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Time frequency analysis and multipliers of the
spaces M (p,q)(R’) and S(p,q)(R’)

By

A. TURAN GURKANLI

Abstract

In the second section of this paper, in analogy to modulation spaces,
we define the space M(p,q) (Rd) to be the subspace of tempered dis-
tributions f € S’ (R?) such that the Gabor transform V, (f) of f is
in the Lorentz space L (p,q) (R**), where the window function g is a
rapidly decreasing function. We endow this space with a suitable norm
and show that the M (p, q) (Rd) becomes a Banach space and is invari-
ant under time-frequency shifts for 1 < p,q < co. We also discuss
the dual space of M(p,q) (Rd) and the multipliers from L' (Rd) into
M(p,q) (Rd). In the third section we intend to study the intersection
space S (p,q) (R?) = L* (R*)NM (p,q) (R*) for 1 < p < 00,1 < g < oco.
We endow it with the sum norm and show that S (p,q) (Rd) becomes
a Banach convolution algebra. Further we prove that it is also a Segal
algebra. In the last section we discuss the multipliers of S (p, q) (Rd)
and M (p, q) (Rd).

1. Introduction

Through out this paper Cy (R%) and S (R?) denote the space of complex-
valued continuous function on R that vanish at infinity, and the space of
complex-valued continuous functions on R? rapidly decreasing at infinity, re-
spectively. In this paper we will work on R? with Lebesgue measure dz. Let
f be a measurable complex valued function on R?. The translation and mod-
ulation operators are defined as 1o, f (t) = f (t — x) and M, f (t) = e2miwt £ (¢)
for x,w € R?, respectively. It is easy to see that T, M; = e 2@ M,T,. For
1 < p < oo we write (Lp (R, ||||p) for the Lebesgue spaces. It is also easy
to show that || T, M f|, = || fIl,, [13].

d
Let (z,t) = Y x;t; be the usual scalar product on R?. For f € L' (R?)
i=1
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the Fourier transform f (or F'f ) is given by

F@&y= [ fla)e @ de,
/

It is known that f € Co(R%).

The subject of Fourier analysis is one of the oldest subjects in mathematical
analysis and in engineering. When f is thought of as an analog signal, then
its domain R is called time-domain. In this case the Fourier transform f of
f describes the spectral behavior of the signal f. Then the domain of f is
called frequency domain. The Fourier transform provides only non-localized
frequency information. For any f € L' (Rd) its Fourier transform f (t) alone is
not very useful for extracting information of the information of the spectrum
f from local observation of the signal f. Thus the idea of Short-Time Fourier
transform (STFT) or Gabor transform comes up. This transform maps the
time domain signal into the joint time and frequency domain. Given any fix
function g # 0 (called the window function) the Short-Time Fourier transform
(STFT) or Gabor transform of a function f with respect to g is given by

V,f (o,w) = / F (O gE—a)e 2,
Rd

for z,w € R%. Tt is known that if f, g € L? (Rd) then V, f € L? (Rd X Rd) and
Vg f is uniformly continuous. Moreover

Vo (TuMy f) (z,w0) = e 2TV f (2 — u,w — )
for all z,w,u,n € R%, [13].

Let f be measurable function defined on a measure space (X, ). For y > 0
we define

Ary) = p({eze X [f)[>y}).

The function Af(y) is called the distribution function of f. The rearrangement
of f is defined by

ff@)=mf{y>0:Apy)<t}=sup{y>0:A;(y)>t}, ¢t>0.

Also, the average function of f is defined by

1 t
;0= [ f @
t J

It is easy to see that Ay, f*, f** are nonincreasing and right continuous func-
tions on (0, 00). The Lorentz space L(p, ¢)(X, u) (shortly L(p, ¢)) is defined to
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be the vector space of all (equivalence classes) of measurable functions f such
that || f Hrp,q) < oo where

* q ° 1 adt %

17l = (5 [ [P @] ) 0<p<o0<a<en,
0

17 iy = SUp 17 * (1), 0<p< 00,0 = oo,

It is known that || f H?p,p) = || fll, and so L(p, p) = LP. If 0 < q1 < g2 < o0,
0 < p<oothen |7, < IfIl, holds and hence L(p, q1) C L(p, 42);
[14]. Also L(p, ¢)(X, 1) is a normed space with the norm

1
q [T,1 s adt\«
1l = (2 [ [Fr 0] )" v<pcmo<<o,
0
1 kk
||f||<p,q)=§ggtpf (t), 0<p<oo,qg=ococ.

