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On the integrated density of states of random
Pauli Hamiltonians

By

Naomasa UEKI*

Abstract

The difference of the integrated densities of states (IDS) of the two
components of a random Pauli Hamiltonian is shown to equal a constant
given in terms of the expectation of the magnetic field. This formula is a
random version of the Aharonov and Casher theory or that of the Atiyah
and Singer index theorem. By this formula, the IDS is shown to jump
at 0 if the expectation of the magnetic field is nonzero. For simple cases
where the expectation of the magnetic field is zero, a lower estimate of the
asymptotics of the IDS at 0 is given. This lower estimate shows that the
IDS decays slower than known results for random Schrédinger operators
whose infimum of the spectrum is 0. Moreover the strong-magnetic-field
limit of the IDS is identified in a general setting.

1. Introduction

Let B = (B,(z)) (w € Q,z € R?) be a real random field such that

(a-1)B,(x) is stationary and ergodic with respect to the shift in the
variable x;

(a-ii) the sample path R? 3 x — B, () is continuous;

(a-iii) there exists aw > 0 such that Eexp(a|B,(0)|)] < oo;

(a-iv) there exists an R?-valued random field A = (A7, (x))5_, such that
R? 5 x +— A, () is continuous, 01 A2 (x) — 2 AL (z) = B, (x) and 0, AL(z) +
02 A% (z) = 0 in the sense of distributions.

For each w, regarding = — B, (x) as a magnetic field, and z — A, (z) as
its vector potential, we consider a Pauli Hamiltonian H,, = H} & H_ formally
defined by

2
(1.1) HE = (i0; + Al (2))* £ By(2),
j=1
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where i = /=1 and 9; = 8/(027). Let N*(\), X € R, be the integrated density
of states of the operators H. We define those as right continuous functions.
For the exact definition, see Section 2 below.

The first result in this paper is the following:

Theorem 1.1.  Under the conditions (a-i)—(a-iv), we have
(1.2) N™(A) = N*(\) = E[B.(0)]/(27)
for any A > 0.

This is an extension of the index theorem to a noncompact setting in terms
of the integrated density of states. As in the usual index theorem, a main tool
for the proof is the theory on the supersymmetry (cf. Section 6.3 in [18]): by
the supersymmetry we have

(1.3) N-(A) = Nt(\)=N-(t) = N*(t)

for any A > 0 and t > 0, where N*(¢) is the Laplace-Stieltjes transform of
N%(X). Then (1.2) is obtained by identifying the limit of the right hand side
of (1.3) represented in terms of the heat semigroup as ¢ | 0. This is the same
technique for the proof of the index theorem (cf. [4], [18], [33], [43]). However in
our case, we should prove that the boundary condition to define the integrated
density of states does not affect the result. We carry out this in a general
setting and this is our main contribution. For this, see the proof of Lemma 4.1
and Remark 3 below.
From this theorem, we easily know on the kernels as follows:

Corollary 1.1.  Under the conditions (a-i)—(a-iv), we have
(1.4) N*(0) > E[B.(0)]5/(2),

where ay = max{+ta,0} for any a € R. Therefore, if FE[B,(0)] > 0, then 0 is
the eigenvalue of HX with infinite multiplicity.

Corollary 1.2.  Under the conditions (a-i)—(a-iv) and H} > b for some
b e (0,00), we have

(1.5) N7(0) = E[B,(0)]/(27)
and
(1.6) inf{A: NT(\) # 0} = inf{A: N~ (\) — N~(0) # 0} > b.

Example 1.1. (i) If by := ess sup,,eq inf,ere By, (x) > 0, then we have
(1.5) and (1.6) with b = 2b; by the well known estimate H} > 2B, (x) (cf.
Avron, Herbst and Simon [7, Theorem 2.9]).

(ii) If there exist a random variable BY and a random field ¢, ()
such that ¢, (z) is C? in * € R?, B,(z) = BY + Ag,(x) and by :=
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ess sup,,cqBY exp(—2o0sc ¢,,) > 0, then we have (1.5) and (1.6) with b = 2b,
by a Raikov’s result (Proposition 1.2 in [50]), where A is the Laplacian and
0SC Py, = SUP,cp2 Puw (@) — infere @u(x). If the first derivatives of ¢, (x) are
almost surely bounded on R?, then B? is not random and coincides with the
expectation F[B,(0)] by the ergodic theorem and Green’s formula.

These results are extended to arbitrary even dimensional space as Theorem
2.1 below. In this paper we prove the general theorem.

On the dimension of the kernel of the deterministic Pauli Hamiltonian
Ho = Hy ® H; obtained by replacing (A7, (x))3_, and B,(z) in (1.1) by a
deterministic vector potential (A%(m))?zl and its magnetic field Bo(x), respec-
tively, we have Aharonov and Casher’s theory [2]. Their theory gave a basis

constituting

{ 1 li(x)de

21 R2

elements of the kernel of H; under the compactness of suppBy and

1
1< Py /Bo(x)dw < o0,

where |a] is the largest integer smaller than a for any a > 0 (cf.[10], [18]).
Their theory has been extended to many situations where By(x) is integrable
in x. For this aspect, see [8], [10], [18], [24], [25] and the references therein. For
the case that By(z) is periodic as Bo(z! + 11, 2?) = Bo(z!,2% + T?) = Bo(z),
Dubrovin and Novikov [21], [22] gave a Bloch basis and showed the existence
of the gap between zero and the rest of the spectrum under the condition that

1 T 7 L
(1.7) — / By(z)dz dx
27T 0 0

is a natural number. From their result, we see that Nj (0) equals the natu-
ral number in (1.7) and inf{\ : Ny (A) # N;(0)} > 0, where N; ()) is the
integrated density of states of H, (cf. [29]). For the case that

(1.8) Bo(z) = By + By(x)

is almost periodic such that By > 0,

E:)(:c) = Re Z Be'cn,
n=1

and

Z |Bn‘(|Cn|_2 +1) < oo,
n=1
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Raikov [50] showed the same formulas as (1.5) and (1.6) where N+, E[B,(0)]
and b are replaced by N, By and 2By exp(—20sc ¢), respectively, where

oo

o —Bn iCpx
W(x) = A_IBO(QU) = Re Z Fe Cn .

n=1 n

Since

1 1

lim — ||=— B, (x)d
R&Rz{zﬂ /A(R) (z)d

for an ergodic random field B, (x) and

J _ E[B(0)]
2

1
lim — By(z)dz = By
R—oo R2 A(R)

for a function By(z) given by (1.8), our result is regarded as an extension of
[2], [21], [22] and [50] to a general stationary ergodic magnetic field.

We next consider a strong-magnetic-field asymptotics: we consider the
asymptotics as & — oo of the integrated density of states N*()\;¢) of the
operator formally defined by

(1.9) HE™ = (i0; + EAL(2))? £ £Bu ().

Jj=1

We assume

(a-v) there are ¢ > 0 and v > 1 such that Elexp(«|B,(0)])] < cexp(a”)
for any a > 0.

Then by the localizing effect of the strong magnetic field, we can determine
the leading term:

Theorem 1.2.  Under the conditions (a-i), (a-ii), (a-iv) and (a-v), the
integrated density of states N¥(\; &) of the operators HSF satisfies
NE E[B,(0
o) g Y06 _ P80

£—o0 2

for each X\ > 0.

In the right hand side of (1.10), the positive or negative part is taken inside
the expectation whereas that is taken outside of the expectation in (1.4). This
is due to the localizing effect of the strong magnetic field. The right hand side
of (1.10) may be greater than that of (1.4). However we cannot estimate the
value of N*(0) by (1.10), since the equation (1.10) is not proven uniformly on
an interval including 0.

The strong-magnetic-field asymptotics of the integrated density of states
has been extensively studied for the Pauli Hamiltonian with the deterministic
constant magnetic field perturbed by a random electric scalar potential [11],
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[38], [39], [41], [49], [54], [55], [56]. For variable magnetic fields, we have related
deterministic results [23], [48]. In [48], Raikov gives the leading term of the
counting function of the number of the eigenvalues. Moreover in [38], [48] and
[49], the three dimensional cases are also treated, where the degeneracy of the
magnetic field brings another problem.

In this paper we concentrate only on the unperturbed Pauli Hamiltonian
with a nondegenerate magnetic field and prove the fundamental result in a
considerably general situation: we prove a generalization of Theorem 1.2 to
arbitrary even dimensional space. The result is Theorem 2.2 below.

