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On SL(2) — GL(n) strange duality

By

Takeshi ABE

Abstract
We prove SL(2)-GL(n) strange duality conjecture for a general
smooth projective irreducible curve.

1. Introduction

Let C' be a smooth projective irreducible curve of genus g over an alge-
braically closed field k of characteristic zero. Let SU(r, L) be the moduli space
of semistable vector bundles of rank r, whose determinant is isomorphic to a
fixed line bundle L on C. Let U(n,e) be the moduli space of semistable vector
bundles of rank n and degree e on C. Let

7:SU(r,0¢) x U(n,n(g—1)) — U(rn,rn(g — 1))
be the tensor product map. On U(rn,rn(g — 1)), there is a natural divisor
©={FecU(rn,rn(g—1))|H(C,F)#0}.

The pull-back 7*O(0) of the line bundle O(O) by 7 is isomorphic to M KN,
where M and N are line bundles on SU(r, O¢) and U(n,n(g—1)) respectively.
The pull-back of the canonical section 1 € O(O) defines an element of the
vector space H*(SU (1, O¢), M) @ H*(U(n,n(g — 1)), ), so we obtain a linear
map (up to k*-multiple)

O HO (U (n,n(g — 1)),N)" — H® (SU(r,0c), M)
The following conjecture is known as SL(r)-GL(n) strange duality conjecture:
Conjecture 1.0.1.  The map VU, , is an isomorphism.

It is known that dim H°(U(n,n(g —1)),N) = dim H*(SU(r, O¢), M) (cf.
[B2, §8]). Thus the above conjecture is equivalent to the following conjecture.
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Conjecture 1.0.2.  The vector space HO(SU(r, O¢), M) is spanned by
divisors O¢ for G € U(n,n(g — 1)), where Og := {E € SU(r,0¢)|H°(C, E ®
G) # 0}.

The above equivalent conjectures are known to be true in the following
cases:
e n =1 ([BNR)),
e 7 =2, n =2 and C has no vanishing thetanull ([B1]),
e r =2, n =4 and C has no vanishing thetanull ([vG-P]),
er =2 niseven, n>2g—4and C is general ([L]).
(See the last paragraph of this introduction for the recent result.)

In [D-T], Donagi and Tu generalized Conjecture 1.0.1 to bundles of arbi-
trary degree as follows. Let r, n be positive integers and let d, e be integers
such that re + nd + rn(1 — g) = 0. Fix a line bundle L of degree d on C.
Let 7 : SU(r,L) x U(n,e) — U(rn,rn(g — 1)) be the tensor product map.
Just as the case L = O¢, we have 7°0(0) = M XN for some line bundles
M and N on SU(r,L) and U(n,e) respectively, and we have a linear map
I HO(U(n,e),N)¥ — H(SU(r, L), M). We have

Conjecture 1.0.3. ¥, , is an isomorphism.

Now the generalization of Conjecture 1.0.2 to bundles of arbitrary degree
is straightforward.

Conjecture 1.0.4.  The vector space H*(SU(r, L), M) is spanned by
divisors ©g for G € U(n,e), where Og := {E € SU(r, L)JH°(C,E ® G) # 0}.

These two conjectures are also equivalent.

The purpose of this paper is to show that Conjecture 1.0.4 holds true for
a general curve C of genus g > 1 if r = 2.

The strategy we employ in this paper is degeneration of C. We degenerate
a smooth projective irreducible curve C' to a nodal curve and prove Conjecture
1.0.4 for r = 2 by induction on the genus g. Let us explain how to do this in
more detail. In order to make the induction process work, we first formulate
a generalization of Conjecture 1.0.4 for parabolic bundles on a pointed curve
in Section 2. In Section 3, we deal with the case r = 2. In Subsection 3.2, we
prove the generalization of Conjecture 1.0.4 for an m-pointed curve of genus
one for m < 2. This is the starting step of the induction. In Subsection 3.5,
we degenerate a one-pointed smooth projective irreducible curve C of genus
g > 2 to a reducible one-pointed nodal curve that is a union of a one-pointed
smooth curve Cj of genus one and a smooth curve Cy of genus g — 1. Taking
the intersection point of C7 and Cs into account, we have two-pointed curve
(1 and one-pointed Cy. The main theorem (Theorem 3.5.1) in Subsection 3.5
says that if the generalization of Conjecture 1.0.4 holds true for these pointed
curves, then it holds for the one-pointed curve C. In this way we prove the
parabolic generalization of Conjecture 1.0.4 for a general one-pointed curve C'
if » = 2. (The pointless case can be regarded as a special case of a pointed
case.)
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In this paper we use stack formulation of moduli of bundles. Our main
reference is [L-M], but for reader’s convenience, we included some (probably
well-known) facts on algebraic stacks in Section 4. In Subsection 4.2 we gath-
ered some facts on a compactification of SLs.

After I finished this work, I learned that Prakash Belkale [Bel] proved
Conjecture 1.0.2 (equivalently Conjecture 1.0.1) for arbitrary r and n for a
general curve. He also uses degeneration argument, but the methods are a
little different from those in this paper.

Notation and Convention.

o If V is a vector bundle on a scheme T, then Grass"(V) denotes the
Grassmannian of rank 7 quotient bundles of V. P(V) denotes Grass'(V), and
P, (V) denotes Grass™™V=1(V).

o If T'— S is a morphism of schemes (or stacks) and # is an object (for
example, scheme, stack, morphism, sheaf etc.) over S, then the base-change of
« over T is denoted by a subscript T like (%) or *p.

e All rings appearing in this paper are commutative and noetherian. All
schemes appearing in this paper are locally noetherian.

2. Parabolic strange duality conjecture

2.1. Basic definitions

Definition 2.1.1. Let r,n be positive integers.

(1) A Young diagram A is said to be of type <(r,n) if the number of rows
is less than or equal to r and the number of columns is less than or equal to n.

(2) Asin [Ful], the conjugate of a Young diagram A (i.e. the Young diagram
obtained by interchanging the rows and columns of A) is denoted by A.

(3) If A is a Young diagram, |A| denotes the number of the boxes in A.

Notation 2.1.2. Let r and n be positive integers and A be a Young
diagram of type <(r,n).

(1) For 1 < j <, A;(A) denotes the number of the boxes in the i-th row.
Put Ag(A) = n.

(2) Put I(A) := #{o(A), M1 (A), ..., A (A} — 1.

(3) Put in order the distinct numbers in {Ag(A), ..., A(A)} asn = v (A) >
Y1(A) > >y (A).

(4) For 1 < i <I(A), put d;(A) :==r+ 1 —min{j|\;(A) = % (A)}. (Then
we have 7 > dy(A) > -+ > dya)(A) > 0.)

(5) A* denotes the Young diagram of type < (r,n) such that A\;(A*) =
n — )\T,Z(A)

(6) If T is a scheme and V is a locally free Or-module of rank r, then
we let Flagy denote the contravariant functor from the category of T-schemes
to the category of sets, which associates to a T-scheme f : U — T the set of
filtrations f*V 2 Vi D --- D Vy(u) such that V; is a rank d;(A) subbundle of
f*V. (We say that such filtrations are of type A.) Flaga denotes a projective
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T-scheme that represents Flagy. By convention we understand that Vy = f*V
and Vl(A)+1 =0.

Remark 2.1.3. If A is a Young diagram of type SN(T’, n), _then A is
a Young diagram of type < (n,r), and we have I(A) = I(A), d;i(A) = n —
YN(a)+1—i(A) and v (A) = 7 — dyay41-i(A).

Definition 2.1.4. Let A be a Young diagram of type < (r,n). Put
l:=1(A) = I(A). Let T be a scheme, and V, W be locally free Op-modules of
rank r and n respectively. The T-morphism py : Flaga(V) xr Flagz(W) —
Grass™™(V @ W) is defined as follows. Let f : U — T be a T-scheme. If
F(f*V)=(f*"V2o2ViD---2V)and F(f*W)=f*W2DOW; D---DW,) are
filtrations of f*V and f*W of type A and A respectively, then its image by pa
is the quotient f*(V @ W) — f*(Ve@ W)/ 22:1 Vi @ Wii1_4, where Zé:l Vi ®
Wi41-; means the subsheaf of f*(V®W) generated by V; @ W41, (1 <14 <1),
which one can check is a subbundle of f*(V ® W) of rank rn — |A|. We denote
this quotient by pa (F(f*V),F(f*W)) : f*(V) @ f*(W) — QF(f*V),F(f*W)).

Lemma 2.1.5.  Let the notation as in Definition 2.1.4. Let ® be the

projections to T' from Flaga(V), Flaggz(W) etc. Let m*(V @ W) — Q be the

universal quotient on Grass‘Al(V ® W), and let 7V O Vi D --- D V; and
W D Wi D --- D W] be the universal filtrations on Flaga (V) and Flagz (W)

respectively. Let Lx and ~£1~\ be the line bundles ®;:0 det(V;/Vj41)2% M) and
®§-:0 det(W;/W;11)® ™M) on Flaga (V) and Flagy (W) respectively. Then we
have a natural isomorphism

(2.1) det pp (Q) ~ LAK L3,
Proof.

det puj (Q) ~ det (W*(V@)W)/ Z V3®Wt)

s+t>14+1

®N

~

det (Vi/ Vi) ® (xW/Wizisn))

.
~ 1
o

R

((det Vi/Vi+1)®n_dlfi“(7\) ® (det 7T*VV/VVz—z‘Jrl)®di(A)_dHl(A))

<.
(=)

l ~ ~
~ LA N <® (det W*W/Wl—i+1)(_’n+1i(A)+Wi(A))>

i=0
~ LA L3,

Next we shall define moduli stack of (quasi-)parabolic bundles.
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Definition 2.1.6.  Fix positive integers r and n. Let S be a scheme and
m:C — S be a smooth projective morphism such that the geometric fibers are
irreducible curves of genus g. Let s; : S — C be a section of 7 (i = 1,...,m,
possibly m = 0). Let Aq,...,A,, be Young diagrams of type <(r,n). Let d be
an integer. Assume that s;(S) N s;(S) =0 for i # j.

(1) The S-stack PU(r,d;C/S; A1, ..., Ap), or PU for short, is defined as
follows. If f : T — S is an affine scheme over S, an object of the groupoid
PUT) is (E,{F((s:)5E)} ), where £ is an r-bundle on C x g T of degree d on
each fiber and F((s;)7&) = ((5:)7€ 2 Fi((8:)7€) D --- D Fya,y((s:)1€)) is a
filtration of (s;)%-€ of type A;. The isomorphisms in PU(T) are isomorphisms
of r-bundles compatible with filtrations.

(2) If Pic(C/S) denotes the Picard stack of C/S, we have a morphism
det : PU(r,d;C/S; A1, ..., Ap) — Pic(C/S) which sends (€, {F((s:)+E) ;) to
det £. A line bundle £ on C of degree d on each fiber induces o : S — Pic(C/S).
The S-stack PSU(r, L;C/S; A1, ..., Ap,), or PSU for short, is defined to be the

product stack PU xp;. S of PU 4 Pic and S L Pic(C/S).

