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An approach to the biharmonic pseudo process
by a random walk

By

Sadao SATO

1. Introduction

We consider the partial differential equation

Ou 1 0%
1.1 — ==
(L.1) ot 8 Ozt
Here A% = 9*/0z* is called the biharmonic operator. The fundamental solution
of this equation is

1 [ : 1,4
(1.2) q(t,x) = —/ dhe i TATEATE
2 J_ o

As shown by Hochberg [H], this function is not positive valued. Hence the usual
probabilistic method is not applicable. However, there are several probabilistic
approaches to this equation.

Krylov [K], later Hochberg [H] and Nishioka [N1] considered a signed finite-
ly additive measure on a path space, which is essentially the limit of a Markov
chain with the signed distribution ¢(¢, ). Krylov obtained a path continuity of
the biharmonic pseudo process. Note that there does not exist the o-additive
measure on a path space realizing a stochastic process related to the biharmonic
operator. We can consider the biharmonic pseudo process only through a limit
procedure from a finite additive measure. Our aim of this paper is to propose
a new limit procedure for the biharmonic pseudo process.

Nishioka considered the first hitting time to (—oo, 0) and obtained the joint
distribution of the first hitting time and the first hitting place. His remarkable
result is that there appears the differentiation at 0 for the distribution of the
first hitting place (see Section 6). However, since the jump distribution ¢(¢, x)
is spread on the entire of R, it is difficult to understand this fact intuitively.

In this paper, we define a random walk, which has the only finite jumps
with signed measure. And we will show Nishioka’s result by a scaling limit. We
can get short and elementary proofs for his result. And we can understand that
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the differentiation at 0 is caused by the hitting measures on the two boundary
points, which are infinite as a limit and have opposite signs (see Proposition
5.1). We can also get the distribution of the first exit time and place for finite
intervals (Section 8).

2. Definition of a biharmonic random walk

Let (Y;) be the i.i.d. random variables with the signed distibution defined
by

(2.1) P(Y=0)=p, P(Y =£1)=gq, P(Y = £2) =1,

where each of probabilities should be prescribed later. Consider the random
walk

X, =Xo+Yi+ - +Y,.

Let f be a measurable function and we shall write

E[f(X,)] =Y _ f(k)P[X, = k]
k

and
Eo[f(Xn)] = E[f(Xn)|Xo = a].
Also we shall write
Py[X,, = k] = P[X,, = k| Xo = 2].

By the Taylor expansion, we have

E.[f(X1)] = f(=)
=({p+2q+2r—1)f(z)+ (g+4r)f"(z) + <f2 + 4;) M)+
If we set
p+2¢+2r=1 q+4r=0,
that is
p=1+4+6r, q=—4r,
then we have

(2.2) Eolf(X1)] = f(x) = rA% f(2).



An approach to the biharmonic pseudo process by a random walk 405

Here, number r must be negative, since we match (2.2) to (1.1). Now we
compute the characteristic function of Y.

défE(e“‘Y) =p+ 2qgcosp+ 2rcos2u

= 4r(1 —cosp)? + 1.

M(p)

Since r is negative, we get max, M(y¢) = 1 and min, M(p) = 16r + 1. Let
r = —1/8, and we have —1 < M (u) < 1. Since

B, (%) = 6 M ()",
this quantity converges to zero as n — oo if not | cos u| = 1. Now we have

I
4’ q - 2,
Let {F,}n>0 be the filtration generated by {X,,}n>0. Since

1
p= M) =1 = 5(1 = cosp)*.

3
p+2q+2/r| = 2

the total variation of the measure restricted on F, is equal to (3/2)". Note
that F,, is a finite set, which consists of 5™ atoms, and the mean E,[-] is defined
for any event of F,,. Set

p(n, k) = B[ X, = k.
Then we have

> p(n, ket = M(p)™.
k
Thus p(n, k) is the Fourier cofficient of the right-hand. Therefore

1 [7 X
(2.3) pnk) =5 [ MGe
2 J_,
and we have

(2.4) lim p(n,k) =0.

n—oo

Remark 1. We can take any r in [—1/8,0) for our purpose. For exam-
ple, if we take r = —1/16, then we have 0 < M < 1 and this situation looks
like better for some cases. However, we point out that the value —1/8 seems
to be best for the numerical simulation to be rapid.