To prove the upper estimate, we use a method of Erdos [23] proving

1 [ Bo(0)]

1.11 lim -=F({0};0,0;¢) = ———

(111) i ZB({0):0.056) = 220
under some conditions, where E(A;z,y;€), A € B(R), x, y € R%, £ > 0, is the
integral kernel of the resolution of the identity of the deterministic Pauli Hamil-
tonian defined by H5 = H$' @ HS™ obtained by replacing (Afd(x))?:l and
B, (z) in (1.9) by a deterministic vector potential (A%(;v))?zl and its magnetic
field Bo(z), respectively. By the same proof, we can also show

Bo(0)
2

Jim %Ei([O,)\];O,O;ﬁ) =

for each A\ > 0, where EX(A;z,y;¢) is the integral kernel of the resolution
of the identity of Hg’i. This result relates with (1.10) by the representation
NE(\€) = E[EX(]0,M];0,0;€)], where EX(A;x,y;€) is the integral kernel of
the resolution of the identity of the random Pauli Hamiltonian H5* (cf. [13]).
To show the upper estimate for (1.11), he determined the limit of a function
defined by using the corresponding integral kernel of the heat semigroup repre-
sented by the Feynman-Kac-It6 formula. Since the Laplace-Stieltjes transform
of N¥(\;€) also has a similar representation (see Lemma 3.1 below), we can
show the upper estimate by the same method.

To prove the lower estimate, we estimate the number of low lying eigenval-
ues of the Hamiltonian restricted to small domains. For this we estimate the
energy of the functions obtained by restricting the functions in Aharonov and
Casher’s theory to small domains. For the higher dimensional case, we need
extra work to show the lower estimate: to construct the functions in Aharonov
and Casher’s theory, we use the theory of the d-Neumann problem [9]. For this
we assume that the magnetic field is derived from a skew-Hermitian matrix val-
ued random field. Moreover our estimate of the number of low lying eigenvalues
of the restricted Hamiltonian becomes best when the domain is a polydisc de-
pending on w. Then, to obtain a sharp estimate of N(A;¢), we should take the
osculatory packing so that the related quantities are measurable.

We next consider the low energy asymptotics of N*()). For this, Casher
and Neuberger [15] showed

(1.12) NEN) ~evVA  as A0,
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when B, () is a Gaussian white noise with mean zero, by a heuristic argument
using Aharonov and Casher’s theory and a techniques in the field theory. The
equation (1.12) means that (1.5) may hold without the strict positivity of HJ
and that (1.10) may not hold at A = 0. More interesting point of (1.12) is that
the decay of N¥()\) as A | 0 is slower than that of the free Hamiltonian —A.
This behavior is in contrary to those of other random Schrédinger operators
(cf.[14], [46]). The same type of behavior was also shown by Comtet, Georges
and Le Doussal [16], [17], where

(1.13) NE) ~ c(log(1/A)™2  as A 0.

is shown when Al (x) is a Gaussian white noise depending only on z! and
A2 = 0 by a heuristic argument reducing the problem to a 1-dimensional
problem and representing N*()\) in terms of Bessel functions. More recently,
Ludwig, Fisher, Shankar and Grinstein [40], Motrunich, Damle and Huse [44]
and Fukui [27] investigated the asymptotics of the density of states of the Dirac
operator by various heuristic arguments when Al and A2 are independent
Gaussian white noises. In this case, their theory implies

(1.14) NEN) ~eX®  as A0,

where « is a constant in the interval (0, 1) determined by the covariance of the
white noise. The same behavior was also shown by a heuristic argument in
Horovitz and Le Doussal [30] when A, (z) = (—0:C,(x),0:Cy(z)) and C,,(z)
is a Gaussian random field such that E[(C,(x) — C,(2'))?] ~ log|x — 2’| as
|z — 2| — oo.

In this paper, we give a rigorous lower estimate proven by slightly modi-
fying the argument used in the lower estimate for (1.10). We consider simple
cases as follows:

(a-vi) B,(z) = BL(a') + B2(2?), where BL(z') and B2(x?) are inde-
pendent Gaussian random processes with the mean zero and the covariance
B (z7) = E[Bi(x7)Bi(0)], j = 1,2 satisfying 0 < B/(2/) € L'R) and
inf i<, 37 (27) > 0 for some r > 0.

(a-vii) B, (r) = Bl(z'), where Bl (') is a Gaussian random process with
the mean zero and the covariance '(z!') = E[BL(2')BL(0)] satisfying 0 <
B(z') € LY(R) and inf|,1|<, 3*(x*) > 0 for some r > 0.

In these cases, we have the following:

Theorem 1.3.  Under the conditions (a-i), (a-ii) and either (a-vi) or
(a-vii), the integrated density of states N*(\) of the operators HX satisfy
(1.15) lirillionf NEWN) (log(1/A)Y? > 0.

This theorem indicates that our integrated density of states decays slower
than those in any known results for random Schrédinger operators whose infi-
mum of the spectrum is 0. We prove this theorem in Section 6 below.

The organization of this paper is as follows. In the next section, we formu-
late our problem in a general setting and state the general theorems, Theorem
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2.1 and Theorem 2.2. In Section 3, we first recall a representation of the in-
tegrated density of states by the Feynman-Kac-It6 formula in [53] to prove an
upper estimate for Theorem 2.2. The same representation is used to prove The-
orem 2.1 by using also a supersymmetry in Section 4. After that, in Section 5,
we prove a lower estimate for Theorem 2.2 by referring Aharonov and Casher’s
theory. The same techniques are used in Section 6 to prove Theorem 1.3.

2. A general setting

Let d = 2h be a positive even number. Let B = (Bik(x))lgj,kgd (we
Q,z € R?) be a real skew-symmetric matrix valued random field such that

(b-1) B is stationary and ergodic with respect to the shift in the variable x;

(b-ii) the sample path = — B, (z) is continuous;

(b-iii) the corresponding form is closed: d{}_
the sense of distributions; '

(b-iv) there exists a > 0 such that Elexp(a|BY, ;. (0)])] < oo for any 1 <
j<k<d;

We give a vector potential A, = (A7 (x))1<;j<a by the Poincaré gauge:

i<k B k(x)d:zcj/\dxk}zoin

(2.1) / j(to)ta®dt.
0

This vector potential is continuous in x and satisfies

ZAJ )da? ZBJ z)da? A dz®

i<k

in the sense of distributions. Let ~1,7s,...,7s be Hermitian matrices acting
a 2'-dimensional complex Hilbert space V and satisfying the commutation
relation

(ol ifj=F

where I and O are the identity and the zero matrices, respectively (see e.g. [18,
§12.2]). Then we can define the random Dirac operator by

d
Dy =y 7(id; + Al (x))

j=1

acting on the space C§°(R? — V) of V-valued smooth functions with com-
pact supports. It is known that this operator is essentially self-adjoint in the
space L2(R? — V) of V-valued L2-functions (cf. [35], [34, §9.2.1]). We de-
note the unique self-adjoint extension by the same symbol. The random Pauli
Hamiltonian is the self-adjoint operator defined by H,, = D2.
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We use an Hermitian matrix I' = "7, ---74, which depends on the
orientation of R?. The eigenvalues of this matrix are 1 and —1. The projection
to the eigenspace Vo = {® ¢ V : T'® = £9} is 'y = (I £T)/2. Since
D,I' = -I'D,, the operator H,, is regarded as the direct sum of the two self-
adjoint operators H and H on the space L?(R? — V) and L?(R? — V_),
respectively.

We define the integrated density of states N*(\), A € R, of the random
Pauli Hamiltonian HF by the usual method: for each R > 0, let A(R) :=
(—=R/2,R/2)¢. Let HT be the self-adjoint operator on the space L2(A(R) —
V4) with the Dirichlet boundary condition: HIf is the self-adjoint opera-
tor corresponding to the closure of the quadratic form g, (®,¥) := (D, ®(z),
D, ¥ (z))y with the domain C§°(A(R) — Vi), where (-,-)y is the Hermitian
inner product of the space L2(R? — V). Then the spectra of HX% are purely
discrete. Let N%(\) be its counting function, which is the number of eigen-
values of H'f()\) not exceeding A. Then, by the method by Kirsch-Martinelli
(cf. [14], [37]), we can show the existence of a deterministic, right continuous,
increasing function N*()\) such that

(2.3) RTINEE()\) — NE(N)

as R — oo for any point of continuity of N*()\) and almost all w. We here
remark that the method by Kirsch-Martinelli cannot be applied directly since
the vector potential A, (x) appearing in the Hamiltonian is not stationary.
However this difficulty can be overcome by using the gauge invariance as in
Lemma 3.1 of [53].

