] lim infEs  [Ptihr<ro Igs] infits<roEx [Le»

n-, 00

s] 11111 infils<rx,}L 'st =  Lt.»  Px -  a.S. g - q.e. x  E  X 9 . Here n i s  a  finely open
n-■00

Borel 8-q.e. version of E .  Let W = (Q, Xt, z ,, PI) be the part process on X,
of the  transform ed process by this supermartingale multiplicative functional.
It is well - know n that HP is  a  right process in the sense o f  [29] and satisfies

E[Filf <r,,} ]=Ex [0 ° ]F], F E  g t, X E X T . (6)

Owing to (6), we see P .Pr i g , n f t < T , . }  and Pxig,no<ro are absolutely continuous with
respect to each other for g - q.e. x E X , by  0 ' 1 > 0, Px

- a.s. on {t< rx ) g - q.e. 1 E
X , .  W e then see that 1W4, h as  the continuity of sample paths until the life time
r v., 8 - a . e .  x E X , In d e e d ,

11({ X s*X s_ for some {r<rx„)) =0

for any r > 0 .  Hence

(5)

P.Px(X s0X s_ for some s < r x .) E Pf.({X s *X s _ for some s r) fl Ir<rk,}) =0.
reQn (0,00)
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We also see the y92m-symmetry of Mg' by { t<rx ,(rt)}  = {t < r x )  and the similar
calculation in  th e  proof o f  Lemma 6.3.5 i n  [9 ] .  H ence w e can consider a
Dirichlet space ( r ,  g (P) on 1,2 (X e; go2m ) associated with M . H o w e v e r  NV is
not necessarily Borel r igh t process, w e  can  trea t th e  several results of P . J.
Fitzsim m ons [6 ] .  Indeed , since  w e trea t X  a s  a  Lusinian space , so  X e i s
Lusinian. According to th e  genera l resu lts in  P . J. F itzsim m ons [7], every
symmetric right process on  a  Lusinian space in  the  sense o f  [29] generates a
quasi - regular D irichlet form , hence  ( r ,  g ' ' )  is quasi-regular, so M g° has a
version of Borel righ t p ro c e s s . Therefore, we may treat Mg° as a  B orel right
diffusion process. Since P§Ig,n {t<r,} and Paig,n{t<ry } a re  absolutely continuous
w ith  respect to  each  o ther fo r 8-q.e. x E Xe , the  fine  topology of MA- ( = the
p a r t  process o f  M  o n  X e ) , coincides w ith th e  o n e  o f  Mg' by deleting some
gx „-polar and r - polar s e t .  Thus we can apply the results o f  [6].

Theorem 3.1. (Theorem 4.11, and Corollary 4.12 i n  [ 6 ] ) .  (i) groc=
and the energy measure /1"<u,v> of u, y E .4 -ro c is given by 11%,v>= (70 2 ,2%,v>.

(ii) f J C {U, E xioc n L2 (X e ; (p2m) : f 2 (x) 11%> (dx) < 0 0 }  and e (u , v ) =
f „,(702 (x) tt ( 1),,z,> (dx) f o r u, v, E g " .  Further i f  (e ,  g ' )  is conservative, the

above inclusion is equality. In  particu lar, if  go E L 2 (X ; m ) a n d  (8 " , g e ) is
conservative, then (8", .7") is recurrent.

In particular, Theorem 3.1 (ii) implies that has no k illing  in side . An easy
consequence of Theorem 3.1 in the case of 9 = 1  is as follows:

C o ro lla ry  3.1. g  c c g ioc n L 2 ( x ; m ) : ixtt% > (d x )  < c o }  and
g  (u , v ) =  ix 4 ,u >  (d x ) f or u, y E  . Fu rther i f  (g ,  g )  is conservative, the
above inclusion is equality. In  p articu lar, if  1 E  L 2 (X ; m ) a n d  ( 8 ,  g )  is
conservative, then (g, g) is recurrent.

A  sim ple sufficient condition ensuring u E  g  fo r u E  i o c n L2 (X ; m ) with
ixt1 ( 2),> (dx) < o c  i s  a s  follows: Denote by Capf the fine 1 - capacity o f  (g, g) ,
namely, for a finely open Borel set G,

Capf (G ) =inf{gi (u, u) : ucg u m-a.e. on GI,

and for any set B,

Capf (B) =inf{Capf (G): B C G ,  G  is finely open Borel.}.

If G is open, Capf  (G) coincides with the usual 1-capacity Cap (G).

Theorem 3.2. Let G be a finely open Borel set with finite f ine 1- capacity
and u  f J 10c n L2 (X , m ) w ith  fx0 >  (dx) < 0 0 .  S u p p o s e  tha t û= 0 g - q.e. on
X —  G. Then u E g .

Proof. W e let gre f  = {u E :7/0c n L2 (X ; m ): fti% > (d x ) < 0 0 . Then gb
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is an ideal in gbr ef , namely g h"f • g  b C g - b. First w e show this ideal property.
Let u E  tie f , V E g b  w ith  v =R ig , g  E 1,2 (X; m) (1 93b (X ) . Recall that every
g - quasi-open set E has finely open Borel g-q.e. version, so we may assume E
is finely open  B ore l. Since u E  too), there  ex ists {Enl E E and un E  fib such
tha t u = U m - a.e. on E .  Put vn = R N =  E . [ foax-E,, e— sg (xs) ds] . Then we
have uvn E  fib and  gi(uvn, uvn) i r t i ( n >  6,112. (0 ,  (X) + f xu 2dm ) . Since
gi vn. un)—> 0 (n- 4  ° ° ) , w e have  tuv nl i s  a n  g 1"2 - bounded sequence,
hence uv  E  , g  b y  t h e  Banach-Saks th e o re m . F o r  genera l v  E  g b ,  y  is
approximated by a  sequence of the type Rig, gEL 2 (X; m) n9Bb ( x ) .  Thus we
get uv E ,grb  b y  th e  sam e argum ent as ab o v e . N ex t w e  show the assertion.
Since Capt (G) < 0 0 , there exists ec E f ib  w ith  Fa = 1 g - q.e. on G .  When u  is
bounded, we see u =uec  E  g ; e f  •  g b  fib. F o r general u E g re f with û= 0,
g - q.e. on X — G, u ( n ) =  ( — n) Vu An E  g  is g1/ 2 - bounded. So the Banach - Saks
theorem tells us u E fi.