3. Scaling limit to continuous time and space

For € > 0, set
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Then we have

pe(t, ) p(n, k)
1 s

_ M t/e* —ixu/ed
o | (1)< e 1
1 /€ )

= — M(ey)t/€4e_1wydy ‘€.
27 —7/e

We will compute the following limit
1
q(t,x) L im —pe(t, ).
e—0 €
Let 6(x) be Dirac’s delta function and we clearly have

q(0,x) = 0(x).

Since M (ey) is an even function, we consider

1 1 /e w/e—m /€ m/et/t B
—pe(t,x) = — / +/ —I—/ M (ey)t <" cos(zy)dy
€ 0 w/e—7/\/€ m/el/4 0

=L +L+13 (say).
First, we get

t/e*

1
1- 5(1 —cosey)? dy

1 /e
|| < —/
T Jr)e—m/ /e

1 [m/VE 1 t/e!
== / (—1 + 5(1 + cos eu)2> du
0

T
1 [7/Ve

~ —/ (1— )< du
T Jo
1 [™/Ve

z—/ e vt qu — 0 (e = 0).
™ Jo

Second we estimate . Note that M (p) is monotone in the interval [0, 7] and
. 1
M(r —7m/e) ~ -1+ en?, M(re¥/*) ~1— 563/271'2.

Therefore
7'(' 1 t/€4 T .2 5/2
L] < = (1-2ée?x? ~ —e T8 0.
T € 8 €

Finally, in the interval of the integral I3, we have

1
Mey) = 1— §e4y4.

Now we obtain the following conclusion:



An approach to the biharmonic pseudo process by a random walk 407

Theorem 3.1. By the scaling x = ke, t = ne*, we have

ef 5.1
q(?f,az:)d:f lim —p(n,k)

n—oo €
1 1,4,
_ —3Y t—izy
- 27 e s dy,
T™J-—

which is the fundamental solution of the equation

ou_ 10
ot 8ozt
Next we consider the initial value problem for (1.1).

Theorem 3.2.  Let f be a continuous function in L2(R), Suppose that
f is the Fourier transform of a function f in L*(R), that is

(3.1) Fa) = /_ T e f(a)dn,
Set
(3.2) ue(t, ) = Bz (f(eX( 1),

where || denotes its integer part. Then there exists the limit
u(t,x) = gl_I}I(l) ue(t, x)
which satisfies (1.1) and
u(0,z) = f(z).
Proof. Let
1=[z/d, n=lt/e"].

Noting that Ej[-] is the measure on a finite set, we have

we(t,z) = B { / T e, f(/\)d/\}

— 00

= / b dAf(N)) e p(n, k)
k

= / )\ FN)e M (eX).

Since f is in L'(R) and M (eX)™ is bounded, Lebesgue’s dominated convergence
theorem implies

u(t,x) = / d)\f()\)e_")‘me_%xlt

1 o0 oo .
- dyf(y) / d}\efz)\(mfy)fé)\%7

2m —o0 —00
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which completes the proof. O

4. Hitting measure to (—o0,0)

For each |s| < 1, the Green operator of {X,,},,>0 is defined by
G f() = s"E[f(X,)].
n=0
By the Parseval’s equality, we have
2 1 " 2n
dop(nk)? = o~ [ M(u)*dp =p(2n,0) <1,
k —T

which is monotone decreasing to zero as n goes to co. Schwarz’s inequality
implies

< \/p(2n70) || f ”227

[E[f(Xn)]] =

> p(n.k—1)f(k)
k

and we obtain the following:
Proposition 4.1.  For every f of b2, Gsf is analytic in |s| < 1, and it
holds that

1
1—|s]

G f(D] < I llez -

We define the first hitting time to the set Z N (—o0,0) as
o = min{n; X, < 0}
and we shall write
def

p(n, 1, k) = P[Xn = k;n < o],

since F,, is a finite set, here the right-hand quantity is well-defined. Then we
have

p(n, 1, k) = P[X, =k] - P[X,, = k;0 < n]

:Pl[Xn:k}* Z ZB[O—:vaU:i]Pi[Xn—m:k]a
i=—1,—2 m=0

where the last equality is implied from the strong Markov property of {X,,}.
For [ and k in Z, define

gs(l, k) = Gs1,(1),
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o0
Gs(Lk) =" s"p(n, 1, k),
n=0

Hy(s,1) =Y s"Plo=n,X, =1.

