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Geometric Bogomolov’s conjecture
for curves of genus 3 over function fields

By

Kazuhiko YAMAKI

Introduction

Throughout this paper, we always use a fixed algebraically closed field k.

Let X be a smooth projective surface over k, Y a smooth projective curve
over k, and let f : X — Y be a generically smooth semistable curve of genus
g >2over Y. Let K be the function field of Y, K the algebraic closure of K,
and let C' be the generic fiber of f. Let j : C(K) — Pic’(C)(K) be a morphism
defined by j(z) = (29 — 2)z — we, where we is the dualizing sheaf of C, and
let ||-|| y be the semi-norm arising from the canonical Néron-Tate pairing on
Pic?(C)(K). We set

Bo(P;r) ={z e C(K) | |lj(z) = Pllyp <1}

for P € Pic?(C)(K) and r > 0, and set

ro(P) = —00 if #(BC(P;O)) = 00,
¢ sup {r >0 | #(Bc(P;r)) < oo} otherwise.

Then, we have the following conjectures due to Bogomolov.

Conjecture (Geometric Bogomolov’s conjecture).  If f is non-isotrivial,
then rc(P) > 0 for all P.

We have also an effective version of Bogomolov’s conjecture.

Conjecture (Effective version of geometric Bogomolov’s conjecture).
If f is non-isotrivial, then there exists an effectively calculated positive number
ro such that

inf  ro(P)>ro.
PePic?(C)(K)
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The meaning of “effectively calculated” is to give a concrete algorithm or
formula to find rq.

An arithmetic version of Bogomolov’s conjecture has been completely
solved by Ullmo [8], Zhang [11] and Moriwaki [6]. As remarked in [6, Re-
mark 8.3], due to the poorness of geometric heights, geometric Bogomolov’s
conjecture is a rather subtle problem. In this paper, we give an answer to
the effective version of geometric Bogomolov’s conjecture for non-hyperelliptic
curves of genus 3.

In order to describe rg above, we introduce the types of nodes of a semi-
stable curve. Let P be a node of a semistable curve Z of genus g over k. We
can assign a number i to the node P, called the type of P, in the following
way. Let v : Zp — Z be the partial normalization at P. If Zp is connected,
then ¢ = 0. Otherwise, ¢ is the minimum of the arithmetic genera of the two
connected components of Zp. We denote by d;(Z) the number of nodes of type
i, and by ;(X/Y") the number of nodes of type ¢ in all the fibers of f : X — Y,

Our main theorem of this paper is the following.

Main Theorem. Let X be a smooth projective surface over k, Y a
smooth projective curve over k, and let f : X — Y be a generically smooth
semistable curve of genus 3 over Y. If f is not smooth and the generic fiber is
not hyperelliptic, then we have

inf re(P)> \/250(X/Y) + 35 x/v).
PePicO(C)(K) 99 3

Some partial answers to the effective version of geometric Bogomolov’s
conjecture have already been given by Moriwaki and the author. Moriwaki
gave an answer in [5] for the case where every singular fiber of f is a tree of
stable components under the assumption of char(k) = 0. He also gave answers
for the case that f has only irreducible fibers in [2] and for the case of g = 2
in [3] without assumptions on the characteristic. Recently, the author gave
an answer in [9] for the case where the generic fiber is hyperelliptic under the
assumption of char(k) = 0.

We will explain how to prove it. First of all, note the following essential
fact (cf. [10, Theorem 5.6], [2, Corollary 2.3] and [3, Theorem 2.1]).

Key Fact. If (w%/y - w%/y)a > 0, then we have

inf ro(P) > — D (W% )y - W v )ay
PePic®(C)(K) c(P)z \/(g WSy wiy)

where (+), is the admissible pairing.

By virtue of this fact, our main purpose is to find an effectively calculated
positive number which bounds (w$ Jy W /Y)a below. By the definition, we
have

(Wk/y " wk/y)a = (Wx/y " wx/v) — Z €(Gy,wy),
yey
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where e(éy, wy) is a real number arising from the polarized metrized dual graph
(Gy,wy) of X, introduced by S. Zhang in [10]. If we find numbers 1 and 72
such that (wx/y - wx/y) > 711, €(Gy,wy) < rp and 1 —ry > 0, and if 71 — 7o
can be effectively calculated, then r; — ro gives us an answer. Every partial
answer mentioned above was obtained in this way, and we will also prove Main
Theorem by finding such r; and rs.

1. Review and some remarks on the admissible constants

In this section, we recall several facts on Green’s functions on metrized
graphs and give some remarks on the admissible constants. See [10] for details
on metrized graphs and Green’s function, and see [9] for details on rigidified
graphs, contraction and irreducible decomposition.

Definition 1.1 (cf. [9]). A rigidification on a graph G is a finite subset
V of G such that G\ V is a disjoint union of open line segments. A rigidified
graph [G] is a pair of a graph G and a rigidification on G.

For a rigidified graph [G], the above V is denoted by Vert[G] and its
member is called a vertex. We can also define the notion of edges. We denote by
Ed[G] the set of edges. An R-divisor supported in Vert[G] is called a polarization
on [G].

Let [G] be arigidified graph and let S be a subset of EA[G]. We have defined
in [9] a contraction of S, that is, a graph obtained by contracting all the edges
in S, which is usually denoted by pg : [G] — [Gs]. When G has a Lebesgue
measure, that on Gg is naturally induced. To simplify the notation, we write
p® : [G] — [G¥] for praie)\s) : [G] = [Grac)\s)]- Note that we have the
canonical identification Ed[G®] 2 S and the induced map Vert[G] — Vert[G*].
For a polarization D, we have also the polarization Dg and D® on [Gs] and
[G®] respectively. We say a polarized rigidified graph ([H], F) is dominated by
([G], D) if ([H], E) = (|Gs], Ds) for some subset S of Ed[G].

A rigidified graph [G] is said to be reducible if there is a vertex P of [G]
such that G \ {P} is not connected. [G] is said to be irreducible if it is not
reducible. For any graph [G], we have the irreducible decomposition of [G].
(See [9] for details.) Each irreducible component of [G] can be metrized as
a subspace of G when G is metrized. Note that every irreducible component
[H] can be canonically regarded as [GFI]. If D is a polarization and [H] is
an irreducible component of [G], then we also call ([H], D¥IH]) an irreducible
component of a polarized rigidified graph ([G], D).