It is also known that if 1 < p < 00, 1 < g < co we have

* p *
I, ¢y =< Ml gp, ) = pTlH'”(P,q)'

(see O’Neil [18] and Yap [25])

For two Banach modules By and By over a Banach algebra A we write
Ma (B1,B2) or Hom 4 (B, Bs) for the space of all bounded linear operators
satisfying T (ab) = aT (b) for all a € A,b € By. This operators are called
multiplier (right) or module homomorphism from Bj into By ([20], [21], [15]).
It is known that

Homa (By,B) = (B1 ®4 By)",

where B3 is dual of By and By ® 4 By is the A-module tensor product of B;
and Bz, (See Theorem 1.4 in [21]).

Let G be a locally compact Abelian group. A subalgebra S!(G) of L*(G)
is called a Segal algebra if:

1) S1(G) is dense in L}(GQ) and if f € SY(G) then T, f € SY(G), where
T.f(x) = fla™ x);

2) S1(@) is a Banach algebra under some norm ||.||s1 which also satisfies
Iflls: = ITafls: for all f € S(G),a € G;

3) if f € SY(G) then for every e > 0 there exists a neighbourhood U of
the identity element of G such that || T, f — f|ls1 < e forally € U.

Let G be a locally compact Abelian group with dual group G and Haar
measures dzr and dZ, respectively. For 1 < p < 00,1 < ¢ < o0, A(p,q) (G)
denotes the vector space of all functions f € L' (G) whose Fourier transforms

f belong to Lorentz space L (p, q) (G’) For every f € A (p,q) (G) we supply a
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norm in A (p, q) (G) by

||f||A(p,q) = HfHLl + HfH(pJJ) ’

where

’f”( : is the norm of f in the Lorentz space L (p, q) (é) L. Y. H. Yap
P,

showed that A (p,q) (G) is a Segal algebra [25]. Later a number of authors such
as e.g Y.K. Chen and H.C. Lai [1], T.S. Quek and L.Y.H. Yap [19] worked on
these spaces.

The main purpose of this paper is to define the spaces M (p,q) (R?) and
S (p,q) (R?) like A (p,q) (R?) using the Gabor transform instead of Fourier
transform and study the properties of these spaces. Also to show that some
of the results for A(p,q) (Rd) are true for S (p,q) (Rd)7 and the spaces
M (p,q) (Rd) and S (p, q) (Rd) are a kind of generalization of modulation space
M4 (RY), (see, [13]).

2. The space M(p,q) (R?)

Using the Gabor transform with respect to a rapidly decreasing function
define a space M(p, q) (Rd) of tempered distributions as follows.

Definition 2.1. Fix a non zero window g € S (Rd) and 1 < p,q < o0.
We let M(p,q) (Rd) denote the subspace of tempered distributions S’ (Rd)
consisting of f € §’ (Rd) such that the Gabor transform V; (f) of f is in the
Lorentz space L (p, q) (RQd). We endow the vector space M (p, q) (Rd) with the
norm

(2.1) £ e o0y = Ve (D)l g -

where |||, ;) i the norm of the Lorentz space [14]. Since if p = ¢, L (p, q) (R24)
= L? (R??), we denote M (p,p) (R?) = M(p) (R?).

Before we begin to study the structure of M (p, ¢) (R?) we recall the adjoint
operator of V. Given a non-zero window ~ and a function F on R?*? we define

(2.2) (VJF, ) =(F,V,4f).

Lemma 2.1. Letl < g <p<oo. If fe Lt (Rd) is bounded and
continuous then f € L (p,q) (Rd).

Proof. 1f p > q we have

/wa%_ s (x”qu_/:m%—l s (x)]qu+/loox%‘l [ ()] da.
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Since f* is continuous on [0,1] we write

1 1
/ ar L[ (2)] Y de < ( supp f* (m)) / zr 'dx
0 z€[0,1] 0
a
= ]2 ( supp f* (m)) < o0.

q \ zco,1]

(2.3)

Also, since f € L! (Rd) and bounded, we write

T 1 dx Oo*xq:z: oo*asqx
» /x [f(x)]défl[f()]dé/o[f()}d
= [ o< sl < .