n=0

Note that (I, k) and H;(s,1) are analytic in |s| < 2/3, since the total variation
of E,[] restricted on F, is equal to (3/2)". From the definition, we get

(41) gs(lak) :gs(lvk) - Z Hz(svl)gs(l’k)
i=—1,-2

Fix |s| < 1, and we shall use the notation

(4.2) _i/ﬂid (= c_n)
’ T or ,Wl—sM(u)'u = Cn)

Since (2.1) and (4.2) imply that

(4.3) 9s(l, k) = cp—y,

we have

(4.4) gs(l, k) =cr_1 — Z H;(s,1)cgp—;-
i=—1,—2

)

Especiallly, when £ = —1 and —2, we have

(45) 0= Cl+1 — CQH_1(S, l) — ClH_Q(S, l),
(46) 0= Cl+2 — ClH_l(S, l) — COH_2(57 l)

Proposition 4.2.  For|s| <1 andl € ZNJ0,00),

Ci+1€C0 — C+2C1
(4.7) H_1(s,1) = a2 2
0 1
Cl+2Co0 — C1+1C1
(48) H_Q(S,l) = W
0 1

Moreover H;(s,l) are analytic in |s| < 1.

Proof. 'We know that ¢;’s are analytic in |s| < 1. The first part of the
proposition is clear from (4.5) and (4.6), if we can show that the denominator
2 — ¢2 has no zero in |s| < 1. We have

c§ — i
1 " 1—cosud
cp—cC1 = — _—
0T T on ) 1—sM(u) a

T

17 (1= cosp)(1— 5M(g)
=o)L

27 p-

—T
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So, we get

Re(cp — 1) =

1 / " (1= cosp)(1=Re()MW) ;-

o 1= sM ()P

—T

Similarly, we obtain Re(co 4 ¢1) > 0. Now the second part is immediate and
the proof is complete. O

5. Existence of the Hitting measure
In this section, we will compute the limit
lim H;(s,1),
s—1

which is the interpretation of the hitting measure
o0
> Plo=m,X, =i = P[X, =i,0 < .
m=0

However, we note that the latter quantity may not be convergent, because these
terms are signed.

At first, we study the ¢,’s in (4.2). Set z = e, and change a variable.
The residue theorem implies

(5.1) : /ﬂ o d
. Cp = —
2 J_ 1 —s{1— %(1 — cos )2} .
1 dz zZ"

5.2 =— | —
(5:2) 2mi Jo 2 1—s{1— %(1 _ 222?1)2}
1 8zntl
5.3 = d
(5:3) 2mis /C 28(% — 1224 (z—1)*
8 Zn+1
5.4 == R -~
o |Z es(4v4z2+<z—1>4)’

where C is the unit circle in the complex plain and

(5.5) v = (2 (% - 1))1/4.

In the remainder of this section, we restrict s as a real number. So, we assume
that 0 < s < 1 and v is positive. We consider zeros of the denominator
f(z) = 4v*2% + (2 — 1)*. By an elementary calculation, we obtain that

(5.6) a=1+iv? -

v\/\/u4—|—4—v2 _iv\/\/v4+4+u2
2 2
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is a zero point, which satisfies |a| < 1. We note that « satisfies

(5.7) (1—a)? = 2iv’a.
And & is another zero point inside of C. Other two zeros are outside of C.
Therefore

8 (an+1 O—ln+1 >

Cn=—\| 7 ~+ =

s \f'(a)  f(@)

16 a"l(a—1)
5.8 =—R
(5:8) s (8v4a(a —1)+4(a— 1)4>

2 a™(1 - «)
mRe(iua )

In the following, we shall use

(5.9) & = Re (a”(l - a)) _ svle,

14+« 2

instead of ¢, for simple notations. Note that v tends to zero as s tends to 1.
Let v be small and Taylor expansion derives that

1 1
(5.10) arl-— (1+i)v+iv2+1(17i)v37 3—2(1+i)v5,
1
(5.11) log(ar) = —(1 4 i)v — E(l —i)v® — %(1 +i)®,
1 1 (1+4) 1 N3 3 ‘
(5.12) 1+0z%§+ 1 U+E(171)v37@(1+z)v5,
(5.13) T Y 16(1 i)v +128(1+Z)U ,
4n? — 1
(5.14) a" & 1—n(l+iw+in*v? + %(1 — i,
11— 4n? 2_1) .
(5.15) G v (5 +— L n(”g )v3> .