Next, let us recall Green’s function. Let G be a metrized graph and D an
R-divisor on G. If deg(D) # —2, then there are a unique measure g py on G
and a unique function g(g py on G x G with the following properties (cf. [10]).

(a) /GM(G,D) =1

(b) 9(G,py(,y) is symmetric and continuous on G x G.
(c) For afixed z € G, Ay(9(c,p)(7,y)) = 6z — G, p)-
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(d) For a fixed z € G, /C;Q(G,D)(xvy),u(é,D)(y) =0.

() 9(G,p)(D:y) + 9(G,p) (¥, y) is a constant function on y € G.
The constant g py(D,y) + g(a,p)(y,y) is denoted by c(G, D). Further,
we set

¢(G, D) = 2deg(D)c(G, D) — g(a,p) (D, D),

which we call the admissible constant of (G, D).

For a polarized rigidified metrized graph ([G], D), Green’s function does
not depend on its rigidification Vert[G], neither does the admissible constant
of course. Moreover, if we give another Lebesgue measure to G with respect
to which the length of no edges change, then the admissible constant does not
change. Hence, as far as we talk on the admissible constants of pairs ([G], D)’s,
we may consider a Lebesgue measure on [G] as a family of positive real numbers
{lc}eera|a), each of which should be called the length of the edge.

The next proposition implies the properness of the definition of irreducible
components of polarized rigidified graphs and gives us a fundamental tool for

calculating the admissible constants.

Proposition 1.2 ([9]).  Let ([G], D) be a polarized metrized rigidified
graph with deg D # —2 and let {([G:], Di)}i=1,... » be the set of irreducible
components of ([G], D). Then, we have

e(G,D) = e(Gy,D1) + -+ €(G,, D).

We have another convenient formula.

Lemma 1.3. Let ([G], D) be a polarized rigidified metrized graph with
deg D # —2. Let ey be an edge of [G] of length 1. Then, we have

llimO E(G', D) = 6(6{61}7 D{Gl})
1—

The idea of proof Lemma 1.3 is simple, but concrete description needs
some pages. We will, hence, give proof in the last section.

Before proceeding the argument, we make sure the definition of polarized
metrized rigidified dual graph of a semistable curve C. It is the choice of rigidifi-
cations of the dual graph is that we would like to emphasize. The base metrized
space G and its canonical divisor are the ordinary ones which are dealt with in
[2] or [10]. We define V' as the set of points of G corresponding to irreducible
components of C' which are not (—2)-smooth rational curves. Then, we can
easily see that G\ V is a disjoint union of open segments, hence V is a rigid-
ification. Moreover, it is immediate that the canonical divisor is supported in
V. We call this (G, V) with the canonical polarization the polarized metrized
rigidified dual graph of C' in this paper.

Let ([G], D) be a polarized rigidified graph. We can assign numbers to
P € Vert[G] in the following way. Let m(G,D)p be the coefficient of P in D
and let b(G) p be the number of branches at P, that is, that of directions going
away from P.
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Definition 1.4.  Let ([G], D) and ([G], l~)) be polarized rigidified graphs.

(1) ([G], D) is said to be mazimal if m(G,D)p =1 and b(G)p = 3 for all
P € Vert[G].

(2) ([G], D) is called a mazimal model of ([G], D) if ([G], D) is maximal
and dominates ([G], D).

Definition 1.4 may seem artificial, but it is quite natural for the polarized
rigidified dual graphs of semistable curves.

Proposition 1.5.  Let ([G], D) be a polarized rigidified graph such that
for any P € Vert[G],

(a) B(G)p > 2,

(b) m(G,D)p >0,

(¢) m(G,D)p —b(G)p =2k, where k =—1,0,1,2,....

Then, there exists a mazimal model of ([G], D). In particular, if ([G], D)
is an irreducible component of the polarized rigidified dual graph of a semistable
curve and G is not a closed segment, then ([G], D) has a mazimal model.

Proof. First we set

n([G}’D)P = #{Q € Vert[G] | (m(G7D)Q7b(G)Q) = (m(GvD)P7b(G)P)}

for each P € Vert[G]. We put the lexicographic order in N®, and we will prove

our assertion by induction on

(m(G,D),b(G),n([G], D)) := max {(m(G,D)p,b(G)p,n([G],D)p) € N*}.
PeVert[G]

If (m(G,D),b(G),n([G], D)) = (1, 3, %), then it is already maximal.

Let Py be a vertex which gives (m(G, D), b(G),n([G],D)). We consider
the case of m(G, D) — b(G) > 0 first. Then, m(G, D) > 2 by the assumptions
(a) and (c), and hence we can take a polarized rigidified graph ([G’], D’) like
the following: there exist two edges e; and es which are the closed intervals,
and exist two vertices Py and Py o which are the terminal points of both e;
and es, such that

(m(Gv D)Po,1 ) b(G)Po 1) = (15 3)7
(m(Gv D)Po,zr b(G)Po 2) = (m(G7 D) -1 b(G) + 1)
([ /{el,ezﬂ D{el 62}) ([G]aD)

(cf. Figure 1). We can easily see that ([G'], D) satisfies the conditions (a), (b)
and (c), and that (m(G, D),b(G),n([G], D)) > (m(G',D’),b(G"),n([G'], D).

Next let us suppose that m(G, D) — b(G) = —2. If m(G,D) = 1, then
b(G) = 3 and it is already maximal. If m(G, D) > 2, then we can take a
polarized rigidified graph ([G’], D’) like the following: there exists an edge e
homeomorphic to the closed interval such that

(m(Gv D)Po,1 ) b(G)Po,l) = (15 3)7
(m(Gv D)Po,z’ b(G)Po,z) = (m(Gv D) - ]-a b(G) - 1)7
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Py

Figure 1: b(G)p, = 4.

where Py, and Py, are the terminal points of e (cf. Figure 2). Then we can
again easily see that ([G’], D’) satisfies the conditions (a), (b) and (c¢), and that
(m(G, D),b(G), n([G], D)) > (m(G", D), b(G"), n([G"], D")).

~ e
Py Py Py o

[G] [G7]

Figure 2: (m(G, D)p,,b(G)p,) = (3,5).

In each of the above cases, ([G’], D) has a maximal model by the induction
hypothesis, and it is a maximal model of ([G], D).

