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Absence of diffusion near the bottom of the spectrum
for a random Schriidinger operator on L 2 ( i f )

By

Yuji NOMURA

1. Introduction

L e t  (D , F , P ) b e  a  probability space w hose precise definition w ill be
given la ter. For each w E D, we consider Anderson type random SchrOdinger
operator on 1)(1=0):

0 „,=— A+V.(x),
V. (x) = E ,E vq i ((Of (x — i)

a2

where ELI
i  .

satisty
ax

(H.1) {q,},Ez, a re  real - valued independent identically distributed random
variables on (D, F, P)  w ith uniform  distribution on [0, 1].

We suppose the following conditions:
(H.2) There exist tw o positive numbers no and rh such that r)o .. f (x) .171

for xE [0, 1) 3 ,
(H.3) x EE [0, 1) 3 f ( X )  =0.

11,,, is considered to  be the  operator corresponding to th e  Hamiltonian of
the  electron in  random metalic media. Let a(11) denote the  spectrum of 1-1.
Then the following is a  known fact.

Proposition 1.1. (Kirsch and Martinelli).

o- (1-1„)) = [0, 0 0 ) a.s.

For E> 0, w e shall m ean by gE a n  arbitrary real - valued function which
satisfies the following condition:
(A) g E E C̀o° (R) and supp g E c (0, E),
w h e re  a  (0) = {f EC -  (0) IsuppfC0} for an open set O C R '.

In this paper we are interested in the following quantity:

(1.2) (t) = i
t H

wgE (Ha)) 0 (x)12 dX1
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fo r  ti) E  (R ) {f  E  L 2 (R 3) <x > 2f  E L2 (R3 ,) w here  <x> = ,11 - Fix12 a n d  E
denotes th e  integration in  u.) w ith  respect to  th e  measure P .  gE(H) 0 i s  a
wave function of a  electron which is well localized in  the sence of Li(R 3)  and
has energy near the bottom of the spectrum. r 2E (t ) represents the mean square
distance from  th e  origin o f  th e  time—evolution o f  th e  electron w hose initial
w ave function  is gE(Hw)0.
W hen V=0 o r V is  periodic, 3 j (t) behaves asymptotically as

ri (t) — Ct2

But when V is  random, we expect by physical consideration that r i (t) behaves
asymptotically as

7 1 ( 0  Dt (t - - “Do) .

D  is called  the diffusion constant. In  [6] J.M.Combes a n d  P.D.Hislop proved
Anderson localization, that is to say, there exists E* > 0  such  that in  [0, E l
t h e  sp e c tru m  is  p u r e  p o in t  a n d  th e  corresponding eigenfunctions decay
exponentially. Hence when E is sufficiently sm all, w e expect that D = 0 . But
this does not follow from Anderson localization (see e.g.[7]).

Our main theorem is the following.

Theorem 1.1. W e a s s u m e  (I I .1) , (H .2) , (H .3 ) a n d  (A ), then there
exists E* >0 such that i f  0 <E<E * , then

1 fT 04 ( 
liM ,r d t = 0 .
1 ._, c o  I t

By J. Frailich  and T. Spencer [1 ], absence of diffusion was proved in the
c a se  o f  d iscre te  random  Schrddinger opera to rs i n  multidimensions. In  the
continuous case F . M artinelli and  H. Holden [5 ]  studied random Schrtklinger
operator with potential

) Xc,(x),
IE V

where

Ci =  ER 31- -2
1 <x, i =1, 2, 3}

and Xc , (x) is the characteristic function of C .
Our proof relies heavily o n  [1 ] a n d  [5].
L e t Q  = tax Z 3

— > [0 , 1 ]}  and  F  b e  th e  u- algebra genera ted  by  o f  all
cylinder sets of D. For a  cylinder set /= {wit.t)(i,) E d,,i, E Z 3 , :  Borel set of
R, j= 1, 2, •••, n), we define

(1.3) P (I) 
= f  X 10 11 (20 c f  X  [0 1] (2n)Can,

An
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where X[0,1] (À) is  the  characteristic function on  in te rv a l [0, 1]. By E. Hopf's
extension theorem, P  is extended to  a  probability measure o n  (D, F) . If  we
define q, (w) = w (i) , the  random variables {q,}iez3 sa tisfy  (H.1). We define the
group of measure preserving ergodic transformations T (i EZ 3)  in D by

Tio) = co (j — i),  E Z 3 )

for co ED. Then we have

HT ,.=1.1,11.U;Ì  ( iE Z 3 )

where U, are the unitary operators in L2 (R 3)  defined by

(LW) (x) =f (x — i )  for f E .1,3 (R 3) , i ER 3 .

F o r  te c h n ic a l re a so n s , w e  sh a ll r a th e r  w o rk  i n  t h e  following extended
probability space:

(Q, F, P) = (Q, F, P )  X (R 3 / Z 3 , B (R 3 / Z3 ) ,

where B (R 3 /Z3 )  is  the topological Borel field and ji  is  the  Lebesgue measure.
x ER' can be w ritten uniquely as follows:

x = x + i ,  x E Z 3
, E  [ 0 ,  1) 3.

If we define the transformations( x  E R ) on D by

(w , k)= (Tx+kw,(x+k) . )

fo r  (w, k) E S2 and x ER 3 , we have the following proposition in [2].

Proposition 1.2 (Kirsch) . ( 1 )  {Tx},ER , i s  a  group of  measure preserving
ergodic transformations on (D, T, 15 ),

(2) Thr(..0=uxH(.,k)u.t fo r  (w, k) E ,(2 and x  ER 3,
where Uxf ( • ) =f  ( • — x )  and lico,k

=- d + V w  (x —  k).

We denote by G.(z ; x , y )  and G(co,k)(z; x , y )  the Green functions of 11. — z
and H( 0 ,,k ) — z, respectively. It immediately follows that

(1.4) G(.,k )(z ; x , y )=G.(z ; x — k, y — k)
and

(1.5) G T (z ; x , y) = G (to ,k )(2
.
,  X  — t, y — t).

T h e  proof o f  Theorem 1.1 can  be reduced  to  th e  following theorem a s  is
shown in Section 2.

Theorem 1.2. There exists E * >0  such that

lime f  (1+14 E [IG (o,k) i x ,  0) dx — 0
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uniformly in E' on any compact set in (0, E l, w here  E denotes the integration in
(w, k) with respect to P.

In the proof of Theorem 1.2, the following theorem is essential.

Theorem 1 .3 .  For any p> 0, there exist E* > 0, N*  EN, c 1>  0 and K p> 0
such that if O < E E *  then

P(IG0)(E - FiE; x, 
y ) I . e m (E ) (N L (E )3 - i x - Y 1 )m a x i l  1I'  IX - y1

for any x  R 3 and any y [0 ,  1 ) 3 )  < 1-  I
N p

for any N* E N  u n i f o rm l y  in E*0. Here m (E) =c la  L  (E ) = [A  where

denotes the integer part.

Theorem 1.3 is proved in Section 6.

2. Proof of Theorem 1.1

It is not difficult to check tha t the following proposition implies Theorem 1.1
(see e.g. [5, p. 203]).

Proposition 2 .1 .  There exists E* >0 such that if O < E E *  then

um iT-f r i o d 0
T—.co 77T

for any  77 E  (0,1).

In th is  section w e shall prove that this proposition, in turn, follows from
Theorem 1.2.

Proof of Proposition 2 .1  assum ing Theorem  1.2. W e denote by c constants
independent of w and E, which may be different according to the situation. For

18=—
T '  

we have

(2.1) Tl f T
4 (

Tt ) d t =  1 f  e ' tt ( t ) dt f (t) dtt nr o

= 27c
e e 2 f l E [ f  x i 2  Rw (E'+1 -i)g E  (Hu ) ç (x ) 2dxidE'

T h e  last equality  o f  (2 .1 ) w ill be  p roved  in  Appendix 1. Let E*  b e  as in
Theorem 1.2. Let 0 <E <E *  a n d  K ,  g E  (Ha) ) 0. W e divide the  last member of
(2 .1) in the three parts as follows:

e e f  E [  f + 1 i )  ( x ) 2dxid27n7 E* R'
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rE* r
+ 27r

e
 n E2E  [  Ra ix12 1R 4E' + —2

6  i) Wco (x)12d x id g

21n7 S2 f  E
c o E [ fi e lX12 1Rw(E' ±Ii)grw(X)1 2 dx]dE '

=  I ± 11 +III,

where E is a positive number satisfying

supp g Ec (E, .

To begin with, we shall estimate the t e r m s  I  and  M. If we set

( x )  = "x — E( ; 1 )  iE E  C c ° '  (R )

we have

R. (E' ±i.E) lÇ (x) = fE,E' (11w) (x )  .

Then we get

(2.2) LI.x121RÛ, (E ' is) W. (x)I 2d x =  fw ixilfe,s• ( H . )  (x)I 2dx

(H.)

where Li = Li (R 3) . F o r  Banach spaces X  and  Y , we denote by Y the
operator norm of the bounded operator from X to Y. By Lemma A.1, we have
uniformly for E' E (— 00 , Ej U [E * , 00)

(2.3) ilfE,E' c

1 +E ' 2 '

where constant c is independent of co and s. From  (2.2) a n d  (2.3) we obtain

E [ fi p lx12 1R. (E' +is) Co (x)1 2dx1 1 ±
c

for E' E (— 0 0  , U [E * , 0 0 )  uniformly in  E >O . Then there exists a positive c
such that

fE :E  [fR Jx12IR. (E' ± is) W.(x)1 2d.xidE'

and

fE E [f lx1 2 1R,,,(E' +is) W. (x)1 2clxidE'

uniformly in s> 0. For th is reason, I  and ifi te n d  to 0 as
Next we shall estimate H. For kE [0, 1) 3 , we have

(2.4) R.(E ' - Fie) ( • — = U kR,,, (E' + is) gr.
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=  kR w iE) (ILI kg E co) LIE k0
— R ( w , k ) i E )  g  E (w,k)) k (P,

where R (o,k )(E'±is)=- (H ( c o ,k ) — ( E '± iE ) ) ' by Proposition 1.2, (2) and H(w,o)=
11. Therefore if we put 0( a ,,k )=U k 0  and

Cw,k) =  g E  (11. (co ,k)) (11(w,k),

then we obtain

fi v IXI2 IRco (E'±iE) (x)12dx

f WIR(.,k)(E' - - is) g E  (H(w,k)) (1) (0),k) (X)I 2dX

=  f  IX (co,k)(E' H E )  Cco ,k) (X) I2dX

Integrating with respect to P, we get

(2.5) ELL,Ixi2iRw (E' +is) Trw (x)1 2 dx1

=  E [ f (E ' +i) Cy (x)1 2dx1

= E [ f  Ix — (o,k)(E' +is)  w,k) (x)1 2dx l.

Since kE [O, 1) 3 , the last member o f  (2 .5) is bounded by

(2 .6 ) E { fi r c (1+1x 12 ) G(co,k)(E'd- is; x, y) gr((.0,k) (y)dyl 2 dx}

. E [ f  c  ( l - Hx12 ) fif x, yi)IITew,k) (y.i)Idyidx]
:1=1,2

JR  f  ( 1 ±1X12) ( f i r E [IG (w,k) iE; X , y) 14] 1E [I Ca) ,k) (y) 14] +010 2 dx.

T h e  last inequality  is obtained by Fubini's theorem a n d  by  tw ice  using  the
S chw arz  in eq u a lity . S in ce  T y  h a s  t h e  m easu re  p rese rv ing  p rope rty  by
Proposition 1.2, we obtain

E [IG (a,,k)(E' +is; x, y) V] -= E [IGty (w,k)(E ± i 6 ;  x —  y, 0)1 4 ]
=E[IG(.,k)(E' -FiE; x —  y, 0)1 4 ]

Therefore the last member o f  (2 .6) equals

(2 .7 ) f  (1+ 1x1 2 ) ( I  E[IGuo,k)(E' - Fis; x — y, 0)1 4 4 [IC w .k )  (y) dy)2 dx.