Finally using (2.3) and (2.4) we have

/ v L (1) do < oo

0

That means, f € L (p,q) (Rd). |

Proposition 2.1. If1 < p,q < oo and g € S(Rd) then S(Rd) -
M (p,q) (R?) is dense in M (p,q) (R?).

Proof. Let f€ S (Rd). If p < q we write

oy Mliten =Pt < { s 0k vs@b o],
< { sup (1+|z))" ng(z)} Ja+in -

zER?d

Then the right hand side of this expression is finite for sufficiently large n. If
p > q the right hand side of

= ||V << sup (1+z2N"V,f(z Hl—l—z_n
s = Vol < { 50, (0 1) Vot ) f 12077
is also finite for sufficiently large n by Lemma 2.1. Hence S (Rd) C M (p,q) (R?).

If one uses the techniques in the proof of Proposition 11.3.4, [13], one obtains
that S (R?) is dense in M (p, q) (R?). O

Theorem 2.1.  Assume that g,y € S (Rd) are non-zero windows and
1<p,qg<oo. Then
1. V¥ maps L (p,q) (RZd) into M(p, q) (Rd) and satisfies

V3 Fll vt gy < Vol 1E g
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2. The inversion formula

g // (z,w) My Tpydedw

holds in M(p,q) (R?).

Proof.

1. We prove first that VIF is a tempered distribution. Let f €
S (Rd). Then V, (f) € L (p/,q/) (de) by Proposition 2.1 and Definition of
M(p/7q/> (R2d)7 where %—i— z% =1, %—i— % =1.1Ifp > q(hence p/ < q/>, by
Holder’s inequality for Lorentz space we write

|<V;F,f>‘ (F, VL) = // z,w) Vo, (f) (z, w)dzdw
R2d
<y V5Pl ) < I gy IV 1

(2.6)

for all f € S (R?). Thus from (2.6) we obtain
KV E | S IF gy V31

Gt < Il { sup, (1 " V2 @ [0+ 1)

This expression is finite for sufficiently large n. Using the equivalence of
seminorms ([13], Corollary 11.2.6) it follows that VXF € S'(R?). If p <

q (hence p/ > q/) then

|a+izn

(r'.a")
is finite for sufficienly large n by Lemma 2.1. Hence

[VEE )| < 1F gy VA

(2.8) < 1Ell(p,q) {zgﬁd (L4 12)" Vo f (z)} H(l +1z)7"

(#'d')

is also finite. This implies that V' F' € S (Rd). Since V' F € 5’ (Rd), it has
Gabor transform and we have

V,V*F (u,n) = (VI F, M, Tyg) = (F,V; (M, T,g))
// z,w) Vyy (u —z,n —w) e 2™ (=) gy dup.

R2d
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Then
(2.9) \VoVIF (u,m)| < (|1F|* VD) (u,m).

Since Vgy € S (R2d) c L! (RM) and L (p,q) (R2d) is L1 (R2d)-module we
obtain
||V’Y*F||M( ) Vs (V;F)H(pg)

< ME Varlll gy < 1E gy VoIl

p,q

(2.10)

2. Since every element of M (p,q) (R?) is a tempered distribution, we
complete the proof of this part by Theorem 11.2.3 and Corollary 11.2.7 in [13].
L

Since L (p, q) (de) is a solid translation invariant Banach Function space
then M (p, q) (Rd) is a Coorbit space. Hence it is a Banach space for 1 < g < oo
and the definition of M (p,q) (Rd) is independed of the choice of the window
functiong € S (Rd). Also M (p, q) (Rd) is invariant under time-frequency shifts
and || T Mo fllarpgy = |fllar(p,q)- Different windows yield equivalent norms
(see Theorem 4.2 in [5]).

Proposition 2.2. Let 1 < p < 00, 1 < ¢ < o0, and g € S(Rd).
Then the mapping z — T.f of R? into M (p,q) (Rd) is continuous for every
feMp,q) (RY).