Remark 1. (i) As is stated in Remark 2.1 in [53], we can use other
boundary conditions to define the integrated density of states: if we define
an operator HX# with a Neumann boundary condition by the corresponding
self-adjoint operator to the quadratic form

M&

((i0; + AL (2))®(x), (i0; + AL (2)) ¥ (2))v

J=1

(2.4) H(®(2), Y i Bl () (2)v

i<k
with the domain
WH2(A(R) — Vy)
={® e L*(A(R) — Vi) :0;® € L*(A(R) — V) for j = 1,2,...,d}

and denote the corresponding counting function of the spectra by ]\Aff’R()\),
then we have

(2.5) RINER(\) — NE(N)

as R — oo for any point of continuity of N*()\) and almost all w. For the
details, refer [19], [31], [32] and [45].
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(ii) To define the integrated density of states by a Neumann boundary
condition, it is important to use the form g, instead of g, since the spectrum
of the self-adjoint operator H f’R corresponding to the quadratic form ¢, with
the domain

d
Q=P e L*(A(R) > Vi) : Y _70;® € L*(A(R) — Vi)
j=1

may not be discrete. In fact, when d = 2 and the magnetic field is a positive
constant B, the Dirac operator and the above domain are represented as

0 0/(0z) — Bz/4 )

D=-2 ( 0/(0%) — Bz /4 0

and
Q={0 =D, Py) : By, Py, 00,/(0%),00,/(0z) € L*(A(R))},

respectively, in terms of the complex coordinate z = ' + iz by the represen-
tation of {7;}; in (2.12) below. Then the functions

¢, ="(z" exp(—B\z|2/4:),0)7 n €N,

satisfy D®,, = 0 and belong to (). Thus they belong to the kernel of the Hamil-
tonian. Moreover they are linearly independent by the uniqueness theorem in
the complex analysis. Therefore the dimension of the kernel of the Hamiltonian
is infinity. This fact does not contradict a general theory on the discreteness
of the spectrum of an elliptic differential operator on a bounded domain (cf.
[1, Theorem 14.6]). In fact the domain of the Hamiltonian does not satisfy the
conditions in Theorem 14.6 in [1].

For any real skewsymmetric matrix B = (Bi)lSLde, the Pffafian, Pff(B),
is defined by
1 o(1) o (3) o(d—1)
PE(B) = 5 z% )(SgnU)Bo<2>Bo<4> Botay
ce&(d

where &(d) is the set of all permutation of {1,2, ..., d} and sgno is the signature
for each permutation o (cf. [18, Definition 12.15]).
Then Theorem 1.1 is extended as follows:

Theorem 2.1.  Under the conditions (b-i)—(b-iv), let N*(\) be the in-
tegrated density of states of the random Pauli Hamiltonian HX. Then it holds
that

_1\"
(2.6 NE0) =N ) = (55 ) EPR(B0)]

s

for each A > 0.
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We prove this theorem in Section 4.

We next state a generalization of Theorem 1.2. For this we introduce the
following conditions: '

(b-v) there exist ¢ > 0 and v > 1 such that Efexp(a|BY, ,(0)])] < cexp(a”)
forany a >0and 1 <j <k <d;

(b-vi) P(rankB,(0) = d) > 0;

~ (b-vii) there exist a complex structure valued random variable J, =
() 1)1<ik<a and Ro > 0 such that J,B, () = By(x)J, for any x € A(Ry)
and the Hermitian matrix B,,(0)/¢ is nonnegative definite on the complex vector
space (Cd)&l’o) ={veC?: J,v=iv}.

We use the condition (b-vii) only to prove the lower estimate for the strong-
magnetic-field asymptotics: in Lemma 5.1 below, we use the theory of the Dol-
beault complex to solve the Dirac equation locally. This condition is equivalent
with the following:

‘ (b-vii)" there exist a d x d orthogonal matrix valued random variable U,, =
(U 3) k)IS j.k<d and Ry > 0 such that the skew-symmetric matrix valued random

field B, (z) = (BJ/,(x))1<jk<a defined by B, (x) = U}B,,(z)U,, satisfies

(27) Bl72l_1 (:I;) — Bl72[ (1‘) and BI,Q@—I(J:) _ _Bl72[ (1:)

w,2m—1 w,2m w,2m w,2m—1

forany 1 </ <m < h and x € A(Ry), and becomes the direct sum of Bf,[),],
£=1,2,..., h,at x =0, where B‘E,L]) > 0 and

(2.8) J(_01 é)

(2.7) means that B/ (z) is a representation by a real matrix of a skew-

Hermitian matrix B, (z) = (B£7m(I))1§g7m§h, where Rer;m(x) = B:,erzl_l(x)

= Bi;?fm(a:) and ImIBf)’g(:c) = B;Qf;l(x) = —B:ffm_l(a:) for any 1 < £,m < h.
We use the condition (b-vii) in the form of (b-vii)". This condition is always
satisfied when d = 2. For the higher dimensional case, we give the following

example:

Example 2.1. For a 4 x 4 real skew symmetric matrix valued random
field B, (x) to be commutative with the matrix

J O
J2 = ( o J )
it is necessary and sufficient that
Bo(z) = ay(x)J cow(@)E +d,(x)J
v —c,(¥)E + dy(x)J by, (z)J ’

where E is the 2 x 2 identity matrix. For this random field to satisfy the
condition (b-vii) with the complex structure Js, it is necessary and sufficient
that

(2.9) aw(0)b,,(0) > ¢,(0)% + d,, (0)>.
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We define D, HX¢ HERE g8 NEE(); €) and N*(); €) by replacing the
vector potential A, by £A,, in the definitions of D, HT, H-%, q,, NTE()\)
and N*()), respectively.

Then Theorem 1.2 is extended as follows:

Theorem 2.2.  Under the conditions (b-i)—(b-iii), (b-v)—(b-vii), let
NE(X; €) be the integrated density of states of the random Pauli Hamiltonian
HZ<. Then it holds that

+(). _1\"
(2.10) lim Ng(hAf) =E H (271) Pff(Bw(O))} ]
+

for each X\ > 0.
Since Pff(B)? = det(B), to prove Theorem 2.2, we have only to prove

. N\ &) E[y/det B,(0)]
(2.11) 5hTr;no e ) ,
where N(\; &) = NT(\;€) + N~ ();€) is the integrated density of states of the
Pauli Hamiltonian HS = HJ"E @ H;@
We prove the upper estimate in the next section and the lower estimate in
Section 5.
In Section 1, we use the following representation of the matrices {v;};:

0 1 0 =
(2.12) 71—(1 O) and 72_(—1' 0)

on V = C2. Then we have

where
(2.13) A, = (101 + A7 (x)) + (102 + A5 ()
and A} is its formal adjoint.

Remark 2.  We can replace the condition (b-i) by

(b-i)" B is Z%-stationary and Z%ergodic with respect to the shift in the
variable x.

In this condition, the random field B is called Z%stationary if there exist
measure preserving transformations {7,},cze on the underlying probability
space Q such as Br,,(z) = B,(z +a) for all z € R? and a € Z?. The Z%-
stationary random field B is called Z?-ergodic if the transformations {7} },czq
are ergodic (cf. [36]).

Under this condition, we replace the conditions (b-iv)—(b-vii) appropri-
ately. Then the integrated density of states N*(\) or N¥(\;€), A € R, of the
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random Pauli Hamiltonian HX or HX*¢ is defined similarly, Theorem 2.1 is
modified as

“1\"
(2.14) N*(A)—N‘(A):( > A(I)E[PH(Bw(x))]d:c

o

for each A\ > 0, and Theorem 2.2 is modified as
NE(\,
(215) im0 :/ E
Eloc & A(1)

((2) o) ]
for each A > 0.

The proof is reduced to that for the case of the condition (b-i) as follows.
We use a probability space ,{) defined by the product of the original probability
space © and the closed box A(1) with the Lebesgue measure. On this space,
we define a random fields . B on R? by . B(,, ,\(z) = B, (z + y) for (w,y) € .Q
and z € R%. Then it is easy to see that this random field satisfies all conditions
required in Theorems 2.1 and 2.2 except for the ergodicity in the condition (b-i).
However in the following proof of Theorems 2.1 and 2.2, the ergodicity is used
only in Lemma 3.1 below. That lemma is extended to the present situation by
slightly modifying its proof.

