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On [X,U(n)] when dim X is 2n

By

Hiroaki HAMANAKA* and Akira KoONO

1. Introduction

Take a topological group G. Then, for a CW-complex X, the homotopy
set [X,G] forms a group. This association is a functor from the category of
CW-complexes and continuous maps up to homotopy to the category of groups
and homomorphisms.

In this paper, we consider the case G = U(n) and denote [X,U(n)] by
Un(X). In this case, remark that, even if X is base pointed, [X,U(n)] and
[X,U(n)]p are isomorphic, since 1 — Mapy(X,U(n)) — Map(X,U(n)) —
U(n) — 1 is a splitting extension of group and U(n) is connected.

Also, if n is sufficiently large, U,(X) merely equals to I~{1(X). In fact,
this is true, when X is a CW-complex whose dimension is lower than 2n, since
(U(00),U(n)) is 2n-connected. Thus we may say that U, (X) is “the unstable
K'-theory” and U, (X) may provide additional informations to the ordinary
K-theory.

Of course, an uncomputable object is useless, and we should offer some
methods, tools to compute them and show examples. In the following, we shall
investigate the case of [X,U(n)] when dim X is 2n.

Our results are the followings:

Theorem 1.1. Ifdim X < 2n then the next exact sequence holds:
KO(X)-2H2" (X Z) — U, (X) — KLY(X) — 0.

(The explicit form of © is given in Proposition 3.1.) Denoting Coker©® by
N, (X)), the following is a central extension:

(1.1) 0 — Np(X)—5Un(X) — KH(X) — 0.

In addition, the above exact sequence has the naturality; if X, Y are CW-
complezxes with their dimensions mo more than 2n and a continuous map f :
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X — Y is given, the following commutes.

KOY) —2— H>(V;Z) —— U,(Y) —— KY(Y) —— 0

| s | |
KO(X) —2— H>(X;Z) —— U,(X) —— KY{(X) —— 0.

Theorem 1.2.  Let X be a finite CW-complex and dim X < 2n. Then
N, (X) is a finite Abelian group and the order of any element in N, (X) divides
nl.

Also we give the following theorem concerning N, ( ).

Theorem 1.3.  Let Xy, Xy be finite CW-complexes whose dimensions
are 2ny, 2ny respectively. Assume K°(X1) or K°(X1) is free and H*™ (X1; Z)
= H?™ (X9;Z) = Z. If Ny (X1) & Z/LWZ and Ny, (Xa2) & Z/IZ, then
Nopygns (X1 A Xo) 2 Z/ (") 1115 Z.

When KY(X) = 0, U,(X) and N, (X) coincide. As an example of such
a case, we compute U, ,,—1(SC PP AXCP™ 1), (See Corollary 4.3.) Since
we can regard XCP" ! as a subspace of U(n), there is a map v : XCP"~ ! A
YCP™ 1 — U(n+ m — 1) which is a restriction of the commutator map from
U(n) AU(m) to U(n +m — 1). Our calculation shows that Uy, 4p—1(XCP" A
YLCP™ 1) is a cyclic group and 4’ is its generator.

R. Bott has showed U(n) and U(m) does not homotopy-commute in
U(n +m — 1) by means of the Samelson product. The order of 4/ above men-
tioned indicates “how much far from homotopy-commutativity” CP"~! and
LCP™ ! are. B

Next, we shall look into the case K!(X) # 0. In this case, even if dim X =
2n, U,(X) may be non-abelian and, in fact, we show such cases. Our results
are the followings.

We set H* (U(n);Z) = A(z1,23,25,...,%on—1) wWhere xop_1 = ock, 0 is
the cohomology suspension and ¢, is the k-th universal Chern class. We loosely
denote the cohomology map induced by a map f which lies in a homotopy class
a by a*.

Theorem 1.4.  In the same condition as Theorem 1.1, for any a, B €

Un(X), their commutator [&, O] lies in «(Np(X)) and we have
[av B] - L<u>7

where w =Y, (@ (T2k41) U B*(22141)) in H2" (X Z) and (u) € N,(X)
means the class represented by u.

Corollary 1.1.  In addition to the assumption of Theorems 1.4, we as-
sume that H?" (X; Z) is free. Then, if « € K*(X) has a finite order, its inverse
image & € U, (X) belongs to the center of U, (X).
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As an application, we give U, (X ) where X is a sphere bundle over a sphere.