2.1.7. To fix notation, we recall atlases of the stacks PU and
PSU. Let O(1) be a m-ample line bundle on C. For a positive integer N,
we have the open stack PUN) (or PSUN)) of PU (or PSU) such that an
object (&, {F((s:)3E)}™,), (or (€,det& ~ Ly, {F((s;)HE)}m,)) is in PUN)
(or PSUM) if and only if HY(C;, E(N)) = 0 and &(N) is globally generated
for each t € T. Let H™ (or SH™)) be the scheme such that, for T — S,
T-valued points of H™) (or SHN)) are (g,OéBTh(N) — E(N){F((s:))FE) )
(or (€£,det& ~ CT,(’)EBTh(N) — EN),{F((s))HE)}™,)), where h(N) = d +
r(NdegO(1)+1—g) and OéeTh(N) — E(N) is a surjective homomorphism that
induces isomorphisms of vector spaces k(t)®"(N) ~ HO(C,, £,(N)) for all t € T
Then 7 : HN — PUN) (or 7: SHN) — PSUN)) gives an atlas. Taking dis-
joint union, we have an atlas 7 : [[y H™) — PU (or 7: [[y SHN) — PSU).
It is known that there exists Ny depending only on r, d and g such that H™)

and SH™) are non-empty, smooth and geometrically irreducible over S for
VN > Ny (cf. [Le]).

Definition 2.1.8. We use the notation in Definition 2.1.6. If A;(A)
Ar(A) < n, then we define an open substack PU(r,d;C/S; A1, ..., Ay)"°
PU(r,d;C/S; A1, ..., Ay) as follows. Let T be an affine S-scheme and &
(EAF((s:)1E)} 1) be an object of PU(T). If X\i(A;) = n, then (s;)7€
Fi1((s;)%€). Thus (s;)5€ has [(A;) filters. We choose

WU I N

Vi, (M)

n

A
0<1_L>< <1 -
n

as parabolic weights at s;. If A;(A;) < n, then (s;)%€ = Fi((s:)%€). Thus
(si)5E has I(A;) — 1 filters. We choose

Ai) — 72 (Ny Ai) — v (A
< )nw( ) .o Zl(AL)( )

0
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as parabolic weights at s;.

Then we can consider parabolic semistability for £ with respect to these
parabolic weights. (See [M-S] for parabolic semistability.) £ is an object of
PU**(T) if and only if it is parabolic semistable on each geometric fiber over
T.

PSU** C PSU is defined similarly.

Similarly as in the paragraph 2.1.7, for N > 0, PU**N), PSU**™N) and
their atlases H**(N) SH35(N) are defined.

Lemma 2.1.9.  Let k be an algebraically closed field and C' be a smooth
projective irreducible curve over k. Let sq,...sy be distinct closed points of C
and Ay, ..., Ay, be Young diagrams of type <(r,n). Let L be a line bundle on
C'. Then we have an isomorphism

kS HO (PSU (r, £;C; Ay, ..., M), Opsy) -

Proof. The morphism PSU(r,L;C; A1, ..., Ny) — PSU(r, L;C), which
associates & to (€, {F(s;€)}™,), is a [[~, Flaga,-bundle. Thus the pull-
back morphism H(PSU(r, L;C;Aq,...,Ay),O) «— HY(PSU(r, L;C),0) is
an isomorphism. Therefore we only need to prove the lemma for some
m > 0 and Aq,...,A,,. Let us choose Aq,...,A,, for some m so that
PSU(r, L;C; Ay, ..., Ay)% # 0. Let PSU be the coarse moduli space of
PSU(r, L;C; Aq, ..., Ayy)®°. We have

HY(PSU(r, L;C; Ay, ..., Ay, 0) ~H(PSU,Opsy) ~ k
because PSU is an irreducible variety. The restriction map
HO(PSU(r, L;C; A1, ..., Ay),0) — HY(PSU(r, L;C; Ay, ..., M), O)

is injective because PSU(r, L; C; A1, ..., A;y)®® is open dense in
PSU(r, L;C; Ay, ..., Ay,). This proves the lemma. O

Definition 2.1.10.  We use the notation in Definition 2.1.6. By abuse of
notation, we denote by s; the universal section (s;)psy : PSU — Cx sPSU. Let
(E,{F(sf€)}™,) be the universal bundle, where F(sf€) = (sf€ 2 Fi(si€) D
-+ D Fya,)(s7€)). The line bundle 57(>n:>2u on PSU is defined to be

m U(A;)
(22)  (detRprpsus&)® " @ R R det (Fj(s7€)/Fj1(s1E))* A

i=1 j=0

Remark 2.1.11. Let S = Speck with k an algebraically closed field of

characteristic zero. Let sl,.(k) D h be the diagonal Cartan subalgebra. Let € :
h — k be the weight given by diag(as,...,a,) +— a;. (Note that e +---€X =0.)
For the Young diagram A;, put p(A;) = Z;zl Aj(Aq) - €;. By [P] and [B-L,
89], if 0 < d < r, then we have

dim H° (PSL{ (r,E;Al,...,Am),ngg)u) = Ny (0, 1, - - - fim)
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where g := nZ] L€ and p; = p(A;) for 1 <4 <m, and Ng(po, p1, - -5 o)
is the dimension of conformal block (of level n) (See [B3]).

We will use the following important fact known as factorization rules. Let
Avy. o Ay, T1, ..., T, be Young diagrams of type <(r,n). Put p; := p(A;)
and v; := p(Ty). If g = g1 + g2, then we have

Ng(:ul?' oy Mgy Y1y e e 7’7m2)
(23) = ZNgl (N’la ce ,ﬂmlaM(A))Nm(’yl? . 'afymzv:u(A*))v
A

where A runs through Young diagrams of type <(r,n) with A\.(A) = 0.

Remark 2.1.12. Let C,sq,...,8, and Aq,...,A,, be as in Lemma
2.1.9. Let PSU be the coarse moduli space of PSU(r,L;C; Ay, ..., Ap)%. If
the rational number e defined by the equation (2.4) is an integer, the line bun-

dle :7(373)2/1 on PSU descends to a line bundle :}(,nS)U on PSU (see [P, Théoreme

3.3]). We have dim H°(PSU, Hpsu) dim H(PSU, _PS)U)
If ¢, denotes the r-th root of unity, every object of PSU has (.-
multiplication as an automorphism, which induces an action on the vector space
HO(PSU, :gl sy)- If e is not an integer, this action is not trivial. This means

that HO(PSU,Z7),,) = 0 if e is not an integer.

Definition 2.1.13. Let S be a scheme and 7 : C — S be a flat pro-
jective morphism such that geometric fibers are reduced connected curves of
arithmetic genus g and let NV be an integer. Let F be the universal bundle on
C xsU(N,N(g—1);C/S), where U(N,N(g — 1);C/S) is the moduli stack of
rank N torsion-free sheaves of degree N(g — 1), or equivalently y =0, on C/S.

(1) The line bundle @ on U(N,N(g — 1);C/S) is defined to be
(det Rpry . F)V.

(2) The canonical global section oo of Oy is defined as follows. Let T be
an affine scheme over S and let ' be an object of U(N, N(g—1),C/S)(T). We
can find an exact sequence 0 — H — G — F' — 0 of coherent sheaves on Cx T
such that H%(G;) = 0 for V¢ € T. (In fact, if O(1) is a m-ample line bundle on C,
take G = (7*m,(F'(a)))(—a) for large a > 0.) Then R'prr.H and Rlprr.G are
vector bundles of the same rank. The homomorphism R'prr.H — R'prr.G
induces a section og(F’) of (det R'prr.G) @ (det Rlpry.H)Y =~ Oy(F'), where
Ou(F') is the pull-back of the line bundle @y on U(N,N(g — 1);C/S) by the
object F'. The global section og of Oy is defined by the assignment F’ +—
co(F"). (Although we made a choice of an exact sequence in the definition, cg
is defined well.)

Remark 2.1.14.  In Definition 2.1.13 (2), 0o (F’) vanishes at t € T if
and only if HO(F}) # 0.

2.1.15.  Fix positive integers r and n. Let 7 : C — S, s;, A; (1 <7< m)
be as in Definition 2.1.6 and let £ be a line bundle on C of degree d on each
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fiber. Let e be the rational number determined by

m

(2.4) re+nd+rn(l—g) = Z|A’|

i=1

If e is an integer, then for G = (G, {F(s;G)}™,), where G is a vector bundle
of rank n on C of degree e on each fiber and F(sfG) = (sfG 2 Fi(siG) D
0D FZ(E)(sjg)) is a filtration of s}G of type A;, we define the morphism ¥g :
PSU(r, L;C/S;Aq, ..., Ap) = U(rn,rn(g — 1);C/S) as follows. Let f: T — S
be an affine S-scheme and € = (£,det & ~ Lp, {F((s:)4%E)},) be an object
of PSU(r,L;C/S;A1,...,Ap)(T). F((s;)%€) and f*F(sfG) are filtrations of
(s:)5€ and f*s¥G(= (s;)%Gr) of type A; and A;, hence by Definition 2.1.4 we
have

pni (F((s0)7E), fTF(579)) : (si)7 (€ @ Gr) — QF((s:)7E), [F(57G))-

On C xg T, we have the surjection

B:E®Gr — D (si)r+ ()7 QF((5:)7E), [ F(s7G))-
i=1

Then we define g to associate Ker(3) to £.

Now assume that S = Speck with k an algebraically closed field. We have
an isomorphism o : 560y — 57(3"3)2/{ (See the proof of Lemma 3.5.8). Although

this isomorphism is not canonical, it is determined up to k*-multiple by Lemma
(n)

2.1.9. By abuse of notation, the global section a(¢§oe) of S, is denoted by
w50e, which is, of course, determined up to k*-multiple.

Definition 2.1.16.  We say that (SD),.,, holds for
PSU(r, L;C/Speck; Ay, ..., Ay) if e is not an integer, or if e is an integer and
there exist a finite _number of objects
G, = (G, {F(57Gp)}i21) of PU(n,e;C/Speck; Ay, ..., Ap,)(Speck) such that the
set {wgba@} spans the vector space H?(PSU, ngs)u).

Remark 2.1.17. It is easily seen that if [A;| = 0 or rn, then (SD), ,
holds for PSU(r, L;C/Speck; A1, Ao, ..., Ay,) if and only if (SD),.,, holds for
PSU(r, L;C/Speck; Aa, ..., Ay).

2.2. Invariance of (SD) by field base-change

Fix positive integers r and n. Let # : C — S = Speck with k an alge-
braically closed field, £, s; and A; (1 <4 < m) be as in the paragraph 2.1.15.
Let K be an algebraically closed field over k. Put Cx := C Xgpeck SpecK and
Ly = ['SpecK~

The following proposition says that the property (SD),.,, does not depend
on the choice of an algebraically closed field.
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Proposition 2.2.1.  (SD),,, holds for PSU(r,L;C; A1, ..., Ay) if and
only if (SD),p, holds for PSU(r, Lx;Cxi A1, ..., Aw).

Proof. We may only consider the case that e is an integer. Take the
atlas 7 : HN) — PU(n,e;C; ]\vl, . ,X,vn)(N) described in the paragraph 2.1.7.
Let G = (G,F((si)};x7)) be the n-bundle on C Xgpeck HW) together with
filtrations of (si)’;I(N)g of type E that induces 7. By the paragraph 2.1.15, we

(V)

have a morphism of H'/-stacks

wg : PSU(r, £H<N);CH(N)/H(N);A1, )= Ulrn,rn(g — 1);CH(N)/H(N)).