From (5.7) and (5.9), we obtain the following simple equalities

(516) Cn + Cnt1 = Re(a”(l — Oé)),
- ~ a™(1 — a)?
(5.17) én — Cnt1 = Re <(1—|—a)>
n+1
9,2 @
(5.18) =—2v Im(1+a),

which are often used in our computations. By Proposition 4.2 and the aboves,
we get

Ca1+ € Gi1+C
Ho1(s,1)+ H_o(s,1) = St b oz Gur ¥ G

cot+c1 Co + C1
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_ Re(a!t1(1 — a))

Re(1 — a)
v+ (=12 =31 —-9/4)v3
R v =148 1 as s — 1,
and
H_1(s,1) — H_s(s,1) = Cit1 — Ci+2 CH:1 - fl+2
Co— C1 Cop — C1
alt? a
=1 I
m(l—i—a)/ m(l—l—a)
U+ 3P+ (=12 = 31— 2)0
103 + %vf’
—2[+3 as s — 1.
Thus we get the following proposition:
Proposition 5.1. Forle ZN|[0,0),
(5.19) H_(1,l)=2+1,
(5.20) H_o(1,1)=-1—1.
Corollary 5.1. As v — 0, the followings hold:
(5.21) (k) ~ —
. gs\t, ~ 8’037
_ 84+ B+ 8k + 12kl +4k1? — 213 (k>1)
(5:22) il k) = { 8+ Lk 4 81+ 12k + 4lk? — Ak (k<)
Proof. (5.21) is easily obtained from (4.3) and (5.8). The latter is ob-
tained by an elementary but long calculation. We will omit the details. 1

Now we can explain why the differentiation appears at 0. Let f(x) be a
differentiable function and consider

Ei[s7 f(eXo)] = f(—2€)H _2(s,1) + f(—€)H_1(s,1)
— W(H—NSJ) + H_5(s,1))

N w(ml(s, 1) — H_s(s,1).

By letting s — 1, we get

f(=a) + f(=2¢) | f(=¢) = f(=2¢)

2 .
5 + B (21 +3)

lim Ey[s” f(eXo)] =
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We take the same scaling as in Theorem 3.1, that is, set x = le and fix it. As
€ goes to zero, the right hand side of this equation goes to

£(0) + f(0)a.

Therefore we obtain

Qalf(Z5)] = £(0) + f'(0)x

for the biharmonic pseudo process {Z;}, that is the “stochastic process” ob-
tained through the scaling limit in Theorem 3.1. Here, Q.[| denotes the ex-
pectation for {Z;} starting from x. However, there does not exist such measure
in the usual sense. We will consider @[] only through a limit procedure for
our random walk {X,,}. In this discussion, we used double limit procedure. We
will give more direct proof by using the scaling limit in the next section.

6. Scaling limit of the first hitting time and place

We will compute the Fourier-Laplace transform of the first hitting place
and time:

Qz [eiuZU—/\aL

which was first obtained by Nishioka [N1]. We use the same scaling as in Section
3. Let f(x) be a bounded C'-function and x = le. We consider

(6.1) Qule ™ F(Z,)] % lim Efe™ 7 f(eX,)),

where x = le is fixed. The left-hand side of this equation has only symbolical
meaning. Here

o =inf{t > 0; Z; < 0}

is the first hitting time to the set (—o0,0) of the biharmonic pseudo process
{Z:}. We consider the mean Q,[-] for {Z;} through the scaling limit of {X,}.
Now we compute the right-hand side of (6.1):

Ei[e " f(eX,)]
= [~ B[ X, = —1] + f(—20)Eife™ 75 X, = 2]

= f(=OH-1(e” 1) + f(~20)Hoa(e 1)

= S(F(-€) + F(-20)(H oy + Hoa) + 5(F(=0) — F(~2)(H 1 — H )
= Il + 12 (say).

etx

Since s = e~ ¢ *, we have

v = (205> — 1))V & e(20) V4]
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For the simplicity, we set
(6.2) v = (2\)1/4,

By (5.11), we have

(6.3) ol = exp(l(—v(1 4 i) + O(v?)))
(6.4) ~ exp(—lev(1+1i) + O(e))
(6.5) — e e ag e 0.

Recall (5.10) and we have

_ Re(ad!(1—-a))
Hortl2=—pa—a

~ Re(al(1 4 i)v) /v
~Re(e *1H)(144i)) as e— 0.