The latter part is immediate since its irreducible component satisfies the
conditions (a), (b) and (c) unless it is a closed interval. Thus, we complete the
proof. O

By virtue of Proposition 1.2, Lemma 1.3 and the above proposition, we
see it is essential to calculate the admissible constants of irreducible maximal
metrized graphs.

2. On a basis of the direct image of the relative dualizing sheaf

In this section, we find a certain local basis of f.wx,y, which we will use
later to estimate (wx/y - wx/y)-

First, we introduce some notions and words. We mean a nodal curve by a
reduced projective curve over k which has at most nodes as singularities.

Definition 2.1.  We say a connected nodal curve C' is quasi-irreducible
if its every node is of type 0.

For a connected nodal curve C, let us consider the set of nodes of positive
type. If we normalize C' at such nodes all at once, we have the quasi-irreducible
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decomposition of C. Each of the components is called a quasi-irreducible com-
ponent of C'. We fix the following notations:

Comp(C) := the set of connected closed subspaces consist of irreducible
components of C,
QIrr(C) :={D € Comp(C) | D is a quasi-irreducible component of C'},
Irr(C) := {D € Comp(C) | D is irreducible}.

We sometimes regard a member of Comp(C) as a reduced scheme.

Let Dy and D3 be elements of Comp(C). We say that D3 € Comp(C)
connects Do with Dy if D3 has common irreducible components with Dy and
Ds.

Definition 2.2.  The distance from Dy to D, denoted by dp,(D3), is
a non-negative integer defined by

dp,(D3) := min{# Irr(D) | D € Comp(C') connects Dy with Dy} — 1.

We call D € Comp(C) which attains the distance from D; to Dy a path from
D1 to D2.

Note that dp, (D3) = dp, (D7) and that a path is not uniquely determined
in general.

Remark 2.3. The distance between two components is equal to that
of the two corresponding points in its metrized dual graph.

Let R be a discrete valuation ring with residue field k and put S := Spec R.
Let C be a regular S-scheme whose structure morphism f is a semistable curve
of genus g. Let s be the closed point of S. For any reduced connected divisor
Co, we have a natural injective map we/s(Co — Cs)lc, — weysle,- By the
adjunction formula, there is an isomorphism ¢ : we, — we/5(Co — Cs)|c,. We
call here the composite injective map we, < we/sle, the canonical injection.

Lemma 2.4. Let Cy be a reduced connected vertical divisor of C and let
Mo be any non-zero global section of we, .
(1) There exists a global section 7jo of we/s with the following properties.
(a) If nf is the image of mo by the canonical injection H(wc,) —
H(we,), then ng = mole, -
(b) div(mp) — Z de, (C)C is an effective divisor.
Celrr(Cs)
We call such g a stepwise extension of 1.
(2) Suppose that a basis {nc,i}i=1,.. g(c) of H°(C,we) is given for any
quasi-irreducible component C of Cy not isomorphic to P'. Let fic,i be a stepwise
extension of no;. Then, the set Jo{fc,i}i of the stepwise extensions is a basis

Off*w6/5~
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Proof. (1) We simply write d(C') for dc, (C). Put m := supcerre,){d(C)}
and put

Dj:= Y (j—d(C))C, Dj:= > C

d(C)<j d(C)<j

for j =1,2,... ,m. Furthermore, we put F'; = jC;s and £’ = C;— D} to simplify
the notation. Note that D’ and E’ are reduced curves and that D; 1 = D;+D?.
Let ©U) be a reduced closed subscheme of dimension 0 defined as D; N EJ’

Note that Supp(ZU)) # () for j # m and that ) can be regarded as a Cartier
divisor on Dj1 and D7,
Let j be a positive integer less than m. Since we have an exact sequence

0— ODJ/, — Op,,,(Dj) — Op,(Dj) — 0,
we obtain, by tensoring we,s(—F}),
0 = weys(=F;)|p; — weys(Dj = Fj)lp; 4, — weys(Dj = Fj)p; — 0.
By the adjunction formula, we have
weys(=Fj)|py = wpr (20)),

hence we obtain h'(we/s(—F})| D;) = 0 by Serre duality. Therefore, we have
the following exact sequence:
0 — H°(wess(—Fy)|pr)
- HO(wC/S(Dj - Fj)‘Dj+1)
— H%(wes(Dj — Fy)lp,)
— 0.
If a section n; € H%wes(D; — Fj)|p,) is given, then by the above exact
sequence, we can take a section 7}, € H%(we;s(Dj — Fj)|p,,,) lying over 7;.
On the other hand, taking account that
(D}~ Fyo) 4 B} = —F,
(Dj+1 — Fj41) + Ej = D; — Fj,
(Dj = Fj41) + Dj = Dj1 — Fjqa,

we have the following natural diagram in which both the horizontal lines are
exact.

0 — weys(Dj—Fjp1) —  weys(=Fj)  —  weys(F)lp, — 0

! l l*

0 — weys(Djp1 = Fjpa) — weys(Dj — Fj) — weys(Dj — Fj)lp, — 0
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Since any non-zero local section of the ideal sheaf of £ does not vanish at any
associated point of Op,, , or ODZ" we restrict the first horizontal line to D;-
and the second one to D;i, to obtain the following diagram in which both
the horizontal lines are exact, where k‘(E(j )) is the skyscraper sheaf of k with
support L),

0 —  wess(Df = Fien)lpy  —  weys(=Fy)lp, — k(ZV)) — 0
0 — wess(Dj1 = Fiy)lp,, — weys(Dj = Fj)lp,,, — k(EW) — 0
Taking the cohomology of the diagram, we have the following diagram.