Let

(2.8) K (x) = E [1G (0,,k)(E' ± is; x, 0) 11 .
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By taking lx12 in to  the  integration with respect to  y  a n d  using the  inequality
Ixl l x — Y1+1Y1, (2.7) is bounded by

(2.9) f *E [I w(w,k)14 ]i) 2dx +2f ( (IxIK) *E El gr(o,k)14] 1 ) 2 dx

+2f (K *  (IyIE El w(a),0111) ) 2 dx

( f i e K (x) dx) 2 LE [I Tfew,k) (y) dy

+2(Ljx1K (x)dx) 2LE [I Tew,k)(y)14] -
1 dy
12

+ 2 (fR ,K (x )dx) f i r E [ly Cw,k) (y) 14 ] 1 2 dy.

We shall show

(2.10)

From Lemma A. 2 we have

E C.,k) (y)14] < co.

I <y>2 Co, ,k) (y) I — I <y>2gE (a),k)) k çb  (y) I IlUk01114

uniformly in  (co, k) E D. Therefore we get

(2.11)

uniformly in  (o.), k) E Q. We have

[ly Cw,io (y) dy

(Y)I c1+y 2

1 12 2<  (f 1
w (  + y 2 )

2

 dy ) (E[L(1+y2)21y141c.,. (y)I 4 dyl

and from  (2.11) we get

(1 + y 2 ) 2 11/141 T(.,k)(y)I 4 dy

...TR ,(1H- y2) 21C.,k) (y) 121y14(1 - Fcly12) 2 d Y

E

uniformly i n  (w, c  Q . T h e  last inequality is obtained from  Lem m a A.1.
Thus we have (2.10). In a similar fashion we can check

(2.12) fR, E  Cw,k) (011 1  dY <OE).

B y  (2.5) - (2 .1 0 )  a n d  (2.12), to  show th a t  H  tends to  0 a s  E-- q), w e have
only to prove
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s i  (1 - 1- 4 . 1)K(x)dx— *0 as E 0

uniformly in E' C , . In view o f (2.8), this is nothing but the assertion of
Theorem 1.2. Thus the proof of Proposition 2.1 is completed.

3 .  Proof of Theorem 1.2

In  th is  section w e shall g ive a  proof o f Theorem 1.2 by using Theorem  1.3
and Lemma A.4.

Proof o f Theorem 1 .2 .  To begin with we shall devide 10 as follows. Let

(3.1) Ao = {xER3 I1xl<1}, A i = {xER3 11 1xl<R}
and

(3.2) A i =  {xER 3 121 - 2 R ixl <2 ." -R}
for N 3j_ 2 . For >0 we define

(3.3) VN,E

={4G,0 (E±iE; X , y) I < eM ( E ) ( N L ( E ) 3 1
' 1 ) max 11,1x  yi I

for any x c R 3 and  any y E  [0, 1) 3 1.

For xeAo, from Lemma A.4 we have

(3 .4) (fw ,u3E x +k, k)Ifldk) 4

< e
nicE)(Na(E)3-Ixo J. ( 1 c

P 0,E) -4 ( VVro,E)Ifix I 5

and for xE24 ; (/ we have

(3.5)
(

E is; x +k, 01 4] dk) 4

f0 ,1 1 3

ixop  m  E )(   1 . C< em (E)(N iL (E)3— f P ,\ E )  (VM E)

where Ni will be specified later and  VV,,E=Q\Vivi,E. Since we have b y  (1.4)
and the definition of E

(3.6) E [1G (.,k)(E - H E ; X , 0)11 1'  ( f  E [IG.(E ±iE; x ±k, k)I 4 ]dk) 4 ,
[0,113

we have b y  (3.4) a n d  (3.5)

(3.7) Ef  (1±1X1)E[IG -HQ0,k)(E e; x, 0)111 dx

,m(E)(NoL(E) 3 -1x1)
f A 0 (1 +IX') dXP (171vo,E)i



e
-m(E)2,-2R{

< e nt(E)N3L(E)3 (1 ± 2 i- iR )  c  (23-1R) 3 x
e

- m ( E )

(y.

(i =1)
e

m(E)(Na.(E)3-R21-2){
(R2 i - 1 ) 4 X

e
m(E)(1ViL(E)3-1)
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0 0

+ 6Ef  ( 1 +  LT I) e M(E)(N/LŒP-IXI)dx p  ( VEN

A/
j=1.

+ 6 E f  ( 1 + 1 x 1 ) (  + )d X P  (V M , E ) .
F.11-

i= 0

By the definitions of A i, we have

E)3-1z1)
(3.8) f  (1±IXI) e

rn(E)(NoL(
d x P  ( V.ivo,E)E ce

Ao IXI
m (E)IsloL(E) 3

and

(3.9) ( i+ I x l )
em(E)(NivE)3-1x1)dx

f4 i

Since, from Theorem 1.3

P  (V
'

 <A P-

we have

(3.10)

and

f4, (1 + Ix!) G11) c / x P  (M,E) -14
-

41 Ki f o r  j  > 1±cIA;12-1- 1 R 1 11 (1 (R2j - 1 )
6 NI E

(3.11) fA0 (
1 +1x1)  c a)d x P (V V 0 ,E )1

NO

By (3.7) -  (3 .11 ), it follows that

( 3 .1 2 )  8 fR, (
1 +1x1) E [IG ,k) (E +i6; X, 0) 14] ldx

< e c e m(E)NoL(E)3+ sar4em(E)NoL(E)3-1± (R2)-9 4em(E)(NiL(E)3—R2,-2)

i=2
I 00 1

+ c K 1 ± c E (R 2 - 9 4 4
N61J =1

= I - F i l ± i l i - FIV  +V .
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For j. '0  if we put

(3.13)

then we have

(3.14)

and

N i =  [  R2j - 2  

2L (E) 3 -1 '

NJ/. (E) 3 —RT-2 R2i-1

(3.15) (R2'-1)4ATT . (R2J-1)4(
4L (E)

3=  ( R 2 1 - 1 ) 4 -  4 (8L (E) 3 )

If we take p= 17, then it follows from (3.15) that

(3.16) V c1 0  (8L (E) 3
) ,4R- IE (2

1=1

For any s' >0 if we take R sufficiently large, b y  (3.13) a n d  (3.16) we have

and V < -

5

independent of E. Then if we take E sufficiently small, it follows that

I and  III < E
5  .

Therefore if s is small enough, then we have

El a. E [IG (co,k)(E - H E; 0)11711dX  <E'
R3

T his estimate holds uniformly in  E E  [E ,E 1  because there exist two positive
numbers c, c' such that for any EE [E,

0<c <rn (E) <6.' and 0<c GL (E) .

We have thus proved Theorem 1.2.

4. S in g u la r  sets

In  th is  section w e give the notion of singular se ts  an d  a  theorem concerning
them which will be used essentially in  the  proof of Theorem 1.3 in Section 6.
W e denote by E  a  sm all b u t arbitrarily fixed positive num ber in  the  sequel.
We define the basic length scale:

L =  
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where denotes th e  in teger p a r t . W e choose E  sufficiently sm all so that
L (E) 1 in the sequel. Let Z 3 (E) (E )Z 3 and  for j E Z 3 ( E ) ,  E  =  Q  E  ( 0 )
j  where

QE (0) =-{xER 3 I0 <L  ( E ) ,  j= 1, 2, 3}.

And we define the norm:

IiIE= max

for jE Z 3 (E).
We fix a>0 and P satisfying

1< a 2 </3

and

<13<2

in the sequel.

Defin ition . A site j E Z 3 ( E )  is said to be singular if and only if

Ai (MR(;) (w) ) 2 E .

Here H E ( j )  (0.)) i s  Ha, 11.2(QE(J)) w ith  N eum ann b o u n d a ry  conditions and
/11(1-1 1 ( ;) ( 0 ) ) )  deno tes t h e  lo w est eigenvalue o f  liZE(J) (w ).  W e  d e f in e  a
sequence of the singular sets inductively.

So = {j (E) 'singular)
Si+ 1=Si\Sf
Sgi = U ./Y :  maximal union of components D'it satisfying the following condition
A (i)
Condition A (i):
(a) D  S

(b) diamEM
(c) distE (D'I,S M )  2c/i + 1

i
(d) dist (cr (1-4E(w w 44») --,E) exp( — d?

)

where

d o = d o (E )= L (E ),d i= d r

and

W (D, =  { j  Z 3  (E)IdistE (f, D) ,

QE (D) = U QE ( j )

jED
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f o r  a n y  D C  Z 3 (E ) .  W e d en o te  b y  diamE a n d  distE th e  diam eter and the
distance m easured  by  th e  norm 1 • 1E • H Z E (W (D 1 ,4 4 ))  iS  H »  IL2 (QE(W (D1,44))) with
Dirichlet boundary conditions.

The main theorem of th is section is the following.

Theorem 4 .1 .  For any p > 0 there exists E'>0 such that if  O<E<E' then

P(i E S I) ci71'

for any i EZ 3 (E) and any O.

F or proving this theorem  we shall prepare som e notations and some lemmas.
We define the set of n-cubes (n 1):

Wn= {CnICn= fy ER 3 1 max Ix, — y,l ( E ) )  for some x  
E 2 n - 1 Z 3 ( E ) )

i=1,2,3

and the set of 0-cubes:

Wo =Z3 (E).

Let D cE  (E ) be finite set. We denote by no(D) the smallest no such that there
exists an n o-cube Cno including D  and fix one n o (D) -cube C n o ( D )  including D.
We define r- no(D)(D)= {Cnow)) and for n no (D) let>

Vn (D) =min { # VnIVn

and Wn (D ) be  a  family o f n-cubes w hich atta ins th is minimum. W e shall fix
one sequence of covers of D :  n (D)1 n=1,2,— ,no(D). We define

(D) = {Cn E (D) 1 distE (Cn, 2dg2sn for any C,,. (D) ,

for no (D) >n>0 and C., (D )=  0  for n n o (D ). We define

no(D) 00

v(D) = E # c (D ), i f ( D ) ,  E #c(D ), and wo (D) (D) =D.
n=1 n=1

We denote by XD (w) the characteristic function of the set:

(4.1) S2D = {(DE S21 there exists k such that D is  a  component of Sf}.

Lemma 4 .1 .  L et D  be a f in ite  set of  Z 3 (E ). For r 1  let j  ( n )  be the
sm allest integer such that cli(n ) cl o2n . For C E  ( D )  we denote by Xn ,c (n > 0 )  the
characteristic function of the set:

(wE  pldist (cf (1-4E(w(cnD,4dion»), ( d)o2)))

and for n = 0  let Xo,c  be the characteristic function of the set {co E QICE So). Then

00

E(xD) E ( fJ
n = 0  cer,;,(n)

is a family of n-cubes which cover D)
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Here if  Ç (D ) =  0, then we set cec,(D)x,,,c 1.

Proof. For w  QD it is sufficient to prove that

dist (cr(Hijew(cnD,4doo»)), E) ' exp ( d o))

for any C E  (D) > 0 ) and that C E So(w ) for any C CD (n=0) .
Let w E S2D and D  be a  component of S t F irst w e  consider the case n= 0;

CED is contained in So because D is  a component of Sf cSo. Next we consider
the case n > 0 . W e show tha t if C E  (D) , then C fl D  satisfies Condition A (1.