Corollary 1.2. If S?"*! — X — §2m+1 s g fibration where 0 < n <
m, then Us(nim+1)(X) has three generators o, 3 and €, and its relations are

[a,e] = [B,e] =0
(n+m+1)le=0

[a, 8] = nlmle.
2. Exact sequence

We denote U(oc0)/U(n) by W,,. Then, from the fibration U(n)i»U(oo)
LW, we can deduce the following fibration sequence:

Q .
= QU(00) 2w, U (n) LU (00) 2o Wy

Since j is a group homomorphism, Qp is a loop map and also § is the loop
map of Bo : W,, — BU(n), for a CW-complex X, there is an exact sequence of
groups:

X, QU (00)] 2B [X, QW] 250, (X) 2 X, U (00).

Recall the natural isomorphisms [X, BU] & K°(X), [X,U(c0)] & K'(X) and,
also, the Bott map 3 : BU-—QU (c0). Moreover, since W, is 2n-connected,
[X, W, ] is trivial, when dim X < 2n, and this implies j. is a surjection. These
argument implies the next exact sequence, which has the naturality:

~ 0 . .
ROx) 221 x aw, ] 2o v, (X) 25 K (X) — o,

Here, we use the isomorphism [X, QW,,] = H?" (X; Z) as groups introduced
as following. In the rest, we assume dim X < 2n.

Let x € H™*1 (W,,; Z) = Z be the generator such that p*(z) = xa,41 €
H* (U(0);Z). Consider ag, = o(x) € H>" (QW,,;Z) as a map aa, : QW,, —
K(Z,2n). Then agpn, : m(QW,) — m.(K(Z,2n)) (x < 2n) is isomorphic
and also ma,4+1(K(Z,2n)) = 0. Therefore, from Whitehead’s theorem, ag,, :
(X, QW,] — [X, K(Z,2n)] = H?" (X;Z) is a bijection. Note that ag, : QW,, —
K (Z,2n) is a loop map and as,, above is a group isomorphism. Here we remark
that the naturality holds for this isomorphism, i.e., if X, Y are CW-complexes
whose dimensions are no more than 2n and given a map f : X — Y, the
following is commutative;

o~

Y, QW,] ——— H2"(Y;Z)

[ I

(X, QW,] —— H>(X;Z)
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Now we set © = a2, 2, s, Np(X) = Coker® and have the exact sequence
and the extension in Theorem 1.1. The map H?" (X;Z) — U,(X) is the
composition d,(az,,)~ . The naturality can be easily checked.

Next, we shall prove that

0 — No(X)—5Un(X) — KYX) =0

is a central extension. Let e;(b = 1,2,...,N) be the 2n-cells of X, f;, be the
attaching map of 2n-cell e, and X’ be the (2n — 1)-skeleton of X. We consider
the cofibration sequence:

\, g2t Y x X —2 X/X.

Remark X/X'2\/, 52"
Using this, we have a commutative diagram, in which every rows and
columns are exact, as follows:

KO(X) Spman(BU)
(C]

0 ~——— H>" (X; Z) < &, H>" (52 Z)

Un(X')

Un(X)

Un(X/X')

K{X)<=——KY(X)=—0

Hence
(2.1) Im(H?" (X;Z) — U, (X)) = Im(U,(X/X") — Up(X)).

Therefore any element o € Im(H?" (X;Z) — U, (X)) can be represented by a
map whose value on neighborhood V' of X’ is constantly the unit, while any
element in U,,(X) can be represented by a map whose value on the complement
of V is the unit. (The complement of V can be covered by a disjoint union
of 2n-dim open cells.) Hence « and 8 are commutative and we can say that
Im(H?" (X;Z) — U,(X)) lies in the center of U, (X).

Now we have just finish the proof of Theorem 1.1 and we shall show the
proof of Theorem 1.2.