We can find a finite affine covering SpecB := UWN) := 11, UZEN) — H®) such

that the morphism PG, n) of UW)stacks induces an isomorphism cng(N) Oy ~

Eggu. The section ¢ ) 7€ induces the B-module homomorphism 6 : B —
Zu

HO(PSUyxy, ZM). For a positive integer A, we put

Atimes

SpecB’ = U(N’A) = U(N) XNy = Xg(N) U(N),

and let ¢, : UNA) — UWD) be the a-th projection. The pull-back of 8
by ¢, gives rise to B’-homomorphism 6, : B’ — HY(PSUy .4y, E™). Let
N4 - BOA L HOY(PSUyv.ay, Z) map (z1,...,24) to 22‘:1 0u(zy). Let
U4 be the subset of UMA) consisting of points v € UM A) such that
N4 @, k(u) is surjective. By Proposition 4.1.2 (2), H%base change the-
orem holds in our situation, so HO(PSUn.a), 5(™) is a finitely generated
B'-algebra. Hence UMA)° is open in UN). Moreover (SD),,, holds for
PSU(r, L;C/Speck; Ay, ..., Ay,) if and only if UNV-A)° £ () for some N > 0 and
A > 0. This last condition is invariant under the base change SpecK — Speck.
This completes the proof. O

2.3. Openness of (SD)

Proposition 2.3.1. Let 7 :C — S = SpecR, s; and A; (1 < i < m)
be as in Definition 2.1.6, let L be a line bundle of degree d on each fiber.
Let S" be the subset of S such that x € S is in S’ if and only if (SD),
holds for PSU(r, Lz;Cz; A1, ..., Ay), where T := Speck(x). Put PSU :=
PSU(r, L;C/S;Ax, ..., Ap). Assume that the following condition (#) holds.

(#) H(PSU, Eggu) is a finitely generated R-module, and for T = SpecR’
with R' an R-algebra, the natural morphism HO(PSU, Eggu) ®r R —
HY(PSUT, E;D@MT) is an isomorphism.

Then S’ is an open subset of S.

Proof. This proposition is proved by a similar argument as in the proof
of Proposition 2.2.1. Take the atlas H(N) — PU(n,e;C/S; Ay, ..., Ap) ™). Let
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G, SpecB = UW) = 1L, U, — HWN)
@g : PSU(r, Lyo; Cyon JUN A, o A) — U(rn,rn(g — 1); Cyon JUN),

UWN.A4),
Q(N’A) : B/@A — HO (’PSU(h ,CU(N,A) 5 CU(N,A) /U(N’A) ) Al, cee 7Am), E(n))

and UNV>4)° he as in the proof of Proposition 2.2.1. (But this time UWnN) -
HW) is an étale covering.) Let g(™-4) denote the projection UN-4) — §. Then
g4 is an open map because HV) — § is smooth and UN) — HW) is étale.
By (#), UNA° is open and

S/ — U g(N7A)(U(N’A)O).
N, A

This completes the proof. 1

3. The case r =2

3.1. Elementary transformation

Let C be a smooth projective irreducible curve over an algebraically closed
field k£ and let £ be a line bundle on C' of degree d. Let sq,..., s, be distinct
closed points of C and let Ay,...,A,, be Young diagrams of type <(2,n). Let
Ay (@ > b)be the Young diagram of type <(2,n) having a boxes in the first
row and b boxes in the second row. Let (£, {F((si)ps,,€)}ix1) be the universal
bundle with filtrations over PSU(2, L; C; Aq,...,A,,). Now assume that A; =
Ap o with 0 < a < n. Note that the rank of F((s1)p5,,£)(C (51)psE) is one.
Put

(3.1) &' = Ker (€ — (s1)psu= ((s1)psu€/F1((51)psuf))) -

Let F((s1)psyE") be the filtration

(s1)psu€’ =F1((s1)psu€’) D Fa(s1)psué’) =Ker ((s1)psué’ — (51)psuf)
of (s1)psy€’ of type Aqo. Put F((si)psyE') = F((s2)psy€) for i > 2. Then,

by associating (£, {F((s:)psyE)}iz1) to (E,{F((s:)psy€)}iz1), we have an
isomorphism elm of stacks

(3.2)
PSU(2,L;C; Apay g, M) <25 PSU (2, L(—51); C; Ay Ay oo M) -

Let G = (G, {F(s7G)}™,) be an object of PU(n,e; C; //1;:1, As, ..., Aw)(Speck),
where F(sfG) = (sfG D Fi(s;G)). Then G can be regarded as an object of

PU(n,e;C; Ay 0, Ao, ..., A, ) (Speck).
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Lemma 3.1.1. The following diagram is commutative.

PSU2,L;C; AnasAss. . Ap) 5 U@, 2n(g — 1):C)

(3.3) U] etm |

Pg

PSU (2,L(—51);C; Aao, A2y .., A)) — U(2n,2n(g —1);C)

Proof. For simplicity assume that m = 1. We have the commutative
diagram of sheaves on C' x PSU (2, L; C; Ay, q);

(3.4)
£ @psu L (51)psu€ ® (519 psu/ Fi((s1)psu) @ (Fi(57G))psu
T T
&0 @rsu L ((0psul'/Pal(30)ps1€") @ (519/Fa(516) ) psus -
Then the proposition follows from Ker(f) = Ker(f’). O

Proposition 3.1.2.  (SD)y,, holds for PSU(2,L;C; Ap.a, N2, ..., Ap)
if and only if (SD)a,, holds for PSU(2,L(—51);C; Ag0, Aoy .., Apy).

Proof. For simplicity we assume that m = 1. If 0 < a < n, then this is
a direct consequence of Lemma 3.1.1. Assume that a = 0. Let £ be as in the
equation 3.1. By associating £’ to (£,F((s1)5sy,E)), we have the P*-bundle

PSU(2, L; C; Ang) & PSU2, L(—51); C),

and h*=0") ~ =) Let G = (G,F(s7G)) be an object of

SPSUR,L(—51)) =PSuU(2,0)
PU(n,e;C; Ay o)(Speck), then F(siG) = (siG = Fi(s{G)). Thus G can be

considered as an object of PU(n,e;C; Ay o) and the diagram

PSU2,L;C;A,0) — U(2n,2n(g—1);C)
(3.5) Lh |
PSU(2,L(—s51);C) — U(2n,2n(g—1);C)

is commutative. Hence for a = 0 the proposition is proved. The case a = n is
similar. O

By a similar argument as above, we obtain the following proposition whose
proof is left to the reader.

Proposition 3.1.3. Letn > a > b > 0. Then (SD)a,, holds for
PSU2,L;C; Aap; s, ..., Ayy) if and only if (SD)2,, holds for
PSU12,L;C; Apn—atb; Mo, ooy Ap).

3.2. Genus one case

Proposition 3.2.1.  Let C' be a smooth projective irreducible curve of
genus one over an algebraically closed field k of characteristic zero. Let L be a
line bundle of degree d on C. Then (SD)a,, holds for PSU(2,L;C).
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Proof. Tt suffices to consider the case that e determined by the equation
2.4 is an integer. We may assume that £ = O¢ or £ = O¢(z) with z € C. By
[B3], we have

dim HO(PSU(2, £;C), =™y = " +1 Tf L£=0¢
1 if £L=0c(x).

Case (1). L= 0Oc¢.

Let PSU be the coarse moduli space of PSU(2, L; C)**. We have

(3.6) HO(PSU, =) < HO(PSU**, ) ~ HO(PSU, Z52,).

Let M be a universal bundle on C' x Pic®(C). The 2-bundle M & M~! on
C x Pic®(C) gives rise to a morphism f : Pic°(C) — PSU. This factors
as Pic°(0) % Pic°(C)/[-1] £ PSU, and f, is an isomorphism. Since
Prpice(cy«M = 0 and R'prpico ()M = k(o), we have f*EggU ~ O(2n - o).
Therefore f5 =} is isomorphic to the line bundle O(n) on Pic®(C)/[—1] ~ P!,
hence dim H(PSU, EI(%)U) =n+1 and ¢ is an isomorphism. If § = M; &
- @ M, with M; € Pic®(C), then the pull-back of the section g(p5oe) by f
is a section of O(2n - 0) whose divisor of zero is Y., ([M;] + [M}]). Thus the
divisor of zero of f5(g9(pgoe)) is iy f1([Mi]). Varying M;, these divisors
span HY(Pic®°(C)/[—1], O(n)).

Case (2). L ~0Oc¢(z).

Note first that in this case n is even because we are assuming that e is
an integer. Let 0 — Ogc — £ — O¢(x) — 0 be a non-split exact sequence.
Since dim HO(PSU, Z™) = 1, we have only to find an n-bundle G of degree
—n/2 such that H°(C, £ ® G) = 0 because HY(C, € ® G) = 0 implies w5oe #0
by Remark 2.1.14. Take N € Pic®(C) such that N®? 2 Og. Put G :=
(Y @N)®M/2) Tf HO(C, € ® G) # 0, then we have a non-zero homomorphism
a: & — ER®N. Since £ is stable, « is an isomorphism so that we have

Na s N2E S (/\2 E) ® N®2. This contradicts the choice of A/. Therefor
H(C,E®G) = 0.

|

Proposition 3.2.2.  Let C and L be as in Proposition 3.2.1. Let s be
a closed point of C and A be a Young diagram of type <(2,n). Then (SD)a,
holds for PSU(2,L;C, A).

Proof. By Proposition 3.1.2, we may assume that d is odd. By Propo-
sition 3.1.3, we may assume that A = A4, , (0 < a < n). If a = n, then the
proposition follows from Remark 2.1.17 and Proposition 3.2.1. If a = 0, the
proposition follows from Proposition 3.1.2 and Remark 2.1.17 and Proposition
3.2.1. Therefore we may assume that 0 < a < n. We may assume that d = 1.
If a is odd, then e = a/2 is not an integer. Thus we may assume that a is
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even. In this case we have dim HO(PSU(2,L;C,A),Z™) = n+1 —a. Let
PSU be the coarse moduli space of PSU**. Let £ be a stable 2-bundle on C
with det £ ~ L. For (I C s*&) € P(s*E), (€, s*E D 1) is parabolic stable. Thus
we have an isomorphism f : P(s*€) = PSU and f*EI(Dns)U ~ Opi(n — a). For
1 <i<n-—a,let M; be aline bundle on C of degree zero. For 1 < j < a/2, let
Fj be a stable 2-bundle on C of degree one. Put G := @) "M, & EB;lfl F;.
By letting the first filter F1(s*G) of s*G be s* M1 B+ - B *M,;,_, B0DB--- PO,
we obtain the filter F(s*G) of s*G of type g:a Put G := (G,F(s*G)). We
choose the above Fi,...,F, /2 so general that we have H(C,E® F;(—s)) =0
for 1 <Vj <a/2. If M is a line bundle on C of degree zero, the subset

{1 cs*€) [H (Ker(€ — s*E/1) @ M) # 0} C P(s*E)

is a one point, which we denote by ®»4. Then the divisor of zero of the section
050 is 31" ®aq,. Since the morphism @ : Pic®(C) — P(s*&) that maps M
to @4 is surjective, the divisors Y ;" ® 4, span HO(P(s*E),O(n — a)) when
we vary M. |

Proposition 3.2.3.  Let C and L be as in Proposition 3.2.1. For i =
1,2, let s; be a closed point of C' and A; be a Young diagram of type <(2,n).
Then (SD)sa,, holds for PSU(2, L; C; A1, As).