Proof. Let f € M (p,q) (R?) and z € R?. We write
IT=f = Fllarprg = 1WVa(Tef = Dl gy = 1Va (T=f) = VoSl .o

= [l T 0y (Vi) = Vi [
< He_ZWWiT(z,o)(ng) - e_%wnvgf”(p,q)

(2.11) + (e Vo f = Vofl
= [|e2m = (T (Vo) = VoDl
> = Vo s -
Since
|72 (T 0y (Vo) = Vo) (2,0)] = |(Tiaoy (Vo) = Vo) (2, w)|
then

(2'12) ||6727rw2i(T(z,0)(Vl]f) - ng)H(p}q) = ||(T(z,0)(vgf) - ng)”(p’q)'

It is known by Proposition 2.3 in [25] that the mapping (z,t) — T, F is
continuous for every F € L(p,q)(R??). If we apply the argument to V,f, the
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mapping (z,t) — T+ (V, f) is continuous. Hence the right side of (2.12) tends
to zero as z tends to zero. This implies the first term on the right side in (2.11)
tends to zero as z tends to zero. Now let h. (z,w) = |e= ™= — 1| |V, f (z,w)|.
It is easy to see that h, (x,w) — 0 as z — 0 for all (z,w) € R?*?. This implies
that the rearrangements of (e=2™*% — 1)(V, f (z,w)) tends to zero as z tends
to zero. Since

he (z,w) = [e72™0 = 1| [V, f (2, w)| < 2|V, f (2, w)]

and V, f € L(p,q) (R*) we write (k. (z,w))" < (2|V,f (z,w)|)". Thus by the
Lebesgue dominated convergence theorem

H ’e—szwi _ 1| WV, f(z, w)|”(p,q) = H(e—zwzm _ 1)ngH(

)

tends to zero as z tends to zero. This implies the second term on the right side
in (2.11) tends to zero as z tends to zero. This completes the proof. 1

Theorem 2.2. M (p,q) (Rd) is an essential Banach convolution mod-
ule over L* (R?).

Proof. Let f € M (p,q) (Rd) and h € L* (Rd). It is known by Lemma
3.1.1 in [13] that

(2.13) Vy (f * h) (2,) = €727 (f 5 ) x Myug™
where M, g~ (r) = e*™@% g~ () = €2™*wg (—x). Hence

(2.14)
1S Pl g, = Ve (F xRl 4y = I1CF 5 B) % Muwg™ |, o

= (hx Maug™)l g = / f () (% Maug™) (2 — ) du
Re (p,9)
< / 1F (@) (b 5 Mag™) (2 — )] )
Rd

- / [ @) [1(h % Mag™) (2 = 0]y gy du
Rd

- / | @) | Ty (b Mug™) (@),
Rd

Since L (p, q) (R??) is strongly translation invariant, by Lemma 3.1 in [1] and
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(2.15) we write

15 bllarg < [ 1£ @1 Toy (b Mag™) )],
Rd

= [1 @I Mgl s = 0 Mg ™) [1F ()
R4 R4

— [ * Mgy 11 = llyg gy 1]

Now let f € M (p,q) (R%). Since the mapping z — T.f of R? into
M (p,q) (R?) is continuous by Proposition 2.2, then given € > 0 there exists a
compact neighbourhood U of 0 € R such that

||TZf - f“M(p,q) <e

for all z € U. Assume that g € L! (Rd) is non-negative continuous function

with compact support suppg C U and [ g = 1. Then
R4

lg* £ = Fllaspe) = /g<z>f<y—z>dz—/g<z>f<y>dz

Rd

Rd
< / 19 (2) (f (0= 2) — £ @) llasp 2
Rd

M(p,q)

< [19GNITS = g ds <= o) dz =
R4 R4
Since M (p,q) (Rd) is Banach module over L! (Rd) and g x f € L* (Rd) *
M (p,q) (R?) then L' (R%) x M (p,q) (R?) is dense in M (p,q) (R?). Hence
M (p,q) (Rd) =L! (Rd) * M (p,q) (Rd) by Module Factorization Theorem in
[24]. That means M (p,q) (R?) is an essential module over L' (R?). O

Theorem 2.3.  The dual space of M (p,q) (Rd), 1 < p,g < o 1is

M(p',q") (Rd), where % + 1% =1, % + % = 1 and hence these spaces are

reflexive. Also, the dual pair is of the form

() = (Vo Vol [ Vaf (2) Vi (2) dz
R2d
for all f € M (p,q) (Rd), he M(p',q) (Rd).
Proof. Let u € M (p/7q/) (Rd). It is known that the dual space of

L(p,q) (de) is L (p/,q/) (R2d), where % + L =1, % + % = 1 and they are

p
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reflexive. Also the dual form is of the form

(2.15) (s, t) = /s (2)t(2)dz, s€L(p,q) (RQd) ,te L (pl,q,> (R*),
R2d

(see [17], [3]). Thus
(2.16) L, (f) = /ng (2) Vau () dz
R2d

defines a linear functional on M (p, q) (Rd) and, by Holder’s inequality for the
Lorentz space, we have

(2.17) lu (N < WVaull g gy Vo Nl q)

for all f € M (p,q) (Rd). That means [, is a bounded linear functional on
M (p,q) (R?).