Proof of Theorem 1.2. It immediately follows that when X is a finite
CW-complex, N, (X) is a finitely generated abelian group, since H?" (X; Z) is
finitely generated. Thus we show that n!6 = 0 for any § € N, (X).
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From (2.1), Im(p* : Uy (X/X') — Up(X)) = Coker® = N,,(X) and N, (X)
is isomorphic to a quotient of U, (X/X’).
On the other hand, we can see that

Un(X/X") EBU (5?") = P z/n'Z.
b
Hence the statement follows. O

3. Calculation on exact sequence

Let X be a finite CW-complex of dimension 2n. In this section, we give
the explicit form of the © in Theorem 1.1.
See the next diagram:

[X, QU (00)] Q—p> (X, QW]

ﬁ*T lazn*

K%X) —— [X,BU] —2— [X,K(2n,Z)]

— H>(X;Z)

The above commutative diagram illustrates the definition of ©. We set u,
the fundamental element of H?>" (K (2n,Z);Z). Then, for any § € K°(X) =
[X, BU],

O(0) = (azn 0o Qpo Bob) (u)
= (Qpo fo0) (azn)
= 6*65*Qp* (azn).
Since, from the definition of agy,, az, = o(x) and p*(z) = o(cnt1), We can
see that ©(0) = 0*3*(0%(cny1))-
For CW-complexes X and Y, we denote the adjoint isomorphism between

the homotopy sets by

71 [2X,Y] - [X,QY].
(We loosely denote the adjoint isomorphism between the mapping spaces by
the same symbol 7.)

Let £n be the universal complex vector bundle over BU(N) and 7 be the
canonical complex line bundle over CP! = §2. Also we set that (y is the
classifying map of (n — 1) A (€5 — N) over X2BU(N) and ¢ : $2BU — BU is
the limit of (y. Then the Bott map satisfies

(3.1) B~

Since, regarding the homotopy class ((x) as an element of I?O(XPBU(N))
c K9($% x BU(N)),

(Cn)=Mm—1)A(EN—N)
=R —18EN—N&®N+1& N,
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we can proceed the calculation of the total Chern class of ((n) in
H* ($2BU(N); Z) as follows. We regard H* (BT ;Z) > H* (BU(N); Z) where
TV is the maximal torus of U(N). Let ¢; € H* (BU; Z) be the universal Chern
class, ¢ be the generator of H? (52;Z) and ¢;(i = 1,..., N, |t;] = 2) be the
generator of H* (BTN; Z). Then we have

’L 1(1+C+t)
<1+Z > 1+NC)H (1+t)

(1—Nc)ﬁ(1+ 1;)

N zzl
=1+ ; 114 €
N o
=1+¢) (D () | - Ne
i=1 \j=0
e’} N
=l+c|y <(—1)J‘ Ztﬂ)
j=1 i=1

Let s; = ZZ 4 € H* (BU(N); Z) and we also denote the corresponding
primitive element in HQJ (BU;Z) by s;j. The above equation implies (n"(¢;) =
c® (—1)""1s;_; and hence we obtain

(3.2) ¢ (e) = (11525, .
Now we can see, from (3.1) and (3.2),
B (0*(ent1)) = (=1)"sn

and if we set s; : K°(X) = [X,BU] — H% (X;Z) as 5;(0) = 0*(s;), immedi-
ately the next proposition follows.

Proposition 3.1.  For 6 € K9(X),

Now we can deduce some corollaries.
Corollary 3.1.  Forn > 1, U,(CP") vanishes.

Proof. Let t be the generator of H? (CP™;Z). Then, since the first Chern
class of the canonical line bundle ~,, over CP™ is t and other Chern classes are
Zero,

Sn(ym) = t".



On [X,U(n)] when dim X is 2n 339

Thus O(v,) is the generator of H*" (CP";Z) = Z and N,,(CP") vanishes.
Remark that, since H°dd (C'P";Z) vanishes, we can see K'(CP") = 0

using the Atiyah-Hirzeburch spectral sequence. (See [2].) Thus, from Theorem
1.1, U, (CP™) = 0. O

Consider CW-complexes X; and X5 whose dimensions are 2n; and 2ns re-
spectively. We’d like to compute Ny, 4n, (X1 A X2) from N,,, (X7) and Ny, (X32)
under some assumptions.

First, let uy : BU(N) A BU(N) — BU be the classifying map of ({5 —
N)YA(En — N) and p: BU A BU — BU be the limit of py.

Lemma 3.1.  In the above situation,
j—1 j
N*(Sj) = Z (k)sk & Sj—k-
k=1

Proof.  Since H* (BU; Z) is free and the Chern character ch = Y .2 (s;/i!)
satisfies

ch(én ® En) = ch(én) & ch(En),

we can see that

in H¥ (BU(N) A BU(N);Z). This implies the statement of the theorem. [
This leads us to the next lemma.