Proof. By Proposition 3.1.3, we may assume that A; = A, ,,_q, (0 <
a; < n). If a; = 0 or n, then using Proposition 3.1.2 and Remark 2.1.17, we
can attribute the proposition to Proposition 3.2.2. Therefore we may assume
that 0 < a; < n. Moreover if d is even, we perform elementary transformation
at s; so that we may assume that d is odd by Proposition 3.1.2. Moreover, if
a1 + a2 > n, we perform elementary transformation at s; and ss so that we
may assume that a; + as < n by Proposition 3.1.2. After all, we may assume
that d is odd and A; = Ay, g, With 0 < a; < n and a; + a2 < n. We may
assume that d = 1 and that e = (3n — a; — a3)/2 is an integer. We have
dim HO(PSU(2, L; C; A1, Ag), E™)) = (a3 +1)(ag +1). Let PSU be the coarse
moduli space of PSU(2, L;C; Ay, A3)*s. Let € be a stable 2-bundle on C with
det& ~ L. For V(I; C si&) € P(si€), (E,s7€ D 11,85 D o) is parabolic
semistable. Thus we have the morphism f : P(s1€) x P(s3€) — PSU. We can
see that f is an isomorphism and f*5) ~ Opi(a1) X Opi (az). If M is a line
bundle on C of degree one, the subset

{(; c s1&) 0 (Ker(€ — s7E/1;) @ M ® Oc(—s3—;)) # 0} C P(s}€)

is a one point, which we denote by <I>5\i,)t. Let My,...,Mqa,,N1,..., Ny, be line
bundles of degree one. For 1 < j < (n—a; —az2)/2, let F; be a stable 2-bundle
of degree 3. Put

(n—ai1—az2)/2
G=M @ dM, NN, P F.

Jj=1
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If we let Fy(s7G) and Fi(s3G) be

Fi(si0) =M1 @ O M,, 000050 C 516
Fy(s5G) =00 - @00 N; & ®Na, PO C 536,

then IE"(slg) (s1G D Fl(slg)) and F(s5G) = (s3G D Fi(s5G)) are filtrations

of type Ann o, and Ann ap Tespectively. Put G := (G,F(s7G),F(s3G)). We
choose the above F; generally. Then the divisor of zero of the section p5og is

P> q)s\l,[ )+ 3>, @(2) ), where p; is the i-th projection p; : P(s7€) x
]P’(s2 ) — P(s7&). As varying M; and Nj, these p5oo span HO(P(si€) x
P(s3€),0(a1) K O(ag)). O

3.3. Base-change property

Let k be a field of characteristic zero and let R be a finitely generated
reduced k-algebra. Let m: C — S := SpecR be a smooth projective morphism
such that every geometric fiber is an irreducible curve of genus g > 2. Let £
be a line bundle on C of degree d on each fiber. Let s : S — C be a section of
m and A be a Young diagram of type <(2,n).

Proposition 3.3.1.  If PSU is PSU(2,L;C/S) or PSU(2,L;C/S; ),
then the property (#) in Proposition 2.3.1 holds.

Proof. We shall deal with the case PSU = PSU(2,L;C/S; A), the other
case is similar and simpler. We may assume that A = A, , with 0 < a < n.
Let PSU be the coarse moduli space of PSU®*®. Put T = SpecR’, R’ being an
R-algebra. Then we have

H (Psu(z,cT;cT/T; A, 5<">) (PSU xs T, ~§:”s)UXST)

Since dim HO(PSU x 5 Speck(x), Z(™) is constant for any = € S, we infer that
the natural homomorphism H(PSU, Z™)®r R’ — H°(PSU x gSpecR’, 5(™)
is an isomorphism for any R-algebra R’ by the usual base-change theorem for
schemes (cf. [Mum, Chapter II, §5, Crollary 2]). Therefor in order to complete
the proof, it suffices to prove that the restriction map HO(PSU(2, L7;Cr/T; A),
=M - HO(PSU(2, L1;Cr/T; A)**, 5™) is an isomorphism. To prove this we
shall apply Proposition 4.1.5. All we have to prove is the following claim.

Claim. Let C be a smooth projective irreducible curve of genus g > 2
over a field k, £ be a line bundle of degree d on C and s be a closed point of
C. Let 7: SHWN) — PSU(2,L;C; A,..) (0 < a < n) be the atlas described in
the paragraph 2.1.7. Then we have

codimg g (SH) \ SH*=W)) > g — 1.

Proof of Claim. Put h(N) :=d+2(degO(1) +1— g) as in the paragraph
2.1.7. Tt is easily seen that dim SHN) = 3g — 24 h(N)?2. If a 2-bundle £ on C'
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with a 1-dimensional filter I C s*& is not parabolic semistable with respect to
the weights (0, (n — a)/n), then we have either (i) there exists a line subbundle
M C € with degM — (n — a)/2n > d/2, or (ii) there exists a line subbundle
M C & with s*M =1 and degM + (n — a)/2n > d/2. 2-bundles £ with a
1-dimensional filter | C s*& satisfying (i) are parameterized by a scheme of
dimension less than or equal to

(3.7) max {dim{UU}P’*Hl(C,M@Q@EV)} —|—1,g},

d M

where d’ > (d/2) + (n —a)/2n and M is a line bundle of degree d'. (£,1 C s*&)
satisfying (ii) are parameterized by a scheme of dimension less than or equal to

(3.8) max{dim{UUP*Hl(C,M®2®£V)} ,g} ,
a M
where d' > (d/2) — (n — a)/2n and M is a line bundle of degree d’. Note that

dim {U]P’*Hl(C,M@Z ® .cV)} <29—2— (2deg M — deg ).
M

Therefore we have
dim (SH(N) \ SH“(N)> < max {29 - ? 2 — 2+ n;“,g} + h(N)?
<2g—1+h(N)%

Hence we have codimgy o (SHWY) \ SH**(N)) > g — 1. This completes the
proof of the claim. O

O

3.4. PSU for nodal curves

Let m : C — S be a flat projective morphism such that every geomet-
ric fiber is a connected nodal curve of arithmetic genus g. Let £ be a line
bundle on C of degree d on each fiber. Let s1,...,s,, be sections of 7w such
that s,(S) C smooth(r) and s;(S) N's;(S) = 0 for i # j, and Aq,..., A, be
Young diagrams of type < (2,7n). We shall extend the definition of the stack
PSU2,L;C/S; Ay, ..., Ay to families of nodal curves as follows.

If T is an affine scheme and f : T — S is a morphism, an object of
PSU(2,L;C/S; Ay, ..., Ap)(T) is following data:

(a) T-flat coherent sheaf € on C x g T such that its restriction to each fiber
is torsion-free and of rank 2 on every irreducible component,

(b) an isomorphism 3 : € — Homo,, (€, L) of Ocxgr-modules such
that '3 = —f3,

(c) a filtration F((s;)7E) = ((54)7€ 2 F1((5:)7E) D ... D Fya,)((54)1E)) of
type A; for each 1 < i < m.
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Isomorphisms of the groupoid PSU(2,L;C/S; A1, ..., Aw)(T) are defined ob-
viously.

We denote by PSU(2,L;C/S;A1,..., )Y the open substack of
PSU(2,L;C/S; Ay, ..., A,) consisting of locally free sheaves.

The line bundle 57(7722/1 on PSU(2,L;C/S; A1, ..., Ay) is defined by (2.2).

3.4.1. Just as in the smooth case, we can describe an atlas of
PSU(2,L;C/S; A1, .., Ay,) as follows. Fix a m-very-ample line bundle O¢(1)
on C. For a positive integer N, we define the open substack
PSU(2,L;C/S; A1, ..., Ap)N) of PSU(2,L;C/S;A,...,Ay) as in the para-
graph 2.1.7. Let SHW) be the S-scheme parameterizing sheaves
EonC; (t € S) asin (a) such that £(N) is globally generated and H*(C;, £(N))
= 0, together with a basis of H%(C;, £(N)), anti-symmetric isomorphism
B as in (b) above and filtrations F(s*€) as in (c) above. Then SH®) —
PSU(2,L;C/S; A1, ..., Ay)N) is an atlas. Taking disjoint union, we obtain an
atlas [y SHN) — PSU(2,L;C/S; A1, ..., Ay). We put SHYWN) .= SHWN)
Xpsu'PSZ/{lf.

3.4.2. Set-up. Now let us restrict ourselves to the following special
situation that will be retained in the rest of this section. Let S := Speck[[t]],
k being an algebraically closed field of characteristic zero. S, denotes the
closed point of S,  denotes the generic point of S and 7 denotes the geometric
point Speck(n) — S of n. m:C — S is smooth over 7 and C xg S, has two
irreducible component C7 and Csq, both being smooth, and C; and Cs intersects
transversally at one point, which we denote by P. We assume that there is an
isomorphism 6;: ~ k[[x1, x2,t]]/(x122 — V) of K[[t]]-algebra, with v a positive
integer. Let us be given only one section s of 7 such that s(S,) € C; \ {P},
and let A be a Young diagram of type < (2,n). Let d; be the degree of L|¢,
and g; be the genus of C;. We have d = d; + ds and g = g1 + ¢».

Lemma 3.4.3. Let (£,8 : € = Hom(&,L|c,uc, ), F((ss,)*E)) be an
object of PSU(2,L;C/S;AN)(S,). Then either (i) or (ii) below holds.

(i) € is locally free.

(ii) Ep ~mB?, where mp is the ideal sheaf of {P} in C, = Cy U Cs.

Proof. We know that Ep ~ m%a @ (’)g(%a) with 2 > a > 0. We have
only to exclude the case a = 1. Let f; be the degree of (£|¢,)/torsion. Then
the degree of Hom(&, L|cyuc,)|c, /torsion is —f; + 2d; — a. By [, we have
fi = —fi +2d; — a. Hence a is even. O

Local Structure. We easily see that the morphism SHY®V) — § is
smooth. By [Fal, §3], we know that if x € SH®) is S,-valued point such that
the corresponding torsion-free sheaf £ belongs to the case (ii) in Lemma 3.4.3,
then we have an isomorphism @SHm)J ~ k[[z1, 22, 23, 24, W1, Wa, ... ]|/ (2122 —
2324 — tV). From these we derive the fbllowing lemma.

Lemma 3.4.4. SHW) — S is (if not empty) flat, geometrically normal
and geometrically irreducible.
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Proof. By the above result cited from [Fal, §3], SH®™) — S is flat and its
every geometric fiber is Cohen-Macaulay and regular in codimension one, thus
it is normal. To prove geometric irreducibility, it suffices to prove that every
geometric fiber of SHY/(Y) — § is irreducible. This can be proved exactly the
same argument as the non-singular case. O

3.5. Induction step
We retain the notation in the paragraph 3.4.2.

Theorem 3.5.1. If (SD)a, holds for PSU(2,L|c,;Ci; A T) and
PSU(2, L|c,; Co;T') for any Young diagram T' of type < (2,n), then (SD)ap
holds for PSU(2, Lz;Cq, A). Here the Young diagram A is assigned to the point
s(S,) on Cy, and T is assigned to the point P on Cy and Cs.

Let e be the rational number determined by
(3.9 2e+nd+2n(1 —g) = |A|.

If e is not an integer Theorem 3.5.1 holds automatically. From now on, we
assume that e is an integer. Put PSU; := PSU(2, L|c,; C1; A) and PSU, :=
PSU(2,L|c,; C2).  Let (£ det EL"Y  ~ L|o,, F((spsu, ) EF™)) and
(E¥niv det EY™Y ~ [|c,) be the universal objects over PSU; and PSUs re-
spectively. Let ¢; : PSU; x PSUs — PSU; be the i-th projection. Since we
have the isomorphisms of sheaves on PSU;1 x PSU-

&1 (P)psy, det E1™Y ~ ¢1(P)psy, (Lley ) psu,
~ ¢5(P)psu, (Lle,)psu,

~ 95 (P)psu, det €5,

we can consider the S-stack SL(¢5(P)psy, 1™, ¢5(P)psy,E4™) over
PSU; x PSUs. (See the subsection 4.2 for the definition of SL(x, *).)