(n )) (a ) , (b ) and  (c ). Noting the definition of rn (D ) and a 2 < 13 it follows that

(4.2)d i a m E  (D) . 2cle28">  24 '2 ' =  2  (412") 2d (An) = 2d J() + 1 .+1.

The last inequality follows from

(4.3) df12" di(n)

which can be easily seen by contradiction. Let i (n ) be the largest integer such
tha t di(o) ' de2sn. T hen  w e have dioz>>4`2" b y  contradiction and b y  a2 <$.
Because of this inequality a n d  (4 .3 ) , we get j (n ) + 1 i  (n )  .  By the definition
of i (n) , (4 .2 )  and Condition A  (k) (b) , it follows that

dk diamE (D) 2d ( ).

So we have i (n) <k. A s a consequence we obtain

j (n) <i (n) <k.

From this inequality it follows that DESfCSkCS;( n ). Therefore C nD  satisfies
Condition A  (n )) (a). Because of the definition of j  (n) , diamE C=2n and do=
L (E) 1  it follows that

diamE (C n D)
which is Condition A (1. (n )) (b ) for C n D. W e show Condition A (j (n )) (c ) for
C fl D. It follows that

(4.4)
k -1

Sj(n)
= S k +  E Sf.

i=i(n)

If D't is a component of Sf for i = j(n ), j(n ) +1, •••, k 1 then we have that

(4.5) distE (14, C rl D )  distE (IX ,S 2d11-1 2d1(o)+1

by C npcpcs, cs i vx. Since D is a  component of St we have that

distE (C n D, SAD) distE(D , SAD) 2d k + 1> 2d J(i)+1.

Because of C (D) it follows that
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distE (C fl D, D\ (C fl D)) 2 4 2 8 n  >2d,(„),..

Hence we have

(4 . 6) distE (C n D, S k\ (C n D) ) 2d.on)+1.

From  (4 .4 ), (4 .5 ) a n d  (4 .6 ), we conclude that

distE  (C n D, .5,(2)\(C n D)) 2dpn)+1,

w h ic h  is  Condition A ( j (n ) )  (c )  f o r  C  n D . T herefore  i f  C  n D  satisfies
Condition A  ( j  (n ) )  (d), then C n D is  a  component of Sf(n ). But this contradicts
the fact that D  is  a  component of Sf because j (n) <k . A s a consequence we get
that

1
dist (a (H2 E) ' exp ( —c/ fl)).

We have thus proved Lemma 4.1.

In order to estimate E (XD), we need the following two propositions.

Proposition 4.1 (W egner estim ate). Let Q(i) =Q (0) +j, jE Z 3  and Q (0)
= [0, 1) 3 . For a f inite I c Z 3 , let

A = U J E J Q (j),

and T C Z 3 be a f inite subset such that

A = U,..K2 (j)

is  the smallest cube containing A. Let

M ( w )  —  ±  Vw1L2(A)

with Dirichlet boundary conditions. Then we have

2c - 1  

2 11112 k —k+2770ri i k) -1P ({coldist (o- (H°, (w)) , E) . 1?})
37r

for k . O.

This proposition  w ill b e  p ro v e d  la te r . T h e  following proposition has been
proved by [4].

Proposition 4.2.

P (HéE(0) (0))) -E) ex p (
—

cE
4

) .

From these two propositions we can show the following lemma.

Lemma 4 .2 .  I f  E > 0  is suf f iciently  sm all, then there ex ists c> 0, > 0
such that



Spectrum f or a random Schrddinger operator 653

E (XD ) exp(—c.E - 1 #D — c'E - 11f (D)) •

Proo f. For n>0 and for C1, C 2E rn (D ) (C1 C2),

distE (VV (C1 n D, 4d.un)), W (C2 n D, 4d (n)))
>2dg2 s n - 8di(n ) 2c1024 n - 23dff2a n

= 2 4 2 11n (1 —22drs2 (a- s)n) > 24213n (1 —  22d r s )

by the  definition o f C ( D )  a n d  (4.3). If E  is sufficiently small, then th e  last
member of the above inequality is positive. Therefore we have

W (CI nD, 4d (n)) n w(c2nD, 401»n )) =  0 .

T h e n  {Xn,c}cEc,(D) a r e  independen t by  (H.1). B y  th e  definition o f Xo,c and
(H.1), it follow s im m ediately that {Xo,c}ceD=c(D) a re  independent. Hence by
Lemma 4.1 and the independence of Xn,c, we have for 0<r<1

0 0

(4.7)E  ( X D ) E [ n  x nd
n=0 CEC(D)

<( H E[x0,C ] )
1 r (E [ 11 H xn,c1)

CEC(D) c 5 (D )

<•••< n( E [ x n , c ] ) 
r n ( 1 — r ) .

n=o c.c,(D)

For n>0, by the definition of Xn,c it follows that

E[X n ,c ] =P{coldist (a (InEoccoD,4d,.»)) , E )  exp ( — 000)1.

Since QE (W (C n D, 4d,(n ) ) )  is included in a cube with sides of 10d(n)do by CE
(D), Cii(n ) 2ndo and do we have by Proposition 4.1

1

(4.8)( E  [ x n , C ]  ) " ( 1 — r )  (C 4n460eXP ( — On )) ) " ( 1 — r ) .

If E is sufficiently small, then it follows that
1

(4.9) (ca(n)c/60 exp(—di(n)))
 r ( 1 — r)

1 1
(exp( — cdi(n ) ))r m (1 - r)( e X p  ( — C421) ) 

r n ( 1 — r ) .

1 
C hoose 1>r> , then it follows that4

(4.10) the last member o f  (4.9) .. exp( — c.E- 1 (4 r )  n (1 — r ))  e x p ( —cE - 71)

uniformly in Therefore by (4.8), (4.9) a n d  (4.10) we have that

(4 .11) (E  [x n ,C ] ) " ( 1 — r )  exp(—c'E-1).
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For n=0 and CED, it follows that

(4.12) E [Xo,c]
= P (Cc So) = P (21(ME(c) (a))) __2E)

=P (21 (1-11‘)T Ecco (0))) 2E) exp( — cEA-)

from Proposition 4.2. From  (4.7), (4.11) a n d  (4.12) we obtain that

E [Xi ) ] exp( — cE-  # D — 1/' (D)) .

This completes the proof of Lemma 4.2.

In order to prove Theorem 4.1 we need the following lemmas.

Lemma 4.3.
V (D) (log2E- 1 ) 2 # (D) .

T his  lem m a w ill be proved la te r. T he  following lemma has been proved by
[1].

Lemma 4 .4 .  For V E N , we have

# {D C Z3 (E)I V (D) = V and O E D }
 exp (10 V).

Proof of  Theorem 4 .1 . Because of the translation invariance b y  (H.1), we
have

P(iES) =P (O ESY )

for i EZ2 (E) . We have

(4.13) P (0 E Sf) • P (D is a  component of Sy)

Let PD,! =  P (D is  a  component of St) . If  diamED> d , it immediately follows
tha t PD,! = 0 because of Condition A  ( j )  (b). Therefore w e shall estim ate as
follows:

(4.14) P  (OE SY)

E P D  +E E P D ,J = "  1  +  .

V=1D30,V(D)=V V=1 D40,V(D)=V
d ia m D 5 d , diamED5d,

Let D  be component o f  SY (w ). A s  a  f irs t step, w e consider the  case  where
diamEDd;_ i . Since SJ-1=Sf_I±S;, it follows that

distE  (D, S;_i\D) = min (distE (D, Sy- 1), distE (D,S;\D) ) 2 d ;

by Conditions A (f — 1) (c) and A  (j) (c). Suppose that

dist (a (1-4E(ww,4a.,-i))), E) exp (- 21-1) ,
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then D would satisfy Condition A (j - 1) . But this contradicts the fact that D is
a component of S . Therefore  w e have

dist (a (H2E(ww,4a,•,»), E) ' exp ( — 0-1) •

Consequently we can estimate P D , j  as follows. Let ) 0 (w )  be the characteristic
function of the set:

{col dist  a (118E(w(D4d1))) , exp ( — d 1 )  }

and X D  is the characteristic function Q D . Since QE(W(D, 4c/J-1)) is included in
a cube with side of 10d ; _1d 0 , by Proposition 4 .1  we have

E [V] c _id 0) 6exp ( — 0 - 1) .

Hence we have

(4.15) P [X1 (w) X D ((o )][ X i  ( ( o )] ) (E [X D (w)])+

c.ca_id 3oexp( 4 4 - 1 )  [XD (w) ] ) 1 .

On the other hand

(4.16) PD,J E  (XD(w)).

From Lemma 4 .3 , we have that

cE - I#D - Fc'E - IY (D )

(c (log2E -
1) 2 # D - Fc'V r (D))cE - i- cE1V (D) .

Hence by Lemma 4 .2 , it follows that

(4.17) E(XD (co)) exp (— cE - 117 (D))

From  (4 .1 5 ), (4 .1 7 ) and 4 .4 , we have

(4.18)I c d .7 _ 4 3 0 e x p ( - - y d i_ i ) e x p ( — C E - 7 11V)
V=1D30,V(D)=V

diamE D 5 d ,

Ecd .Vi d 'o exp( - 4 1)exp ( (10 — cE - 3) V)
v=1

210+)<21dip' cdî'exp( —

provided E> 0 is sufficiently small because d.i. do and do is  large when E  is
small. It is easy to see that
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(4.19) V  (D ) no ( D )  log2diamED.

Since we have  (4 .16) from the  definition, it follows from (4 .17), (4 .19) and
Lemma 4.4

(4.20)

< E exp ( (10 — cE - 1) V )  cexp ( (10 — cE - 1) log2c/J-1)
V
1

< — d2

provided E > 0  is sufficiently small. From (4 .16), (4 .18) a n d  (4.20), we have
completed the proof of Theorem 4.1.

Proof of Lemma 4 . 3 .  L et r  (x ) =
[

— 1 —  log2 (4dô 3)11. For n E N
Pn

such that r (n) >0, we claim

(4.21) n41 / • (n)±  V 'T(n)

w h ere  V .= (D) =  # (D ) and V .= (D) =  # (D ). In fact, let V". =
rm (D) m (D) (D) . If CECw), then there exists C 'E C ( n ) such that distE
(C, C') < 242sr (n) and  C *C '. It follows that

diamE (C u C')
< 2  • 2r ( n ) ± 2 4 2 " )

< (2+2dg) 2 1 3 r (n ) = 28 r ( n ) ± 1 " 2 ( 2 ± 2 4

By the  definition of (n ), w e have Pr(n) ± log 2 (2 ± 2de) + 1 Hence there
ex ists a n  n - cube C " such  tha t C U C' C  C". And if C1 ,  C2 and  C3 E W7(12) and
distE(C1, C2) <2de2 137( n) an d  distE (C1, C3) <2dg2 s r ( n ) , then it follows that

diamE (C]. U C2 U C3)

< 3  • 2 r (n ) 4 d g 2 S T  (n)

<  ( 3 + 4 d g ) 2 ,3700 , 2i3T(n)-Hog2(3+44

and i3r(n) ± log 2 (3 ± 4dg) +1 Therefore i f  {C1, C2, •••, C1} =  C(n), there

ex is t a t m ost [ 1  pieces o f n - cubes w hich cover (C1, C2, •••, .  Hence we

have that

<- 1 444a , _L  w , 1 T 7
Vn —  #  to n =  2 Tr or(n) I f  10r(n) = 2  v r (n) - I  V r(n)•

mtimes

T h u s  (4.21) is proved. Let .1--  (n) = (r• • • 7- (r (n)) • • •) . For n such that y (n) >
0, M (n) denotes the  largest natural num ber such that r m ( n) (n) > 0 an d  fo r  n
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such  tha t r(n) we define M(n) O. I f  r(n) > 0, w e  c a n  ite ra te  (4.21)
M (n) times and we get

M (n)
/ 1\M (n )

V 1 111m -1

V r moo(n)+ L Vrm(n)•
m=1

Hence we have
M (n)

(4.22) V,i nm(,i)vo+ E2 m=1
If  r  (n) th is inequality  (4.22) holds for M (n) = 0 and for the 2nd term of
the right hand side o f  (4.22) =0. Therefore we have

no(D) no(D) no(D)M(n)

(4.23)V  =  ( D )  =  V n  E  ( 1 ) M  (n ) V  0 +  E  E  G r 1 Vr.(n).2
n=0 n=0 n=0 m=1

We put d =1-Flog 2 (4de+3) . Since * (x — d) — 1 r(x) 1 -
14 ( x d )  and y (x )  is

a monotone increasing function, we have by induction

rn-1

(4.24) (lY nx— d — (wl)mx— d2
J=1 .J=0 j = 1

From  (4.24) we have

(4.25) rni(n)
on on-1

>  (1s) m
 n d E ep y ( ipy

1=1 i=o
> ( plynn  p l   (d +13)

1 
For k> (d+ $), we denote by /0(k) the largest integer (. 0) such that

(4.26) i \ iou t) 1

k p— i (c1+13) o.