Lemma 3.2. Let Xy, X5 be CW-complexes. For 6, € IN(O(Xl) and
0y € K°(X3), 01 N0y € K°(X1 A X3) satisfies
j—1 j
Sj(el VAN 92) = kz (k) 5@(91) X 5j—k(92)~

=1

Proof.  We regard ¢, and 0 as their classifying maps respectively. Then
wo (01 A By) is the classifying map of 6; Ay € KO(X1 A Xo):

X, A X," 2% By A BU-SBU.
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Thus

Sj(el A\ (92) = ((91 A\ (92)*/1,*8j

j—1 .
= (61 A Oa)* Z (2) Sk ® Sj—k

k=1

— S (2) sk (01) @ 85—k (62).

Now we give the proof of Theorem 1.3.

Proof of Theorem 1.3. Since H2"1+272 (X A X5;Z) = Z, what we have
to do is to investigate Im© in H271+2n2 (X1 A Xo;Z). Let up and us be the
generators of H?"! (X1;Z) and H?"2 (X,; Z) respectively.

First, we see Im© D ((”1+”2)lllgu1 ® ug). Since N, (X;) = Z/l;Z, there
exists 0; € I?O(Xi) which satisfies s,,,(0;) = l;u;. (i = 1, 2.) Thus 0; @ 6, €
KO(X; A X») satisfies

9(91 ® 92) = :tsnl-&-ng (91 ® 92)

= :t(nl + 712) l1lour ® us.
ni

On the other hand, Im© C <("1+"2)lllgu1 ®us) is also true. Since K9(X;)

or K°(X,) is free, any 6 € K°(X; A X5) has the form of 36, & 6, where 6, €
K°(X;) and 6, € K°(X5). From the assumption, it holds that s,, (61) € (lyu1)
and s,,(02) € (laug). Therefore s,, 1,0, ® 6) € ((”1+"2)l lou; ® ug) and,

since Sy, 1n, 18 primitive, s, 1,,(0) € <("1+"2)l lou; ® ug).
Hence ImO© = (("1+”2)l lou; ® ug) and the statement follows. O
4. Applications

From Theorem 1.3, some corollaries follow directly.

Corollary 4.1.  Let X be a finite CW-complex with its dimension 2n
and H>" (X;Z) =2 Z. If N, (X) = Z/IZ,

Npsr (S2X) 2 Z/(n + 1)IZ.

Proof. Set X; = S? and X3 = X in Theorem 1.3 and the proof is straight-
forward. O

Corollary 4.2.  The next equality holds:
Uny4n, (CP™ AN CP™) Z/(*“n*l”z)z.
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Proof.  As seen in Corollary 3.1, N,,(CP™) vanishes. Thus, applying The-
orem 1.3, Ny, yn,(CP™ ACP™?) & Z/(”lntm)z. And this coincides with

Up, 4ny (CP™ A CP™), since K'(CP™ A CP™) vanishes. O

Let €,_1 : XCP™"! — U(n) be the usual embedding described in [6, pp.
22-23|. This embedding satisfies in cohomology

en_i1(Tary1) = St*

where ¢ is the generator of H? (CP"_l; Z) and 1 < k <n—1. Also we set the
commutator map v : U(n)AU(m) - U(n+m —1) and v/ = yo (ep—1 A€m—1).

Corollary 4.3. We can see

(n+m—1)!

Unem-1 (SCP"1 ASCPM ) 2 2/ st s

and its generator is the class (').

Proof. We set X = XCP*» ! AXCP™ ! From Corollaries 4.1 and 4.2,
the first half of this corollary can be easily obtained and what we have to do is to
prove that (y') is a generator of U, 4,,—1(X). From Theorem 1.1, to prove this,

it is sufficient to show that, in the exact sequence below, (y') € U, ym—1(X)
comes from X(t"71) @ B(tm~1) € H2nT2m =2 (X Z).