3. Proof of Theorem 2.2: (I) Upper estimate

In this section we assume (b-i)—(b-iii) and (b-v)—(b-vi). As in [53], we
use Lemma 3.1 below: for each R > 0, we define a vector potential A% =
(AZ9(2)1<j<a by

. —I'(h ok — P ;
(3.1) A(e) = 5 [ B
k#j

where I'(+) is the Gamma function,

B5w) = B (%) + 1 (@0 (%) 4Ew) - @u) (%) A1)

and p € Cg°(A(2) — [0,1]) such that p =1 on A(1). Let HS* be the operator
obtained by replacing A by AF in the definition of H}¢ = HI ¢ @ H - BE.

Then HI® is unitarily equivalent with HF¢ and satisfies the following:

Lemma 3.1. Let

N(§;§> = /0 e 2N (X;€)

NR (%;£> — % /A(R) E [Tr [exp (—%%) (x,x)” dx

and
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for any t, €&, R > 0, where exp(—tHZ™*/2)(x,y), (t,2,y) € (0,00) x A(2R) x
A(2R) is the integral kernel of the heat semigroup exp(—tHﬁR’5/2) generated
by HiR’E/Q. Then there exist finite constants ¢y, co and c3 independent of t, £
and R such that

(3.2) ’N <;;§> _ NR <;,f)’ < %exp (02(&)”03}52)

foranyt, &, R > 0.

The proof of this lemma is same with that of Lemma 3.1 in [53]. The fun-

damental tool is the representation of exp(—tHZ2"*/2)(z,y) by the Feynman-
Kac-It6 formula: let w = (w'(t),w?(t),...,w(t)) be a d-dimensional Wiener
process starting at 0 and ME(¢) be the solution of the ordinary differential
equation

(33) { D a5 = S 0),
ME(0) =1

on the space End(V) of the endomorphisms on V', where
- 1 . j
He(t) := —3 sziji’k(:E + w(t)).
j<k

—~—

Then exp(—tHZ™* /2)(x,y) is represented as

exp(—tHZ™¢/2)(2,y)

d t
=5 Jexp | i€ Y [ A wle)wi(s) | 2150
j=179

(3.4) x x{z +w(s) € A(2R) for any 0 < s < t}|x +w(t) =y

SIS |z —y/?
— exp |-
(2mt)h P 2t ’

where Ev is the expectation with respect to a d-dimensional Wiener process,
dw’ (s) is the Itd stochastic differential, and, for each Borel set A in the Wiener
space, x(A) is its indicator function (cf. [12], [33], [52]). As in (3.4) of [53] we
have

(3.5) E“[|Mz@)5] < cf exp(ca(pét)”)

for any p > 1, where || - ||2 is the Hilbert-Schmidt norm.
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We now proceed to prove the upper estimate. By using

o2R.j
Au

T — k o .
— a{deu/ (2R) Au(w) Hy,

d X
= Z Bf},] (0)_
k=1

0§ ~
and M (t) := exp(£t=0(0)), we decompose N2 (t/2;¢) as the sum of the follow-
ing three terms:

~p [t da:
NR(—%>?=/ T
0 \2 AR) ri"
x x{z +w(s) € A(2R) for any 0 < s < t}| w(t

W (5¢) = [, T [ (—zsz/ A ul )>dwﬂ'<s>)

N
x Tr[Mz(t) — M (t)

0§

exp (—152/ O2RJ (x + w( ))dwj(s)) Tr[M (t)]

x x{x +w(s) € A(2R) for any 0 < s <t}

1
w(t) = 0] (2mt)h

SR(t. .\ ._ dz exp | —i ~ [ 215 (2 + w(s))dw’ (s
~exp (zfz [ A >>dwj<s>)) T (1)

x x{x +w(s) € A(2R) for any 0 < s <t} w(t

Since the magnetic field for A°2(z) is constant on A(2R), we have

5 (5e) - [ (R)% exp (z— S BE / () (s >) AT (1)

7,k=1
x x{x +w(s) € A(2R) for any 0 < s <t}

1
w(t) = 0] (2mt)
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By the same argument in the proof of Lemma 3.1, we can estimate this as

- _ 2
(3.6) ’Né?' <;§§) —No <;§)’ < %exp (@(51&)” — ]21) ,

where

]\70 (;f)

d t ) o &
—F |exp i%j%le’j(O) /O w(s)fdw! (s) | Te[M (8)]|w(t) =0 —(273,5)”

For each w, there exists an orthogonal matrix U, such that U}B,(0)U,, is the
direct sum of BLE,Z)J7 { =1,2,..., h, where BS),...,BL(Uh) > 0 and J is the
matrix defined in (2.8). Since the system of the Hermitian matrices {7 :=
>, Ul w7} also satisfies the relation (2.2), we have

h
Tr[]\of(t)] = H2cosh (%Bg)) :
=1

Moreover, by the O(d)-invariance of the Wiener measure and the formula for
the stochastic area due to P. Lévy (cf.[33, VI-(6.10)]), we have

d ¢ h )
E™ | exp Zé Z Bf,j(())/ w(s)kdwj(s) w(t) =0| = EtBy (/[)2 .
2 Pt 0 ;=1 sinh(&tBy7 /2)

Thus we have

h o (f) (0)
By, tB,

I I coth <5 )
2T 2

(=1

37 No(z/hu) _

For NE(t/2;€), we use

ME() — N (1) = € JRECCIE SO (¢ — s)ds

and
X3 t 3
ITe[MS(t) — M (1)]] Sf/o ds||Zx(s) — Z0(0)[lopllM (t = 5)[l2l| M5 (s) |2,

where || ||1, ||-||2 and || - ||op are the trace norm, the Hilbert-Schmidt norm and
the operator norm, respectively. Then we have

@8) R (5i¢)| < o s BB () — DO explente)).



630 Naomasa Ueks

For NE(t/2;€), we use Lemma 2.3 in [23] (Lemma 2.2 in [42]) as follows:

2

d t J
E Z/o A2RI (g w(s))duw? (s Z/ O2R’ (z 4 w(s))dw (s)
(3.9) x x{x +w(s) € A(2R) for any 0 < s <t} w(t) =0

J

d ot o 2R,
> [z - 4+ us)

2

X Xaem) (@ +w(s))dw (s)| |w(t) =0

1/4

w(t) = o} :

, t o2R
< otip [ / (AZF 30 ) (o + w(s))[Pxacery (= + w(s))ds

where y4(z) is the indicator function on R? for a Borel set A in R?. By the
definition (3.1) of the vector potential we have

EXl(AZF — 4 Yo + w(s)I*] < cR® sup E[|Bu(y) - Bu(O)|IS)-
yEA(4R)

Thus we have

310 [FF (€)= 555 s BlIBLG) - DO explea(en))

yEA(4R)
By (3.2), (3.6), (3.7), (3.8) and (3.10), we obtain

h o n(0) ()
B ¢tBY
H?C‘“h( 2 )

=1

N2 _

T © *

C3

R v
(3.11) +W (1 + %> B(R) exp(cq(Et)Y),

where B(R) is a strictly increasing continuous function such that B8(0) = 0 and

B(R)> sup B[|Bu(x) — B.(0)[*"/*.
zEA(4R)

The function B(R) exists because of the conditions (b-ii) and (b-v). We will take
the limit as £ — 0o, t — 0 and R — 0 so that &t — oo, co(Et)Y — R?/(2t) = 0
and B(R) exp(ca(&t)Y) = exp(—ca(&t)”), where ¢y and ¢4 are the constants in
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(3.11). It is possible, for example, by setting
R = R(E) = B Y (exp(—(ca + ¢4)E)),
) = B (exp(—(cz + e1)Z")? / (2622"),

€= 6(2) = 2024 /B exp(—(e2 + c0)="))?

-
|
=
(1]

and letting = — oo. Then we obtain

E[\/det B, (0)]
@mh

- N(H3)/2:£(3) o By
limsup ————"—"* < F

E—00 5(:‘)h Ezl_[l 27
Since N(t/2;€) > e 2N (X;€) for each A > 0, we obtain

. N(A;€)
lim sup
etoo &

E[\/det B, (0)]
@mr

<

4. Proof of Theorems 2.1

In this section we assume the conditions (b-i)—(b-iv).
We first prove the following:

Lemma 4.1. N1 (t) — N™(t) is independent of t > 0, where N*(t) :=
IS e PANE(N).