Thus we get
I =~ f(0)e"*(cos(vzx) + sin(vz)) as €— 0.

On the other hand, we obtain

H | —H_ o=1Im (ot —2) /I @
! ? m(a 1+« /Tm 14+«

< (o43) / (5)

~ —2TIm(e =1+ /y as € — 0.

Thus it is implied that
I ~ f'(0)e """ sin(vx))/v.

Therefore we have proved the following theorem by the new method, that
is the scaling limit of the Markov chain {X,}.

Theorem 6.1 (K. Nishioka).  For every differentiable function f, we
have

(6.6) Qule 7 f(Zs)] = f(0)e "% (cos(vz) + sin(vzx)) +

where v = (20\)Y/%. In particular, it holds that

(6.7) Qe Z7=2] = e7V% (cos(vx) + sin(v)) + %Le_” sin(vz).
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Remark 2. Let A — 01in (6.5), and we obtain

u(x) = Qu[f(Z5)] = f(0) + f'(0)z,

which satisfies

u" =0, u(0) = f(0), u’(O) = fl(o)'

Here we find the differentiation of f(z). This fact, which is due to K. Nishioka,
seems to be remarkable for many probabilists.

As was shown in [N1], we can write the Laplace inverse of the above formula
in an explicit form. From the Laplace inversion formula, a direct calculation
shows that

(6.8)

E—l(e—u(a—i-ib)) _ 4L /oo u36_%(6—%(a—b+i(a+b)) _ e—%(a—i—b—i(a—b)))du
T Jo

when |b] < a. Then we easily obtain the following functions

(6.9) K(t,z) = L7 (Re(e ?IHD7(1 4 4))
1 (e e)
(6.10) = — / u3e_“4t/8(sin xu —coszu + e *")du,
47 0
1
(6.11) J(t,x)=L7" (;e_”“ sin ya:)
1 o0
(6.12) = — / uze_“4t/8(sin xu — coszu + e~ ) du,
47T 0

which give us the density function of the first hitting time ¢ and the hitting
place:

(6.13) Qzlo e dt,Z, € dy] = K(t,z)dté(dy) — J(t,z)dtd" (dy).

7. Scaling limit of the transition probability with killing

In the previous section, we obtained g; (I, k). Here, we consider the scaling
limit of gs(I, k), which is the Laplace transform of the transition probability of
the biharmonic pseudo process with the absorbing boudary. We can find the
same result with that in Nishioka [N1, Section 9.1].

Let le = z, ke = y and z, y be positive. Noting that At = €*, we consider

(7.1) Q. [ / ’ e-ktﬂzt)dt} = lim fj Elfe " f(eX)in < o],

0 n=0

Hence

Q. UU e_/\téy(Zt)dt]

0
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~ Z E, [e*’\&”lk(Xn);n < 0']63
n=0

= Gs(l, k)e* = (ck—1 — H_1(s,1)crp1 — H_o(s,1)cri2)€’,
where s = e=*¢". On the other hand, since —k — 1 < 0 < [, we have

pu(l,—k—1)=P(Xp, =~k —1) = P(X,, = —k — 1;0 < n)

= Y Y Plo=riXe=jIPj[Xn_r=—k—1].

j=—1,-27=0

Multiply the both side s™, and sum in n, we obtain

Cpppr = Y Hi(s,Derprij

j=—1,-2
Therefore
9s(L k) + ciphyr = et + R,

where

R= > Hi(s,))(ckr1j — chj)

j=—1,-2
H +H_
= %(%-1 +cp — (Crg1 + Crt2))
H ,—-—H_ 5
- f(ck—l —C + Chy1 — Cry2)-

From (5.16), (5.17) and the equalities following them, we can easily get
sv R ~ —4v? Re(a! (1 + i) Im(a®) — 40 Im(a!*1) Im(a¥)

as s — 1(v — 0). Then we obtain

. 4
SR~ —— Im(a!™!) Im(a”)

3
4 . _
~ _ —(14+i)vx —(141i)v
N3 Im(e ) Im(e )
_ 4 —vx L :
=3¢ sin(vz) sin(vy) as €—0.

By remembering (5.10) and (6.4), it is easily checked that
1 .
Ecpy & = Re(e~(Hovle=vl(1 4 4)).
We may therefore see that

/ e Mq(t, x)dt = = Re(e~ 0¥l (1 4 4)).
0
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Thus, we conclude
q(t,z,y) = q(t,z,y;t < 0)

4
=q(t,x—y) —q(t,x+y) - L7} (ﬁe_”(“'y) sin vz sin yy) .