0 ——  H%we/s(Dj = Fj1)lpy)  ——  Hwess(=Fj)lpr)

l l

0 —— H%weys(Dj1 — Fj1)|p,) —— H(weys(Dj — Fy)lp,,,)

— k(20 —— Hl(wc/s(D;- - Fj+1)‘D§-)
- :
——— k(ZY)) —— HYwe/s(Dj41 — Fit1)|p,en)
We claim that « is injective. If it is not injective, then the map
k(EW) — HY(we/s(Djs1 — Fj41)|p,,s)

is the zero-map since h'(we/s(Dj — Fji1)| D;) = 1 by Serre duality, hence we
see

H'(we/s(Dj41 — Fjy1)|p,,,) = H (weys(Dj — Fy)lp,,,)

by the long exact sequence of the cohomology of the second horizontal line.
Therefore, noting
weys(Dj+1 — Fy1)lp, . S wp, .,
and
weys(Dj = Fj)lp,ay = weps(Djr1 = Fiu) |40 ®0p,,, Op, i (EV)

= wp,y, ®0D]’+1 ODJ.+1 (E(j))
and using Serre duality, we obtain

hO(ODj+1 ) = hO(ODj+1 (_Z(J)))

That is a contradiction, and we see that « is injective.
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Now chasing the diagram, we can easily see that there exist a global section
nj+1 of weys(Djy1 — Fj11)|p,,, and a global section 7} of wc/s(_Fj)|D; such
that 77 + 141 = 7j, in H(weys(Djt1 — Fj41)|p,,,). In other words, we
have a section 711 € H(we/s(Dj+1 — Fjt1)|p,,,) such that its image by the
composite map

¢j :weys(Djr1 — Fi1)lp,,, — weys(Dj — Fj)p,,, — weys(Dj — Fj)lp,

is ;. Let us put

Q= (proge0-0¢m_1):we/s(Dm — Fn)lp,, = weys(D1 — Fi)|p,-

Let ¢ : we/s(Dm — Fi)|p,, — weys|r, be a homomorphism obtained by
tensoring we,g to the canonical injection Op,, (Dy, — Fin) — Op,, and let
Tm : We/s = Weys|k,, be the restriction homomorphism. Then, we have a com-
mutative diagram as follows, where r : we/s — we, is the restriction map and
t:weo, — weys(D1 — F1)|p, is an isomorphism.

r
wWey E— we — Wwe /S

s

tlg lm

ol 2
wC/S(Dl _F1)|D1 A wC/S(Dm - Fm)‘D - wC/S|Fm

m

In the situation of our lemma, a section 7y of wc, is already given. By
the above discussion, there is a section 7, of we/s(Dm — Fn)|p,, with t(no) =
®(nm). Let us put 7y to be a global section of we /g such that rp, (7o) = ¢(1m)-
Then, it is immediate that 7 has the property (a) and we can also see that
7o has the property (b) because its image by 7, comes from H®(we/s(Dp —
F.)|p,,).- Thus, we complete the proof of (1).

(2) The set of such stepwise extensions is a basis at the closed point,
hence the members generate f.we,s. Since the set of such stepwise extensions
consists of g members and f.we, g is free module of rank g, it is a basis. 1

3. Proof of the main theorem

Let us start the proof of Main Theorem. The proof consists of two parts
as we announced in the introduction. One is the estimation of the admissible
constants of the metrized dual graph of singular fibers and the other is that of
the self-intersection of the relative dualizing sheaf.

3.1. Calculations of the admissible constants

Let f : X — Y be a generically smooth semistable curve of genus 3 as
in Main Theorem and let ([G,],w,) be the polarized rigidified dual graph of a
singular fiber X,. Since deg(w,) = 4, the maximal models of any irreducible
component of ([Gy],w,) not isomorphic to the closed interval have exactly four
vertices. We can easily see that there exist only two maximal models as in
Figure 3.
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P
P el Q
e1 C2
fi fa R
“ i
S €2 R f f
(G1] (G2]

Figure 3: The maximal models.

Let 0; = 04(X1, Xo, X3,Y7,Y5,Y3) denote the i-th elementary symmetric
polynomial on {X;, X5, X3,Y7,Y5, Y3} and put

L(X1, X2, X3,Y1,Y5,Y3) i= 03 — (X1 X2 X35 + X1Y2Y3 + XoY3Y, + X3Y1Y5),
F(X1,X2,X3,Y1,Y2,Y3) 1= 504 — (X1 XoYV1Ys + Xo X3Y5Y3 + X3X1Y3Y7).

We have the following results on the admissible constants of the maximal mod-
els.

Proposition 3.1.  Suppose that a Lebesgue measure is given to Gy and
Go.

(1) If the length of e; is l; fori=1,2 and that of f; ism; forj=1,2,3,4,
then we have

F(ll +12,m1,m2,0,m3,m4)
9L(ll + l27m17m2707m37m4)

~ 2
E(G1,D1) 25(11 +ly +mq +mg +mg3 +m4) +

4l1l2(m1 + m2)(m3 + m4)
3L(ll + l23 miy,ma, 07 ms, m4) '

(2) If, for i =1,2,3, the length of e; is l; and that of f; is m;, then we
have

F(ly,12,13,m1,ma, m3)

_ 2
Go,Ds) = —(1 l l .
(G2, D2) 9( 1H Lz lsHmy+mg +ma) + 9L(l1,12,13,m1, ma, m3)

Proof. (1) Let us put Ly := L(l; + la,m1,ma,0,m3,my). Let s; : ¢; —
[0,1;] and ¢; : f; — [0,m;] be the arc-length parameters such that

51(P) = 52(5) = t1(P) = t2(P) = 13(Q) = 14(Q) = 0,
51(Q) =1, s2(R) = la,
tl(S) = mi, tQ(S) = ma, t3(R) = ms, t4(R) = MmMy.
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Put

a1 = ag = (M1 + ma)(msz + ma)

and

+ mgmy,
+ ma3immy,

+ mimsa,

(l1 + lp + ma)(m3 + my
(lh + 1o+ mq)
(Il1 4+ 1o + my)
(Iy + 1o+ m3)

ms3 +my

mi + mo) + mimes.

—_— — — —

(m
(
(m1 =+ mo
(

y [10, Lemma 3.7], we have

A, A, As A,
d 22 oo+ 2t + 22, + L3 g+ Ly
#(G.D) = 3 St gy ds2F gpdhy o+ g dle + gprdls o dta

Further, we put
B1 = ((3l1 + I2)(m3 + ma) + 2mgmy) (my + ma) — 4Ly,
62 = —((5l1 + 3l2)(ms +my) + 4m3m4) (m1 +mo) + 2L,
(3l1 + 12)(ms3 +my) + 2m3m4)m2 — L1,
(3l1 + 12)(ms +my) + 2m3m4)m1 Ly,
(=3l + 1) (m1 +m2) + 2m1m2)m4 — Ly,
(=311 + 1) (my + m2) + 2mymg)ms — Ly,

=((
~(
~(
—(
=

7 = (L +lo +my +mg +m3+ma)Ly
+ 7(l1 + lo)(mimams + mamgmyg + mamamy + mamyms)
+ 241115 (my + ma)(mg + my) + 20mymamsmy + 36lymima(ms + my),

Ci=0Cy =, C3 = Cy = 18a11,* + 186111 + 1,

and
Yo = 18A1m12 + 18Bymy + C1.