KO(X) — H2H2m=2 (X Z) — Uy (X) — K1(X).
In the similar manner to that in [4], we consider the next diagram:

Qi
QS2(n+m)—1 %‘] QWn+m71

Ao
é §

U(n)/\U(m)—v>U(n+m—1)i>U(n+m—1)

Un+m) > U(cx)

52(n+m)—1

Wn+m—1

where two columns are fibration sequences and ¢ and j are usual embeddings.
In [3], it is showed that there exists a map Ao which makes the above diagram
homotopy commutative and also satisfies

X" (V) = Ton—1 ® Tom—1,

where v is the generator of H2"+2m=2 (Qg2(ntm)=1.7)  (Actually Ao is the
adjoint of the join of the projections U(n) — U(n)/U(n —1) and U(m) —
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U(m)/U(m —1).) If we set A\ = Qj o Ay, since Qj*(az,) = v, we have that
)\*(aQn) = Top—1 & Tom—1-

Hence (Ao (€y—1 A €n—1))*(az,) = B2(t" "1 ® ¢t™~1), i.e., by the isomor-
phism [X, QW4 _1] ZSH2H2m=2 (X Z), (Ao (€n_1 A €m_1)) corresponds to
the generator X2(t"~1 @ ¢m~1).

Moreover, since 6 o A = v, 0*(agn,) (2t @t 1) = (6* (Ao (ep_1 A
€m—1))) = (Y0 (€n—1 A €m—1)) = (7') and the proof is finished. O

5. Commutator in U, (X)

In the rest of this paper, we treat the case dim X = 2n and I~(1(X) # 0.
In such cases, U, (X) may not be commutative. We prove Theorem 1.4 which
describes the commutator in U, (X) in such cases.

In the rest, let v be the commutator map U(n) A U(n) — U(n) and
consider the next diagram.

Since i o v is null-homotopic, there exists a lift 7 : U(n) A U(n) — QW,,
such that Q§ o7y ~ ~.

To find an adequate lift 7, we prepare some maps and propositions. We
set j: XU(n) VEU(n) — BU(n), k: ¥U(n) x XU(n) — BU as the following
compositions respectively:

SU(n) Vv £U(n) —2""L BU(n) v BU(n) —Y—~ BU(n),

r~lixr71 m

YU(n) x XU(n)

BU(n) x BU(n)

BU,

where V is the folding map and 7 is the classifying map of the cross product
of the universal vector bundles over BU(n).

Also we set f : Z(U(n)AU(n)) — U (n)VEU(n) as follows: Setting (0, )
be the base point of XU (n), we regard XU (n)V XU (n) C XU(n) x XU(n). For
z,y € U(n) and t € [0,1], we set fo: U(n) «*U(n) — XU (n) vV XU(n) as

((1—2t,2), %) <
(x, (2t — 1,9)) G <t < 1).

(e
IN
~
IN
DN | =
N————

fO(tax,y) =
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Then set f: S(U(n) AU(n)) ~ U(n) * Un)2SEU(n) v SU(n).

Proposition 5.1. A map 7 : U(n) AU(n) — QW,, satisfies Qo7 ~ =,
if and only if 7715 makes the following diagram homotopy commutative:

S(U(n) AU(n)) —> SU(n) v SU(n)

s I

W, BU(n)

Proof. We recall that f induces the generalized Whitehead product
[, ]:[XU(n), BU(n)] x [EU(n), BU(n)] — [X(U(n) AU(n)), BU(n)]

by associating, for n,n’ € [XU(n), BU(n)| represented by g and h respectively,
the class [n, '] represented by Vo (gV h)o f. This implies that jo f represents
[7711,7711], while it is known that 7[r =, 771n'] = (n,n') where (, ) is the
generalized Samelson product. (See [1].) Thus, 7(j o f) lies in 7[7711,7711] =
(1,1) and

(o f)~.

Hence, the commutativity of the above diagram is equivalent to
(60 7717) ~ 7,
while 7(§ 0o 7715) = Q5 0 7. O

Let EU be a space that U(co) acts freely. We denote the quotient map
EU — EU/U(n) = BU(n) by ¢’ and consider the next commutative diagram,
in which each row is a fibration.

W, —2— BU(n) —2— BU

o S

U(ow) —— EU —— BU

Lemma 5.1. In the Leray-Serre spectral sequence of the fibration
WnLBU(TL)ﬂBU, the cohomology element x € H2" L (W,,; Z) transgresses
to the (n + 1)-th Chern class c,+1 € H2"*2 (BU; Z), i.e., O(z) = Bi*(cpt1) in
the diagram

H2 4L (W,; Z)-H2"2 (BU (n), Wy; Z)EZH20+2 (BU, Z).
Proof. In the Leray-Serre spectral sequence of the fibration W,, — BU(n)

— BU, the transgression image in H?*"*2(BU;Z) is equals to Ker(Bi* :
H?"*2(BU;Z) — H*"*2 (BU(n); Z)) which is generated by ¢, 41.
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On the other hand, in the Leray-Serre spectral sequence of the fibra-
tion U(oo) — EU — BU, x9,+1 € H* (U(00);Z) transgresses to c¢,y1 +
(decomposable elements) € H2"*2 (BU; Z).