4. Carathéodory metric (Intrinsic metric)

Let X , m , (g , .7 ) as in  S ec tion  3. W e assume that J  a n d  k, th e  measures
appearing in  (3), v a n is h . F ix  a  subset of g ( .1 Cb(X ) and let = U  —
the symmetrization of W . W e consider the following pseudo metric:

p (x, y) =- sup fu (x) — u (y) : (7)

D enote by B r ( p ) ,  open b a ll b y  p  w ith  rad iu s r>  0  a n d  center p  E X .  We
consider the next conditions.

(A) : p  is  a  metric on X  which generates the  same topology endowed on
X.

(B) :  T h e  1-capacity of B r ( p )  w ith  respect t o  (g, g )  is  fin ite  fo r  any
r> 0 and p E x .
W e consider a  1-excessive function g  E fi w ith -4- > 0  g -q .e .  Put gg = c
L2 (X; g 2m ): u g E g ) and gg (u, v )  =  (ug, vg ) g i(u , y ) =  89 (u, y) + f Auyg 2dm

for u, y E  g g . T hen  (81, f ie )  i s  a D irichlet space on 1,2 (X; g 2m ) We then see

that f i fi io c  (Proposition 2.5  ( iv )  in  [201). Set h = G if  with f  1 , 1 (X; m),
0 < f  and hn =nh  A l. H e r e  G1 i s  th e  1-resolvent on 1,2 (X; m ) associated
w ith  (g, g ) .  Then h and hn  satisfy the conditions on g.

Lemma 4.1. 1 E  -to , and 01 > =0.

Proof. Put E n = l >  . Since ii- >0 g-q.e., tEn1 E E .  So 1=h n  m-a.e.

on E n  im p lies 1  E  In c . O n the  o ther hand, b y  (F6), lEntti> =1En141> = 0.
Noting that 01 > charges no g-polar set, we have 0 1 > =0.

Let uiE , " loch and put u= V vt i , v = Au i . Suppose that for
i=1 i=1

Lemma 4.2.
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each i, n E N , u i Eg bh " and lui (x) U j (y) I p  (x , y )  with supll uill - and 0 >

1) . Then u , y E  locb n gbhn with lu  0-, iv a n d
(x) (Y) I P(x, Y ) , lY  (x) (Y) I p (x, y).

Proof. The proof is the  same a s  Lemma 3 .1  in  [20] by using properties
(F4), (F5) in  Lemma 2 .1  and Lemma 2 . 2 .  W e only to show Set

14( k )  =  Vu i . Then w e see u (k ) hn E  g  and sup 8 (u ( k) h ,  u 'h n )  2r2g (hg, hn)
1=1 k21

2 f x k idm  < 0 0 .  H e n c e  the  Banach-Saks th e  orem te lls  u s  tha t there  ex ists a
subsequence {kJ} of k  such  that the Cesaro means of u ( k i ) h ,, converge to some
uh n  E  g .  Consider A E B (X ) w ith A c  fir>  1 / 0 .  Then w e get O L , (A )  =

02 ).ihn> (A )  =  Lin2 ,u4 ± h n >  (A ) . H e n c e  w e  have (:,>  (A)
 

<

I on> (A) ,/114 (A ) ,  which implies tt ,

Denote by pp , the distance function pp: xi - p (p, x )  and by pp,,, the cut-off
function pp, r : x 1 -0 (r — p  (p, x ) )  V O . Next lemma is a variant showed in  [20]:

Lemma 4.3. Suppose that (A) holds. Then pp A rE gioc n CO (X) and
f1 ( )p,A1-> for any r> 0 and p EX.

Proof. T h e  p roof is  s im ila r to  th e  proof o f  Theorem  1 .1  i n  [ 2 0 ] .  We
p re se n t its  p ro o f  f o r  com ple teness. O w ing  to  LindelOf covering theorem.
th e re  e x is ts  a  countable  num ber o f  p o in ts  y i =  y i( n) E  X  su c h  th a t  X  =

U Bi(y i ). For each i EN , w e can take 0- i =  i(n) with 124 > < m  and
n = 1  n

- - 0i (y i ) pp (y i ) — .  Since s;-"gi is  the admissible functions in  the  definition.of
the  p, it a lso  sa tisfies  q  (y) (p) — pp (y ) for a ll y E X  a s  well a s  [Cbi (y)
çb1 (y 1) fo r a ll y E . Together with the triangle inequality pp (y)

PP for all y  HT, (y  i) the latter yields (y) — pp  (y ) +T3
,1
-  fo r  all

y E ( y  .  Let 0 i :  y V ( - (p) —  (y )) A r .  Then by Lemma 4.1, yo i =

i ( n )P  satisfies

9i E , 4 . roc. n gh" n c, ( x )  with /14 > ,111.

(y) pp (y) Ar for all y E X .  In particulaqr 11 911-<r.

çbi (y) (pp (y ).- 11, ) Ar for all y E134
1_, (y i)

CO

P u t 0 =  ,75(n4 = ,rNn)P Then 0 E glo cn  c b  0 0  with II 911- and ica,>i-1
< m  by Lemma 4 .2  and ( p p )  Ar<q5_<_.ppAr. Henece we have
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00 CO 00 CO

pp (y) Ar= lim e P  (y ) =  V  A 0 ' ) P= A  V 0 ( k)P,
n=1 k=n n=1 k=n

which implies p p n g h . n C b (X ) with 0 ),),Ar> m by Lemma 4.2.

Proposition 4.1.S u p p o s e  th a t  ( A )  h o ld s .  T h e n  p p  e  f J o c n c (X )  and
1.1(4 ,, m for any pEX.