Now, consider the following function on Gy:

@ Bi ] Vi )
6L181(x) tor Wt e, 0 e
g(w) =
A, B, o)
“ti(x)? “t . i
or, i) T i@t 1, o
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Then, we can check by direct calculations that g is continuous, A(g) = dp —
(G, ,D)> and fGl gi(G,,p) = 0. Thus, we have g(g,,p)(P, =) = g(z), and by [4,
Lemma 4.1], we obtain the formula.

(2) Let us put L := L(ly,ly,13,m1,ma,m3). Let s; : e; — [0,;] and
t; : fi — [0,m;] be the arc-length parameters such that

51(P) = 52(P) = 52(P) = t1(R) = 12(5) = 13(Q) = 0,
Sl(Q) = ll, SQ(R) = lg, SQ(S) = 13,
tl (R) =m, tQ(Q) = ma, t3(R) = ms.

Put
E(X1, X0, X5,Y1,Y5,Y3) :=Y1(Xo + X3+ Yo + Y3) + (Xo + X3) (Y2 + Y3),

and put
El E(ll7127l37m17m27m3)7 E2 = E(lz’ZB’lth’mS’ml)’
E3 = E(l llal27m3,mlam2)v
Fy := E(my,ly,ms,l1,ma,l3), Fy := E(ma, l3,m1,l2,ms, 1),
F3 := E(ms3,l1,ma,l3,my,l2).

By [10, Lemma 3.7], we have

B b, I3
=—=d —d d —dt —dt dts
H(G2,D) 3L $1+3L 52+ S3 + 1+ 2+3L

Further we put
pr = — LW By — 4lals(my + ma + mg)

—2maoms(my + la +13) — 3my(lams + lsms),
By = — loFy — 4l3l1(my + mo + ms3)

— 2mgmq (mo + I3 + 11) — 3ma(lgms + limq),
B3 = — lsE3 — 411l (mq + ma + m3)

—2mima(ms + 11 + 1) — 3ms(lymy + lama),

1
B, = m_1(E3l32 + Bsls — Baly” — fBoly — Fima®),
1
By = mj(Elzl2 + Bl — E3ls® — B3ls — Famy?),
o 1 2 2 2
B3 = m_3(E2l2 + ol — Exly™ = Bily — Fsms”),
v=(l+12+ 13 +mi +ma+ms)L + 43l lals(my + ma + ms)

+ 7([1 + 12 + l3)m1m2m3) + 7(1112 + 1213 + l3l1)(m1m2 + moms + m3m1)
+ 13(lilamima + lalsmams + I3lymamy),
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and,
C,=18FEy + 188+, Cy=18E3+ 1805+, C3=18F; + 1801 + .

Now, consider the following function on Gs:

E; 2 Bs Y

AR AUCUT A
g(z) =

1. 2t _ -

6L z(m) + 6L 1(1‘) + 108L, on f;

Then, we can check by direct calculations that g is continuous, A(g) = dp —
(G4, D), and sz 9I(G,,p) = 0. Thus, we have g(g,,p)(P, ) = g(x), and by [4,
Lemma 4.1], we obtain the formula. (]

Thus, we know their admissible constants. Here are elementary inequali-
ties, which we will use to estimate the admissible constants.

Lemma 3.2.  For any non-negative real numbers ly, ... ,ms, we have

10 -
F(l1,lg,l3,m1,m2,m3) < ﬁL(ll + 1o + 13 +mq +mo —|—’/7’L3),
lllg(ml + mg)(mg + m4) < L(ll + lg,ml,mg,O,mg,m4) min{ll,lg},

where L = L(ly,ly,l3,m1, ma, m3).

Proof. First of all, we note

L = (lily + lal3 + I3l1) (mq + ma + ms3)

+ limy(ma + m3) + lama(ms + my) + lamg(my 4+ ma) + mimams,
which is immediate from the definition. Then, taking account of elementary
inequalities

(11 + s + 13)(1112 + lsl3 + ldll) > 911513,

(m1 +ma +m3)? > 3(mima + mamgs + mamy),
(mi + mj)2 > 4mimj,
we obtain

L(ly + Iy 4 I3) > 9alsl3(my + ma + ms)
+ (I + l3)m1(m2 +ms) +la(ls + l1)m2(m3 +mq)
+ Zg(ll + lg)mg(ml + mg) + (ll + ZQ + lg)mlmgmg

and

L(m1 “+ mo + 7713) Z 3([1[2 + 1213 + 1311)(m1m2 “+ moms + 7713’/711)
+4(l1 + Iz + l3)mymams.
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Since L is stable under the permutations

(llamQ,mZiamla ZQa 13)7
(I1,12,13,m1,ma,m3) — < (lz,m3, m1,ma,ls,11),

(I3, m1, ma,m3, 11, 12),
we have also the following inequalities:

E(ll + mo + mg) > 911m2m3(m1 + 1o + lg)
+ li(ma + mz)mi(la + I3) + la(ms + l1)ma(l3 + mq)
+ I3(11 + ma)mg(my + 1) + (L + mo + mz)mylals,
L(my + s+ 13) > 3(lyma + mamg + maly) (malz + lals + l3my)
+ 4(11 + mo + m3)m11213,

E(lg +ms3 + ml) > 9lamamy(me + 13 + ll)
+ la(mg + m1)ma(ls + 1) + I3(m1 + lz)m3(11 + ma)
+ 11 (I + m3)mi(ma + [3) + (I2 + maz + my)malsly,
L(ma + 13+ 1) > 3(lams + mgmy + mals)(mals + I3l + l1ms)
+ 4(l2 + m3 + m1)malsly,
L(l3 + mq + ma) > lgmyma(mg + 11 + lo)
+ I3(m1 + ma)ms(ly + o) + I (ma + I3)ma (I + m3)
+ 12(13 + ml)mQ(mg, + ll) + (13 +mq + mg)m3l1lg,

and

L(ma + 11 +12) > 3(l3mq + myima + malz)(maly + 1l + lams3)
+ 4(l5 + mq + ma)mslyls.
Therefore, we have straightforwardly
L(ly + Iy + I3 + my + mg + ma)
- ii((ll +1y+13) + (my +ma +m3) + (I1 + ma +m3) + (my +la +13)

+ (I +m3 +my)+ (ma+ s+ 1) + (Is + my +ma) + (mg + 11 + 12))

Y

1
1 (22l1l2l3(m1 + mo + mg) + 22llm2m3(m1 +la+13)

+ 22l2m3m1(m2 + l3 + l1) + 22l3m1m2(m3 + ll + lg)
+ 2001lsmimo + 20l5l3momsg + 2013l1m3m1)
11

1—0 (504 — (lllgmlmg -+ l2l3m2m3 —+ lgllmgml)).