Hence we have TI" ) (k) >0 and then M (k )10(k ). Then we have

(4.27) M (k) [ l o  g2g 2   sl_ i k( d °±19 ) (1og213) -11

1  f o r  0  k< (d + 13)

for

13 — 1
1 k .. (d ± )3) ./3-1

From  (4.27), we have
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(4.28)
no(D)

1\M  (n)

L 2 )
n=0

1)M  (n)

n=0
<  1  

 (C1 ± 13) +1+ E  2 iog2 (log/9) - `+1 .

fl—i
1k2 -  +13)f3-1

We have

(10g2B)-11k - ( 1 0 / 4 2 1 3 ) - 1 .(4.29) 2 g 1 (logy 9) - '+ 1 _ 2 (—
f 1 - 1

( d + R) 1  (CI + 1 3 )

)

Since d =1 ± log2 (44+3), d 0  [ E l  and < < 1 , we have

1 (d+ $ ) clog2E - 1

163- 1

2 (
$- 1  

(d  +1 3 )1) ( 1 0 g 2 s ) - 1
(log2E-1) 2

for sufficiently small E > 0. From  (4 .28)-(4 .31)  a n d  log2 i3<1, we have

;WM
1 M  (n)

(4.32) G ) clog2E-1-1-c (log2E- 1 ) c' (log2E - 1 ) 2

n=0

for sufficiently small E> 0. F or m E N  and j E Z, let N .,;=  tkEZIrm  (k) =11.
L et k+ b e  th e  la rgest in teger such  tha t rni(k + ) =  j  a n d  k_ b e  th e  smallest
integer such that rm (k 4 =j. B y (4 .24 ), we have

( 1+ m
3 ) k  —  d 2( 1

14) i( s ) i  r  m  + )
i=o

=j=rm  (k ) W r k _ — d 2 ( 1 ) i

j=1

and then

m -1

(1 )1=  is — ('(1
13 13 -1 )3

j= 0

(4.30)

and

(4.31)

Therefore it follows that
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(4. 33) #N„,,J =k +
—k _ + 1 ‹  1  

We have

no,. (k )

(4 . 34) E E Grv , -(, )
k=0 m=1

no(D ) no (D )M (k )

= E E G-r 1
57-.(k),)17.;

.1=1 k = 0  m=1

From  (4 .33) and $< 2 , we have

no(D )M (k)

(4.35) E E (12 ) -  1 57m(k)../

k=0 m=1

<

2)
m-1 

#
m,k=0 m=0

CO

$2 V1 (A\ m-1

2) = c ' '
ni=o

From  (4 .34) a n d  (4 .35), we have

E E Ivrni(K) c, v ,.

no(D)M (k)

(4.36)
k=0 m=1

From  (4 .23), (4 .32), a n d  (4 .36), we proved Lemma 4.3.

Proof of Proposition 4 . 1 .  Let

H° (x,; j EJ) = — d + E x  ( • --j) 
vuo

JE J

with Dirichlet boundary conditions. For 2> 0, let

N(2; xj, j EJ) = # {eigenvalues of H° (xi; j Ef i .

Since 2— (2 - -  2 ')  7 7 V  f  for b y  (H .2), we have

(4.37) N (2; x i , j EJ)
=N  (2' + 2— X; x f , j EJ)

(2'; x, — ( 2 — ,  j .

Let Xro,i] ( x )  be the characteristic function of the  in te rva l [0 , 1 ]. F rom  (H.1)
and  (4 .37) we have

(4 .38 ) E [N (2; q;  (w ), E j) - N  (X ; q, (co) , j E f)]
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= f (N (2; xj, (2'; EJ) ) X[o,i] (xJ)d.z.;
R "

jE J

J R
( 2 ' n(7' (2 —  2') j E .1) N (2 '; j e f i )  H x,0,1, (xi)dx,

"

j e l

=  fR INI (X; xi, j ( FIX10,1] (xi+ 770 (2 —  X)) — X io,11 (xi)) fi dx;
yEJ :7E1

(2'; —
 170 (2 —  2') j EJ)27)012 —  21A1

N (2'; 7)(71 (A —A') j Ei) 2702 —211AI

where n i  a n d  IAI is the volume of A and A respectively. Let 1 (A ) = A . We
have b y  (H.2)

(4.39) N (2'; --770 (2 ,
(2' +77;0771(2 —  2'); j

j=1
3< 1 7r (/ (A) 2 v + 77(7, 11,71 (2_2 , 0 2

- 6  \  g 2

_  IAI 
—

6  2  V + 1 7 0 7 ) 1 ( 2 - 2 '0 -7r

L e t  =E - Fle and 2' =E — k. F rom  (4.38) and (4.39), we have

(4.40) P (dist (H n (w )) , E ) k )
.E[N (E+ le; q, (w) 2j EJ) — N (E — k; ql  (w) , j EJ)]

< 2c(7, 1 

(E — k + 2 ' 1k) k.3n .2

We have proved the proposition.

5. Sufficient condition of the exponential decay of the Green functions

D ef inition. For A C Z  (E) , let A C =Z 3 (E)\A ,

,„.11 { x  EA  'There exists y EA c  such that distE(x, y) =1}

and

ao u t A =  EA c iThere exists y EA  such that distE(x, y ) =

We define aA as follows:

OA= ai ,,A U ao u t A.

A c Z  (E )  is said to be k- admissible if

3 ,,„2
=  #  E N 3 7 2 2 ,  " i < 2 , +710771(2_2 , )1

/(A)2
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aA n w (Dit, 4d )  =
for any component D': of Sf and for i 0, 1, •••, k.
A c Z3 (E ) is said to be admissible if A  is k- admissible for all k

Let A, Ai and A2 CR3 be  of the form  UJEJQE (i) for some JOEP(E) such that
n A2 = 0 and A i  U A2 = A. Let GA (w, E ±ie ; x , y ) be the Green function of

operator HA0J (ER- i6) H 0  ( E  - Fie) le (A) on L 2 (A ) w ith Dirichlet boundary
conditions and GAiiii,(w, Ed- is; X , y ) be the Green function of operator Hilioz,a,
—  ±iE ) ie)lono eon,) on L2 (A) = L 2 (Ai ) el L 2 (A2) w ith Dirichlet
boundary conditions on aA 1 U 0112 . Let anzGA (a), Ed - i; x , z ), x  E A, z E aA be
the outward normal derivative at z of GA (w, E -Fie; x, y) . Then form Green's
formula it follows that

(5.1)G A  ( w ,  E - Fie; x, y)
— GA102(0), x, y)

f an2GA102(w, E - Fie; x, z)GA(u), E - Fie; z, y)dz

if xEA 1 , y EA1 U A2 and x * y .  We have

(5.2) GA102(0), E - FiE; X , y) =Gn,(CO, E+tiE; X , y)

if x, y CA, j = 1, 2 and

(5.3) Giii1A2 (0), E - Fie; x, y) =0

if xGAJ, y A k ,j, k=1, 2 and
The main theorem of th is section is the following theorem.

Theorem 5 .1 .  For x ER 3 we denote by j (x) the element of Z3 (E ) which is
uniquely determined by x E Q E  ( x ) )  .  There exists E l > 0 such that for 0 GE
if A  cZ 3 (E ) is k - admissible and A n Sk+1

=  0 , then it follows that

IGQE(A)(E 4 - is; x, y) I  exp ( E )  —y1)

provided distE(f (x) , (Y )) 4+1 and 0 GE E .  Here m (E) = c iE+ and c l  is

independent of A, k and E.

Proof. W e denote by ek the following assertion:
If A i s  (k - 1) -admissible and A fl Sk

=  0 ,  then it follows that

IGeE(A)(E - Fie; x, y) I ' exp ( — mk (E) lx —yl)

provided distE (/' (x), .1 (Y ) ) d1 and 0 <s - E.

5
1E41 1c=c1 (1 7 7 4 - ")Here mk (E) and mo (E)= —

By putting ci =  il 710 (1-77d i (E1) 1
-

a ) , Theorem 5.1 follows from ek+1.
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W e shall prove ok for k by induction.
Step 1: Proof of

Since A fl S o  o , w e have ( — A L D +  V.) >2E for jE A . Then we have

14E(A) (CO) = A Z E (A )±  Voi —A L A )+ V .E i) ( - 4E(;)+ V .) >2E.
JEA

From Lemma A .3, the exists E' > 0 such that if 0 GE then we have

iGeR(A) (E -Fi; x , y ) exP( — Y I )

for any x  and y such that distE(j(x),/(Y)) ,c/0 and 0< This completes

the proof of 00.
Step2: Proof of ek+ i under the assumption of ek.
Let A  be k - admissible and A fl S k i t  = 0 .  If A (1 Sk =  0 ,  th e n  ek+1 follows

from ek.
Hence we shall consider the case of A n S k *  0 .  In  o rder to  p rove  ek+1, we
distinguish the following two cases:

(i) l dk ± i <diam.,A < d5— — 3  k+1.•

(ii) -Id k+ i <diamEA.

W e first study the case (i).

L em m a  5 .1 .L e t R  Z 3 (E) be a k- admissible set containing some D'f, E Sf
such that

1 3—
5

dk + i  diamER
2

dk+i
*

Then we have

IG eE(R)(E .-FiE; x , y )l exp k (E)1 1 k  (E))1x  Y ll

provided distE(l (x) , j (y)) - - clk +1. Here II k (E) = 75Mk (E)d l
k

-  .

Proof. F o r simplicity we denote D = D . W e  fix x  E Q E (R ) and y E QE (R)

such that distE (i ( X )  j  (y ) )  k d k .  If distE (b . (x) , j (y)}  , D )  4d k , we put D i=

D and D2 -7-- { 2 ER ldiS tE D )  . 3dk-f1} . If I'd k diS1E ({i (X ) , j ,  D )  < 4 d  k ,  we

put Di= D and D2= 1z ER I distE (z, D) If distEfj ( x ) ,  (Y )), D) < d k , we

put D i = {zERldiStE (Z ,  D )  5
2

- dk} and D2 =  {Z R ld iS tE D) . 3dk}  . Then for

sufficientely small E>0, from Lemma B .1 it  iollows that there exists a  (k —1)
-admissible set B C Z 3 (E ) such that
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D c B c  w (D, 44), distE (aB, ( x ) ,  f (Y)}

and

distE (Bc, D) ' 3dk.