Proof. Since pp= pp A r m-a.e. on Br (p) Pp is  an  element of the local
space of <4- /oc on X .  B y  [21], w e have pp E  toc . O w ing to a  strong local
property o f 0 ,  for u  c  r o c ,  w e have /Br(p) tt ( ),9p> = /Br(p)1.1 )ppAr> . rrt, hence

tt ( )PP>

Theorem 4.1. Suppose that (A ) and  (B ) ho ld . Then Pp, r E fJ  n Cp

and 1.e( ?s, p ,r < M

Proof. Since 1 c , i0c and ti ( i>= 0, w e see that pp,, E , /oc and 11 ( )pp,r>
in. U n d e r  (B), m  (Br (p)) < 0 0  . H ence pp,r sa tisf ie s  the  cond ition  in

Theorem 3.2.

5. Presentation of theorem and its proof

Let X , m , (g , g ), M , ço , N P  b e  as in  Section  3 and  p ,  Br ( P )  defined as in
Section 4. 1W , is  s a id  to  b e  r e c u r r e n t  i f  t h e  associated D irichlet space
(8 9 ,  g " )  is recurren t in  the  sense o f  [9] ( p.48 i n  [ 9 ] ) .  W e denote V  p (r) =
vp,T (r) = fsr(p)9 2dm and ro =vp- 1 (e). W e prepare next conditions.

(E): For any r>0, pEX, ,u (4,> (Br (P)) <0 0  an d  goEL 2 (Br (p); ni)

(R): vp r(r) dr= co for some pEX.

(C): f
r

e
:  l o g  p  (r )

d r =  0 0  
f o r  s o m e  p E X .

Theorem 5.1.A s s u m e  ( A )  ,  ( B )  and  (E).
(i) Suppose that (R) holds. Then M' is recurrent.
(ii) Suppose that (C) holds. Then AV is conservative in the sense of

P 2 m (V x , < 0 0 )  =0.

W hen p m  1 , condition (B ) implies (E), hence we have the following.

Corollary 5.1. Assume (A ),  (B ) and
(i) Suppose that (R) holds. Then M is recurrent.
(ii) Suppose that (C) holds. Then M is conservative.

Lemma 5.1. Suppose that (A) , (B) and  (E ) ho ld . Then there exists
cpp,,,E g  such that (p = 9p, r  m-a.e. on Br (P) •

Proof. Put yop,r= (Pp,r+i A 1) . T hen  fx (P 2p,4 m  I B ,i(p )9 2d m <  0 0  and



Symmetric diffusion processes 745

f x d tt ( ()Prr>. 2 .1-Br+I(P) (PP,r+i A 1) 2d ,ct( ),„>.--1-  2 -JB r+ 1 (P )C ed  (l i  /) 29P,r4-1.A 1> ,ti ç
),,>(Br-Fi(p))

+ 2  Br+i(p)(P 2 d m  <  00. Thus Theorem 3.2 tells us the desired assertion.

Since yo E .7 is bounded away from  zero and infinity on the set
Lemma 2.2 and Theorem 2.1 in  Takeda [35] hold by using Theorem  4.3  in
[6 ] in  ou r s itu a t io n . Hene ç  E  g  im plies that M"' is  re c u rre n t. w h e n  M  is
recurrent, M`P is so  for ço E  fie. H e r e  g e i s  the extended Dirichlet space (see
[ 9 ] ) .  

P u t
 pp,r,R= ( °;--R,) A l  fo r  0 < r< R .

Lemma 5.2. Suppose th a t (A )  and  ( B )  hold and yo E  . Then
PP,rlx„ Pp,x,R1x, g 9 .

Proof. Since 111P  is recurrent, w e can use Theorem 3 .1  ( i i ) .  So g 9 =

{14 E  Jxioc n
 L 2 ( i v e ;  o m ) : n e 2  \  (c) \tt<u> )  < 0 0 ) • W e see Pp,rIxo PP,r,121x,

x,loc n L2 (X e ; 9 2 m )  by ioc Ix, c x ,ioc a n d  f x P r e d m fxedm <00 ,

f xar,R(P 2dm f xy0 2dm < o o  O n  t h e  o th e r  h an d  f x Ç o 2 d 0 p ) „ > - -  .fx9 2dm <00,

f x ( -02d 0 p)p.,„> ix(p2dm<00. Thus we have PP,rIxo

1 .
, P ,r

p p ,r,R x ,E g 9

Proposition 5.1. Suppose ( A ) , ( B )  a n d  (E )  hold. T h e n  n

Proof. By Lemma 5.1, there  ex ists cpp,r E g such th a t  yo = ÇOp,r m-a.e. on
Br  (p) . Note that X e n B r  (p) = x(pp,r n Br (p) . Let mpRr(p) n x o  be  the transition
kernel associated with the  pa rt process of M 9  on  B r (p) n X e . We wee easily
p rr(p ) n xou (x )  , p rp,rBr(p) n (x ) 0 _q.e. x .  E X .  Let g 9B r(p)nx , be the  part space
of g`P on B r (p )  n X e. O w in g  to  the  transfer method, we can apply Theorem
4.4 .1  i n  [9]. Hence we have ggr(p)nx,= grr6mx,„. T hus w e have pp,r1x„e

gk (p )nx „, = gSr(P)nx ,. Similarly Pp,r,R1x,Egktp)nx,' BR (p)nx,.

CO

Proof of Theorem 5.1 ( j ) . C o n d it io n  (R ) im plies E - = 00, hence E
n=1 n=1

,p(2". ) – , ( 2 . )  =  0 0  . Put Pk,n =  „,(2,-.) – , (2,0 /  E  „, (2 ,.)  _ u , (2.) and un — i Pk,n PP,2k,2k -,1 .
i=1 k =1

Then u n E  g " by Proposition 5.1. S in c e ' (,pp,2k,2k ,-1 , PP,2 1,21+1) 0 for I * k, we
have

g9 (Um , u n ) — E P L n f 9 d Op)  ".z..‘>
/32 k.,(p) - 132 .(p)

1c=1

Ep2 1 
k ,n  k c p

2

dm
4 B,..,(p)-13,k(p)

k=1
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=  » 4 k

 \.,v1 (2k+1) v  I, (2 k ))
k,n 

k=1

4k )—*0(n—>co).
vp (2k + 1 ) — vp (2")

O n the other hand 0 1 a n d  limun =1 by lim n P,2n,2n.1 = 1, liM P k ,n = 0 for

each k. The recurrence of M9  holds by Theorem 1.6.5 in  [9].