3.5.2.  Explicitly, if T' is an affine S,-scheme, an object of the groupoid

SL(#7(P)p sy, EI™5 #5(P)p sy, 3™ )(T) is following data (V):

e 2-bundles & on C; x T (i = 1,2),

e isomorphisms det&; ~ (Llg,)r (i = 1,2), (or equivalently, anti-
symmetric isomorphisms & ~ Hom/(&;, (Llc,)T)),

e a filtration F((s)5&1) of (s)5&; of type A,

e a 2-bundle quotient v : (P)%& @ (P)7€& — Q — 0 such that the
diagram

A%yp
—

(P)n(Lley)r =~ det(P)n& det O
(3.10) Y| ) I
(PY(Lloy)r =~ det(P)h&; 222 detQ

commutes, where ~v; := ’}/l(P)}gi.
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3.5.3.  Let ¢; be the inclusion morphism ¢; : C; — C7 U Cy. For given
data (©) as above, the composite of (t1)7+E1 @ (t2)1+E2 — (P)ru(P)HE1 @
(P)r«(P)5Ey and (P)r.((P)5E1 @ (P)5E) — (P)r«Q — 0 gives rise to a
surjective homomorphism (¢1)7.E1 & (t2)7+E2 — (P)7.Q — 0 on (C1UC) x T
If £ denotes its kernel, it is a flat family of torsion-free sheaves on Cy U Cy
parameterized by T'. Besides, by taking direct sum of the alternate bi-linear
forms & ® & — (L|e,)r (i = 1,2), we obtain the alternate bilinear form
((t1)1+E1 & (12)14E2) @ ((11)14E1 B (12)1E2) — (Lley )T @ (L) -

Claim 3.5.3.1.  There is a unique bilinear form & ® € — (L|c,uc,)T
such that the diagram

(3.11)
EQE — (Lleyue,)r
! !
((t1)7+E1 B (12)1+E2) ® ((L1)74E1 @ (L2)7:E2) —  (Lley)r B (Lley)r

commutes.
Proof. Since we have an exact sequence

0= (Lleyue, )T = (Lle)r @ (Lloy)r — (P)«(L @ k(P)))r — 0,

it suffices to prove that EQE — ((P).(L&k(P)))r is a zero map. Let (P)%+&;®
(P)RE — ((P)«(L ® kE(P)))r, the pull-back of & @ & — (P*L)r by (P)r, be
denoted by A. Put R := Ker(y: (P)5&1 @ (P)rE2 — Q). Let g; : R — (P)%E;
be the composite R — (P)5&1 @ (P)7E — (P)%E&;. To show that £ ® & —
((P)«(L®K(P)))r is a zero map, we only need to verify that g (r) A g1(r') —
g2(r) A g2(r') is zero for Vr,r’ € R. This follows from Remark 4.2.2 (2). O

One can easily see that this alternate bi-linear form £ ® € — (L|c,uc, )T
gives the isomorphism £ ~ Hom(&, (L|c,uc,)r). The filtration F((s)%€1) in-
duces a filtration of (s)%-€ because (s)5E1 ~ (s)5E.

Summing up, from the data (©), we obtained an object of
PSU(2, L]c,ue,; C1UC; A)(T). For short, let us put SL := SL(¢1(P)pgy, E1™,
6 (P51, E471) and SL 1= SL(¢1(P)bgys, EL77, do(P)ogyy, E3™7). Then the
above procedure induces the following commutative diagram.

SL L PSUQ, Lle,ue,: €L Uy A)
(3.12) U U

SL L PSU®, L)c,ue,; Cr U Coy AV
Here f is an isomorphism.

Lemma 3.5.4. If M is a line bundle on PSU(2, L|c,uc,; C1 U Ca; A),
then we have the following commutative diagram in which all homomorphisms
are isomorphisms.

H° (SL, f*M) <f% HO (PSU(2, L|cyuc,; C1 U Cos A), M)

(3.13) L (a) O]
HO (SL, f*M) ‘f HO (PSU(2, L|cyuc,; Cr U Cos AV, M)
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Proof. The commutativity is clear. By Lemma 3.4.4 and Proposition
4.1.5, (b) is an isomorphism. Since f is an isomorphism, f* is an isomorphism.
Since (a) is injective, we know that (a) and f* are isomorphisms. O

Lemma 3.5.5. Let N be a positive integer such that 2(N — 2)
deg(O(1)|¢;) > 69; — 1 —d; fori=1,2. Then codimension of PSU(2, L|c,ucy,;
CLUCy; A\ PSU(2, L|c,uc,; C1UCoy; AN in PSU(2, L] cyuc,; C1UCa; A) is

greater than or equal to 2.

Proof. Since PSU(2, L|c,uc,; C1 U Co; A) — PSU(2, L]c,uc,; C1 U Cy)
is a Flagp-bundle, in order to prove the lemma we may ignore the filtration.
Since the codimension of PSU(2, L|c,uc,; C1UC2) \PSU(2, L]cyuc,; C1UC)H
in PSU(2, L]|c,uc,; C1 U Ca) is greater than or equal to 2, we only need to
prove that the codimension of PSUY \ PSUTN) in PSUY is greater than
or equal to 2. Let F be an object of PSUY \ PSUY M) (Speck), then either
HY(C1UCs, FRO(N)) # 0 or F@O(N) is not globally generated. In any case
we have HY(C, U Cy, F @ O(N — 1)) # 0. Put F; := Flc, .

Claim.  We have either H (C1, F1 @ (O(N —2)|¢,)) # 0 or HY(Ca, Fo ®
(O(N =2)|c,)) # 0.

Proof of Claim. Assume that both are zero. Then fori = 1,2, H(C;, F;®
(O(N —1)|¢;)) =0and F; ® (O(N —1)|¢,) is globally generated. By the long
exact sequence of

2
0> F@ON-1) - @ Fi @ (ON -1)|¢,) = Fk(P) -0,
=1

we have HY(C; U Cy, F @ O(N — 1)) = 0. This is a contradiction. O

For j = 1,2, let PSU; be the open substack of PSU(2, L|c,; C;) such that
F € PSU(2, L]c,; C;) is in PSUT if and only if H(Cj, F @ (O(N —2)|¢,)) = 0.
Then by the above claim, we have only to prove that codim(PSU(2, L|c,; C;)\
PSUL, PSU2,LIc,;C)) > 2. If F € PSU?,L|c,;C;) \ PSUL(Speck), we
have a non-zero homomorphism o : F® (O(N —2)|¢,) — K¢, by Serre duality.
Put A :=Ima. Then Ker(a) ~ (L|¢,) ® AY ® (O(2N —4)|¢,). We have
deg Ker(a) —deg A = d; + 2(N — 2) deg(O(1)|c;) — 2deg A
2 dj +2(N —2)deg(O(1)|c;) — 2(29; — 2)
> 29j +3
> QQJ — 2.
Therefore we have Ext' (A4, Ker(a)) = 0. Hence we have F @ (O(N — 2)|¢,) ~
A & Ker(a). We have
dim Aut(A @ Ker(a)) = 2 + h°(Ker(a) @ AY)
>242g;+3+1—g;
=g; +6.
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Thus if Aut’(A @ Ker(a)) = {f € Aut(A @ Ker(a))|det(f) = id}, then
dim Aut’(A @ Ker(a)) > g; + 5. For N’ > N, let 7 : SHJ(N/) — PSU(2; L]c;;
Cj)(N') be the atlas described in the paragraph 2.1.7. We have dim SHJ(N/) =
h(N")? + 3g; — 3, where h(N’) := d; + 2(N’ deg(O(1)|¢,) + 1 — g;). We have
dim(SHN)\ 77 1(PSUT)) < dim Pic(C;) + h(N')? — dim Aut’(A @ Ker(a))
< gj +h(N')? = (g; +5) = h(N')* =5
< h(N')? +3g; -5 < dimSHN) 2
This completes the proof. 1

Corollary 3.5.6.  Ler R’ be a flat k[[t]]-algebra and put T := SpecR’'.
If M is a line bundle on PSU(2,L;C/S; ), then the natural homomorphism

H” (PSU(2, £;C/S; A), M) @) B’ — H® (PSU(2, L Cr /T3 ), Mr)
18 an isomorphism.

Proof. By Lemma 3.5.5 and Proposition 4.1.5, for a large IV, we have the
isomorphisms

HO (PSU(2, £;C/S; A), M) = H (Pszm, £:C/8; )™, M)
and
HO (PSU(2, L Cr/T; A), My) = HO (PSU(Q,L‘T;CT/T; A)<N>,MT) .

Now the corollary follows from Proposition 4.1.1. O

Let ¢ : SL(¢(P )psulfunw,gé;( )pSMQS“”“’) — PSU1 x PSU5 be the
projection.

Lemma 3.5.7. We have an isomorphism
(3.14) e (n) ~ (* (¢1:P7gu1 ® ¢2~7>5u2> ® Ozz(nB),
where B = B(¢7(P)psy, E1™, 5(P)psy,€8™), which is a divisor of

SL(¢7(P)psy, E1™, 05 (P)psy,E3™).  (See the subsection 4.2 for the defi-
nition of B(x, *) )

Proof. Let us be given the data () in the paragraph 3.5.2, and let e be
as in the equation (3.9). Then we have

1(A)
(det RprT*f,’)@(—n) ® ® det (F](( )Tg)/F]+1(( ) 5))@%(/\)
7=0
=~ (det RpTT*&) ® (det RprT*EQ) ) g Q¥

1n)

®det ()31 Fyea ((5)5:61)) 7.
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This proves the lemma. 1

Let e be as in the equation (3.9) (and we are assuming that e is an integer).
Let G be an S-flat coherent sheaf on C that is torsion-free of rank n and x =
e+n(l —g) on every fiber. Let F(s*G) = {s*G 2 F1(s*G) D --- D Fya)(s*G)}
be a filtration of type A. Put G := (G,F(s*G)). Then as in the paragraph
2.1.15, we have the morphism of S-stacks

pg 1 PSU(2,L;C/S; M) — U(2n, 2n(g — 1);C/S).

For a positive integer 1, put S/D := Speck[[t'/!]] and C*/V := C x g SI/D. By
the base-change, we have

(pg)sam : PSU2, L;CHD/SHD MY — 1Y(2n,2n(g — 1);¢/D /SE/D),

Lemma 3.5.8.  There exists a positive integer | such that we have an

isomorphism (<,0g)5(1/z)9u = ~7(>n$)1/{

Proof. Let t1,t2 be sections S — C such that ¢;(S) C smooth(w), t1(S)N
t2(S) =0 and ¢; N C; # 0. O¢(ty + t2) is a m-ample line bundle. One can find
a positive integer b and a short exact sequence of coherent O¢-modules

(3.15) 0—G— Oc(b(ty + )" =T —0

such that Supp(7) — S is a finite morphism. Since G|¢,uc, is torsion-free, 7
is S-flat. Then we can find a positive integer ! such that 7gu,1, the pull-back
of T to C(l/l), has a filtration ZTga,y = 75(1/1)’0 D) Ts(l/l)’l DD 75(1/1)’5 =0
with the property that for 1 < j <&, Tgasn j_1/Zsam ; is a vector bundle on
u; (SA/V), where uj : SU/D — ¢V is a section of CH/V — S(/D. Let us fix
isomorphisms

det (F}(s*G)/Fj+1(s*G)) ~ Os,t;ﬁ ~ Og,u;ﬁsu/z) ~ Ogan,

(3.16)
thc(Ctj) ~ Og, det (’TS(uz))j_l//TSu/z))J») ~ Ogan.