Let Q=4.13, r= aQE(B) a n d  =aQ E (w (D , 4d k)) .
C ase (j , 1). Let x  and y  in Q E (Q)

From  (5.1), we have

(5.4) GeE(R)(x, y)

-- -- GQE(s)lek(B)(x, z) — f 11,Geeenek(B) (x, z)Gek(R) (z, y)dz

=GQE (e)(x, y) + f  a,„GQE(R) f G Q E (R ) , a neG QE(Q) ,  y)dz"dz.

Since R and B i s  (k — 1) - admissible, so  is Q. Moreover by the assumption of R
and Condition A (k ) (c), R (1 (Sk\D )=  0. Then w e have Q nS k=  0 .  Hence by
applying ek  to Q, we get

(5. 5) 1Gek(o(u, y )  I . exp{ — mk (E)lu — v1}

if distE (u) , j  (v)) —
5
1 d k. Since distE (aB, {j (x ) (y)} distE (fj (x), j (01,

(z) ) — 1 > dk — 1 dk f o r  z E  r for sufficiently small E >  O. Therefore from

Lemma A.5 a n d  (5.5), we obtain for z, E

(5.6) lanzGeEu2)(x, z) l c exp{ — mk (E) Ix — Y1}
and

(5 . 7) I anz, Gek(e) y) I exp{ —mk (E)Iz' — Y I}
s in c e  th e re  e x is ts  a  p o s it iv e  5  su c h  th a t  mk (E )  < 5  uniform ly i n  k  and
sufficiently small E >O. Next we shall estimate the term GeE(R) (z, i )  in  (5.4).

Lemma 5 .2 .  Let u, w QE(B). Then we have
1

IG Q E (R )(E
-FiE; U, l 1

 w i + C '4  exp (di)

Here c'4 is independent of R, B, u, w, E and E.

Proof of Lemma 5 .2 .  From  (5.1), we get
GQE(R)(u, w)

G0, ( W ( D 4 d k ) ) I Q E ( R ) \ Q ,  (IN (D,4C)U,W)

f (0,4d,)) (R)\Q (W  (D,4(10) Z 1 ) G Q E (R ) (Z 1 , w ) d Z
f

=
GQE(W W ,440)(u,14)) f  a n ,,G Q E (W W ,4 d 0 )(u , Z O G Q E (R )(2 1 , W )C IZ 1 ..
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Because zi. EYCQE ( Q )  ,  it follows
GQE(R)(zi, w)

=GQE(o)leE(B)(zi, w) — fan„GeEumeE(B)(zi, z2)GQE(R) (z2, w)dz2

—f a Ge.g(e) (zi, z2)GeE(R) (z2, O d Z 2 .

Hence we get

GeE(R)(u, w)
=GQE(ww,44» (u, w)

f & ,G Q E (W (1 ).4 d k )) (14, Z1) f  a G Q E ( Q ) ( 2 1 ,  Z 2)G Q E (R ) (Z2,
f

Because z2ETC Q E(W (D , Lid k ) )  ,  it follows

GQE(R)(z2, w)

=GQE(w69,4do)(z2, — fa...GeEcw(D,44)) (z2, Z3) GQE(R) (Z3, W) d23.
f

Therefore we obtain
GeE(R)(u,

=GQE(wm,44)) (u, w)

f an„GeE(wto,4ak)) (u, zi) f au„GeE(e) (zi, z2)GeE(ww,44» (z2, w)dz2dzi
f

— f a,,,GQE(ww,4do) (u, zi) f au„GQE(e) z2)

X f ww,4do) (z2, z3) GeE(R) (z3, w)dz3dz2dzi.

Inductively we obtain

(5.8) G Q E(R )(14,14 1)

= GQE(W (D,4dk ))( 14 ,  411)

2n

n - 1

4-Eff•.•ff( H QE( W W ,4dk) ) ( Z 2 j ,  Z2j+1) QE (Q) (Z2j+1, Z21-1-2) )
n = 1 7 '7 ' T r i= 0

2n

GQ.Ecww,4ak» (z2o,w) dz.;
j=1

2 (N+1)

+ffr-f,fr( a 

„GQE(w w ,4dk» a„„02GQE(Q) (z2.0_1, Z 2 f  +2 ))

j=0
2N +2

G Q E (R ) ( z 2 N + 2 ,w )  f I  d z
j= 1

where zo -=u. From Lemma A.6, it follows

w)dz2dzi.

'1'
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I GQE( WW ,4dk )) (E H- i ;  t ,  ,3)1
1 C .  <

SI
+

r i •  f (
\ — , . .

,E(W(D,4dk))) , E
<  1

- Fc4 exp (4).It— sl

The last inequality follows from Condition A (k ) (d ). If tErUQE(B) and sE f, it
follows

It—sr>11--.31-1 dkL (E) — 1> +- L(E)d k >1

for sufficiently small E>0. Hence by Lemma A.5 a n d  (5 .9) we have

(5.10) IOnsG QE( W(13,4d (t, s) I
c3 s1- 1 + c 4

( 1  
exp (4 )  c 3 (5L (E ) - 1 4 11- c4

• c5 exp (a)
for tETUQE(B) and sEr. From  (5.9) we have

f r
(5  .1 1 ) I G  Q E (D(W,4dk)) (Z2n,W) dZ2n1

f r(1Z2nii-W1
±c 4 exp (di) )dz2n

=  1  ,
exp (41

, )  I rl.
f i Z 2 n  

14,1 az2n  - r C4

By the shape of QE(B) = U;QE(j), we can estimate as follows:

1

exp (di))

12.2n — w

where cs  is independent of r=aQE(B) and w. Then the last member o f  (5.11)
is bounded by

(5.12) c7 exp (4) IT'.
Since zy-FiEr and z2H-2Er, it follows

(5.13) a ,...,GeE(e) (z2i-F1,z21+2)1
s u p  IGeE(e)(zai-Fi, s)1

e x p (  M k  5  a  k
(E) 

by Lemma A.5 a n d  (5.5). From Lemma A.6 it follows

IGoE(R)(E - HE; t , s)I — IGQE(R)(t, it 1 s i +

(5 .9)
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and then

(5.14)
f r

IGeR(R)(z2(N+1), w)Idz2(N-4-1.) (c6 +  1)1r1.
From (5.8)- (5.14), we obtain

(5.15) IGeE(R)(u, w) I _c2E(ww,4akn (u,

▪ (c3c51r1ITlexp(4 )exp( mkL dk ) ) n
c7  exp  (di)

n=1

+ (3C5If ilrieX P ( d )  eXpi (
L  ( E )  ) )N + 1 (  _ 4_1

M k  5 u k C6 s )•

Since IflIT I csca, and  it follows

ccnexp (di) exp mk  L (5E) d k) < 12

if E> 0 is sufficiently small, then the last term of the right hand side o f (5.15)
converges to 0 as N— >0 0 . Therefore we obtain

(5.16) IGeE(R) (u, w) I IGeE(ww,4dk)) (u, w) I + c  exp (di)
1 ,

iuc 4  exp (dl)

by  (5.9). We have thus proved Lemma 5.2.

W e return  to  th e  proof o f  Lemma 5.1. Noting th e  continuity of the Green
function, it follows from Lemma 5.2

,- 1 1
(5 .17) IGQE(12)(z, 

)1 lz _e x p  (di)

for z ,z 'e r . Using (5.4)- (5.7) a n d  (5.17), we get

(5.18) IGeE(R)(x, y) I
exp ( — m k  (E ) —y1)

+ (6) 2ff exp ( —mk ( E )  —z1) (—mk (E) iz' — y i )
 d z d z '7' 7' I Z + Z '1

+ C 4  (C ) 2 exp f exp(—mk (E)lx—z1)exp ( — mk (E)1Z— yl)dzdi
T

exp ( — mk ( E )  —y I)
x ii+c,frp T m k  (E) (lx—yl — lx —zI — —y1),dzdzlz— z'l

± c i o exp (di) f f expmk (E) (Ix  y1— d z d i l
T

Since z, z' T =  aQE (B) , it follows

(E) kL (E) .
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A nd there  ex ists positive constants cii, ci 2 w hich a re  independent o f T, such
that

f r f r i z

Then the right hand side o f (5 .18 ) is bounded by

(5.19) exp ( — mk (E) Ix — YI)
x { 1-1- c13ITI2exp (di) exp (mk (E)14dkL (E)))

exp ( — mk (E) y I) cia exp (2d1) exp (mk (E)14d kL (E)) .

Since there exists ö > 0 such that

mkL (E) c3> 0

uniformly in k  and sufficiently small E>0, it follows

(5.20) ci4 exp (24) exp (mk (E) 14d kL (E))

^exp (l5mk (E )dkL(E )) =exp(pk (E) dk+ l L (E ) ).

Here we used the  definition of g k  (E) = 75m k  (E) d i ' .  B y  (5 .1 8 ) , (5 .1 9 )  and
(5.20), we obtain

I G Q E(R ) r, y) I  exp (— (m k (E) — ( E ) )  —yl)

if d i s t E ( i ( x ) , . / ( Y ) ) -k-dk+i for sufficientely small E > 0 uniformly in k.

C ase (i.2). in the case of x  E  QE (Q) a n d  y E Q E  (B), th e  proof is in  a  similar
fashion in case 1.
We have completed the proof of Lemma 5.1.

Next we shall study the case (ii).

Lemma 5.3. Let A C Z 3 (E ) be a k -admissible set such that A n S k+i
=

 0 ,
3 1A n Sk 0  and diamEA >d k +i•  I f  x ,y  E  QE (A ) and d is te  ( x ) ,  ( Y ) ) 61kA-i.,

then we have

1G eE(A) (E + e; x, y) I  exP ( — mk+i (E) —y1).

(1.5 1Proof. Let P2 E  QE (A ) su ch  th a t di t (p i) , j (p2)) dk±i. If distE

(PO, j (P2)) " 4/k4-1, then we put

D1= iz E A  distx (z, J (p i))  4209d4

and
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Dy =  1Z  E A ldiStE (z, j  (p1)) k+11.

If distE 0. (Pi), j  (pa)) > - tik+i, then we put

D 1 =  IzEA distE (z, j (p i))  4
1dk+11

and

D 2  1Z E j (P1)) 1 ,443d1c+11.

F o r  sufficientely sm all E >  0 , from Lemma B .1  it fo llow s tha t there  ex ists
k- admissible set Ri,, c A  such that

(5.21)

and

(5.22)

17
Rpi, di stE ( ( j (PO , j (1)2) ), aRp,\A ) —80 d  k+1

3
diamERpi

Let Bpi = A \RI,. Then it follows QE (A) -= Q E (R P I )  QE ( B p i )  .  Since distE  ( x ) ,

(Y )) tf 4+1, by putting pi  = x ,  p 2 =  y  there exists a  k—admissible set Rx  C A

satisfying (5.21), (5.22). F rom  (5.1) we have

GeE(A)(x, y)

=GQE(Rx)leE(fix)(x, y) „,,GQE(R..)leE(Bs)(x, zi)GeE64)(zi, y)dzi
faQH(Rx)

(3

=GeE(Rs)IeE(Bx)(x, y) — a,,,,GoE(Rx)(x, zi)GoE(A)(zi, y )d z ifaQ,(Rr)\ae,(A)

where we used the fact GQE(A)(z1, y) = 0  if z i  E aQE (A) . Because zieaQE(Rx)

aQE (A ),  w e have distE ( z 1 ) ,  j  (y ) )  z 1,44. Hence by putting p i = zl, P2 =  y

there exists a k- admissible set Rz I cA  satistying (5.21), (5.22). We have

G Q E ( A ) ( x ,  y)

— G e E ( R x ) I e E ( B .) ( x ,  y) f a Q ( R ) \ a ‘ h ( A ) 19,LGQE(Rx)(x, zi)Go(R,olo,..(13.) (21, y )d z i

19„,,G eE (R r)(x , z i)d z i+f
 (R .o \ a e ; (A)

X  f a c h ( R o  \ a Q n ( A ) aGQE(R,,) (24, z2)G (e.E(A)(z2, y)dz2.