Proof o f  Theorem 5.1 (ii) . By Proposition 5.1, w e have the finiteness
o f  th e  f in e  1 - capacity o f Br (p) fl X , w ith  respect t o  (r , .7 9 ). Hence, for
.41  = [ ror ' e ' d t ]  ,  the re  ex ists  it p,r E  g ç° s u c h  th a t  Rf,1 = up, r  m-a.e. on
Br (p) n X , .  Indeed, it suffices to set up,r =RfJA ek(p)n x„. Here ekw n x , is  the
1 - equilibrium potential of B r (p) n X , w ith  respect to  the  f ine  1 - capacity of
(r ,  .79 ). So, for v E gt(p)nx„, C  (RN, y )  has a  meaning and r i (1 — aRgl, y)

=  0. Put u= 1 — aRg1 and w(t)
n=1

log up (R.) C° (k--* 00) for R k = 2"r (r ro). So for each T> 0, ther exists N E  N
with T .  W e le t  Ok ( t )  = w +  (t) (R2,, PP,2Rk A  1) 2 e x p  [  4 (7,P.fi _,) ]. B y the
similar method as in  the  proof of Theorem 4 in  [30], we see w+  (t) = 0 m-a.e.
fo r any t > 0, namely w(t) 0  m- a.e. fo r any  t > 0. Hance u = 1 —  a n l  0
m- a.e.

Remark 5.1. (i) If  cp does not satisfy (E ), w e have the possibility
of the attainability to Xp — Xy, of 111̀P. However {45= c o l is  g - polar, it can be
non-S'°-polar fo r some cp E , -/oc (see Example 6.2).

(ii) I n  [30], h e  a ssu m ed  th e  irreducibility  o f  ( g ,  g )  t o  show  the
LP-Liouville p ro p e r ty . H o w e v e r , to  s h o w  th e  recurrence  o f  (g ,  g ) ,  the
irreducibility is not needed a s  in  [23].

6. Examples

Example 6.1. (Locally compact s ta te  s p a c e s ) . L e t X  b e  a  locally
compact separable m etric space and m a positive Radon measure on X  with
fu ll topological s u p p o r t .  L e t  (g, .7) b e  a  Co-regu la r strong  local Dirichlet
space w ith a  special standard  core t' ( [9] ) . F o r an  o p en  se t G , we denote

G = 114 E supp [u] C  G) . W e consider th e  Carathéodory m etric  used in
[30] as follows:

p (x, y )  = sup fu (x) — u ( y ) :  u C1C0 (X) ,

W e assume th a t p  generates th e  same topology endowed on  X and  any open
balls Br(p) =  E X: p (x, p) <74 with radius r> 0, center p E X are relatively

k=1

= ue'" IIu II , . C o n d it io n  (C ) implies tk=
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com pac t. T h e n  a ssu m p tio n s  (A ) , (B )  a r e  sa tisf ied  a n d  (E )  h o ld s  for

9 E gioc wity ÇO 0. Here .710, = tu E / l c  (X; m ): fo r any relatively compact
open set G, there exists u G  g  such that u=uc m - a.e. on G ) .  S o  (C) implies
the  conservativeness o f M ". In  particu lar, if  there  exist p E  X, ch  c 2 , r 0 >  0
such that V p (r )  • e]. exp [c2r2 ]  for any r ro, th e n  (C) h o ld s .  In th is case, the
conservativeness of W  is proved in M. Takeda [35].

N ext w e consider the  situa tion  w hich  does not necessarily  sa tisfy  (A),
(B) a n d  ( E ) .  But the criteria  in  [30] are applicable. Suppose tha t 9E gioc
with 9>0 m - a.e. sa tisfies fx(720% ,<co for any u E V. Owing to Lemma 4.5
in  [6], we have Vlx ,c  .7 '.  Since 9> 0 m- a.e., we get m (X — X 4,) =0 and supp
[9 2 m] = X .  So we m ay treat (r ,  .7 ') is  a Dirichlet space on L2 (X; 92m ) and

c g " .  L e t (r,.7,,P) be the  closure o f  ( r ,  V ) on L2  (X; (p2m ) .  Then C

,7 49 and V is  a core of g g .  If g g = g ", the conservativeness and recurrence of
M" follow th e  c rite ria  o f  K .  T h .  S tu rm  [3 0 ]. W hen 9 E  g i o c w ith  0
m-a.e. and d > =F (u, u) dm for any u E V, a n d  (A), (B) are  satisfied, we
can see gg = .79 u n d e r  the conditions (1.13) a n d  (1.14) i n  A .  E berle  [4].
In  particular, if ço is bounded on 13,(P), (1.13) a n d  (1.14) in  A . E berle  [4]
are  satisfied . W e give another observation without assuming 9 Egioc,
=F (u, u)dm for u E V, a n d  (A), (B).

Proposition 6.1. Suppose that 9 E  i o c  n C (X ) w ith  9> 0 m - a.e.
satisfies xrdtt%>  <00 for any u E  . Then gg=g<°.

Proof.P u t  F n = 11/n 9 n G n , then  {F }  is  an r-nest with respect
t o  (89 , gg'). H ere (G0) is  an  increasing sequence of relatively compact open
sets w ith GnCGn + 1. Take u E g t i . T hen w e get by  (F6) and Theorem 3.1
(ii), u E.O.xioc n L 2 (X ;  m) andi > (X) < 0 0 . N o t e  that the  1-capacity of the
fine interior of Fn w ith  respect to  th e  p a rt space  (8x,, gx,,) is finite. S o  b y
Theorem 3.2, we get u E .7 F n c 1 ” ± < 9 < n + l l .  W e  k n o w  Wi± < 9 < n + i l  is  a  core
of <7 { <40<n+11 (Theorem 4.4.3 (i) in  [ 9 ] ) .  Hence we get u E.76F„. By the
definition of P - nest , we have g c ,7 6 , so

U nder the  cond itions in  P roposition  6.1, th e  recurrence  a n d  conservative
criteria obeys [30].