Proof.  Since the condition (b-v) is replaced by (b-iv), Lemma 3.1 is mod-
ified as follows: there exist tg > 0 and ¢y, ¢o such that

~ [t ~ t c R?
+ +,R 1
for any 0 <t < ty, where
vk (1 ! t R
N 5) = R . E |Tr |exp —§Hw (z, )Ty || dz

and I}zﬁ is the operator H2"* with ¢ = 1. We next define the operator Ii“\R
on L?(R% — V) by replacing A by A*% in the definition of H,,, set

w1 (g) = # e (g

for any f € C(R? — [0,00)) such that [ f2dz = 1, and show the following:

Sy t ~iRr(t c3 R?
oo 72 (5) -5 (5) <t {omn () [, 1o
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for any 0 <t < tg. For this we use the Feynman-Kac-It6 formula and Mercer’s
expansion theorem to rewrite Nf’R (t/2) as

/ E {Tr [exp (—%fi‘?) (x,x)I‘iH f(z)?dx.
Rd
By using
N®E <£) < sup E {Tr [exp <EI§?) (v, y)FiH
2] 7 year) 2

and the nonnegativity of Tr[exp(—tﬁ?)(y, y)I'y] and Tr[exp(—tf?:,\R)(:c, x)T'4],
we estimate as

e (5) - (3)

g oo o 4]
—E {Tr [exp (—%ﬁ;@) (x,x)]f‘i” ’ F(2)2da

E {Tr {exp (;ﬁ@) (x,x)ri”

|

([ 707) Com [ o (55) o]

t —_—
+ sup E [Tr [exp (——HU%R> (y,y)l—‘i” .
yeA(R) 2

< sup
z,y€EA(R)

As in (4.1) we have

t P
sup F [Tr [exp (—§H53> (y7y)Fi” < f—,f

yeEA(R)
and
t — Cg
(4.3) sup FE [’IT [exp (——H$R> (xaﬂC)Fi” <o
seRd 2 t

for any 0 <t < tg. In the representation of the Feynman-Kac-1t6 formula, if x,
y € A(R) and y + w(s) € A(2R) for any 0 < s < t, then z + w(s) € A(4R) for
any 0 < s <t. Thus, by the stationarity of the random magnetic field and the
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gauge invariance, we have

o[ on(-45) o

d t o
=F |exp —iZ/O AT (1 - w(s))dw (s) | Te[MAR(t)T 4]

x x{y + w(s) € A(2R) for some 0 < s < t}|w(t) =0

where ]\/4;1\12(0 is the endomorphism valued process obtained by replacing B,
by BAE in the definition (3.3) of MS(t) with £ = 1. Therefore we have

o[ o (-4 ] 5 oo () .|
— B [exp —Z /OtAiRJ(Hw(s))dwﬂ‘(s) T MR ()0 ]

1

x x{y +w(s) € A(2R) for some 0 < s <t}|w(t) =0 i

Then, by a standard argument on the Wiener process, we have

g (1o (5 e | oo (-3 |
<o ()

and we obtain (4.2) for any 0 <t < ¢,.

We decompose N ;[ (1/2) as the sum of the following three terms:

;ERI; E[Tx[fE([0,e] : @%)Fﬂ:fﬂ,

T8 () oo o (472) - ]

NI (5) = B e[ e (5HE™) B o) HET ]

where € € (0,00) and E(A : HE*T) A € B(R), is the resolution of the identity

of the Pauli Hamiltonian HZ*®. Tt is easy to show

(44) ‘N;:;; (;)’ < (18 {ﬂ {fexp (—% zﬁ) f” < e

[\

and

th
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for any 0 <t < tg.
A key estimate is

+.R t +.R t < C10 1 2 1/2
45 INEE(G) VIR ()| < Sr (1 HIVAP) s

for any 0 < t < ty, where || - || is the L?norm. To prove this, we use a

theory on the supersymmetry (cf. [18, §6.3]): let D/f}\R be the Dirac operator

obtained by replacing A by A*? in the definition of D,,. Then (ﬁﬁ\R, T, 1753)

has supersymmetry in the sense of §6.3 in [18] As in the proof of Theorem 6.3
n [18], D4R is invertible on RanE((e, 00) : H4R) and

t —_— —_—
exp <—§H$’4R> E((e,00) : HI T,

— t =% - —
= (DAR) "L exp (—§Hw 74R> E((e,00) : Hy*M)T'_ D4R,
Since

d
DARf? — f2DiR = 2f Y ;(i0;f),

j=1

By (DiF)~' = DIR(H3R)~, we have

t t
+,R -R
A -A)

971/2
— t —af 'y
<2F ‘ fDAE exp <4Hw ’4R) E((e,00) : H; ') ]
2
97 1/2
e ;— — d
xE ||||(Hs ") Lexp (—ZH;AR) E((e,00) Z (10, f) :
7=1 2
where ||| - [||2 is the Hilbert-Schmidt norm of the operators acting on L?(R¢ —

V). The first factor is estimated as

(4.6)

2
— [ Ay —y-
H‘fo;Rexp (—ZHw ’4R> E((e,) : Hy ’4R) ]

2

1
<en (145 +IVAR).
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AR
)

In fact, for any ® € RanFE((g,00) : H,™""), we have

—_— d —_—
|f DARD|2 = (f®, FHSFd)y 42 <Zvj(i3jf)<1>, fo,R<I>>
1%

j=1
2

d
1 iy 1 . ——
< 317l + ZNFHS @I + =11 250 £)®|| +nllFDL I

Jj=1 %

for any n € (0, 00) and
2
- . d
IfDERR(S < cro | FRIT + I fHS @I + || Y 7;(i0; /)@
=1 .

Then, by |||Ho " exp(—tH5 *?/8)||| < ¢13/t and (4.3), we have (4.6). Simi-
larly we have

2
d

T AR\_ t T If . c
B (||| e (- SH ) Sovstiens)| | | < Saiwa
i=1 )

Thus we obtain (4.5).
We take the function f as

fa(z) = meXp (‘%)

for @ > 0. Then we have

R2
/ ff(x)dx < c15€xp (—016—) .
A(R)e a

To obtain the decay in (4.2) as R — oo, we take a as a(R) = R2~® for a > 0.
Then we have ||V fu(g)l| = Vd/(2R'~*/2). To obtain the decay in (4.4) and
(4.5) as R — oo, we take ¢ as e(R) = R*/?>*9~1 and take o, B > 0 so that
a/2 + 8 < 1. Then we obtain

~ t ~ t ~ ~
+ (Y _N-(t)_ +.R  S-R
N (2) N (2) - Rh_r,réo <Nfa(R)7E(R)71 Nfa(R),E(R),l)

for any 0 < ¢ <to. The right hand side is independent of ¢. By the theorem of
the identity of analytic functions, N (¢)— N~ (¢) is independent of all ¢ > 0. [J

Remark 3.  If we replace the condition (b-ii) by
(b-ii)" the sample path z — B,,(z) is differentiable,
then we can give a simple proof of Lemma 4.1: in this case, the vector potential
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A, by the Poincaré gauge is differentiable and the integral kernel
exp(—tH, /2)(x,y) is represented by the Feynman-Kac-It6 formula. Then we
can show N*(\) = E[Tr[fE([0, )] : HE)f]] for any f € C(R? — [0,00)) such

that [ f2dz =1 (cf. [14, Proposition VI.1.3]). As in the proof of (4.5), we have
[((NT(A) = N~(A) = (N () = ( ))\
= |E[Tx[fE((e. A] - HS)f]] — E[Te[fE((e, A : Hy
d
= |2E | Tx | fDSYE((e, N : Z (i0; f)

C
< (LN VAPV

for any 0 < e < A. Since f is arbitrary, N*(\) = N~ () is independent of A > 0
and NT(t) — N~ (t) is independent of ¢ > 0.

Proof of Theorem 2.1. The rest of the proof is only to show

133{7\77 (%) _N- (%)} _ (2—;>hE[PH(Bw(O))].

For this we use the heat equation method to prove the index theorem (cf. [18,
§12]). By (4.1), it is sufficient to show

(4.7) 13%1{@71 (;) _NTa <;)} — (;)hE[Pff(Bw(O))}.

By the scaling property of the Wiener process, we have

(4.8) N1 (%) N1 (%)

d .1
— rE |exp | —¢ 2,0 (g w(sNdw (s IO
‘/Am‘“f p WZ/ A% (a4 VEw(s))dw (s) | Str[a0 (1)

x x{z + Vtw(s) € A(2) for any 0 < s <1} w(l) =0

where, for any M € End(V), Str[M] = Tr[MT] is the supertrace, {Mét)(s) :
s > 0} is the endomorphism valued process obtained by replacing =.(s) and £
by

=0 ZWﬂka R (@ + Viw(s))
]<k

and t, respectively, in the ordinary differential equation (3.3). By using the
ordinary differential equation, we have

Magt)(l) =T +tM; +t°M, +...+tnMn+tn+1Mn)R
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for any n € N, where

M, = // ?(t)(sp)~-~E§f)(sg)E§f)(sl)dsp-~-dszdsl
0<sp<--<s2<81<1

forp=1,2,...,n, and

Mg = / / MO (5051)20 (5041)
0<5p,41<-<52<51<1

N E(zt)(SQ)E;t)(Sl)dSn_._l s d82d51.