Inductively we have

(5.23) GQE(A)(x, y)
— G e E (R x )1 Q .(B s ) ( x , y)
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n - I

-FE (-1). n  f a ,„GQ,0,,(zi,aQE(R„)\a‘),(A) .-
n=1 j=0

X GQ,(1?,,.)1QE(B.)(Zn, y)

±  ( - 1 )  N + 1 ( L an,,.,GQE(Rz,)(Zj, Zji-1) dZj+1.,,..(A ),=0
XGQE(A)(z., y)

=1+11+111
where z o = x .  First w e estim ate I. If y Q E  (R x ) ,  then w e have 1=0. Hence we
have only to study the case where y  QE (Rx). W e have GeE(Ex)1QE(Bx) (x, y) —

G Q E (R i)  (x , y ) . By the  definition of Rx , Rx  i s  k- a d m iss ib le  set and Rxn Sk+1 =

because of A  n Sk 0 .  T herefore  if Rx fl Sk =  0 ,  th e n  b y  th e  assumption of
induction we have

(5.24) IG Q E (R x )(x , y) I  exp ( — In k  (E)lx—y1) exp(—m ( E )  lx — yl)

and if Rx n s k t O then by Lemma 5.1  we have

(5.25) IGeE(E .) (x, y) exp ( E )  —y I)
where m'k (E) = m k (E) 1Jk (E ) . Next we estimate II. By Lemma A .5 we have

(5.26) I Zn-i) s u p  IGQ,e(fe‘,) u)

From  (5 .21) we have

(5.27) distE (z . ;) ,  j  (24))
d is tE  ( z i ) ,  j  ( z i+ i ) )  ±distE j  (u))

1> L
7

d — 1> —d8 0  k+15  k+1

f o r  sufficientely sm a ll E >  0 .  F r o m  (5 .2 6 ) , (5 .2 7 ) , Lem m a 5 .1  and  the
assumption of induction as we obtained (5 .24) a n d  (5 .25) we have

(5.28) z+1) < c3 s u p  exp( — m.;,(E)Izi — u1) •

Since Iz — 2)+1 u  H  1  a n d  th e re  e x is ts  5 >  0  such that  m ( E )
uniformly in k for sufficiently small E>0, we have

(5.29) I a„.,GQ,) (z, zi+ ) l cexP ( - 111;, zi -Fil) •

Since distE (zn), j(y)) it follows similary to  (5 .24 ) a n d  (5 .25) that

(5.30) IG(mk,,,iich(B,„) (4 ,  y) exp(—m;,(E)Izn—y1).

From  (5 .29), we have

(5.31) I III
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L(R.)  \ach (A)
c;exp (E)Izi—zi+11)d.zi+i)exp ( —nt'k (E)Izn—y1)

n=1 i=o

Let vk (E )  n  k  ( E )  d i ' and ml(E)=m;k(E) — vk (E). We have

(5 .32 ) exp (— mi (E) lz • — zn-ii) = exP ( —m' (E) exP (— (E)Izi — zp-11)

and

(5.33)
n-1( exP ( - 74  (E) Izi — zi+11))exP ( — m" (E)Izn —  YI) e x P  ( — ns; (E)Ix YI)

Since

1Z.i—Zi+1 1
(d istE  (z i ) ,  (zi+i)) — 1) L (E )

(17 1
80dk+i 1)L (E) > -

5
dk+ 1 L (E)

for stfficiently small E >0, we have

(5.34) exp ( — vk (E)Izi — zi+11) " exp (— vk (E) dk+ii,  (E)).

F rom  (5 .31)-(5 .34) w e have

(5.35) 1111
N  n - 1E n (6Ia E (Rzi)\aQE (A) lexp (— k (E)))exp (— ( E )  —  yl) .

n=1 i=0

B y (5 .22) we have 1 aQ E (R z,)\ach (A) I  6L (E) 2 ( dk+1) 3 =Ri5L (E) 2 4-1-1. Since

there exists 0> 0 such that vk (E)L (E)dk-F i > 5dk uniformly in k for sufficiently
small E >0, there exists 0 < 5'<1 such that

(5.36) c1aQ E (R z,)\aQ E (A) exp H )
)

1c(E )
1
5
--
'd (E))

(E) 24+1exp Hvk (E) td (E))

<o,

uniformly in k for sufficiently small E>0. From  (5 .35) a n d  (5 .36) we have

(5 . 37) 1111 c'isexP (E) l)

for sufficiently small E>0. Finally we estimate III . From Lemma A .6 we have

(5.38) IGQE(A )(Z n+1, y )I = IGQE(A )(E
-
FiE ; Z n+1, y )1

1 
< I ± C 4 E  j •

12'12+1 —yi
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In a fashion similar to that used to estimate H, we have

(5.39) Iffl

. 1 1 (
f

Ch(R.Aa(MA)la,..■GQ;(R)(zi, zi+11)d2j+1)1GQE(A)(ZN+1, y)
j=0

N+1 1 
(C3C151_,(E)

2
d k_Fiexp ( - m (E) (E ))) F 4E - 1 )1

1,441, (E)

< (5)N+1( 1  ±c4E-1)
-

5
dk_F IL (E)

where we used (5.38). Since 0 <6' <1, the  last member o f  (5.39) converges
to 0 as N- >0. Hence from (5.23), (5.24), (5.25) a n d  (5.37) we have

(5.40) iGeEou (x, y) I
exp ( - mi (E) lx I) ±cisexP ( - m"k (E) lx - Y1)

Since mk-Fi (E) (E) - 214 (E) =mr: (E) - 14(E), from (5.40) we have

(5.41) IGeE(A)(x, y) I
(exP ( - 14 (E) Ix - YI) +cis) exp ( - 1)k (E) l x  Y1) exP ( - mk+i(E)Ix — yI).

Since

(5.42) 1 )k  (E )Ix  — y -vlk (E)d ik-
a dk+IL (E) = - Yn k (E) d kL (E)

we have

(exP ( (E) ix — y I) +ci6) exp (- (E) — yl) 1

uniformly in k for sufficiently small E>0. We have thus proved Lemma 5.3.

From Lemma 5.1 and Lemma 5.2, we complete the proof of step 2.
A s a  result we complete the induction and then we have proved Theorem

5.1.

6. Proof of Theorem 1.3

For 1>0, we denote by Br the following condition on A OEZ3 (E):

1 miniblE
beaA be0A

Let c1 be as in Theorem 5.1, m (E )= 4 E I and 0 <  E. Let
= U r=0{0.) E S21There exists a  k- admissible se t 0 E A  Z 3 (E ) satisfying

B1 and
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IGQE(A )(a), E - HE; X , y) I exp ( — m (E)ix — Y1) for — y I (E)11.

and a> r> 0 . We can prove Theorem 1 .3  by the following theorem.

Theorem 6 . 1 .  For any  p> 0, there ex ists E*  > 0  such that i f  0 <E
then we have

P (F 1  —
) ri

for
5

d o  
•

Proof. Let p'>—
a  

(3 + p ) be fixed. Let E' > 0, E l > 0  be the constant which

is given in  Theorem 4 .1  with p=p' and Theorem 5 .1  respectively. F o r 0 GE

min (E' , E 1 ), le t k= k (l) be the largest natural number such that Let

F;= twEDI There exists a (k - 1) - admissible set
O A c Z 3 (E) satisfying B1 and A  (1 S k 0  }

1
Because of —

5 
L (E) d k L (E) l r  and Theorem 5 .1 , we have

(6.1) P (F,) P .

> 21 ( 51 Since —
2
1d 12dk_i for sufficiently small E> 0, from Lemma B .1  we

have
(6.2) P ({0)1B n S k = 0 for any B cZ 3 (E) satisfying B/})

P(n.r.z3(E){(111X Sk)
11- /

— 1 — P (  U xEz3(E){(01X ESk}

1—  (2/ +1 1x) 1E3P I ( 610 E SO)
where we use

(6.3) P ({coix S k}) =P({(010ESk})

which follows from the translation invariance of P. We have

k°=(6.4) P (6 1 0 E  s kl) L p ({(0 1 0 E s })+ p ({w o  M oSk}).
,= k

W e need the  following Lemma which is proved in  a  sim ilar fashion a s  in  [1]
and  [5].

Lemma 6.1. W e have P ( {W10 E n r=osk}) =0.

By the definition of k, we have dk+ i=a>51 T and then
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(6.5) dk c/-k.

From Lemma 6.1, (6.4), (6.5) and Theorem 4.1, we have
CO

(6.6) P  (WO E
j= k

where c ' is independent o f E E  (0,E1 and  1. Therefore from p'> -cr (3 ± p ) ,

there exists L>0 independent of EC (0, E l  such that if 1> L, then

(6.7) c'/3/-*Pf </ - P.

From  (6.2), (6.6) a n d  (6.7) we have

P ( s ) 1—c'131- - crt7P" 1—/ -1'

for 1> L. We have proved the Theorem by (6.1).

P roof o f  T heorem  1 .3 . L et p> 0  be  g iven . F o r  th is  p , le t  E* b e  the
constants which a re  given Theorem 6.1. F or N E N w e  fix a  constant R> 1
satisfying

(6.8) RL (E * ) — (42R)71, (E* ) ,
1(6.9) R > —
5

L (E)

and

(6.10) 23k (NR4k ) 3exp ( — Do (NR4 k ) r ) 1  for any k E N

where Do=info<EsE.m (E) L (E) >0. We put

(6.11) 11= NR4) for j=0 ,1 ,2 — •

We note that from  (6.8) it follows

(6.12) 1L (E) — 4 . 1?,:+ 2,L,(E) for j=  0,1,2.-

For 0 < E  E *  and  E±O, we put

F 11 = twiThere exists k- admissible set OEA cR 3 satisfying B11 and

IGeE(A) (w, x, Y)I exP ( — m (E)Ix — YI) for lx — YI (MI') .
1

Since /5>-

5
L (E) from  (6.9) and 0 <E by Theorem 6.1 we have

(6.13) P(F1) — 1TP for j=0 ,1 ,2 , •••

Hence we have

P (  n  F 1,) . 1 E 1 1p
i=o

(6.14)
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0 0

= 1—N - PB - P 4 - P j=  1 
NP

i= 0

0 0

w here  Kp, 1 (E )  =  R - P W e  f ix  ( t )  E  ncr=0F „.  T h e n  th e re  e x is ts  a
i=o

k- a d m is s ib le  set O eilicZ 3 (E) satisfying B1, and

(6.15) IGeE(Aï) (w, x, y)I exP ( — m (E) lx —y I)
forlx — yl (E )r i. We put

A= (x EIVilxl>10L (E)).

For x  E A , let Jo be the smallest natural number satisfying

(6.16) lxl (E).

B y (5.1) we have inductively

(6.17) G (x,y)
—G(mA,,,)(x, y)

E  ( _  1 )  n — i o
( fm

n=j0+1 k=10+1
M+1

aGQ.(A k)(zk_,, zk) d Z k)G QE(A n+i) (z., y)

( _ 1 ) M  — ) 0 + 1  1 1  ( f r h a,„GQ.(A k)(zk_l, zk)dzk)G (zmi-i, y)
k=i0+1

for y E [O, 1) 3 , w here ri = aQ E (A ,), G (u, y) = G (o.), E  ie ; u , y ) , G A (1 4 , y )

GA (CO, Vt, y) and z i o = x .  Since

ly —xi( E ) ijo+IL (E) ,

we have

(6.18) IGeE(A;0+1)(x, y) (—m (E) lx —y1).