C onsider th e  c a s e  th a t  M  i s  th e  d - dim ensional B row nian motion on
X = R d . The associated Dirichlet space is given by (8, .7) = (1/21J, H i  (R d ) ) .
H ere  D (u , y ) =  fR  Vu  (x) V v ( x )  d x  a n d  1/1 (R d )  = tu  E  L 2 (R d )  :  all
distribution derivatives of u are in 1,2 (R d )}. Suppose tha t 9EHi0c(R d )  with
ço> 0 a.e. a n d  the re  ex is t constants E , F2,Fo> 1 su ch  th a t yo(r) exp [F
2r2 log± r ] fo r any th e n  (C) h o ld s .  In th is  case, the conservativeness of
Alf" holds by Theorem 4.2 in M. Takeda [36] and the criteria  in  [30].
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E xam ple 6.2. Consider the  d - dimensional Euclidean space R d w ith
d-dimensional Lebesgue measure dx 3) and 93(x) =1/Ix1 6 , x E Rd (01/2 - 1

< d / 2 ) .  T h e n  93 M o c  (R d ) b u t  96 E / lc  (R d )  n Hi
-10c (R d

 —  {o)) n
f-Pidc (R d ) ,  so (R )  ho lds, (E ) does not hold  for D irichlet integral and  balls
with center 0 by Euclidean m etric. W e let

r
g (P  (1 , y) = j—9 7 u  (x) • 17 u (x) yoa (x) dx , u, v a  (R d ).

ca R °

T h e n  (e", Cô° (R d — {0}) )  is  c lo sa b le  o n  L 2 (R d ; 932d x )  a n d  denote by
(g ", g r )  its closure on L2 (R d ; goidx) (see Example 3 .3 .2  i n  [ 9 ] ) .  Denote
b y  1-/' (R d )  "  th e  D ir ic h le t  sp a c e  on L 2  ( R d ;  yoadx) asso c ia ted  w ith  the
transformed process by L Î .  N o t e  that X ,=  R d q.e. Here "q.e." means that it
holds off exceptional se t  w ith  respect to  th e  Newtonian capacity. Theorem
3.1 (ii) implies HI  (Rd)ç'" C  ( t t EH' (R d

)  roc n L 2 (R d
; ( P id X )  f f r V u (x) 12 9i (x)

(N.dx < 0 0 ). Applying Lemma 4 .5  i n  [6 ], w e have CO°(R d  — (o)) c  H i ( R d)

Then g r c H i (R d ) " .  W e know that the 1- capacity of the origin with respect
to  (r', r )  is positive if and only if 5*d/2 - 1 (see Theorem 4.11 in  [1 ] and
Example 2 in  [34], Example 3 .3 .2  in  [9]).

Proposition 6.2. 111"' is recurrent i f  5=d/2 - 1 and  non-conservative i f
5±d/2 - 1.

Proof. First w e show g r  ,  ( R d ) " .  Consider the case X =  R d  — {0}
a n d  (g, g) = (1/2D, H i (Rd  (0 ))) , „  c o. (Rd_ {0}) Since 9 3  H i/oc (R d  —
( 0 ) )  is  positive continuous, we get g r  = (R d  {0}) b y  Proposition 6.1.

(P =Noting that {0} is  polar for Brownian motions, we have g r Hi ( R d _  fo{0}) , =
H i (R d ) .  W h e n  5  *  d / 2  —  1, {0} i s  non - g" - polar, w hich  im p lie s  the
non-conservativness of M g '. Note that the state space of IVUP° is  R d —  {0} and
the t ' - polarity is equivalent to the e l

- polarity in  the  framework of Co
- regular

Dirichlet f o rm s . Suppose 5  = d / 2 —  1. T o  show  the  recurrence o f M ", we
should show the Co

- regularity o f  (g 9 °, H' (R d ) ç'') on L 2 (R '; g o id x ). It suffices
to show that 1-capacity of Br(0) is always finite with respect to  (r', ( Rd))
= (g-, g r) . Then Theorem 3 .2  tells us  C 0 (Rd) c  H i ( Rd) (pa ,  which implies
the Co-regularity on R d .  So the condition (R ) and the criterion in  [30] give
t h e  recurrence  o f  NP^. W e em phasize  tha t L em m a 4 .5  i n  [ 6 ]  is  n o t

\applicable to  show C ' (R ")  c
 ( R d ) Sod since (pa E Hioc (R d ) . Next we show

th e  finiteness o f  1- capac ity . T ake  annu li AE,,(0) = c  R d : 6  < Ix  l <r}.
N ote th a t  Côi P (R d — {0}), to ta lity  o f L ipsch itz  continuous functions with
com pact support in R d — {0}, is  a  core o f  (e ° ,  . 7 r ) .  Consider a  piesewise
linear function gE o n  [0, co ] w ith  gE = 0 o n  [0, e] U [2r, c o )  and g =  1 on
[ 2 s ,  r ] .  S e t  fe (x) g  E (Ix I) . Then Cap es (11,,r(0)) ( f s, _fa).

2" 6

T h is  is
bounded w ith respect to  E E  (0, r ) ,  because  fE26 ( < 5.1-26-2 2.+) 2d t
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Hence Cap"(Br(0) — {0}) < 0 0 , so C ap' (Br (0)) <°° by gi" - polarity of {0}.

Example 6.3. (Recurrence o f M  n o t co v e red  b y  [30], [35 1). Let
G ={x E R d : x = (, x d ), Z E  Rd — 1 , Ix di <1} 3) and in (dx) =a b (x) dx (o- (x)
=1 — Ixd l, — 1<b<0).
Consider

g (u, y) G7 u (x) • 17 (x) (x ) (dx ), u , E C  (G )

T hen  (8, G' (G )) is  colsable on L2 (G; m) and denote by (8 , g )  its closure on
L2 (G; m) . The Carathéodory metric is given by

(x, y) = sup {u (x) — u (y): uE gn co (G) , I Gru (x)12 0- (x) - 4 a.e. x).

We also let

P(x, y) =sup{u (x) — u (y): uE gtoc c (G ), I  u (x)I 2( x ) - 4a.e. x).

For an open subset D of G  with D C G , we put

PD(X , y ) = sup {u (x) — u (y): 14 E gDloc n c(D), I vu (x) 12 0-(x) -4a.e. x )

and

p (x ,  y) =sup{u (x) — u (y): u EgD n  (D ), I u (r) 1 2 cr  (x ) - 4 a.e. x).