We now use the Berezin formula:

d
(4.9) Str | > Ciagarri Vi Viz = Vip | = (=20)"Chz.d
p=01<j1<ja < <jp<d
(cf. [18, §12.2]). Then we have Str[M,] = 0 for any p < h. Therefore we take
n = h. Since E<[|M{(s)||2] < cfor 0 <t <ty and 0 < s <1 as in (3.5), we
can show that the function obtained by replacing M." (1) by t"*1 M), g in (4.8)

tends to zero as t — 0. Moreover, by Lemma 2.3 in [23] (Lemma 2.2 in [42]),
we have

2

d 1
sup E Z/o A%I (2 4 Viw(s))dw? ()| |w(1) =0 < occ.

0<t<1

Therefore the right hand side of (4.7) equals

lim dxE[Str[My]x{z+Vtw(s) € A(2) for any 0 < s < 1}|w(1) = 0] ! -
tlo Ja(1) (27‘()

Since the integrand is uniformly integrable, this equals

h

1 ; 1
. y
E | Str 2j§<kWJ’Yka,k(0) hl(2m)h

By using again the Berezin formula (4.9), we can show that this coincides with
the right hand side of (4.7). O

5. Proof of Theorem 2.2: (II) Lower estimate

In this section we assume the conditions (b-i)—(b-iii) and (b-v)—(b-vii). By
the orthogonal matrix U, in the condition (b-vii)’, we define a distance on R¢
by

1/2

2/ d
do(z,y) = max | S {SIUE, @k -y

1<¢(<h
j=20—1 k=1
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for any z, y € R% For each p € R? and » > 0, we define a polydisk by
D.(p,7) :={x € R?: d,(p,x) < r}. We take an osculatory packing of the unit
cube A(1) by the polydisks inductively so that the related quantities are mea-
surable as follows: we first set r{ := sup{r > 0: D, (p,r) C A(1) for some p €
A(1)}, which is measurable in w. Then the set S¥(1,0) == {p € A1) :
D,(p,ry) € A(1)} is not empty. We next set p}” = sup{p! : p € S¥(1,0)}
and S¥(1,1) := {p € 5*(1,0) : p' = p"'}. Then p¢"' is measurable in w and
5(1,1) is not empty. Similarly, when the numbers p$"', p<2, ..., p¢? ™! and
the nonempty sets S“’(l 0), S“(1, 1) ..,58%(1,j — 1) are obtained for some
j < d, we set py”’ = sup{p? : p € S¥(1,5 — 1)} and S¥(1,5) := {p €
S5¥(1,j —1) : pP = p¥7}. Then pf’j is measurable in w and S¥(1,j) is not
empty. By continuing this procedure, we obtain a A(1)-valued random vari-
able p¥ = (p2!,p?%, ..., p"). Similarly when A(1)-valued random variables
Py, 5, ..., py_, are obtained for some v > 2, we set

v—1
Ty = sup {7‘ >0:D,(p,r) C A1) — U D for some p € A(1 )}
p=1

and

S°(v,0) = {pGA(l): o (p,7) U }
where Dijj is the closure of the domain D}, := Dw(p‘:,r;j). Moreover, when
the positive numbers py-!,py?,...,pg’~! and the nonempty sets S*(v,0),

S¥(v,1),...,58%(v,j — 1) are obtained for some j < d, we set p*+ := sup{p’ :
p€S(w,j—1)} and S¥(v,j) == {p € S*(v,j — 1) : p’ = p¥}. By continuing
this procedure we obtain the decreasing sequence of positive random variables
{rv“}>2, and A(1)-valued random variables {p,}32, so that the sets {D%}2
are mutually disjoint and is included in A(1). As in the usual proof of Vltah s
covering theorem, we can show that this packing is a complete packing:

(5.1) Y IDgl=1=A(),

where | - | is the volume.

In the follovvlng we use the w- dependent complex coordinate (z1,...,z")
defined by 2/, = 22~' + i2? and o, = S4_, Uk ;a*. In terms of this coordi-
nate, the polydisk D, (p,r) is the usual polydisk {z, € C" : |z}, — 2 (p)| <
rfor¢ = 1,2,...,h} and the cube A(1) is a domain obtained by rotating
(=1/2,1/2). On the other hand, the magnetic field is represented as the

complex 2-form

ZIB% (zw) dz A dzl
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and the vector potential defined in (2.1) is represented as the complex 1-form

(A (20)dzl + AL (20)dz)

M=

A, (Zw) =

(=1

on A(Ry), where Ry and (Bg,m(zw))lgz,mgh are the positive number and the
skew Hermitian matrix valued random field, respectively, defined in Section 2,
and

Ae (zw) = / ZIB% (tz,)tz)'dt.

The Hermitian matrices v,,1,%w,2s---:%w,a defined by 7, ; = 22:1 Uf’j’yk
also satisfies the commutation relation (2.2). We represent these matrices as
Yw,20—1 = ext(dg) + int(dg), Vw20 = i(ext(dr) — int(dy)) for £ = 1,2,...,h, on
V = A(C"), where {01, 62,...,05} is a unitary basis of C", ext is the exterior
multiplication, i.e., ext(dz)y) = d; A1) and int is the interior multiplication, i.e.,
the adjoint of ext. Then the Dirac operator is represented as

(5.2)

h
DE=>" {ext((sm (ia% + fAf,(zw)> + int(8)2 (i% + gAg;(zw)> }

{=1 w w
on A(Ro)
Until (5.12) below we fix w and omit to indicate the w-dependence. For
each v =1,2,... and 0 < R < Ry, we introduce a vector potential

(AP RE(2)d2t + AvRE(2)dz2")

M:

AV R
(=1

by A”’R’Z(z) — &V,R,[(Z) + AAJ(Z% where
AVEE(2) = zB(Z ( — Rp)/4,

1
m=1

and B2(z) := B(z) — B(0). Let D“®€ be the Dirac operator obtained by
replacing A® by A¥f¢ in the definition of the operator D¢. Let H"''*¢ be the
self-adjoint operator on the space L?(RD, — V) corresponding to the closure
of the quadratic form ¢¢(®, ¥) with the domain C§°(RD, — V) and H"-7:¢
be the operator obtained by replacing D¢ by D¥R< in the definition of the
operator HV'7¢, Then HV ¢ and H"'™¢ are unitarily equivalent by the gauge
invariance.

We use a uniform estimate of the solution of the d-equation by Berndtsson

[9]:
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Lemma 5.1.  Let B(r) :== {2 € C": |z| <} for v > 0. Then, for any
R > 0 such that 2RV/d < Ry, there exists a function 1r on B(R\d) such that

h
(5.3) Qr =iy AM(2)d"
=1
and
sup [Pr(z)| < CaR®  sup B (2)],
zeA(R) ZEB(R\/) 1<€ m<h

where Cy depends only on the dimension.

Proof. By Theorem 2 in Berndtsson [9], there exists a function U on
B(1) such that

h
r=1iY AM(RVdz)dzt

=1
on B(1) and

sup |Pgr(2)] <C) sup max, |AS(RVdz)).
2€B(1/2) zeB(1) 1<

We set ¢g(z) := RVd¥x(z/(RVd)). Then (5.3) holds and

sup [YRr(2)] < C&R\/_ sup  max A (2)]

2€B(RVd/2) 2€B(RVA) IS Stsh
< CyR*  sup max  |B2¢(2)).
z€B(RVA) ISHmsh
o
We now take R > 0 so that 2Rvd < Ry, and set
h
e Z 2 = R[> + ¥r(2)
and ¢, r(z) := exp(§{¥y,r(2)). Then we have
R h
B (H(J : Rp£>"<f>> bunlz) =0
=1
for any n = (n(1),n(2),...,n(h)) € Z". To obtain functions in the domain of

H" RS we introduce ¢ € C§°(C — [0,1]) such that

0if z ¢ B2(1
(5.4) ¢(z) = { 1 1fz€BQ((1) 9)
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and |V(¢| < ¢/8, where B%(r) == {z € C: |z| < r} forr > 0,0 < § < 1/2
is an arbitrary small constant and c¢ is a constant independent of §. For any
n = (n(1),n(2),...,n(h)) € 2", we set

2 2=RpL\ 0
¢V,1’1 H Rr (Z Rpu) ¢V,R(Z)'

Then we have
. h
HDV’R’éﬁbu,n”2 § e / |Zl|2n(l)
(Rr,0)? ;::1 B2(Rr,)—B2(Rr, (1-5))
x exp(—£BWY |22 /2)da da?

