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On the cohomology mod 2 of Fg 11

By
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Abstract
A quite simple method for determining the mod 2 cohomology of
the compact, connected, simple, exceptional Lie group of rank 8 is given.

1. Introduction

In [7], the first named author gave a simple method for determining H*( Es;
F3) as an algebra over As, the mod 2 Steenrod algebra. In Lemma 2.2 of [7],
he used a closed connected subgroup U of local type Ag to prove t§ # 0 where
t is the generator of H2(Q2Eg;Fs). Then, in Section 3 of [7], he used a closed
connected subgroup V' of local type Dg and the result of Floyd [6] about the
fixed point set of a compact Z/2-space to determine H*(Esg;Fy).

The purpose of this paper is to give a method alternative to that in Section
3 of [7]. The method of this paper is simpler in the sense that we only use quite
elementary facts and methods of homotopy theory. We use the natural map
Bi: BU — BEg and the Wu formula to eliminate the possibility that

_ Fyfws, 25, 1]

H*(Eg;Fs) = m ® N (215, T17, T23, T27, T59),

where i: U — FEg is the inclusion.

2. A new method for determining H*(Es;Fs)

We follow the notation and terminology of [7]. The subscript of an element
of an algebra designates the degree unless otherwise stated.

Let i: U — Eg and k: Eg — Eg be as in [7]. Let g € H*(BEg; Z) =
[BEg, K(Z,4)] = Z be a generator. Let BEg and BU be the homotopy
fibres of g and g o (Bi) respectively. Then, we have the following homotopy
commutative diagram

Bi

Eg/U BU BEs
H Bk’l lBk
Es/U BU BEsg
B
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(see [7]), where Bk and Bk’ are the projections, Bi is a lift of (Bi) o (Bk'),
and horizontal sequences are homotopy fiberings. Recall that H*(Eg/U) is
concentrated in even degrees.

By Lemma 2.2 of [7], we have H* (QES) = A(wi4, Wz, wag, wag) for x < 30.
If w?, = wog, we can determine H*(Eg) as an algebra over A, as desired by
the argument of [7], p. 279. So, in the rest of this paper, we assume w?, = 0
and deduce a contradiction. _

We can see H*(Es) = /\(y15,y23,y27) for x < 31 and H*(BEs) = FQ[O(lG,
aoa, agg] for ¥ < 32, Recall that H*(BU) = Falco,c3,... ,c9] where ¢; is
the j-th Chern class. (Note that dege; = 2j.) Then, we have H*(BU) =
Fs[ug, w10, U1s, Ca, Cg, €7, Cg| for x < 32, where é; = (BK')*(¢;) and Sqtug = u1o.
We may put

(Bi)*(c16) = pés + q¢; + duguio,

where p, ¢, and § € F2. Note that p, g, or d # 0 since otherwise, a6 gives rise
to a nonzero element of H'%(Eg/U) = 0. Applying Sq* to (Bi)* (1), we have
8 = 0. Then, applying Sq*Sq®, we have

(1) (Bi)*(Sq*Sq®a1s) = Sq* (péséa + qc3)
= pésés +qc2 £ 0

and hence we have Sq8a16 = a9y and Sq4a24 = asgg. Then, we have Sq8y15 =
o3 and Sqlyss = Yo7, and we can easily see that

Fy[xs, x5, 9]
H*(Eg) = — 22" 7
(%6) = (a5,

® A(215, T17, T23, T27, T59),
where Sq%z3 = 25, Sq 25 = 29, Sq® 29 = 217, S 215 = T23 and Sqzas = To7.

Note that we may assume x5 is primitive. Since if this is not the case, we
can easily see that we may assume é(wm) = x§ & xg + mg ® x5+ J,‘g ® 3, where
# is the reduced coproduct of H*(Eg). It follows, however, that ¢(z3;) # 0,
which is a contradiction.

Moreover, z15 is universally transgressive. Since if this is not the case, we
can easily see that H*(BEg) = Falz4, 26, 27, 210, 211, 213, 218) /(2426 27) for x <
18. It follows, however, that 0 = Sq1(24z6z7) = 2422, which is a contradiction.

Thus, x23 and xo7 are also universally transgressive and hence

H*(BEs) = Fa[z;,5 = 4,6,7,10,11,13,16, 18,19, 21, 24, 25, 28]

for ¥ < 60 where (Bi)*(2oaa) = 0, (Bi)*(z1) = ca,(Bi)*(26) = c3 = Sq’ca,
(Bi)*(210) = 5 = Sq’cs + csca, (Bi)*(218) = co + crea + o3 + csc4 = Sq’cs,
and (Bk)*(z;) = «; for j = 16,24, 28. Moreover we may assume

(Bi)*(216) = pes + qci + regea + scacs,

204 = Sq®216 + 21627, and 298 = Sq*2s4, where p and ¢ are those stated before
and r, s € Fo. Recall that p or ¢ # 0.
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Applying Sq? to (1), we have (Bi)*(Sq?Sq*Sq®a6) = pésér, while clearly
Sq*Sq*Sq®ais = 0 by the dimensional reason. Hence we have p = 0 and
q = 1. We have (Bi)*(Sq®z16) = r(crca + coc3) + scsc3. It follows that Sq216
is decomposable and hence r = 0. Moreover, we have (Bi)*(Sq*z16) = 2 +
s(ccd + cach 4 cacd). Since Sq*zi6 is decomposable, s = 0.

Thus, we have (Bi)*(216) = ¢5 and hence (Bi)*(224) = ¢ and (Bi)*(228) =
2. We can see that (Bi)*(Sq'°224) = 3c3 + c2c3. Since Sq'°zo4 is decompos-
able, this is a contradiction.
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