Then a (x , y )  p ° (x, y) p(x, y) - ,(31)(x, y) fo r s, y E D .  W e let d (x, y )=
Suppose that 1.z R d : d (x, (x , y)}  C D . Then f ( •  ) =  (d  (x , y)

—  d (x, • )) V 0 E 14(D) n co (D ) with IVA So w e see by ,7Dn co(D) =
(D) n co (D), d (x, y) Pi) (x, y) (1— c) 2d (x, y ), where c= „liAlxdl. Hence

a makes the same topology on D .  So by Proposition 1 a )  in  [30], we get PD

makes the same topology on D .  On the other hand, a (x, y) p° (x, y )  p (x,
y) PD ( X ,  y) f o r s, y  E D . S o  (A ) holds for p° a n d  p  (Proposition 1 a) in
[ 3 0 ] ) .  W e take 01(x) = a(x ), 0 2 ( X )  =  W and ç13(x) = I x '.  T h e n  (Pi E g ,„ n
C(G) satisfy V ç  j (x ) l2 a (x Y 4 ( i 1, 2, 3), hence {x E G: p (x, y) <r} {x E
G: If' <r, Ix' <r, ixd1<,+1}, s o  (B ) holds for p, hence holds for p° and  p° = p
(Proposition 1 c )  in  [ 3 0 ] ) .  Then we have

a b (x) dx (1 - 1x di) bdx d-1  2 r  dco (r —>œ).f Br(o) r+ 1 arsd - '

Hence the associated process M is conservative, further M is recurrent if d =
1, 2, 3. We let ço(x)=1/Ixi ô (d/2 —  (b+3)/2_6<d/2 — 1) . Then we see

fBr(o)
17   (1 )12 ab+4 (x )dx

1 
fixi<r} lxi

<00
"±2dx 

<

and
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f ,  7 ça (x) 120-b+4 (x) d x  f  d O ) f t d - 2 6 - 3  (1 —  0 6 + 4 dt f
U

d - 2

V - 2 0  

1 oo
o 

(1+U 2 ) 6 + 1

 = CO .

Hence 9Egi0c, but ÇO f1e . On the other hand,

1 
fB r

)\ (X)dX _19,, (1 IXdl) bdx — r
d - 2 ( 1 - 1 76-1-2 r 2

IfI<r.IxdI< f} 1x(0)

T h u s  (E ) a n d  (R) hold fo r yo. Since ç is continuous on R d —  {0} and 9>0,
Proposition 6.1 is ap p licab le . Hence AP is recurrent by the criteria  in K. Th.
S turm  [30 ]. Let {r} IN be the totality of rational po in ts in  {x E R d : lx1 1}

with ri= 0 and put çoi(x) =1/Ix — r,16 a n d  0= E - Tcp,. T hen  17 0= çoi in

d istribu tion  sense . Hence we see 02( , o f  and 012 < E  =
i=1 ii=1

-
( E V(Pi 1) b y  V 9i (x) • V g9; (x) -- — r  /Ix -r,1- 6  ( x — r,) ril (x - (;) ( x -

lx lx - rd'+'
i =

Since 14 and 14 we get

j =1

0 2 (x ) 0.1)+4 1 1 
(x) dx d x  0.

1,3r.
j= 1

Ix —ri125

and

CO

f Br(0)1
7 o(x ) 120 .6+4 (x ) d x  < E 1

f ix _ rd< r± i} lx _ r1,12 5 ± 2 d x  <

i=1

So (Peg loc, but (PEEg e by  1
2 1 17 I V I. O n  th e  other hand,

- 1 1 
f l 3 r  0 2 (x) a b  (x) dx E_, f ( 1 —  ixd I) b  dx

(0) 2 i  r. lx-1<r+1,1.rel<—r } I - -  — (12 6r+ 1 .i=1
< r 2  < r 2 .

Hence (E ) a n d  (R ) hold fo r  0 .  Therefore 1110 is recurren t by  our criteria .
N ote t h a t  0  is non - bounded o n  Br (0). S o  w e  c a n  n o t  e a s ily  check the
conditions (1.13) a n d  (1.14) i n  [4]. A lso 0 is not continuous, so we can
not apply the latter observation in Example 6.1 for 0.

Example 6.4. (Balls of finite capacity without relative compactness).
Let X = R and m (dx) e- 2 s 2 d x .  Consider a  pre-Dirichlet form  g (u, y) =

f u' (x) v' (x) dx for u, V E (R ) .  T hen  (g, (R ) )  is closable on 1,2 (R
m ). W e denote ( g ,  g )  its closure on L2 (R ; m ) . The Caratheodory metric of
(g, g )  is given by

p  (x  y )  sup {u (x) — u (y) : u E (R) , lu' (x)I
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We see

p(x, y) = f e - t 2 cIt for

Hence Br (p) =R for r i/ ïr . On the other hand, we see 1 E v ,  thus 1 - capacity
of R  is finite. S o  (A ), (B ) a re  satisfied. (E ) holds if  and  only if  9  E  g .
In this case, recurrence holds by Theorem 2.1 in  [35].

Example 6.5 (Infinite dimensional state space-Banach spaces). Let B
be a  real separable Banach space with dual space B* and H  a  real separable
H ilbert space  w ith  dual space  H* s u c h  th a t  H  is  dense ly  a n d  contiunously
embedded in  B .  In  th is  situation, the re  ex is t a  constant c>  0 w ith  11h
c 11h Du, h  E  H  and I e 1111* °elk*, e E  B * .  L et F a  (B ) b e  th e  to ta lity  of
cylindrical smooth bounded functions on B as follows:

FC7,° (B) = tu: B R :  there exists n E N  and f E  (R n) , 11, 12,  ,  EB*
such that u (z) =f< l i ,  Z > B , g* <12, Z > B , • • • B *<ln, Z > B ))