Since from (6.12) it follows for lu— zkl 1

lzk-1— ul-lzk-1 — zkl — 1
1 (E) (E) — 1

1 (E) — 1 1r k L (E)
for k j 0 + 1, by Lemma A.5 we have

(6.19) a”„GeE(Ak) zk)
• su p  IGeE(Ak) (zk-1, u) I sup  exp ( — m

▪ (—m (E) —1)) exp ( — m (E ) lL  (E ))



Spectrum for a random Schrddinger operator 675

for k Similary we have

(6.20) IGeE(An)(zn, Y) I -<exP ( — m (E) lzn —y1) exp(—m(E)lx—y1).

By Lemma A .4, we have

(6.21) IG(zM+1, y)
1 I

From (6 .19 ), (6 .20 ) and ITkI 2 3 1 3ki, (E) 2 , we have

(6.22) n  f_k l 4a n I k G Q E ( A k ) ( - 1 ,  Z k ) I d Z k

k=i0+1

n  2 3 a L  (E) 2exp( — m (E)/T,L(E)) <  (L (E) 2 ) '
(v140) !

k=io+1

where we used (6 .10). From (6 .20) and  (6 .22 ) we have
M

(6.23)n k a,„G Q ,A k)(Zk_1, zk) d Z )G Q E (A n )(
2 n , y)

n=iO4-ik=h-F1

' exp ( — m ( E )  — y l) E ( E ) 2 ) . —

( /  —Jo)!
n=i0+1

M—Jo

=exp ( — m (E) ix —y1) V  (I- (E) 2 ) n  

L-4n !
n=1

From (6 .19 ), (6 .21 ) and  (6 .10), we have

Af+1
(6.24) a G (z z )dz )G (z(fr k Q E ( A k )  k - 1 ,  k k M + 1  y),

k=jo+1
M+1n23 /7,L (E) 2 exp(_n i (ma/. (E))) (1 (E) - 1  -  f -

E )
k=fo+1

<   ( E )  
(M + 1 — .1.0) M+1

L  (E ) — 1 ±1 — >0  as M— )0 0 .

From (6 .1 7 ), (6 .1 8 ), (6 .2 3 ) and  (6 .24), we have

(6.25) 1G (x, y) I exp(L (E) 2)exP H m  (E) —yl)

for any x EA and y E [0,1) 3 .
F or xE R 3\A  and y E  [0 , 1) 3 , we have from (5.1)
( 6 .2 6 )  G (x , y )

— GQE(Ai)(x, y)

E (_1) n
a o , , G  Q E ( A k ) ( Z Zk )dZO G  Q E (A n_i) (z n , y )

Tk
n= 1 k=1

o
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M+1

+ ( -1)"1+1 fl (f a,.„Gek(A k)(zk-i, zOdzk)G y).rk
k=1

We put

F= {widist (0- (1142E (41) (co) ), E )  exp ( — m (E)NL (E) 2 )1 •

From Proposition 4.1, we have

(6.27) P (F) c (2NRL (E)) 6exp (— m (E) NL (E) 2 )

where c  is independent o f N E  N  and  0 <E _E * . Since there  exist positive
numbers 51, 52 and 53 such that

(6.28) Do m (E)L (E)

and

(6.29) 52E-1 L (E) 53E 4

for E>0, we have

(6.30) exp ( — m (E)NL (E) 2 ) ( —D052NE-).

F rom  (6.29) a n d  (6.30) there N I EN  and K , 2 > 0  su c h  th a t N1\11, then we
have

(6.31) c (2NRL (E)) 6exp( — m (E) NE (E) 2 )

(2NR 53E4) 6exp( — D0 52NE - 1)

NP

for any 0 <E Let (DEF n n 7=0F,,) be fixed. From Lemma A.6, we have

(6.32) IGQE(ai)(x, y) I ix
 1

 yi +6. exp (yn (E))N L  (E) 2 ) .

In a similar fashion a s  in  (6.23) a n d  (6.24), we have

M  n

(6.33) IEfl ( f r k
a„GQE(Ak)(zk_i, zodzoGQE(An+i) y)

n = 1  k=1
e x p  (E) 

2 )

 exp ( m (E) lx—yl)

and

M+1

(6.34) (frk a,„Gek(Ak) (21_1, zOdzk )G (zm+i, y) —0.
k=1

From  (6.32), (6.33) a n d  (6.34), we have



Spectrum for a random Schrddinger operator 677

(6.35)1G (x ,y )I
<  1   + c  exp (E)NL (E) 2 ) ± exP (E ) 2 — m (E) Ix — YI)—Ix — y '

for 0 <E  E *  and There exists E *  _ E2 >0 such that if 0 < E  E2 „  then
we have

(6.36) L (E) 2  

L (E) >2R.2

In the following let 0 < E E 2 . There  exists N2 N 1 such that if N. N2 , then it
follows

(6.37) lx—y1 (E) 2NR L (E) .

Hence by (6.36) there exists N3-N2 such that if N N 3 , then we have

(6.38) exp (m (E) (NL (E) 3— yi))
exp (m (E) (NL (E) 3 - 2NRL (E)))
exp (Do N (L (E) 2 — 2 R ) 3 .

There exists N4 N3 such  that if N.. N4 , then

/ N Nexp p olL (E) 3 ) e x p
/

m (E)L (E) 3 )
(6.39) 3c < 2NRL (E) 2NRL (E)

where c is a s  in  (6.35). Then we have

(6.40) 3c exp(m (E)NL (E)
exp (m (E) (NL (E) 3 - 2NRL (E))) (by  (154) a n d  (151))2NRL (E)

<  exp (m (E) (NL (E) 3
 —  Ix — yl)) 

Ix —y1 . (by  (152))

In a similar fashion we have

< x p  (  (E)(6.41) 3exp (L (E) 2 — M  (E) IX —YI)
e m (NL (E) 3 

IX — y1

for sufficiently large N >O . From  (6.35), (6.38), (6.40) a n d  (6.41), we have

(6.42) IG(x, y)l exp (m (E) (NE (E) 3 — .I ) )  <

for any x E R 3\A and any y E  [0 , I) 3 satisfying Ix — y1 1  for sufficiently large
N> 0 and  0 <E F rom  (6.25), (6.42), there exists N 5 > 0 such that if wE

F n (n7=0F1 1), 0<E E2 and N N 5 , then we have

(6.43) IG (x, y) I exp (m (E) (NL (E) 3M a X  11, Ix  1
 y l I
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for any x ER 3 a n d  any y [0, 1) 3 . From  (6 .14), (6 .27), (6 .31) a n d  (6.43),
Theorem 1.3 is proved.

A .  Appendix 1

Proof of the last equality o f  (2 .1 ). Let E L2 (R3 )  and  le t X I (x) be  the
characteristic function of {x ER311x1. 1) for 1>0. We have:

(0, X ilx if n d t )

=  f (0, Xi lxle -
i t H wn)dt

where Ww =g E  (Ho) ) (x) . Therefore by using the Plancherel theorem, we get:

(0, x i  le- "e n )  t

= f.°
2 7, _.1

o
Tad 012C12

= (0, Xi ix IR. (2 +i gr.)1 2 d 2 .

Let {0n},7=1 be a  complete orthonormal system of L2 (R3) . By putting O n =  (/) in
the above equation and summing up with respect to n, we have

(A. 1) 1 I -  lx IR Toll2d2271.

=  f e - 2 6 11X1Ixle- "H w W112dt.

If we let 1—co and integrate the both sides o f  (A .1) w ith respect to P, then it
follows from  the monotone convergence theorem  a n d  th e  definition o f  r2E (t)
that:

f  e -2st /r2E d t

= f  0 .E [Illx1R.(2+iE) T0112]

Lemma A .1 .  Let 0 be a bounded function on R3 and  H = — d+ V on

L2 (R 3 ). Then there exists a constant c >0 such that for fE C7 (R) we have

(11)1142-42

cisupPf11 (11fil00±  d
d
x

3
3f

where h(x)=xf and k = x2f (x).

 

. 0 +11h110 0 +
d x 3

hVc. +11k11-+ dx3  I . 0 )
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Proof of Lemma. Since

f (H) = <x> - 2 <x>2f (H) <x> - 2  <x>

<X> 2  is unitary operator from  L3 to L2 a n d  <x) - 2 is  a  unitary operator from L2

to a  we have

(A.2) Ilf (H)I1Li-ci=11<x>2f (H) <x> - 2 11L2-1,2.

Let g (2) = (1+ 2) 2f(,0 (R). We have

(A . 3) <X> (H) <X> — 2

= <X> (H) (H+ 1) 2 (H+ 1) — 2 <X> — 2

= <X> 2g (H) (H± 1) — 2 <X> — 2

; 27T f(A ) <x>2e"H  (H-F 1) - 2 <x> - 2 d2,

where 0'(2) = 1  
 ,727L- 

ifte'L rg (x)dx. We have

(A.4) <x>2eaH (H+1) <x>
= [ <X> 2, ei 2 H ] ± 1) - 2  <x>
- Few ' <x>2 (H +1) -  2  <x>

w here  [,] is com m utator. First w e shall estim ate the  2nd term  o f right hand
side o f  (A.4). W e shall show th a t  <x> 2 (H 1) - 2 <X> — 2 i s  a  bounded operator
on L2 (10). Since we have

[<x>2 ,(H+1) - 1
= (H+1) - 1 [H, x2] (H+1) - 1

= 6 (H+i) - 2 -4  (H+1) - 1 x  (H+1) - 1

and

[x, (H+1) - 9 = (H+ 1) -1 - [H, x] (H+1)
= —2 (H+1) - 1  (H + 1) - 1

,

it follow s im m ediately that <x> 2 (H ± 1) — 2 <X> — 2 1S a  bounded operator on
L2 (R3). Next we shall show that

(A . 5)
We have

(A.6)

II PX> 2 , ei l lq (H+ 1) — 2 <X> — 2 11 (1+22).

[ <.x > e i An]

= ei 2 1 1  (e- i 2 1 1  <x>2e"H <X> 2 )
-=ie f  C iti l l  [x2 , II] ei"H  d
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=ie i 2 1  f  a ( — 6 +4e - i 'd 1  •  xei"I 1 )dp

and

(A.7) e- i # 1 1  V • xe"̀ 11 (H+ 1) - 2 <X> - 2

V • x (H+1) - l eud i  (H+1) - '<x> - 2

= e- i g H  V ax, (H+1) +  (H + 1 )  - 1 x)
X(1 1 +1 )-1  <X > - 2 .

Since [X, (11+1) - 1 ] = (H A- 1) - 1  ( - 27 ) (H+1) - 1 , it suffices to show that

(A . 8) Ikre( H + 1 ) - 1 <x>- 2 11 c (1+ tt)
Since

[x, eu 1 1 1 ]

=ie i"H  f e - i rH  [X , 11]

and  [x, In  =2 17, we have

(A .9)

Since

il[x, 0'9 (H +1) - 1 11 c,te.

e'"H .T (H+1) - 1 <x> - 2

=e ita l (Lx, (H+1) ± (H+1) - i x)<x> - 2 ,

we have liezif f ix (H-1-1) - 1 <x> - 2 11.-c. Then (A.8) is shown. From (A.6), (A.7)
and  (A.8), we have (A.5). Therefore we have
(A . 10) <x>21. (H) <x> - 2 16-L2

cf1 -9- (2) I (1±2 2 )d.1

= c ( f 1 ,2d2) 2 u 1(/1)12(1+ 2yd/92
R i+ A R

1 1
C(f 9C I 2) 2 (f IV/012 (1 + 26)C1 2) 2 .R + A- R

We have

(A.11) 10- ( 2)12c12

= ig (x)1 2dx= f Lf (x) (1+x) 2 12dX
clsuppA (Ifl—Hh1.+1k1.)

and

LI (Â) /13 I2d
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L I(ddx )
3f(x )(1 + x )2

cisuppflo(  dd x )3f

2
dx

(ddx ) 3 h

    

I(( d 3 k
k

2
c o )

   

Then we have proved Lemma A.1.