~ H /C ( ) |z1|2n(m) eXp(—{B(m)|Zl|2/2)d1‘1d1‘2

m#L
X exp <2§ sup |¢R(z)>
z€EA(R)
and
HEV’R’Eﬁbun”Q C
— < exp | 4§ sup [Yr(2)|
[ @v,nll? (Rr,0)? 2eA(R)

h

X / |Zl‘2n(f) eXP(*fB(€)|Zl|2/2)dx1dx2
(=17 B?(Rry)—B2(Rry, (1-9))

—1
X / |22 exp(—£BY| 212 /2)dat da? .
B2(Rr, (1-5))

We now assume

sup B (2)] <.
ZEB(R\/)Ke <h

Then we have

‘lBV’R’€¢V’n||2
[ pvmll?

h
Cc1 _ 5\2n(0) n () r (1 — 2
S(Rru)%;{(l 82O 1(n(), B (Rr, (1 - 8))?/2)

x exp(—EcanR?)} 7,
where
1
(5.5) I(n,a) ::/O s"exp(a(l — s))ds

for n, a > 0.



642 Naomasa Ueks

We fix A > 0 arbitrarily. For

(5.6) |DVEg,, <A

to hold, it is sufficient that

(era;(llh —sym < 1(n(0. 6B (B, (1 - 8))/2) exp(~Eem ),

(5.7)
for all £ € {1,2,...,h}. Introducing 0 < o < 1/2, we use the estimate

o9tz { GO, s

Then, for (5.7) to hold, it is sufficient that

(5.9)
c (0) r, 26 n(f)
(er)gam <£B 2% ) > < exp(¢BY (Rr, (1= 0))*(1 - 0)/2 = EemR?)

when n(f) < ¢BO(Rr, (1 —§))%(1 — 0)/2, and

Clh
(Rr,)207a((1— 0)2(1 — 0))"(0)

(5.10) < exp(—&canR?)

when n(¢) > ¢BY(Rr,(1 — §))?(1 — 0)/2. However (5.10) is impossible for
sufficiently large . Therefore we consider only (5.9). This is rewritten as
g7 (n(€)) < 0and n(f) < EBY(Rr,(1-0))%(1—0)/2, where g (n) :== —nlogn+
nAy — BY for n > 0, AV := log(¢BY(Rr,)%/2) and BY = ¢BY(Rr,(1 —
6))2(1—0)/2—EconR2+log((Rr,)?6 o /(c1h)). The function g7 (n) is increasing
on (0,exp(Aj — 1)] and its maximum is

g7 (exp(A7 — 1)) = exp(A} — 1) — By
= ¢BO0)(Rr,)* (1= (1= 6)*(1 = 0))/2 + EcanR® — log((Rr,)*6Aa/(c1h)).
We now assume 7 < (r,)2B® (1 — (1 —6)%(1 — 0))/(2¢2). Since §, 0 < 1/2, by

taking ¢ large enough, we may regard that lim, o g} (n) < 0 and g (exp(A} —
1)) > 0. We put

(5.11) kS = inf{k > 1: g/ (exp(AY —1)/k) < 0}

and take another small ¢ > 0. Then g} (n) < 0 for n < exp(A} — 1)/(ch’6 +9).
For n > exp(AY —1)/(ky* +9), we use logn > AY —1—log (k)" +1) to estimate
as g/ (n) <n(l+ log(k;Z’f + 1)) — Bj. Therefore, for g7 (n(¢)) <0 to hold, it is
sufficient that

(5.12) n(€) < BY /(1 +log(ky* + ).
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The right hand side is less than ¢B“)(0)(Rr, (1 —6))?(1 —o)/2. Consequently,
for (5.6) to hold, it is sufficient that (5.12) holds for all £ € {1,2,...,h}.

Thus the counting function N, (A; &, RDY) of the eigenvalues of the oper-
ator H»%¢ is greater than or equal to

h By
H < Vg 1) .
=1 \1+log(k,; +9)

On the other hand, &;’; £ in (5.11) is rewritten as
(5.13)

kpS=K|[(1-0)%1-0)- lo

2¢om 2 . (Rr¥)26 Ao
B (re)2  ¢BY (Rre)? ah )

where K is the inverse of the function F(k) = (1 + logk)/k, k > 1. Since
F is strictly decreasing continuous function and limg); F(k) = 1, K is also
strictly decreasing continuous function on the interval (0, 1) and limsy; K(f) =
1. Therefore we obtain

lim inf
&Too

N, (\; g RD%) ﬁ BY (rre(1 5))2(1%)/27027;3,2
=1 1+ log K((1 - 0)2(1 — o) — 2cam/(BY (r)2))

for almost all w. We take another small v > 0 and set p,,(v) := max{p : r >
v}. By the min-max principle, we have

Hw (U)

Bne = Y N RDY).
v=1

Thus we have

N8 IS py T B L= 9% — o)/ (2m) — exn/(re?)

P (V) h
lim inf .
gloo  EMRA = o1 l+log K(1—0)2(1—0) — CQn/(Bﬂ,E)UQ))

We now take the expectation in w. By the Akcoglu-Krengel superadditive
ergodic theorem (cf. [3], [14], [37]) and Fatou’s lemma, we have
Hew (V) h (z 2
By 1-— 21) —
it Y00 5 3 o 1] 0= 0)/(2x) — can/ e
o1 1+ logK (1—-196)2(1—0) — can/(Bo'v?))

:BW ..., BM >¢  sup max_ |BJk(2) < |,

2 B(RVA) 1SHmsh

where £ > 0 is arbitrary and 0 < 7 < ev?(1 — (1 —-0)2(1 —0))/(2¢c2). By taking
the limit as R, n, o, J, €, v — 0, we obtain

L N(AE)
1 f
it =g

E[\/det B, (0)]
)"

>
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6. Proof of Theorem 1.3

We first consider the case that the conditions (a-i), (a-ii) and (a-vi) are

satisfied. Setting
CI (x7) / dt / dsB7 (s

we take the following vector potential:

20

d 0 o<j>):(_1)j/ B0 (1)
0

dzo()

Al(w) = (=1)
for j = 1, 2, where o(1) = 2 and o(2) = 1. Then the functions ¢¥(x) =
2" exp(—ClL(zY)—C2%(2?)),n = 0,1,2,..., satisfy A,¢% = 0, where z = ! +iz?

and A, is the operator defined in (2.13). By a family of functions {(g}r>1 C
C§°(R — [0,1]) satisfying

0if |t > R+1,
6.1 t) = =
(6.1) Cr() {1 if [ < B,

and supp ; [C5(t)] < oo, we restrict ¢ as ¢ p(2) = Cr(z')(r(2%)¢% (). Then
we have

2
Aot al? < e 3 / 4 exp(~2C9(a9))
=1

R<|zi|<R+1
[ 2" (o0) exp(~2C20 0

When R < [2/| < R+ 1 and |2°)| < R4 1, we have |z|> < 5(27)2. Using also
|22 > (27)? for ||¢5; pl|*, we have

MR comy [ me-aciom
oral® Rsishi )

2n o J
X {/tht exp( QCw(t))dt} .

By the uniform estimate, we have

/ 2" exp(—2C7 (t))dt < 2(R + 1)*" exp (—2 inf Ci(t)) :
R<|t|<R+1 R<|t|[<R+1

Moreover, by restricting the integral to nR/2 < |t| < nR, we have

2n j (UR)2n+1 j
t*"exp(—2C/(t)dt > ~————exp|[ -2 sup CL(t) ]|,
tI<R 2n+1 nR/2<|t|<nR
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where 0 < 1 < 1 is specified later. To estimate these quantities, we use the
process D (t) := CJ(t)/t? instead of CJ(t), since the covariance of D/ (t) is
bounded in t.