Since
0 2
L (%q(t, w)) = —ﬁe_”” sinvz
and (6.10) holds, we obtain the following result from the scaling limit of {X,}.

Theorem 7.1 (K. Nishioka).

- 0
Q(ta x,y) = q(t,l‘ - y) - Q(tv x+ y) + 2J(t7y) * %q(tvl‘)‘

Remark 3. The third term in the right hand of this equation shows an
effect from the differential term of the first hitting place. For the Brownian
motion, this term does not exist and the reflection principle holds.

From the above, we also get

li N~
lim ; e~ Mq(t, x,y)dt
1 ) )
= ;m% —B(Re(e_(1+’)”‘””_y|(1 +1)) — Re(e~ v (@+9) (1 4 )
-0V
— 4e7v@HY) gin(va) sin(vy))

_ { A%y — 32° (y > 2)
dzy? — 3y° (y<=z) '

which is the scaling limit of g;(I,k). On the other hand, for the Brownian
motion, it is well known that

o0
/ Gt e y)dt =z +y— |z —yl
0

:{ 20 (y > =)
2y (y<um)

8. Hitting measure to the boundary of finite intervals
In this section, we consider the first hitting time
o=min{n; X, <0 or X, >L}.

By an analogous argument as in Section 4, we obtain

(8.1) G(s,1k) = cpy — > Hj(s,D)enj
j=-1,—2,L+1,L+2
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and
o €1 CLi2 CL43 H_
(8.2) c1 Co  CL4+3 CL44 H_,
CL+2 CL4+3  Co c1 Hr
CL13 CLya C1 Co Hp o

We consider the new variables

Cl+1
Cl4+2

CL+1-1
CL+2-1

Hyp o

_ H . +H o+ Hpy1 +Hpyo Y= H  —-H y+Hp —

2
_H .+ H 5 —Hpy — Hiyo

2

2 i

Then we get a simultaneous equation
a c z\ _ [ M
® (03)(5)-(
d —c u \ _ [ hs
o0 (%) )=

where
=2(co+c1) +crp2+ 243+ crta
— 2(1 - Re(a)) + Re(a™*2(1 - a?)),
:2 CQ—C1)+ L+2 — 2Cr4+3 + CL44
L+3 1—
—49%Im ( ) 2Im (L
1+«
=2(co+c¢1) — Cry2 — 2CL43 — CL4a
2(1 - Re(a)) - Re(al+3(1 — a?)),
C=CL4+2 —CL+4
= 202 Tm(a™3),
hi = c41 + cip2 + cryi-1 + 121,
hy = ¢i41 — Ci42 + CL41-1 — CL42-1,
hs = ci41 + ci42 — cL41-1 — CLy2-1,
ha = ci41 — Cl42 — CL41-1 + CLy2-1.
We set

v = Re

Using (5.10), (5.13), (5.16) and (5.18), we obtain

a = 2v + Re(aX™22(1 + i)v) + o(v

=20(1 +7 = p) + o(v),

)
)

( L+2) p= Im(aL+2).

)

2

a))y

_H.—H - Hpp+ Hrypo
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14
b=1v>—20*Im <aL+2%v> +o(v?)

= (17— p) +ol0?)
d=20(1 -+ p) + o(v),
c=—2v%p + o(v?).

Thus we get

det 1% ab — ¢ = 201 (1 = 2p — % — p?) + o(v?),

det 2% b — ¢ = 204 (1 +2p — 4% — p?) + o(v?).

Moreover
hi = Re((1 — a) (/™ + o H17h) = v Re((1 4 4) (o' + o511 + o(v),
1
hy = —20%Im (1+<al+2 + aL+2z)> — 2 Im(al+2 + aL+27l) + 0(1)2),
(0%

hs = vRe((1 4 4) (!t — aE17h) + o(v),
hy = —v? Im(a!? — o270 4 o(v?).