Y
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Thus, we obtain the first inequality.
For the second inequality, we may assume l; < l5. Then, we have

L(l1 + 12, m1,ma,0,mgz, ma)ly > (I1 + l2)(m1 + m2)(mg + ma)ly
> lila(my + ma)(ms + ma),

which is the desired inequality. d

For edges of ([G],w,), we introduce a notion of h-type now. They are the
edges which contribute to the above quantity min{ly,l5}.

Definition 3.3.  We say a pair of two distinct edges {e1, ea} is of h-type
if Vert [G;{/el’ez}] = {P,Q}, where P and @ are two distinct points of [G;{fl’ez}],
and wl{,el’ez} = 2P 4+ 2Q (cf. Figure 4).

>

Figure 4: [Gz{fl’eg}} when {e1, ea} is of h-type.

If {e1, e2} is of h-type, then e; and ey sit in the same irreducible component
of [G,] since otherwise, [Gie“ez}] is a one-point sum of two circles. Taking
account that ([G,],w,) is the polarized rigidified dual graph of a semistable
curve of genus 3, we can easily see that the condition on the polarization is
automatically satisfied and that there exists at most one irreducible components
of ([Gy],wy) containing a pair of h-type. If an irreducible component has a pair
of h-type, its maximal model must be [Gy]. It is clear from its configuration
that [G1] has at most one pair of h-type, hence there is at most one pair of
h-type in ([Gy],wy).

Let us put

min{le,,le, | {€1,€e2} is a pair of h-type}

h(|Gy)) :== if [G,] has a pair of h-type,
0 otherwise,

where [, is the length of an edge e. Now an upper bound of the admissible
constant can be given:

Proposition 3.4.  For the polarized metrized rigidified dual graph (|G,],
wy) of a semistable curve, we have

(Gyp) < 2bo(X,) + 201(X,) + SH(IGy))
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Proof. Let {([G:], D;)} be the set of irreducible components of ([G,],w,).
If ([G;], D;) is a closed interval, then we have, as in [4],

5
glev
where [, is the length of the edge e of [G;]. If ([G;], D;) is not a closed interval
and does not have a pair of h-type, then Gy is a maximal model of it, and
hence, by Lemma 3.2, Proposition 3.1 and Lemma 1.3, we have

32
(G“ D ) 99 Z le .

GEEd[Gj,]

G(Gin’i) =

If ([G;], D;) has a pair of h-type, then its maximal model is G1, and we have
similarly

Gy, Di) < 33 3 ze+§h([(:y]).

e€Ed[G;]
Summing all them up and applying Proposition 1.2, we obtain our assertion.

O

3.2. A lower bound of self-intersection of the relative dualizing sheaf

Let f : X — Y be a semistable curve of genus 3 as in Main Theorem.
Put Ry := fiwx/y and Ro := f*(wx/y®2), and let S?(R) denote the second
symmetric tensor product of Rq. We assume that the generic fiber is not
hyperelliptic. Then, the natural map

SQ(Rl) — RQ

is surjective at the generic point of Y, and since rk S?(R;) = rk Ry = 6, it is
injective globally and has finite cokernel. For any y € Y, Horikawa index at y,
denoted by Ind(f,y), is defined as

lengthy, (Coker(S?(R1) — Ra)y).

Note that it vanishes except at finitely many points. Here is a lemma which is
essentially proved in [7].

Lemma 3.5 (cf. [7]).  In the situation above, we have

1
(wx/y -wxyy) = 50(X/Y) + Z Ind(f,y)
yEY

where §(X/Y) :=60(X/Y) + 61 (X/Y).

Proof. The paper [7] is not published, hence we give the proof for readers’
convenience.



74 Kazuhiko Yamaki

By Riemann-Roch theorem on Y, we have
X(R1) = 3x(Oy) + deg(R1).

On the other hand, by Riemann-Roch theorem on X, we have

1
x(wx/y) = x(Ox) + §(WX/Y cwyy ®wx ) = x(0x) + 4x(Oy).

Taking account of Lerray spectral sequence and Grothendieck duality R f,wx 7%
=~ Oy, we obtain

deg(R1) = x(Ox) + 2x(Oy).
Similarly, we obtain
X(R2) = x(Ox) + (wx)y - wx/v) + 8x(Oy).

Therefore, we have

> Ind(f,y) = x(R2) = x(5*(R4))

yeYy
= (x(Ox) + (wx/y - wx/v) + 8x(Oy)) — (6x(Oy) + 4deg(R1))
= (WX/Y 'wx/y) — 3deg(R1).

Using Noether’s formula

(wx/y -wx/y) +0(X/Y)
12 ’

deg(R1) =
we obtain the desired formula. O

Remark 3.6.

(1) The proof needs locally freeness of Ry only, hence it holds without
semistability assumption on f if we work over C. The formula appears in [7]
in the form

(wx/y -wxyy) = 3x(Ox) — 10x(Oy) + Z Ind(f,y)-
yey

(2) In [1], Konno defined Horikawa index for fibrations of higher genus,
and generalized the formula in the lemma in the case of k = C.

Thanks to this lemma, we are reduced to calculate Ind(f,y), which is
completely a local problem. Let f : C — S be a semistable curve of genus 3,
where S = Spec R as before. We can define Horikawa index of f at the special
point s of S as well.