H e re  C 7 ,' ( R n ) i s  t h e  to ta lity  o f  sm ooth  functions o n  R n  su c h  th a t  a ll
derivatives are b o u n d e d . For u, v EFCT;(B) with u ( z )  =f (B *<11, z> B, B* <12, z> B,
• • • , B* Z >  B )  and v(z) =g (*<1 1 , z> B* z> 3, • • • , B* Z >  B )  ,  we let

mr 04, E
L a i  

( Z> B, B*<12, Z> B, • •', B*Qn, Z> B)

i=1 j=1

X  (B* 6-1, Z> B* <-12 ,  z>B,.•., g* <1—m , Z> B ) i, .1-;) II*•j

Let g  be a Borel probability measure on B with supp [g] = B .  We consider

8 (u , y ) I B F(u, y )d,ct for u, v EFCT (B)

and assume its  closability on L 2 (B ;p ) .  Then its colsure .7 is  a  quasi-regular
Dirichlet space on L2 (B; g )  (see  [22], [27] ). Then 1 EFC7 (B) and g  (1, 1)
= 0 , h e n c e  (g , g )  is  recurren t and  the  1 - capacity of to tal space B is always
finite. A c c o rd in g  to  a  Hahn-Banach theorem, we can take a  countable se t {60
iEN of B* w ith  eills*= 1 such that l zils=suPe*<ei, ,z) 13—  suPIB*<e 1, z> 131 for any Z

ieN ieN
EB (IV Proposition 4.2 in  [2 2 ]).  We define

f ( 9 * z> B) / c : i E N , f E c b° (R )  with I f  I 1} .

Then the Carathéodory metric

P (x, y )  =  sup {u (x) — u (y): uEVU —  F  (u , u ) 1  p-a.e.}

coincides with II x IIB/c. So p  satisfies conditions (A )  a n d  (B ).  F ix  an
e C B* . W e consider fi (x ) = or =  Ix IV loex  and  f2 (x) exp [121 o r  =
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exp [x2 log + x ]  and put (pi (z) =ft (B. <e, z> 13) (i = 1 , 2 ) .  Then (pi, 92E ,4- 10c. and
th e y  sa tis fy  th e  c o n d itio n  (E )  w ith  dg ),,, = F ((pi) d p a n d  yoi (resp. 92)
sa tisfies (R )  (resp. ( C ) ) .  Hence M0 1  is  re c u rre n t and 1W 2 is conservative.
Also 93 (z) = f 2 (II z11.8) sa tisfies  (E) a n d  ( C ) .  W hen (B, H , g ) is  an  abstract
Wiener space, we see 92€Egre.

Example 6.6 (Infinite dimensional state space-the free loop space on R d :
th e  c a se  o f  finite  capacity  o f  balls w ith  infin ite  capacity  o f  whole space) .
W e fo llow  th e  n o ta t io n s  in  [2 7 ].  L e t g  =  (g u )  b e  a  uniformly elliptic

d
Riemannian metric with bounded derivative over R d  and Ag =  ((let g) —112 E

ij=1
k[(det g ) 1/2g  I/ ]  the  corresponding Laplace-Beltram i operator. Let pi (x, y),

x , y E  R d , 0, b e  th e  associated  heat kernel w ith  respect to  the volume
element with regards to g. Let W(R d )  be the totality of the continuous paths
co : [0, 1] — >R d  a n d  Se (R d )  = [co E W (Rd) : (1 )(0 )  = (1 )), namely Y  (R d ) is
the  free  loop space over Rd . (R d )  i s  a  Banach space equipped w ith the
uniform norm II 04-=supflco (t) I: tE [0, 1] ). Let P i be the pinned measure on
(co E  (R d ) : w (0) = x } , namely the  finite dimensional distribution of P i is
given by

Pi (co (ti) Edxi, (t2) cdx2, • • •, w (t) E d x )
— Pti I l )  P 1 2 — t i  (X i, 1 2 ) •  ..p tn — tn -1 (X n -1 , Xn) Pl—tn(Xn, X) /Pi (x, x) dxi dx2...dxn

for 0<t 1 < t 2 < •••  t n  < 1 .  Let g = f (x, x )P ic lx .  Then

((-0  (ti) Edx i, (OD Edx2, • • • , ( t n )  (IX n )

p t  ( x , X l)P t2 — ti(X 1 , 1 2 )  * — .1) tn — tn - i (X n -1  X 0 )P 1 — tn (X n , X) dxidx2. -dx n dx

fo r 0 <t i  <t2 <••• <tn < 1 .  In  particular, it (0 )4) E dY) = P1 (Y, y) dy, , hence
there  ex ist constants ci , c2> 0 independent of t  such  that cird  ( I c o ( t )
- c2rd  b y  v i r t u e  o f  t h e  uniform  ellip tic ity  o f  g  a n d  Theorem  5.5 .2  and
Theorem 5.6.1 i n  [3 ].  t t  is  ca lled  th e  "Bismut" measure on (R d ). Note
th a t  g  is  n o t  f in ite  b u t  a - f in i te .  L e t H  b e  th e  to ta lity  o f  th e  absolutely
continuous maps h: [0, 1] — '7'0.)(o) R d  s u c h  t h a t

(h, h) f o  gw(o) (s) , ( s ) ) d s +  f0 Yco(o) (h (s) , h (s)) ds < 0  0  .

D en o te  b y  r t (w )  : T ( o) R d — )  Toico R d th e  stochastic  pa ra lle l transport
associated w ith the Levi - Civita connection o f  (R d  , g) . W e  le t  1/0 =  E
H: (w ) h  (1 ) =  h (0)1 and Tw Y (R d )  be the tangent space at a  loop co defined
by T„) .T (R d ) =  f x =  (w) h (t)) t .o2,11: h E lio ) .  The element X E T ( 0 1)  (R d )  is
a  to ta lity  o f  periodical vector fie lds X t(co) =  r 1 (w) h (t) . H o  i s  a  closed
subspace of H .  W e also consider the  space Hw Y  (R d ) (D 7',0 1)  (R d ) )  defined
by H.2? (Ra) = { (r t (co) h (t)) term:: h E H 1 . Then T a ,Y (R d ) (resp. (Rd))
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is  a  H ilbert space equipped with the  inner product defined by (r. (w) ht,r.(w )
h 2 ) T„.i, (Rd) — (ht, h2) H for h1, h2 E Ho (resp . (r. (w ) ht, T. (CO) h2) H2 (R, ) —  (h1, h2) H
for h i , h 2 EH). L e t  FCO  b e  the totality of the cylindrical functions on 1' (Rd),
namely

FC Ô = f u : (Rd)i—>R; there exists n E N  and f E Co*  ( (R d ) ) , t1, t2, " tn e  [0,1]
such that u (w) =f  (co (ti) , w(t2) , • • • , w (t.)) , Sf (R ) } .