Therefore

x=(bxhy —cx*hy)/detl
Re((1+ i) (! + al+1=0))(1 — v — p) — Im(a!*+2 + aL+2-1)2)
- 2(1—20— 72— p?)
y=(—cxhy +axhy)/detl
~ Re((1+d) (o 4+ alH11))2p — Tm(a!*2 + L2021 4 4 — p) . <1>
2v(1—2p—72 _p2) ,
u = (b*hs+cxhy)/det2
. Re((1 + i)(al+1 — aL+1—l))(1 —y—p)+ Im(al+2 _ aL+2—l)2p
- 2(1 — 42 +2p — p?)
w = (c*hg +dx*hyg)/det2
—2pRe((1 + i) (at*! — al+1=1)) + Im(a+2 — al+2-1)2(1 — 4 + p) g
- 20(1 — 2 +2p — p?) —i—o(—).

+ o(v),

+o(v),

Now we consider the scaling limit. We set
r=1le, a=Le, v=cv,
where v = (2X)'/4. For the pseudo biharmonic process {Z;}, we consider
o=inf{t; Z; <0 or Z;>a}.

Since we approximate the pseudo process by the scaling limit of { X, }, we define

(8.5) Qule ™7 (Z,)] % lim Eife™ 7 f(eX,)),
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where x = le alid a = Le are fixed and f is a bounded C'-function. We shall
evaluate Ej[e™¢ 2 f(eX,)]:

Elle= 2 f(eX,)] = f(—)H_1(v,1) + f(—2€)H_(v,1)
+ fla+€)Hp11(v, 1) + fla+ 2€)Hpyo(v,1)

r+y+ut+w r—y+tu—w

= fr) T (20—
rTt+y—u—w rT—y—ut+w
+ fla+ ) =+ fla+ 20— ——

= (f(=) + f(=2¢) + fla+ €) + fla + 2¢))

+(F(=0) = (=26 + fla+ ) = fla+26)3
+(f(=6) + F(=20) = fla+ ) = fla+20)5
+(f(=) = f(=20) = fla+ ) + fla+20) 5
~ (£(0)+ f(@)a + €(f(0) = f(@) 5 + ((0) = fl@)u
+e(f1(0)+ f'(@) 5
where we set
s = 6_€4>‘

We define two new functions
(8.6) C(x) =e "Pcos(vx), S(x)=e ""sin(vx).

It is immediate to check that those functions satisfy

g//// — _41/49 — _8)\‘9.
Since
O[L+2 ~ 67(1+i)V6(L+2) ~ ef(lJri)Va
Oél+1 ~ e—(l+i)1/z7
aL+1—l ~ e—(1+i)u(a—x)’
we get
v~ C(a), p=-S5(a),
Re((1+)(a'*1 + aF¥170) ~ C(x) + S(2) + Cla — ) + S(a — a),
Im(a!™? + a2 ~ —S(z) — S(a — ),

Finally, we obtain the following theorem:
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Theorem 8.1.  Let f be a bounded function in C', and set
wh2) € Qule ™ £(2,)]
= (f(0) + f(a))

o (C(@) + S(x) + Cla—2) + S(a — 2))(1 — C(a) + 5(a)) — 2(S(z) + 5(a — 2))5(a)
2(1 + 25(a) — C%(a) — S%(a))

+ (f(0) = f(a))
y (C(x)+ S(x) —Cla—2x) — S(a—x))(1+ C(a) — S(a)) + 2(S(x) — S(a — x))S(a)
2(1 —2S(a) — C?(a) — S%(a))

~—

+(f'(0) = f(a))

" —(Cx)+ S(x)+Cla—x)+ S(a—x))S(a) + (S(x) + S(a —xz))(1 + C(a) + S(a))
2v(1 +28(a) — C2%(a) — S2(a))

+ (f'(0) + f'(a))
y (C(z)+ S(x) — Cla—2x) — S(a—x))S(a) + (S(x) — S(a —z))(1 — C(a) — S(a))
2v(1 —28(a) — C2%(a) — S2(a)) '

Then w(\, x) satisfies

10%w

T8 aat W=
and
w(A,0) = f(0), w(Xa)= f(a)
ow , ow ,
Remark 4.

(i) As X goes to zero, we obtain

u(r) ¥ Qulf (Zs)]
_ SO+ fa) | £(0) — fla) <1+4(§)3_6(§)2>

which satisfies

""" =0, u(0)=f(0), wu(a)=f(a), u(0)=f(0), u(a)=f'(a).
(ii) When a goes to infinity, for any fixed values f

a) and f’(a), we obtain

Qe 1(2,)] = FOC@) + S@) + T s),

which naturally coincides with Theorem 6.1.
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