Proposition 3.7. If f : C — S is non-hyperelliptic, then Ind(f,s) >

251 (Cs) + h([Gs])
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Before starting proof, we need some preparation. Let f : C — S be the
stable model of f and let m : C — C be the contraction morphism. For a pair
{Py, P} of distinct nodes of C, we say it is of h-type if the corresponding pair
of edges in the dual graph [G] is of h-type. We can easily see that {P;, P>} is of
h-type if and only if P, and P, are nodes of type 0 and the partial normalization
at {P1, P>} has exactly two connected components of genus 1. For i = 1,2, the
length of the corresponding edge to P; is equal to

l; := the number of nodes in Cs mapped to P; by m,

and hence, we have h([Gs]) = min{ly,l3} by the definition.

Proof. We employ the notations just above. Let us consider the case
where the stable model C, of C, has a pair { P}, P,} of nodes of h-type. Let Cy
be the quasi-irreducible component of C, on which P, and P, lie. Let Dy and
D5 be the closures of the connected components of Cs\ { Py, P2}. Let C; and Cy
be the quasi-irreducible components of genus 1 of D; and Dy respectively. Note
that there exists at most one node of type 1 of Cs; on each D;. Furthermore,
we can see the following.

(1) 1If D; does not have a node of type 1, then C; = D; C Cy.

(2) If D; has a node Q; of type 1, then C; N Cy = {Q;} and there exist a
smooth rational component on which Py, P, and Q); lie.

Here we define an injective set-theoretic map 7 : Comp(Cs) — Comp(Cy)
by

7*(D) := the closure of 7~ (D \ %),

where ¥ := D N (C; — D). We can easily check that 7% induces the map from
QIrr(Cs) to QIrr(Cs). We put C; := 7#(C;) and further we put d; ; = dc,(C;)
to simplify the notations. Then, it is not difficult to see from the definitions
and the above (1) and (2) that dy o = do 1 +do 2 +h([G5]). From the above (2),
we can moreover see that dy; is the number of nodes that are mapped by 7 to
the only node @; of type 1 on D; (if it exists), which implies that do 1 + do.2
is equal to the number of nodes of type 1 on Cy, namely, d;(Cs). We have also
d12 = 01(Cs) + h([G]).

Let 7, be a non-zero section of we, for i = 1,2, and let 79 be a section of
we, that does not vanish at any node of Cy. That is possible since w¢, is free
from base points (cf. [4, Proposition 2.1.3]). Note that {no, 71,72} generates
H(we,) if we regard each 7; canonically as a member of H%(wc,). We take a
free basis {7o, 711,72} of fiwe/s in Lemma 2.4 consisting of stepwise extensions

of them. Let M be the image of the canonical map
R1®R1 — R,

where R,, = f« (wc/s®m) for m = 1,2, and let 7;7; denote the image of
7; ® 7); by this map. Then, M is generated by ﬁ02, ﬁ12, ﬁ22, NoN1, NoNz and
fifle. By Lemma 2.4, if we regard 7172 as a section of we, ®?, the divisor
div(f17j2) — d12Cs is effective, and hence t~91:27j; 7} is a section of Ro, where ¢
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is a regular parameter of R. We can see that ¢t~ 17,7, and t~9-2fy,y sit in
Ro as well. Therefore, we have

Ind(f,s) > length((fio”, 71>, flo%, t~ % o1, t~ "2 dfoflz, t~ 241712 /M)
= length ((t ™% figiin, t = Fiodia, t =2 7niiz) / (flofin , flofiz, T iiz))
=do1 +do2+di
= 261(Cs) + h([G‘S]),

where (x) stands for the submodule of R generated by *. Thus, we obtain our
inequality in this case.

If C; does not have a pair of h-type, we can prove our inequality in the
same way using a basis of R consisting of those which are stepwise extensions
of global sections of the dualizing sheaf of the quasi-irreducible components of
positive genus. That is rather simpler and we leave it to readers. O

Let us move on to the global case. Let X be a smooth projective surface
over k, Y a smooth projective curve over k, and let f : X — Y be a generically
smooth non-hyperelliptic semistable curve of genus 3 over Y. For any y € Y,
let S := Spec Oy, — Y be the morphism corresponding to the localization at
y and let fg : Xg — S denote the base change of f by this morphism. Then,
Horikawa index of f at y is equal to that of fs at the closed point of S by
its definition. Accordingly, the following is immediate from Lemma 3.5 and
Proposition 3.7.

Corollary 3.8. If f is non-hyperelliptic, then we have

(wx/y wX/y) > 50(X/Y)+3(51 X/Y Zh
yGY

By virtue of Proposition 3.4, Corollary 3.8 and Key Fact in the introduc-
tion, we obtain Main Theorem.

4. Proof of Lemma 1.3

In this section, we will give proof of Lemma 1.3. First of all, we recall the
situation of Lemma 1.3 and fix the notation. Let [G] be a rigidified graph and
let D be a polarization on [G] with deg(D) # —2. Numbering all the vertices
and all the edges, we write {P1,..., Py} = Vert[G] and {eq, ... ,e,} = Ed[G],
where m and n are the numbers of the vertices and that of the edges respectively.
We assume that P; is a vertex on e;. Let dmg be a Lebesgue measure on G.
We denote by G the metrized graph (G,dmg). If a measure is given to a graph
and the length of each edge e; is [;, then we can take a continuous map

ti : Ii = [O,ll] — €

such that ;|(g,) is an isometry from (0,/;) to e\ {the vertices on e}. Here we
assume that t1(0) = P; for a notational reason. If we put dy; := tfdmg, which
is the canonical measure, then dmg can be regarded as a collection {dy;}? ;.



Geometric Bogomolov’s conjecture for curves of genus 3 over function fields s

Let @ : G — H denote the contraction of e;. Note that we have the
canonical maps 7, : Vert[G] — Vert[H] and =, : EA[G] \ {e1} — Ed[H]. For
P; and e;, we denote the images m.(P;) and m.(e;) by P; and €; respectively.
H has the naturally induced measure dmy by m. We also denote by #; the
push-forward wot; : I; — €;.