Therefore, since p*(z) = xap4+1 and (5.1) is commutative, it follows that x
transgresses to ¢p41. O

Proposition 5.2.  We can take 5 so that

7" (az,) = Z T2k+1 ® T2r+1-
k+l+1=n

Proof. In this proof we set A = X(U(n) A U(n)). Let Iy, C; be the
mapping cylinder and the mapping cone of f respectively and ¢ be the quotient
map Iy — Iy/A = Cy. Then we have a cofibration

A—>If—>Cf

where it is known that Cy ~ XU(n) x XU(n). (See Theorem 4.2 of [1] for
detail.) Also, the homotopy commutativity of the next diagram, in which ¢
is the map induced by the natural projection [0,1] x A — A, can be easily
checked.

AC Iy Cy
T
(5.2) S(Un)AU(n)) ——=2U(n) VEU(n)—3XU(n) x XU(n)
| lk
W, d BU(n)—2— U

We regard that BU(n)ﬂBU is a fibration and ¢ is the inclusion of the
fibre W,, = Bi~!(x) where x is the base point of BU. We set A/A € I;/A = Cy
as the base point of C, deform the composition C; = XU (n) x EU(n)LBU
so as to be base point preserving and denote the obtained map by &’. Then, by
the homotopy lifting property, we can deform jo¢ into j’ so that k'oq = Bioj'.
Now we have a commutative (not only “homotopy commutative”) diagram:

AS I; —>Cj

(53) l g l

W,—°~ BU(n) -2~ BU

The commutativity of the above diagram implies j'|4 : A — W,,. Thus, if we
let ja = j'|a, 60ja =~ jo f and, by Proposition 5.1, it follows that 7j4 satisfies
the claim Q0§ o 754 ~ 7.
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On the other hand, since j’ is a map between pairs (Iy, A) — (BU(n), W,,),
we obtain the next commutative diagram.

B2 (A 0Z) 0 N A7) T HE(Cp i Z)

(5.4) TjA* L Tk’*
H2"H (W, %3 Z) —2— 02742 (BU (n), Wiy; Z) < 20— H2"+2 (BU, +; Z)

Here we observe the exact sequence of the pair (If, A)

H2n L (1) A; Z) S H2 4L (1, 5 2)LoH20+1 (A, 5 2) - H2042 (I, A; Z).

Since, by the diagram (5.2), ¢* is equal to the cohomology map induced by
XU(n) Vv EU(n) — XU (n) x ZU(n), ¢* is epic and f* is 0-map. This implies
0 H* T (A« Z) — H?*""2 (15, A; Z) is monic.
Now, using Lemma 5.1, we chase the diagram (5.4) as
0ja*(z) = j"0(x) = j"" Bi*(cp+1) = "k (cnra)-
By the diagram (5.2) and the definition of k, it follows that, under the identi-
fication of Iy /A = Cy ~ XU(n) x XU(n),
(5.5) 0ja* (@) = ¢k (cns1) = Y (Swak-1) ® (Dw—1).
k+l=n+1

Moreover we know that the next diagram commutes:
H2 2 ($A;Z) ——— H2M42 (0 Z)
H2H (A4;Z) —2— H2H2 (14, A; Z)

The map 7 is the quotient map Cy — C;/(ZU(n) vV ZU(n)) = XA, i.e., this is
homotopic to the natural projection

m: Cr=3U(n) x 2U(n) — ZU(n) AZU(n).

Therefore,

(5.6) 0 <E ( Z Togp—1 & :Bgl_l)) = Z (Eka_l) ® (Ele_l).
k+l=n+1 k+l=n+1

Finally, since 9 : H*"! (A, %;Z) — H?"*2 (I;, A;Z) is monic, (5.5) and
(5.6) imply that

jat(x) =% < > wx ®$2l1>

k+l=n+1
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and, if we set ¥ = 754, we have

¥*(azn) = Z T2k—1 & T21-1
k+l=n+1

as desired. O
Now, we shall show the proof of Theorem 1.4.