We now estimate the probability

pilar,as) :=P inf Dz)t > aq and sup ijt <a
(a1, a2) (RStISRH ®) ! nR/2<|t|<nR ) ?

from below for any ai, ag > 0. Let DZF(t) = (Di(t) + (=1)kDi(-t))/2,
k = 1,2, be the even and odd parts of D7 (t), respectively. Then we have

(ai1,a0) > P inf  DJY(t) > ay 4 a3 and su DY (t) < as —a
pjlar,az) = <R§t§R+1 L () = a1 +as S . L () <az—as

<P sup DI (1)) < ag
nR/2<t<nR or R<t<R+1
for any az > 0, since D' and D72 are independent as random processes. We
. oJs1 . .
decompose the process D' as the sum of D, (t) = E[D%'(t)| D% (R)] and

— 0 J)1 o1
DL () = DINt) — Di (t). These processes are independent and Di (t) =
X ()W, where W7 is a random variable obeying the standard normal distri-
bution and X7 (t) = E[D%'(t)D5Y(R)]/E[D3Y(R)?]'/2.

In the following we assume 0 < r < 1/3. This is always possible under the
condition (a-vi). By the representation

(6.2) E[DZ%* ()DL (s)]
1 u L o
= %/0 dul/o dUQ/O d?)l‘/0 dvg{ﬂj(t’uQ — 51)2) Jrﬁj(tUQ +S’U2)}

and the condition inf|,;|<, 7 > 0, we have
. . 1 U1 1 V1
E[D3(t)D%Y(R)] > 02/ dul/ dug/ dm/ dvax([tus — Rua| < 1)
0 0 0 0
1 1
= cz/ du(1 — u)/ dv(1 —v)x(Jtu — Rv| <)
0

0
for R <t < R+ 1. Then, by a simple calculation, we have

inf inf RE[D%(t)DJY(R)] > 0.
R>1 R<t<R+1

On the other hand, by (6.2), we have

R’Ul
RE[DJ’ / dul/ dUQ/ d’l)l/ dvg{ﬁj R’U,Q*’Ug)

-+ ﬂj (RUQ -+ ’UQ)

% dul/ dU2/ dvl/ﬁ] t)dt = /Rﬁj(t)dt
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as R — 0o. Therefore we have

sup RE[D? ' (R)?] < oo
R>1
and

. ; Cc3
I > 5
RS%%E%HX (t) = VR

for any R > 1. Using also the Schwarz inequality, we have

. . Cq
sup X7(t) < sup E[D’! 2?2 <
nR/2<t<R+1 () nR/2<t<R+1 | (®)] vnR

for any R > 1. Therefore we have

2

R )
Pj(a17a2)2P<C£(a1+a3+a4)SWgS p
3 4

(a2 —az — a4)>

nR/2<t<nR or R<t<R+1

x P < sup |DE ()| < a4>

nR/2<t<nR or R<t<R+1

xP < sup |DL()] < a3>

for any a4 > 0.
By Fernique’s theorem [26], we have

o0
Pl s ID20)<=] s EDP@NY2 42 / o2 )du
nR/2<t<nR nR/2<t<nR 1

§40/ e~ 2y

for any = > /1 + 8log 2, where
¢(h) = sup{E[(DL*(t) — DL*(5))’]'/? : nR/2 < t,s <R, [t — s| < nRh/2}.

By the representation

E[DL*(t) DL (s)]

1 1 Uy 1 V1 . .
— 5/ dul/ dug/ dvl/ dvo{ 3 (tug — svy) — 7 (tug + sv9)},
0 0 0 0

we have

Cs
tv1

E[DL?(t)%] <
Since

B[(*DL?(t) — s*DL*(s))’]

1 t U t V1 . .
= 5 dU1 / dU2 dUl / d’UQ (ﬂ] (UQ — ’UQ) — BJ (UQ -+ ’UQ))
0

s 0
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for t > s, we have

E[(D32(t) — D3%(s))?) < {2¢cs]t — 8| (12 A t) + 2|t2 — s%|%c5/(s V 1)} /t*

and ¢(h) < c7h/(1V \/nR). Therefore we have

) 1
P sup DZ;2 > < -
<nR/2§t§nR| Ol vnR vV 1) 3

for some 0 < ag < co. Similarly we have

: as 1
P( sup |D33(t)| > > < -.
(R<t<%+1| ®l 2 vVRvV1/) 3

Therefore we have

; 1
P sup PO —: —
<nR/2<t<nR or R<t<R+1 v V1 \/ 1 3

By the same argument, we have
P sup i) > ) > 1
nR/2<t<nR or R<t<R+1 vnR V1 3

for some 0 < a4 < co. With these a3z and a4, we have

pjlar, az) > P<\/§< a3+a4> Wi < W_R(@_m)),

9 vnRV1 YT ey vnR V1

For any a; > 0, we take as so that

vnR a3+ aq \F a3+ aq
2—7 — a4+ —— )+ 1
C4 vnRvV1 c3 vnR V1

Then we have

Cq Cq a3 + aq4 Cq
6.3 as = a1 + +
o = (v ) Vi i

and

as + aq

1 R 2
pj(a1,a2) > W exp <—;77 (02 - W) ) > cg eXP(_CQRa% - C10/77)~
4

We now assume that the events in the probability p;(a1, az) with (6.3) for
both 7 =1 and 2 occurs. Then we have

w 2n
| Au s RH2 < ‘11 (6> exp <R2 <(l1 B crom®/? )>
éE Rl T nR \n ViRV 1
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for 0 <n < c13 and R > c14. Therefore, for [|A,¢% gl?/|l¢% zlI* < A to hold,
it is sufficient that

< R*(a1 — c1on®?/ (VR V 1)) + 10g(/\773/011)
B 21log(6/n)

Thus, by restricting to the above events, we have

N-(\) > R%(a1 — c1on®?/ (VMR V 1)) + log(AMqR/c11)
- 22(R+ 1)22log(6/7)
xc2 exp(—2coRa? — 2c10/n).

n

By taking a; = 1/y/nR and R = (2,/7log(1/A))%/® so that
(6.4) R3/%/2 + /ilog A = 0,

we have

R3/2(1/2 _ 012773/2) + /N log(nR/c11) e—c16/

(65) N~ ()\) 2 C15 R2

Since R3/%(1/2 — c1on®/?) + /mlog(nR/c11) > R*?/3 for 0 < n < ¢17 and
R > c18, we have

1\ -1/3
N7(\) > crge=c20/n (log X)

for 0 < A <exp(—ca1/\/1).
We next consider the case that the conditions (a-i), (a-ii) and (a-vii) are
satisfied. We take the vector potential as

Al =0and A2 = —C’1 / dtBl(

For any R and S > 0, we restrict the Pauli Hamiltonian to the rectangle
(=R, R) x (=5, .5) by the Dirichlet and the periodic boundary conditions in the
first and the second components, respectively: let H,, AI5T be the self-adjoint
operator on L2((—R, R)x (-8, S)) corresponding to the closure of the quadratic
form (A, ¢, Autp) with the domain

{p € CH[-R,R] x [-S,8]) : 6(£R,-) = 0,6(-, §) = (-, —S)}.

Now the functions ¢% ¢(x) = exp(—CL(z') — 2mnz/S) satisfy the periodic con-
dition in z* and A,¢% ¢ = 0 in the sense of distributions. Then the restricted
functions ¢ » (@) = Cr(z")¢y g(2) belong to the domain of the operator

H,®h (5 and satisfy

| Auds rsll® < c225 exp <—232 Rg\ti\nngHD“lJ(t) +4mn(R + 1)/S>
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when infR§|t\§R+1 Dul_)(t) > O, and

165 r.sll* > 25nRexp (—27721%2 ( sup Di(ﬂ) - 47TnnR/5> -
nR/2<|t|<nR I

When the event in the probability p; (a1, as) with (6.3) occurs, we have

AL ¥ 2 3/2
I P Rrs | < C22 exp (—R? (a) — C237 . dr(R+ 1)n
||¢§‘{,R,s||2 nRk vnR V1 S

for 0 < 1 < ¢g4. Then, as in (6.5), the expectation of the counting function
N (A: R,[S]) of the eigenvalues of the operator )zl

is estimated as

S
E[NG(A: R+ 1,[S])] = 0255{33/2(1 — caan®’?) + /il log(nR/caa) ye~ e/,
where R is taken as in (6.4). By the min-max principle, we see that

E[N;(A: N(R+1),[S]))] > NE[N; (A: R+ 1,[5])]

w

for any N € N. Therefore, by taking the limit as N — oo and using the
uniqueness of the integrated density of states [19], [32], [45], we have
_ c —
N™O) 2 R0 - cagn/?) + yTlog(nR/ ) Yoo/

as in the preceding case.
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