Here we introduce a new notation. For a 3n-tuple (aq, ..., n, 01, .-, Bn,
Yiy---yYn) € R3™ we define a collection

g(ala"' aanyﬂla"' 767“717"' 77”) = {gl}?zl

of quadratic functions on I; by
9i(yi) = qayi® + Biyi + -

The members of G(a1,...,an, 81, BnsY1,--- ,7n) can not be generally
glued up to be a piecewise smooth function on G, but if they are, we regard the
collection of them as a function on G and write G(a1, ... ,an, 81, .+ Buy Y15+,
Yn) € F(G). Similarly, for a 3(n — 1)-tuple (G2, ... ,@ns B2, Brs 25+ -+ > 3n)
€ R¥*™=1 we define a collection

H(d27"' adn7B27"' aBTui@a"' a;?n) = {hl ;;2
by

hi(yi) == duy; + Biyi + i
We also write H (o, ... ,an, B2, s Bn>F2s - - - ,9n) € F(H) if they can be
glued up to be a piecewise smooth function on H.
The idea of the proof is simple. First we note that resistance is compatible
with contractions: for any 1 < i,j < m, we have
lim rg(P;, Py) = ra(P,

11—0

).

[

By [4, Lemma 4.1], therefore, it is enough to show
llliglog(évD)(Ph Q) = g(H,D) (plu Q)

for any @ € Vert[G]. For this purpose, we would like to show that the func-
tion g o t; on I; converges to h o t; for each i > 1, where we put g(z) :=
9c,p)(P1, %) = g(a,py(P1, P1) and h(z) := g(Hﬁ)(Pl, x) _g(H,D)(Plv Py). Since
we know that g ot; and h o t; are quadratic functions on I;, we can write

{goti}?:l = g(ah s 70‘71’517 s aﬁﬂm'ylv' .. a’Yn)
{h o Ei}?:Q = H(d27 cee 7dn7327 cee 757175/27 v 75/77,)
In the proof below, expressing the condition that they are Green’s functions by

matrices, we shall see that the 3(n—1)-tuple (o, ... ,an, B2, ..., Bny Y25+ -+ Yn)
converges to (Qa, ..., @n, B2, Bn, Y25+ ,Yn) as 1y — 0.
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Let us start the proof. By virtue of Proposition 1.2, it is enough to prove
our lemma for irreducible rigidified graphs, hence we assume the irreducibility
of [G]. By the explicit formula [10, Lemma 3.7], we can see that if we write

Hé,py = Zai(SPi + ch (dmcle,) ,
i=1 j=1

then we have

H(a,.py = ZGZ(SP + leim ¢j (dmale,)
i=1 j=2""
We put
c(ly) == (c1,... ,cn,a1 — 1,a9, ... ,am,0,...,0) € R3".

For1 <i<mand1l<j<n,leto;; and 7;; be signatures defined in the
following way.

{1 if ¢;(0) =P {1 if t;(1;) =P,
O—i,j: i g

. Tij = .
0 otherwise, 0 otherwise.

(Note that (o;,,7:,;) # (1,1) under the assumption of the irreducibility of
[G]. The following matrices can be properly defined even if it is reducible, but
the description will be more complicated.) First, let M’ be an (m, 2n)-matrix
defined as follows: for any 7 with 1 <i < m, when 1 < j < n, put

m; ;= —Tij 2l
and when n+ 1 < 5 < 2n, put
M j = Oijn = Tij—n-

Second, for 1 < k < m, we define a (b — 1, 3n)-matrix

M*®) = (m(k.)) .

1 /) 2<i<bi, 1<j<3n
Let {eﬁk,l, N } be the edges starting from Py, where ki1 < -+ < Kgp, -
When 1 < j < n, put

2 . .
_Tk‘,lﬁkyllﬁk)l lf J = K/k,17
(k) _ 2 e
m; ;= Tk,mc,z‘llik,i if J = Kk,is
0 otherwise,

when n+ 1 < j < 2n, put

7Tk7"”~k,ll"'€k,1 if j—n==r,
k) e .
M5 = Tk legs if j—n==rkg; and ¢>1,
0 otherwise,
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and when 2n + 1 < j < 3n, put

-1 if j—2n=kKg,
k) _ )4

m; ; if j—2n=rg; and i >1,

0 otherwise.

Using these matrices defined above, we put

21, 0

M (m)

where I,, is the unit matrix of size n. We indicates by “(I1)” that it is a matrix
with a parameter [;.
We can check straightforwardly that

g(ala"' 70471;@17--- 7/67“717"' 7771) EF(G)v
A(g(alv--- 7057“617"' aﬂnvryh"' ’7”)) :5P1 _/“L(G,D)7
g(ala"' 7ana617"' ,ﬂn3717"' ,’Yn)(Pl) :07

Le., g(alﬂ s aanvﬂla cee aﬂanla s 7771) = g(é,D)(Plvx) - g(é,D)(Pla Pl) (Via
the identification of such a collection of functions with a function on G), if and
only if

(1)

M(ll) t(aly"' 705n7615"' aﬁnzf}/la"' 77’”) :tc(ll)?
")/1:0.

(In checking that, we find that the matrix (2I,,0) in M(l;) gives the condition
on the second-order differential equation, the matrix (A’,0) gives that on the
first-order one, and each M) gives the continuity at P;.) The unique existence
of Green’s function implies that (1) has a unique solution. Now suppose

H(an--- adn7627;" aanjZa"' 7:)%) € F(H)’
A(H(&Qa 7dn,ﬂ23~-' 7[371)5/27"' ”?"N)) :5131 7M(be)’

H(d27"' 70777,7527"' 7/377,75/27"' 7’771)(131) =0.

Then, if we put

1

R W

Bri= = o1l — ) (~mQ2al + 5) + a1,
7>1 j>1

:5/1 = Oa
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we can check

M(O) t(dla"' 76[77/)517"' 7/37“;?17"' a;}}n) :tc(0)7
A1 = 0.

Conversely, if

(2)

M(O) t(dla"' adﬂmBla"' aBTuﬁ/la"' 7:5/77,) :tc(o),
’3/1:()’

then we have

H(Gay -+ Gy Boy ey By F2y -+ 3 m) € F(H),
A(H(d27 7dn7527"' 757175/27"' 75/71)) = 6]51 _M(H,f))7

H(d2a"' adn7B2a"' aBTuﬁ/Qa"' 7:5/77,)(P1) =0.

From the unique existence of Green’s function on H, we can see that the sys-
tem of linear equations (2) has a unique solution. Therefore, the solution of
(1) converges to the solution of (2), which implies the convergence of Green’s
function on each edges. Thus, we obtain

llliino 9,0y (P1,Q) = 9.5y (P1, Q)
for any @ € Vert[G] and achieve the required conclusion.
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