Proof of Theorem 1.4. Let X be a CW-complex with its dimension 2n,
and take any @ and 8 € U,(X). Assume that each class is represented by a
and b respectively. Since K1 (X) is commutative, their commutator [, g] comes
from N, (X). Recall that [X,QW,,] is isomorphic to H?" (X;Z) by the corre-
spondence which associates, for ¢ € [X, QW,,], the cohomology class ¢*(az,).
Hence, what we have to do is to compute A*(ag,) where A : X — QW,, satisfies
Qo€ [a, gl

On the other hand, by the definition, we know [, 5] is the class represented
by the map v o (a x b) o A, where A is the diagonal map of X. Thus we can
set A =70 (a x b) o A as shown in the following diagram.

Therefore we have that

A (agn) = A%(a x )7 (azn)

= A*(@x g ( Z ZTok+1 @ 332l+1>

k+l+1=n

= Z a*(x2k+1)U5*($2l+1)~

k+l+1=n

ot 3

Here, ifweletu =3, ;. ,_, @ ("E2k+1)ug*(x21+1), by the correspondence
(X, QW,] 2 H* (X;Z), we have

(@, 8] = v(u).

Now we give the proof of Corollary 1.1.

Proof of Corollary 1.1. Take & € U,(X) and assume that the order of
its image in K1(X) is finite. Then, for woxr; € H* (U(n);Z) is primitive,
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a*(zor+1) has, also, afinite order. This implies that, for any B € U,(X),
D htta1—n @ (@2p41) U % (22141) has a finite order as well, while H*" (X; Z) is
free. Hence Zk+l+1=n a*(zak+1) U B*(x9141) = 0 and, as seen in the proof of
Theorem 1.4, [@, (] vanishes. O

6. Examples

In this section, using Theorems 1.1 and 1.4, we give Corollary 1.2 as an
example.

Proof of Corollary 1.2. Let 0 < n < m, $?" 15X -2,82m+1 he 4 fi-
bration and set N = n+m + 1, ie.,, dimX = 2N. We set the generators
of H?+1 (5271 Z) and H*™H! (§2™F1;Z) as ugny1 and ugmy1 respectively.
Also we loosely denote p*(ugm+1) € H* (X;Z) by ugm+1 and the inverse image
(i*) " (u2n41) by usn41, ie.,

H* (X7 Z) = /\(u2n+17 u2m+1)'

Since H* (X; Z) is free, Atiyah-Hirzeburch spectral sequence of X is trivial.
Then, if we set the generators of K1(S?"*!) and K!(S?"*+1) as ¢, and €,
respectively, K'(X) =2 Z @ Z has two generators o and 3 which satisfy

(6.1) o= e, B =pen.
From Theorem 1.1 we have a central extension
0 — Ny(X) = Un(X) = K'(X) — 0.

Thus we can take &, 3 € Uy(X) so that they come to a and 8 in K(X)
respectively.

Lemma 6.1. N, (X) = man(U(N)) 2 Z/NIZ.

Proof. We set X' = X©@N=1 the (2N — 1)-skeleton of X. From the
assumption of X, we have a cell decomposition,

X = 52n+1 U €o2m+1 U €a2N, X/ = 52n+1 U €om+1-

Thus S22 — X' — §2m+2 ig cofibration and 0 = Uy (S?™2) — Un(2X")
— Un(S?7%2) = 0 is exact. Hence Uy (ZX') = 0.
Next, from (2.1), Ny(X) = Im(Un(X/X') — Un(X)) and also

0=Un(2X') = Un(X/X") = Un(X) — Un(X")

is exact. Therefore Ny(X) = Un(X/X') = mon(U(N)) which is known to be
Z/N'Z. O

Now, we set € = Ugpi1Uame1 € H2Y (X;Z), (¢) € Ny(X) is the class
determined by €, and € = ¢(€). Then, we have prepared three generators &, /3
and € of Un(X). All we have to do is to prove [&, 5] = nlmle.
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Since ¢, is the generator of K1(52+1) = [§2n+1 [/ (00)], it is well known
that

“(ocx) nlugptr (k=n+1)
e (ock) =
g 0 (otherwise).

Hence, from (6.1) and the definition of & and 3,

. _ Jnlugagr (k=n)
a*(rapy1) = {0 (otherwise),

~. _ m!u2m+1 (k = m)
B (rox41) = {O (otherwise).

Therefore 7, 4, (@* (2ap41) U B*(22141)) = nlmle and it follows from The-
orem 1.4 that [&, 3] = nlmle. O
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