Let (B,detB =~ Lgam,F((s)%B)) be an object of PSU(2,Lgam;CH/V/
SA/D s/ \)F(T), T being an affine S(1/D-scheme. For this object, by
the construction of ¢g explained in the paragraph 2.1.15 and Lemma 2.1.5,
(¢g) %1 Ou corresponds to a line bundle on T’

det (Rprr.B® Gr)” ®det (5°G)/Fj11(s°G) 2™ @ O

Un)

®®det (s*B)/Fj41(s *B))®7’
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Using the above short exact sequence (3.15), the filtrations of 7ga,n and the
isomorphisms (3.16), we have

det Rpro, (BRGr) ~det Rpro, (B&Oc(b(ty + t2))7) " @det Rpro., (B Tr)
~ (det Rpry,B)®"

This proves the lemma. O

_Let £ denote the closed immersion B(¢7(P)psu, E1™, d5(P)psu,E5™")
— SL, and we put B := B(¢}(P)psu, E1™%, ¢35 (P)psu,E4™7). (See the sub-

section 4.2 for the definition of B(x, +).) Put V; := HO(ST, " (55, RE59,.)©
Ogz(7B)). We have the exact sequence of k-vector spaces

(317) 0= Viy = Vi — B (B, ()" (S5, B Z5y,) @ =" Ogz(7B) ),

and let V; c H (IB, (C|IB)*(E7(Dn5)u1 X Hgguz) ®6*(957(j153)) be the image of
V;. If the data (O) in the paragraph 3.5.2 is a T-valued point of B, then
Q = Q1 ® Qy with Q; a line bundle and ~ is the direct sum of (P)%& —
Q1 — 0 (P)%& — Q2 — 0. (See Proposition 4.2.3.) This gives a T-valued
point of PSU(2, L|c,;C1; A, An—j) X PSU(2,L|c,;Ca; Ajo). Therefore for
1<j<n B~PSUZ2 Llc;Ci; A Apnj) X PSU2,L|c,; Co; Ajo), and we
have an isomorphism

(Clo)* (Shd, ® S5y, ) © € Osr(B)

H(") X =(n)
= EPSUR.Ll ey iC1A A i) & TPSUR2,Lleyi02344,0)"

For j = 0, we have

H (B, (Cle) (S5, @ Z58,)) = HO (PSUL x PSUz, 25k, ® 2R, )
and we have isomorphisms

PSU1 x PSU ~ PSU(2, L|c,;C1; A, Ann) X PSU(2, L|cy; Cay Ao o)

=(n) X =(n) ,—.(n) X = =(n)

hI’P‘S‘Z/{l h“PSZ/{2 - ‘_“PSZ/{(Q ﬁlcl ,Cl,A An n) PSM(Q L‘/‘C2,C2,AO 0)
Put PSU: = PSU(?2,L|c,;Ci; A, Apnj) and PSUL = PSU(2,L|c,; Co;
Ajo). Then in any case for 0 < j < n, we have an isomorphism of k-vector
spaces

(3.18)

H'(B, (C|2)" (Spou,HEpau,) ©" O (jB)) ~HAPSUIxPSUS 5170 RED) ).

which is determined up to k*.
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Let e1,; and eg ; be the rational numbers satisfying

2e1j+ndi +2n(l—g1) =|A|+2n—j

(3.19) .
262)j + ndy + 2n(1 — gg) =7

Note that e, ; is an integer if and only if so is ey j, for e = €1 ; + e2; and we
are assuming that e is an integer. By Proposition 4.1.8, the isomorphism (3.18)
and Remark 2.1.12, we have

HO (B, (Cle)" (S, B Z5d,) © € O5r(jB) ) = 0
if e1 ; and eg ; are not integers. Therefore we have

(3.20)
dim HO (PSZ/{(Q, C1 U Cy; L]oyuey; M), Eé'fg)u)

n
=dimV, = E dimV; = E dim V;
7=0 0<j<n, e, ;:integer

< 3 dim H° (IBL (Cle)* (29, BEW Y@ g*OS—L(ﬂB)> .

0<j<n, ey ;:integer

Now fix j so that e;; and ey ; are integers. Let §; be a vector bundle on
C; of rank n and of degree e;; and let F((s)5 G1) be a filtration of (s)g G1
of type A. Let q : Gilp @ G2|p — U be an n-dimensional quotient of k-
vector spaces such that ¢|(g,|,) is an isomorphism and ¢|g,|,) is of rank j.
Put G, := (G1,F((s)5,G1)). For the data (Gi,Ga,q), we shall define the mor-
phism of stacks ¥(g, g,.q) : SL — U(2n,2n(g — 1); C1 U C3) as follows. Let
T be an affine k-scheme and let us be given the data () in the paragraph
3.5.2. Let p: SL((P)%&1, (P)5%E) — T be the projection, and 0 — V¥niv —

univ

p* (P& @ (P)3Es) ——— QU™¥ — 0 be the universal quotient. Let &’ de-
note the closed immersion B ((P)%&1, (P)4%&2) — SL((P)r&1, (P)hE). Put
B’ := B((P)}&1, (P)RE). For i = 1,2 we can find a line subbundle M; of
(plp’)*((P)%&;) and an isomorphism of the short exact sequences

0 — gxpuniv _, E/*P*(@?:l(P)?gi) _ E/Qum'v =0
(3.21) ! I L A

0 = My® My — (pla) (@7 (P)1€) — @, Ly o,
Let o' : p* ((P)7€1 @ (Gi]p)) @ ((P)7€2 @k (G2|p))) — Q™" @, U be given
by (21 ® y1, 32 ® y2) — ¥"""(21) @ q(y1) — 7" (22) ® q(y2). Let K be the
kernel of the composite of morphisms

Q" @y U — (Qle) @1 U = (&1 ((ple)* (P)7Ei/ M) @ U
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Lemma 3.5.9. (1) K is a vector bundle of rank 2n on SL((P)4&1,
(P)7€).

(2) & factors as

o (P& 91 @le)) @ (PYr€2 @1 (@alr)) T K € Q@7 @, U,

and 3’ is surjective.
(3) The subsheaf e"*Ker(8') C @?:1((p|]3/)*(P)*T€i QK (Gilp)) is M1 ®
(@l(g11) " (Im(alga1))) © (M2 @5 (Go| P) + (pler)*(P)7E2 @1 Ker(dl(g,)5))) -
(4) The subsheaf N*" K C N> (Qu" @, U) ~ (\* Quniv)®n o (A" U)®2? is
the image of the injective homomorphism (\* QUi*)®ig(\" U)®2@(L|p)@ ")
— (A\? Quriv)on @ (N" U)®2 given the the (n — j)-th tensor of the canonical
section of (N> Q") @ (L|p)V.

Proof.  We fix an isomorphism £|p ~ k. We choose bases {g1.1,..-81.n}»
{g2.1,---82n}, and {uy,...u,} of the k-vector spaces Gi|p, Go|p and U re-
spectively so that ¢(g1;) = u; (1 < i < n), q(g2,:) = w; (1 <i < j) and
q(g2,) =0 (j <1i).

We can check this lemma locally on 7', so making 7" small if necessary, we
may assume that we have an isomorphism (P)%&; ~ Ore; 1 @ Ore; 2 so that
det(P)%E = (P)4(L|e,)r = O, the pull-back by (P)r of the isomorphism in
the data (©), is given by e;1 A e; 2 — 1. Let T = SpecR.

SL ((P)%&1, (P)5E2) is covered by five affine open subschemes SL((P)%&1,
(P)RE) and Wy, n, (A = 1,2), where W), 5, is the open subscheme of
SL((P)5&1,(P)5E2) defined by ~“™v(p*e; ;) # 0( = 1,2). (1), (2) and (4)
are clear over SL ((P)%£1, (P)-E2). Now we shall check them over Wi 5. For
other Wy, »,, the proofs are quite similar. We can find an isomorphism W; o ~
SpecR[z1, 22, z3] so that over Wi o, we have an isomorphism Q“’”'”|Wl,2 ~
Oq; ® Oqs such that " p*(P)sg, and yuniv p*(P)5.€, are given respectively

by the matrices
1 Z1 z9 0
(O 2’2) and (23 1)'

B’ is defined by zo = 0. The composite of morphisms (3.22) is the projection

<@ Ow, ,a1 ® ui) ® (@ Ow, .42 ® ui) — P Ow,,/(22))a2 ® i,

i=1 i=1 i=j+1

so K is the subsheaf

n g n
(@omql@m) o [Dow.wows @ Ow.mwou

i=1 i=1 i=j+1

This proves (1) and (4).
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Using the above bases, over Wi o, the morphism o’ is expressed as

€11 ®gi:— dr @ uy,
e12®g1; — (z21q1 + 22q2) ® uy,
€21 ®82;— —(22a1 + 23q2) @u; if 1 <4<y,
€2 ®go;— —qeu; if 1 <7<y,
€. ®gy;— 0 if j <.
From this, we know that Ima’ = K. This proves (2).

Now let us proves (3). Note that B’ is covered by four affine open sub-
schemes W, », NB’. As above, we check (3) only for Wi 5. The restriction of
the sections q; @ u; (1 <i<n), @ u; (1 <i<j), z2qe@u; (j <i<n)of
K to B’ forms a basis of K|p/. Using this basis, over W7 3 N B’ = SpecR|z1, 23],
the surjection 3’|/ is expressed as

€11 ® g1 — qr Qu,

e12®g1i— 2z @u; if1 <3<y,

€281 2191 @ u; + (2292 ® ;) if j <4,

€1 ®8gi— —23qe®@u; if 1<i<7,

€2®g;— —qQeu; if 1 <i <y,

€9 « ® 82, — 0 lfj < i.
From this, we know that the subsheaf Ker(3'|p ) (= £"*Ker(3')) of
®2_ 1 ((plp)*(P)5%E @k (Gilp)) is a direct sum of the subsheaf generated by
(z1€1,1 —€1,2) ®81, (1 <14 < j) and the subsheaf generated by (ez1 — z3€22) ®
gQ,i (1 S 7 S ]) and 827* ®g27i (] < Z) SiHCG M1 = O . (218171 — 9172) and
My =0 -(ez1 — z3€22), (3) is proved. O

v (P)7é1 @ (P)7€2 — Q in the data (V) corresponds to a section o :
T — SL((P)}&1, (P)7E2). (g, ,g,.q) 1s defined to associate to the data (O) the
kernel of the composite of morphisms
L1x (51 ® (gl)T) D tox (52 0y (QQ)T)
= (8)7: ((5)7€1 @k (G1|p)) & (P)ri (P)7E1 @k (Gilp) @ (P)7E2 @1 (Ga|p))

DL LSOO, (9)7.Q (B((5)580) F(G1]p)r)) @ (P)r-(0"K),

where pup @ ()51 @k (Gilp) — QF((s)FE1),F((G1lp)r)) is the surjective
morphism defined in Definition 2.1.4.

3.5.10.  Let G be the kernel of the composite of morphisms

(P)«q
—_

11:G1 ® 12.G2 —~ (P).((G1]p) & (G2|1)) (P).U.

Since s*G = s*Gy, we can define a filtration of s*G of type A by F(s*Gy). Put
G :=(G,F(s*G)). Then we have the following diagram.
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V(G1,G2.9)

SL Z/I(Zn 2n( ) Cl U 02)

— f

SL —PSU(2, L|c,uc,; C1 UCa; A)

\/ f U . ¥g

SL —>PSU(2,L|c,u0,; C1 U Co; A — U(2n,2n(g — 1),C1 U CY)
Lemma 3.5.11.  The above diagram is commutative.