Lemma A .2 . Let 1 be bounded function on R 3 and H= — d+ V on L2 (R3 ).
If fEC ò° (R), then f (H) is a bounded operator from L to LI.

Proof. Noting that H2 (R3 ) CL 00 (R 3 ), fo r u E/2 (.IV )  we have

(A . 12) <x>2f (H) u
+1) <x> 2f(H)7411L2

(H +  1) ‹x>2f (H) <x> - 2 <x>2uIIL2+ clIV <x> y (H) <x> -2 <x>2uilv.

Since it follows from Lemma A.1, V<x>2f(H) <x> — 2 i s  a  bounded operator on
L2 , we have only to show th a t  (H+1)<x> 2f(H) <x> - 2 i s  a  bounded operator on
L2 (R3 ). From Lemma A.1, w e have th a t  <x>2 (H+1)f(H) <x> - 2 i s  a  bounded
operator on  L2 (R 3 ). I t  is  su f f ic ie n t  to  show  t h a t  [H, <x> 2 ] f (H) <x> — 2 i s  a
bounded operator on L2 (R 3 ). N oting that [H,<x> 2 ] =6 - 4d • x, w e have only
to  study  17 • xf (H) <x> - 2 . We have

17 • xf (H) <x> — 2 =  f7f (H) x <x> — 2 +  V [x, f (H)] <x> — 2 .

Let f (H) = (H + 1) (H) , we have

[x, f (H) ] = (H+ 1) - 1 [H, (H+ 1) (H) + (H+ 1) - 1  (xg (H) — 9 (H) x)

and xg (H) <x> - 2 i s  a  bounded operator on L2 (R3 ). H ence V (H) <x> - 2 is
bounded operator on L2 (R3 ).

Lemma A .3 . L et Q c R 3 be a  domain an d  th e  le t 0 V be a  bounded
function on R 3 . Let HD =  — ii + V with Dirichlet boundary conditions on L2 (Q) . If
inf a(H D ) 2E>0, then we have

I (HD  E  — ie) - 1  (x, y)I 5e xp( ;
E y i )

for x, y E S2, lx and E161. Here (HD —  E —  i s )  (x, y )  is the Green
function of HD  — E — is.

Proof. Using the resolvent equation twice, we get

(A . 13) (HD  — E — is) - 1

= (111) +E±ie) - 1 + 2 (E+i,E) (HD +E+i,E) - 1 (HD  — E— ie) - 1

=(H D ±E+ie) - 1 +2(E+ie)(LID ±E±ie)
+4 (E +ie) 2 (HD  E  is) - 1  (HD  — E — ie) - 1  (HD  E  is) .
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First we shall estimate the first and second terms o f (A.13). We have

I (11°± E ± is)-'(x , y) I < exP (— lx— Y1) 
4rix — y I

and

exp(-1-1x—Y1)
(A . 15) l(HD+E-His)-2(x, y) I 2n-Elx—y1 •

In fact by Feynman-Kac formura, we have

0 exp( — tHD ) (x , y)

ex p (  lx -4;112)exp(—t111?) (x, y )  exp( — tHo) (x, y) =

Here Ho= — d  on L2 (R 3 ) . Therefore it follows that

I (HD ±E±iE) - 1 (x, y) I .r o- exp ( — Et) exp (— tHD ) (x , y )dt

(  
e x p (  Et) 

exp
 \

4 f  /  

dt
(47rt)1

= (Ho + E) - 1 ( y ) = exP( — a lx — y1) 
4rix I

and

I (HD +E - HE) - 2 (x, y) I r t e x p  ( — Et) exp (— tHD ) (x, y )dt

f t
e x p (  I x -4:112) exp ( — Et) dt

(4n-t)f

exp( —

< 2 (H  ± E\ - 1 ( x  _
E \  ° ' 27rElx — Y1

since texp (— t)< 1—  . Thus we have (A.14) a n d  (A.15).2 E
Next we shall estimate th e  third term o f  (A.13) . L e t ?V be a  bounded and
C" - function such that I a n d  ( a / a x ) q f  a r e  bounded f o r  all
multi—index Ii31 2  a n d  le t  a E  C . Noting that exp ( c a l  is bounded, we
estimate the norm of the following operator:

C a T  (HD  E  +is) - l eage - - a w  (HD  — E — is) - l ec r7 e - a 7  (HD - FE - HE) L'(,Q)—L-

(A.14)

3 '(4itt)
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Since I V 1, it follows that l (x ) —  (y) —yI. T h e n  b y  (A.14), we
have

(A . 16) le- "F  (HD  +E + , y)I
<  exp ( (a (T.  (x) — W(Y2 y))i ) exp (— yl)4 7 i x  

<  exp H ( a41 x— j yl? — YI) 

exp ( yi)\ 2 
47c1x—Y1 G (x — y)

if lal  W e have

(A.17) Ile- a w  (HD  + E+ is) - 1 eaF ilLi w)-L2(D) -<11G Ilt2= (4r) - E- 1
and

(A.18) Ile- a T  ( H D  +E+i,e) - 1 ea r ilL2(2)-.17(12) 11G IIL2 = (47) - 2E 1.

Next we estimate the norm of the following operator:

e -af" (H D  E  i e ) -1 ea §,* L2 (Q) L2 (Q)

Noting that the operator e- " F  is  bijective and bounded on Dom (HD ) =111, (Q)
112 (Q), for u E Dom (HD )  we have

(A .19) II (e-  a F  I D  ea  F  — E — is) u11111411
((e - " T HD ea T  — E — iE)u,u)I R ( (e- " 11-111 eaF  —E—is)u,u)

=R ( (V ea'u, V e'u )  +  ( Vu, u) sti)1Iu112)
Here it follows

(A.20) (V e u, e " u )
= ( Vu,+  ( a ( M u ,  — a(17
± { (a ( M u ,  Vu)±(Vu, —a(17 W)u))

and

(a ( V u,—a ( V = V Tr u112 — I al 21Iu 112 .

Since the th ird  term  o f the  right hand side o f  (A.20) is  pure  imaginary, the
last member o f  (A.19) is bounded from below by

(A.21) ( Vu, V u ) ±  (Vu, u)
(info' (HD

)  —  I al 2 — E)16112

(E— IaI2 ) 14112.
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Therefore if Ia < A ,  w e  have

Ile- a F  (HD  — E — ie)e"u11 411u11

and the operator C a w  (HD  — E — i,E)e"F  is  surjective on L2 (.(2) . Then

(A.22) Ile-agt (HD  — E — s) : 1  ea II,,L2(.a)-Lz(s2) < E
2  •

Hence from (A.17), (A.18) a n d  (A.22), it follows

Ile' r  (HD
 - FE +i,E) - 1  (HD  — E — ie) - 1  (HD + E + is ) - 1 eav ilLi (12)-4.-(D) <  1 •

27cEi

From this we have

le " (HD  E  i s ) -1 (HD _ E  i s ) -1 (H D  E  _F i s ) _1  ( x ,  y ) l<   1  
27E1

and then

I (HD  - 1- E - HE) - 1  (HD  — E — iE) - 1 (HD ± E - Fi6) - 1 (x, y)I
1 

, e x p  (a ( W(x) — (y)))

for any aE C such that lal < 1  and any bounded function WE C ° (R) , I V 1

a n d  (a/ ax) s a re  bounded fo r  all multi— index 1131 2. Therefore since for
fixed x  and y we have

infexp (a ( (x ) —  ( Y))) = exp(  y
a , f f

we have

(A.23)

1(H° ± E ± ie) - 1  (HD  — E — i6) - 1 (HD H- E - HE) - 1  (x, y)
1 1-E 

3 exp( 2 i x  Y1)•
2 7t-E

 

From (A . 13) , (A . 14) , (A15) a n d  (A . 23) , we obtain

(A.24) 1 (HD  — E — iE) - 1 (x, y )1  5  e x P (  ix YI)

for any x  and  y  such that Ix — 1  and 0 < s E .  We have thus proved the
lemma.

Lemma A .4 .  Let E *  and  E be two positive numbers such that .E E*. For
any z E C  such that Re (z) E  [É, E l,  Tm (z ) *0 and 11m (z )I <1 it follows that
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I (1-1. - z )  - 1 (x, Y)1 1 1
+c km (41YI

where c is independent of z  and co.

Proof. A s is shown in the proof of Lemma A.3, we have

(A.25)

and

I (II w
) -1 y )l <   exp( — j i -w  —yo 

4n-ix

exp( —
 2  1  — Y1)

(A.26) 1 (1-/, — w) - 2 (x, 1 )1 27r1wIlx — Y I

for w < O . F rom  (A.24) a n d  (A.25) in  a  sim ilar fashion to  that used in the
proof of Lemma A.3 we have

(A.27) I (Hw — w) - 1  (H. — z) (1-1,o — w) - 1  (x
'  

y)1< 
.11w1 11 ( 4 1

Using the resolvent equation twice, we get

(A. 28) (H.—z)
(H .-w ) - 1 + (z (11,0 W )  - 1  (110) -  2)

= (11w -  W) - 1  ( Z (11,0 W )  - 2

(z — w) 2 (11,„— w) - 2 (11w
— z) - 1 .

From  (A.24)- (A.27), we have

(11. -z) ( x ,  y) I 1 
 + c

1  
Ix—y1—y1 Ilin (Z )  I

Lemma A.5. Let y c  an be not one of the comers. Then

lanvGA (E - Fie; u, y) I < c 3  sup  GA (E - HE;
iv' - 1

,151

for any u such that Here c3 is independent of A, E and s.

Proof. This lemma has be shown in  [5 ] (Lemma 3.1).

Lemma A.6. Let A c R 3 , 0 be a bounded function on R 3 and H= —  d+
V. Let HA= HILz(n) with Dirichlet boundary conditions on L2 (A) . If u,w E A, then it
follows

1G (E - Fie; u, 14 1 1 4 
iu vi dist ( H A )  ,

where c4 is independent of A, u, y, E and E.

Proof. T his lemma is shown a fashion similar to that used in the proof of
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Lemma A .4.

B .  Appendix 2

Lem m a B.1. There exists E''> 0 such that for 0 <E it follows that if
D I, D 2  C  P(E ) , D 1 C  D 2  and distE (D1, D c 2) 12dk, then there exists a
k—admissible set A such that D1cAcD2.

Proof. We denote by Pk in the following assertion:
If DI CD 2 c Z 3 (E) and distE(Dl, 1-;' ) 12dk, then there exists a k- admissible set
A  such that Di CA cD2.

We shall prove Pk for k by induction.
Step 1. Proof of Po.
We have only to show the case that there exists a component  D 0 x  such that

Di n w(Dg, 4 4 )*  0 .

Let

K  (ici W(D , Lido) n *  }
and

A =DiU U x.EW (Dg, 4 4 + 1 ) .

Then A  is 0- admissible and DI CA CD 2 by  Condition A (0).
Step 2. Proof of P + 1  un d er the assumption of Pk.
By the  assumption of Pk, there exists k- admissible se t A  such that D I  C A c
W(D i , 12dk). Let

K = W(Dic+i, 4dk+i) ± 0 1

For K , by the assumption of Pk, there exists k- admissible set A ' such that

4dk + 1- 1-  1) cAxc W(Dic+1,4dk+1+12dk) •

Let A' = A U U ,,E KA x . Then by Condition A (k + 1 ) , A ' satisfies the assertion of
Pk+1.
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