Note that FCô is dense in L 2 (.E(R d ), . F C -  (resp. FC7) is similarly defined
b y  C-  ((R d ) n ) eSp . a  ( (R d ) n ) )  replacing co°  ( (R d ) n ) . W e also need the
space FCPP s im ila ry  d e f in e d  b y  a -10 ( (R d ) " ) ,  th e  to ta lity  of the Lipschitz
con tinuous func tions o n  (R d ) n w i t h  c o m p a c t su p p o r t . W e  d e f in e  the
directional derivative of u EFC -  a t  co E  (R d ) with respect to X =- (r. (co) h ) E
Hw Y (R d )  by

ahu (w) = axis ( .0) = Edkf (a) (t1) , w (t2) , • , co (tn)) X  tk(w)
k=1

= Ego,. ( hf (w (to , 0) (t2), ... w  (tn) ) tk (CO) h (tk))
k=1

where dk (resp. V  k ) denotes the differential (resp. the gradient with respect to
g ) relative to the k - th coordinate of f. N o t e  that

axu (w) = c
dT s u (w -  sX  (w))1s=0, wE ( R a ) .

Let for u E FC -  w ith  u (w ) =f  (w(t1), w (t2) , • • • , 0,) (tn )) , e  c  (
(R a)  n )  and

E Y  (Ra), 15u (w) be the unique element in H such that (Du (w) , h) = a h u  (w)
for any h E H . T h e n

Bu (w) (s) = EG (s, tk)rt—ki  (0 )) k f  (CO (t 1) , CO (t 2) , • (t n))
k=1

where G is the Green function of — + 1  w ith  Neumann boundary conditions
o n  [0, 1], namely

G  t) = e

2 (e2 — 1)

W e let Du ( w )  PrH oL-5 u  (w ) . Here PrHo i s  the projection onto Ho.
for u, v EFG°

g (u, y )  =  f E ( t e ) (Du (co) , Dv (0))) (d (.0) .

(6, +t _1 + e l - s - t  ± e I s-t I-I  e i-

We define
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Then by uniform ellipticity of g  and the above expression of Bu (w), we have
< c o  for u E FCO' a n d  (g, FC(7) is closable on L2 (Y  (R O ; IL), and the

closure  (g, .7) on L2 (.T (R d ) ;  g )  is  a  quasi-regular local Dirichlet form (see
ROckner-Schmuland [27]). Let M  be  the diffusion process associated with
(g, . 7 ) .  The energy measure of continuous part is given by

tt (gv> (d 0)) =  (Du (a)), Dv (w)) Htl(dw) , u, v E g.

Note tha t FC (1-1 P  C  g . Indeed, pu t u EFCPP with u (w) =  f  (co (ti) , (t2) , • ,
dn

(tn)) ,
 J E  C(14  ((R d ) n ) a n d  th e  molifier p  (x ) p ( )  w i t h  p = C

k=1
e x p  [   ' 1,=0, > 1 .  Here C= e x p  [  i l e ]dt. Then u6cFC ò° for
vta (w) = Pa * f (co (t , ( t2 )  , •  •  • , W (tn ) ) .  Since f  is  Lipschitz continuous with
compact support, the derivative of p  * f  is uniformly bounded and the support
of p s  * f  is contained in  a  bounded ball i n  (R d ) n uniform ly. H ence w e see
tha t G o}  is  an  g1/ 2 -bounded sequence in  g  by using tt(lco(t) I c2rd. So
th e  Banach-Saks theorem te lls  u s  u  C  g .  F o r  a  countable dense subset {si:
E N ) o f  [0, 1] and a countable dense subset (o),: i E N )  of (R d ) , a n d  k (t)

=  (k  —II) VO, t C R , we let 141,>,k (0 ) )  =  (pk ( s  —  (s1) I) Then u Ï ,j ,k E
t=i

F a lP w ith  V  k •  —  ( t h  (Si) I) E CP P (R d ). O n the  o ther hand, IDuld,k (w)

{(P)11i-c 2 fo r some constant c independent of i, j, k E N .  We put

= EFCTP: j , j, k EN} .

Hence the Carathéodory metric

P (co, (.6) = sup {u (co) — u (di): u E U 1Du a.e.co}

coincides wityh Il w — 5  Ila c .  Note th a t th e  cut-off function p o ,r (w) = (r —

w 'la c )  V 0 belongs to g .  Indeed, u,(w ) =  A  (r — lo)(si) l/c) V 0 belongs to
1=1

F a il  and  {u.i} is g1/ 2 - bounded.
H e n c e  w e  s e e  th a t  th e  c o n d itio n s  (A )  a n d  (B )  a r e  s a t is f ie d . But

tt(Y  (R d ) )  =  0 0  im p l ie s  C a p  (Se (R d ) )  =  00  . O w in g  to  C o ro lla ry  5.1,
tea (011- • r) ( w  (t) I__r) c2r̀ l  im plies th e  conservativeness o f  M , and the
recurrence of M if d 1, 2. On the other hand, for any fixed wocY (R d ),

Cap ( {coo}) Cap ({ • (t) = wo (t) })
• ( (1 — Iwo (t) — • (t) I hr) VO)
• (1/r2 ± 1) ti (iwo (t) — • (t) I c r )
▪ (1/1,2 +1) , y) dy
• (1/1,2 +1) c2rd—,0
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as r— CI if d  3. Set (w) = 1 / 1 1 (0 1  an d  yoa (a)) = 1/ lw (t) 16 w ith  5<d/2 - 1.
T h e n  (pa wic) toe a n d  91 E  (gico c .o(t)=01c) lo c  b y  Proposition 4.1, and the
results i n  [21], in  particu lar, 95, (Pta E.4- 10c if 3. Note th a t  (pa fie . I n
th is case, ÇOÔ an d  9"3 s a t is fy  (E ) and  ( C ) .  Hence the conservativeness of 111'
and 31̀ °' holds.
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