Proof. Let &€ be the sheaf on (C; UCs) x T constructed in the paragraph
3.5.3. The commutativity of the above diagram is equivalent to the fact that
if v|(pyse, + (P)7€ — Q in the data (V) is an isomorphism for ¢ = 1,2, then
we have ©g(E) =~ (g, g,,q)(E)- This is easily checked. O

Lemma 3.5.12. We have an isomorphism of line bundles on SL:

(3.23) VlorgnOu = ¢ (Z5dy, W ERYy,, ) © Osz(jB).
Proof. We check this isomorphism for the data () in the paragraph 3.5.2.
We have

1(A)
UG, 62,00 Ou = (det Rpre.£1)” ®®det ()5€1)/Fi1((5)5E1))

® (det RprT*EQ) ) @ o* det K.

By Lemma 3.5.9 (4), we have det  ~ (/\QQ“"i”)@j. This proves the lemma.
O

By the above lemma, the pull-back of the canonical section gy, of @y by
V(G1.G2,9) 8iVes a section (up to k™) of C*(Eéngul X 57(>n:>2u2) ® Og7(jB), that is,
an element of V;, which we denote by ¥(g 5, ou(€ Vj). By inclusion V; — V,,
we can regard ¢Ekg1,g2,q)‘7u as a global section of * (57(372241 @_gg)uz )@ Oz (nB).

On the other hand, by Lemma 3.5.4, the global section ¢ (o) of 57(37fs)u|7>swf

extends uniquely to a global section of 57(37224 over PSU = PSU(2, L|c,uc,; C1U
Cs; A), which we denote again by og (o). f*¢g(ou) gives a global section of

C*(57(Dns)u1 X 57(;21/{2) ® Ogp(nB) by Lemma 3.5.7.

Lemma 3.5.13.  Up to k* —multiple, we have f*p}(oy) = Vg, ,Garq) U
mV,. o

Proof. By Lemma 3.5.4, it suffices to prove that f*cp&(au) = w{gl Go.q) U
over SL. By Lemma 3.5.11, over SL, we have an isomorphism (¢{;, g2:)9M>|SL
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~ f*p5Oy under which the pull-backs of o7, on the both sides correspond. Over
SL, we have isomorphisms

((g,,G2,9)Ou) sz ~ C*(Eggul X 57(9@%) ® Ogz(jB)|sL

= C*(Eggul 2 Eéngug) ® Ozz(nB)|se
and
P e50u ~ (2, ®E5Y,,) @ Osr(nB)|sL.

Thus over SL, f*¢§(oy) and Vg, 60.q0u differ up to HO(SL, O)*-multiple.

By Lemma 3.5.4, we have H(SL,O) ~ k, which completes the proof of the
lemma. |

Since dimq|(_glllp) (Im(ql(gy|))) = 4, q|(_g11|P) (Im(ql(g,|»))) gives a filtra-
tion F(G1|p) of Gi|p of type A/n_;;j7 Similarly Ker(q|g,|,)) gives a filtra-
tion F(Ga|p) of Galp of type Ajo. Put Gif := (G, F(s*G1),F(Gi|p)) and
Go* := (G2, F(Ga|p)). Let

h: u(2n7 277‘(91 - l)a Cl) X Z/{(Qn, 2”(92 - 1)7 CZ)
—U(2n,2n(g—1),C1 U Co)

be given by (F1,F2) — t1.F1 @ taxFa.
Lemma 3.5.14.  For short, put U; := U(2n,2n(g; — 1); C;) and U(Cy U
Cy) :==U(2n,2n(g —1); C1 UCy).

For 0 < j <mn, the following diagram is commutative:

4 g ot Poy!
778241 X PSUQ _— Lﬁ X Z/{Q
T Lh
(324) B U(Cl @] 02)
el |
_ V(G1,G9.q
SL SEnn, U(CLUCy),

where the morphism B — PSU% X PSU% is an isomorphism for 1 < j <n, and
P! x P'-bundle for j = 0.

Proof. This follows from (3) of Lemma 3.5.9. O

Corollary 3.5.15.  The restriction of the section wz‘gl Go q)Uu(G Vj) to
B corresponds to the section @éu%ﬁ X @;nJMQ (up to kxi—multiple) by the
isomorphism (3.18).

Proof. This is a direct consequence of Lemma 3.5.14. O
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3.5.16. Completion of the proof of Theorem 3.5.1.

Claim 3.5.16.1. There exist a finite number of rank n torsion-free
sheaves G, (1 < b < B) on Cq U Cy of degree e with a filtration F(s*Gyp)
of s*Gy of type A such that the set {apzbou}szl spans the vector space H°

(PSU(2, L|cyuc,; C1 U Ca; M), =),

Proof of Claim 3.5.16.1. By assumption, for 0 < j < n with e; ; and
e2,; integers, we can find a finite number of n-bundles G; 5, (¢ = 1,2 and 1
< b; < B;) with filtrations F(s*G;1,5,) of type A, F(Gj1,,|pP) of type Ay nj
and F(G; 2., |p) of type Aj o such that the set {Soéj,l,b ou, B, , . ou 1<

< B,} span the vector space HO(PSU? , Z(M)@HO (PSUL, =), Put G4, :=
(Gion:F(5°Gi1))s Giwn® = (Gj1, F(s°Gj10,) F(Gj1n,|p)) and Gjop,*

= (Gj,2,6,, F(Gj2,b,|P)). Take a surjective homomorphism g;, (s, b, : (Gj,1,6,|P)
©(Gjan.lp) — K" such that g (b, 6,)|(G, 10, |p) 15 an isomor-
phism, Ker(qj)(bhbz)|(gj12’b2\P)) = I5(Gj2p,|lp) and (Qj,(b17bz)|(gj,1,b1\P))_l
(Im(Qj’(b17b2)‘(gj727b2|P))) = Fl(gj717b1 ‘p) As g is made from g1 and g2 in the
paragraph 3.5.10, we let G, 4, 1,) be the kernel of the composite of
(P)«4j,(by,bg)
T

morphisms ¢1.Gj 16, © t2:Gj20, — Pi(Gj10.lp © Gj2p.lp)
P.k"™.  The filtration F(s*Gj1,,) induces a filtration F(s*G; 3, 5,)). Put
Gitbibs) = (Gj,(b1,62), F(87Gj (b1 ,b))). By Corollary 3.5.15, the image of
it

1. :(”)
Gyt 0y G2yt 0y) U € Vi 1O Vi C H°(B, (¢|B)* (~P3u1 X Epsy,)®

£*O57(jB)) ~ HO(PSU}, 217) 1) OHO (PSUS, Ep’gm) isop L coulpy | ou.

From thii we know ( -
oV = HO(B, (¢]s)* (:Prfsul X Epnsuz) ® e*Ozz(/B)),
° {gozgj 1011052, 05.001 ) U 0<j<n, 1<bh < Bi} spans the vector

space V,,,
o dimV, = Y7, dim H(PSU}, = ;sm) dim HO(PSUS, :P’;)m ).
Now Claim 3.5.16.1 follows from Lemma 3.5. 13. O

As in the above claim, we choose G, = (Gp,F(s*Gy)) (1 < b < B) so that
the set {0y} spans HO(PSU(2, £|01$2; C1UCy; M), Z(M), There exists a
positive integer M such that for each b, there exists gb (Gy,F ((s)g(l/M)@,)),
where G, is a S/M)_flat coherent sheaf on C/) and F((s )SWM)G},) is a
filtration of type A such that the restriction of Qb to the central fiber C; U Cy

is Gy. By Lemma 3.5.8, if necessary, we can replace M so that g0~9u ~ _7() S)Z/t

(1 <b < B), where PSU = PSU(2, L g1 /any; CH/M) /SA/M), A)lf. If we restrict
the sections gp(fjbau € HO(PSU(2, Lgaary; CA/M) /UM YU =)y (1 < b <

B) to the central fiber, they span the vector space HO(PSU(2, L|c,uc,; C1 U
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CQ,A)lf, E(”)). We also have

dim H° (Psu(Q, (L)speck((t1/11y); C x5 Speck((t'/M)) /Speck((t'/M)); A), 5<”>)
© 3" dimH (PSUR, Ly Cri A, A ), )
j=0

- dim HO (PSU(Qv L2a 027 Aj,O)) E(n))
= dimn° (’PSM(Qv‘C"CHUCQ;Cl U OQ,A)lf,E(”)) ,

where (x) follows from Remark 2.1.11 and (xx*) was proved in the proof of Claim
3.5.16.1.

Then applying Proposition 4.1.6 as X = PSU(2,£S<1/M);C(1/M)/
SA/M) \YF(N) with N > 0 and noting that HO(PSU(2, Lga/n;CH/M)/
SA/M) NN =)y~ HO(PSU(2, Lgaan; CHM) JSAM) \NFN) =) for
N > 0, we know that H® (PSU(2, L/ ; CH/M) /SO A)IF 2 s a fi-
nite free k[[t]]-module and that H® (PSU(2, Lga/an; CL/M /SAM) AN =)
® k ~ H® (PSU(2,L|c,uc,; C1UCy; A, =) By Nakayama’s Lemma,
{‘pfg;UU} generate HO (PSU(2, L/ ; CL/M) [ SA/M) NI Z() a5 a

k[[tT/M]]-module. Hence they generate the k((t'/M))-vector space
HO (PSU(, Lga/; CM (SO, M) Z0D) @y 0700 K((EM)),
which is isomorphic to
HO (PSUR, (£)speck (/2073 € X5 Speck((t/1)) /Speck((t/*)); A), 2 )

again by Proposition 4.1.6. This complete the proof of Theorem 3.5.1.

3.6. SL(2) — GL(n) strange duality conjecture

Theorem 3.6.1. Let C be an irreducible smooth projective curve of
genus g > 1 over an algebraically closed field k of characteristic zero. Let
s be a closed point of C'. Fix a positive integer n. Let A be a Young diagram
of type <(2,n) and let L be a line bundle of degree d on C. Assume that the
1-pointed curve (C,s) is general. Then (SD)ay holds for PSU(2,L; C; A).

Proof. We proceed by induction on g. If g = 1, then the theorem follows
from Proposition 3.2.2. Assume that the theorem is true for g —1 > 1. We can
find a family of nodal curves 7 : C — S = Speck[[t]] with a section s and a line
bundle £ on C described in the paragraph 3.4.2 such that g1 = 1, go = g—1, and
(SD)s,p, holds for PSU(2, L|c,; C2;T') for any Young diagram I of type <(2,n),
where I' is assigned to the point P. By Proposition 3.2.3, (SD)s , holds for
PSU(2, L|c,; C1; A, T) for any Young diagram I' of type < (2,n). Theorem
3.5.1 implies that (SD)a, holds for PSU(2, L;;C5; A). By Proposition 3.3.1
and Proposition 2.3.1, we know that (SD),, holds for PSU(2,L;C;A) for
general (C, s). O
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Corollary 3.6.2.  Let C' be an irreducible smooth projective curve of
genus g > 2 over an algebraically closed field k of characteristic zero, and let
L be a line bundle of degree d on C'. Let n be a positive integer such that the
rational number e = n(g — 1) —nd/2 is an integer. Assume that C is general,
then Conjecture 1.0.4 holds for r = 2.

Proof. For a rank n bundle G of degree e on C, put ©9 := {€ € SU(2, L)|
HO(C,G®&) # 0}. Then by Theorem 3.6.1, we can find a finite number of G,’s
such that the effective divisors @9>’s span the vector space H(SU(2, £), Z®).
We can deform G,’s a little bit so that they become semistable. The details are
left to the reader. |

4. Appendix

4.1. Some propositions on stacks

Proposition 4.1.1.  Let X be a quasi-compact algebraic stack over S =
SpecR and F be a quasi-coherent sheaf on X. Let R’ be a flat R-algebra. Then
the natural homomorphism of R'-modules

HY (X,F) @r R — H® (Xr/, Frr)
s an isomorphism.

Proof. We can find an affine atlas ¢ : X — X. Since X xy X is quasi-
compact, it is covered by finite affine open subschemes Y;. Put YV := [[Y;.
For ¢ = 1,2, let ¢; : Y — X be the composite ¥ — X xx X hproj -y
Put M° := HY(X,¢*F) and M! := HO(Y, (¢ o 91)*F). There is a natural
isomorphism (¢ o ¥1)*F =~ (¢ o 12)*F, and it induces an isomorphism « :
HO(Y, (¢ 0 92)*F) = HO(Y, (¢ 0 1)*F). Put 0 := 1)f — ao1)j. Then for any
R-algebra R/, we have

HO (X, Frr) =~ Ker(M° @ R 229, MY op RY).

If R’ is R-flat, we have

Ker(M° @p R 229, M1 @p R') ~ Ker(M° & M) @ R

This proves the proposition. O

Proposition 4.1.2.  Let X be an algebraic stack over SpecR. Let
(Xn)f;o be an increasing sequence of mon-empty open substack of X. Let L
be a quasi-coherent sheaf on X, and let L,, be L|x,. Assume that X = U5 (X,
(i.e, for any affine R-scheme T and any object a € X (T'), there exists n such
that a € X,(T)).

(1) The natural morphism of R-modules

H? (X, £) — limH® (X,,, £,,)

18 an tsomorphism.
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(2) Assume moreover that R is a field, all X,, are quasi-compact and the
restriction map H°(X,,, L) — HY (X, L) is injective for any n' < n. Then
for any R-algebra R’, the natural map

HY (X, L) ®r R — H (Xr/, Lr')
s an isomorphism.

Proof. (1) This directly follows from the definition of H°(X, —).
(2) This follows from (1) and Proposition 4.1.1 together with Lemma 4.1.3.
|

Lemma 4.1.3.  Let R be a commutative ring and N be a free R-module.
Let {fnin + My — My }tn>n be a projective system of R-modules indexed by
non-negative integers. Assume that fn ., @ M, — M, is injective for any
n > n'. Then the natural morphism

(@Mn) @r N — lim (M, @5 N)
8 an isomorphism.

Proof. Easy. O

Remark 4.1.4.  The injectivity of H°(X,,L,) — H°(X,,L,) in
Proposition 4.1.2 (2) is satisfied if each X, has an irreducible and reduced
atlas, and L is a line bundle.

Proposition 4.1.5.  Let X be an algebraic stack over S = SpecR. As-
sume that we have an atlas 7 : [],,~, Hn — X such that H,, is flat and of finite
type over S, and H, xg Speck(zx) is irreducible and normal for any x € S.
Let X° be an open substack of X. Put Hf := H, xx X°. Let L be a line
bundle on X. If the codimension of (Hy xg Speck(x)) \ (HS Xg Speck(z))
in H, xg Speck(x) is greater than or equal to two, then the restriction map

HO(X, L) — HY(X°, L] x0) is an isomorphism.
Proof. 1t suffices to prove that the restriction map
HO(H,, L) — H°(Hy, 7" L] ge)

is an isomorphism, for the gluing condition is satisfied because it is satisfied
generically. To prove this, we have only to prove that, for Vy € H, \ H?,
depthOp, , > 2 by [EGAIV, (5.10.5)]. By [Mat, Theorem 50], we can check
this fiberwisely. O

Proposition 4.1.6.  Let (R, m) be a discrete valuation ring, X a quasi-
compact Artin-stack over SpecR and L a line bundle on X. Assume that X is
flat over SpecR. Put k := R/m and K := FracR.
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(1) Assume that HO(X, L)®rk — H(X X specrSpeck, LRrk) is surjective.
Then for any R-algebra S

(4.1) HY(X, L) ®@r S — H°(X Xgpecr SpecS, L @ S)

s an isomorphism.
(2) Assume moreover that dimg HY(X x SpecK, L @ K) = dimy, HY(X x
Speck, L ®r k) < oco. Then HY(X, L) is a free R-module of finite rank.

Proof. Since X is quasi-compact and flat over R, we can find a 2-term
complex M% % M? of flat R-modules such that, for any R-algebra S, we have
an isomorphism

HO(X x SpecS, £ ®@p §) ~ Ker(M° @5 S 224 M 0p S),
which is functorial in S.
If S is an R-algebra, we have the exact sequences

0 — Ker(a) g S — M°®r S — Im(a) @ S — 0
and
0 — Torf(S, Coker(a)) — Im(a) ®r S — M' @ S — Coker(a) ®r S — 0.

Since (4.1) is an isomorphism, we have Tor? (k, Coker(ar)) = 0. One can easily
check that this implies Torf(N, Coker(a)) = 0 for any R-module N. This
completes the proof of (1).

Let us go on to the proof of (2). Put d := dimg H(X x SpecK, L ®pr
K) = dim, H°(X x Speck, £L ®g k). Let v : R®? — Ker(a) be an R-module
homomorphism such that y® gk : (R®?)@ gk — Ker(a)®gk is an isomorphism.
Then we have Ker(y) ®g k = 0, Coker(y) ®g k = 0 and Torf(Coker(y), k) =
0. Since Ker(y) is a finitely generated R-module, we have Ker(y) = 0 by
Nakayama’s Lemma. By assumption, we have Coker(y) ® g K = 0. Then by
Lemma 4.1.7, we have Coker(y) = 0 and complete the proof of (2). O

Lemma 4.1.7.  Let (R,m),k and K be as in Proposition 4.1.6. Let L
be an R-module. If Torf(L,k) =0 and L ®r K =0, then L = 0.

Proof. Let t be a generator of m. L ®g K = 0 implies that for any
x € L there exists n > 0 such that t" -z = 0. Tor{(L,k) = 0 implies that
Torf (L, R/m") = 0 for any n > 0. This implies that L 2 Lis injective.
Hence L = 0. O

Proposition 4.1.8.  Let X, X2 be Artin stacks over a field k, and
let FO, F be quasi-coherent sheaves on X and X3 respectively. Let
dW - xM x x@ — X0 be the projection. Assume that for i = 1,2 there
exists a quasi-compact open substack XD° of X such that the restriction
morphisms

HO(X(i)’]:(i)) N HO(X(i)O,]:(i))
HO(X(l) x X3 oM F) g ¢(2)*]:(2))
— HO(xWe x x@e oL Fl) g 42)* F(2)
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are isomorphisms. Then the natural k-linear map
HO(X(I),]:(D) ® HO(X(Q),]:(Q)) N HO(X(l) x X2 oM F) o ¢(2)*7(2))
s an isomorphism.

Proof. We may assume that X! and X are quasi-compact. Let 7(*) :
X® — x( be an affine atlas, and TJ@ c XD % pe XD — XO be the j-th
projection. Note that X x 1) X @ is quasi- compact and separated by the
definition of artin stacks [L-M]. Put gp(l) =700 T . Since cp ) and <p
canonically isomorphic the two vector spaces HO(X ( ) X o) X O, § F (1)) and
HO(X ) x iy X@ ¥ as ")) are canonically isomorphic. We denote this vector
space by V"), Put VO( = HO(X D, +@0*F®) put B = {v e VO [70 ()

= TQ(i)*( ) in Vl(i)}. and Hy := {v € VO(I) ® VO(Q) ’(Tl(l)* ® 71(2)*)(1}) = (72(1)*

® T (2) )(U)} By Kiinneth theorem for quasi-coherent sheaves on quasi-

compact and separated schemes over a field, we have isomorphisms
HY ~ 1O (20, F0)
Hy ~ H° (X(l) X X g FD g ¢<2)*;<2)) )

Thus we need to prove that Hél)®H(52) = Hy. It is clear that Hél)®H(52) C Hy.
We choose bases {e;)},\ and {e @ }M of Vo(l) and V0(2) so that part {e&l)},\ and

{e }u forms bases of H( and H( ) respectively. Let v := ZC,\Me(Al) ® eff)

be in Hy. We have
(4.2) ZCAM(I)* (1) (2)* (2) ZCA (1) (1) (2)*(‘3&2))

Let 6 : X — X0 x 1) X be the diagonal morphism. Applying §(V* ®id
to the equation (4.2), we obtain

Sl o {Tenrt?e? ) - Te o {Sent et .
A H

Therefore for VA, we have }_ c,\MeL) HéQ), in other words, cy, = 0 if
ef?) ¢ HéQ). Interchanging the role of Héz) and Hél)7 we have ¢y, = 0 if
el ¢ HiY. Hence v e H{Y @ HEY. O

4.2. A Compactification of SL,
Let S be a scheme, V; and Vs be locally free Og-modules of rank 2. Let
us be given an isomorphism § : A2V; 5 A2V,

Definition 4.2.1.  We shall define three functors SC(V1, V), SL(V1, Vs)
and B(V1, Vs) from the category of S-schemes to the category of sets as follows.
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(1) For an S-scheme f : T — S, SL(V1,V2)(T) is the set of isomorphims
a: f*V1 = f*V such that A2a = f*(6).

(2) For an S-scheme f : T — S, SL(V1,V,)(T) is the set of equivalence
classes of rank-2 bundle quotients G : f*V1 @& f*Vo — W — 0 such that the
diagram

NV —" N2,
(43) /\251l l/\zﬁz
NW —= AW

commutes, where 3; := 3| ¢-y;.

(3) For an S-scheme f : T — S, B(V1,V2)(T) is the set of equivalence
classes of rank-2 bundle quotients 3 : f*V; @ f*Vo — W — 0 such that the
diagram (4.3) commutes and A?3; = 0.

Remark 4.2.2. (1) If a : f*V; = f*V, is a T-valued point of

SL(V1,Vs), then f*V; @ f*Vs odid, f*Vy is a T-valued point of SL(Vy, Vs).
(2) In Definition 4.2.1 (2), if we let K := Ker(/3), then the commutativity of
the diagram (4.3) is equivalent to the commutativity of the following diagram:

ANK —— A°K
sy, O
NIV === N[V
_ (3) We denote the schemes that represent the functors SL(Vi,Vs),
SL(V1,Vs) and B(V1,Vs) by SL(V1,Va), SL(V1,Vs) and B(V1, Vs) respectively.
Then SL(V1,Vs) is an open subscheme of SL(Vy,Vs), and B(Vy, Vs) is a closed
subscheme of SL(Vi,Vs). Set-theoretically, SL(Vi,Vs) is a disjoint union of
SL(Vl, Vg) and B(Vl, VQ).

~

Proposition 4.2.3.  We have an isomorphism P(Vy) xg P(V2) —
B(V1,V2) of S-schemes.

Proof. For an S-scheme f : T — S, if (f*V1 — L1, [*Vs — Lo) is a
T-valued point of P(Vy) xg P(Vs), then f*V) & f*Vo — L1 @ Ly is a T-valued
point of B(Vy,V,). One can check that this gives a bijective correspondence
between the sets of T-valued points of P(V;) xg P(Vs) and B(Vy, Vs). O
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Note added in proof. In [M-O], Marian and Oprea proved Conjec-
ture 1.0.3. Their method also proves the strange duality for parabolic bundles
formulated in this paper.
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