Conversely assume that [ € (M (p,q) (Rd))*. It is easy to see that
M (p,q) (Rd) is isometrically isomorphic to the closed subspace

(2.18) N ={V,f € L(p.q) (R*): f € M (p,q) (R")}

of L(p,q) (R?*?). Hence Y(ng) := [(f) defines a continuous linear func-

tional on N and by the Theorem of Hahn-Banach, 7 extends continuously
to L (p,g) (R2!). Thus by (2.7) in [14] or [1], there exists K € L (p’, q’) (R24),
such that

(2.19) 1,0 = [Vaf (K (2)dz = 1),

R2d
Also, since K € L (pl, ql) (RQd), from Theorem 2.1 there exists k €
M (p,7 ql> (Rd) such that k = VK. Thus every continuous linear functional on
M (p, q) (R?) is of the form (2.20) and (M (p, q) (Rd))>k =M (p,,q/) (RY). O

3. The Space S (p,q) (Rd) .

Let p,q be real numbers such that 1 < p < 00,1 <

S(RY),g # 0. Write L' (R*) N M (p,q) (R )asS( (1?%
S(p,q )(Rd) define

< oo and g €
4) and for f €

(3.1) 15 = 17+ 1 ar oy = 111y + Vol
It is easy to verify that
(32) S(p.a) (RY) ={f € L' (R) : Vof € L(p,q) (B*")}.

In this section we will discuss some properties of this space.
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Theorem 3.1. For 1 < p < 00,1 < q < oo the space S(p,q) is a
Banach convolution algebra with the norm

1A lls = 1Al + Vel g -

Proof. Let (f,) be a Cauchy sequence in S (p,q). Then (f,) is a Cauchy
sequence in L' (R?) and (V,f,) is a Cauchy sequence in L (p,q) (R**). Since
L' (Rd) and L (p,q) (RQd) are Banach spaces (f,,) converges to a function f in
L' (Rd) and (V, f,) converges to a function h in L (p,q) (de) . This implies
that (Vjfn) has a subsequence (V, f,,, ) which converges pointwise to h almost
everywhere. Let ¢ > 0 be given. Since (f,,) converges to f in L! (Rd), there
exists ng € N such that

g
(3-3) [ fn = flly < Tl

for all n > ng. If we apply the Lemma 3.1.1 in [13] and the Holder’s inequality,
we have

Vo fu (z,w) = Vo f (z,w)| = [V (fn — f) (z, w)|
= |{(fn T M_9)
< [|(f || 1T M-lly
=[|(fa = D" N8l < Fn = Flly 11

It follows from (3.3) and (3.4) that

(3.4)

(3.5) Vo fon (2, 0) =V, f (2, 0)] < W lall, =<

That means, (V, f,) converges pointwise to V; f.
If one uses the inequality

Vo fr (@,0) = Vo f (2,w)|
= VoS (2,w) = Vo f (2, w) + Vg (fn) (2, w) = Vg (fu) (z, w))|
< Vo fni (@,w) = Vo f (2, w)| + [V [ (2, w0) = Vo f (2, 0)]
< i = Sl Mgl + 11fn = £l g1l

and (3.5), one obtains that (V f,,) also converges pointwise to V, f. Finally,
using the inequality

|ng (z,w) = h(z,w)| < Iqunk (z,w) — Vo f (z,w)| + ‘qunk (z,w) — h(z,w)]

we have V, f (z,w) = h (z,w) a.e. Then, given any ¢ > 0, there exist n1,n, € N
such that

5 5
Ifn = fll < 3 and Vg (fn = Nl g = 1VaSn = Vofll g < 5
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for all n > ny; and n > no . Hence for all n > ng = max {ni,ns} we have

9 9

B8 W= Slls = 1fa =S+ Vo Un= Dy < 5 + 5 ==

Thus S (p, q) (Rd) is a Banach space.
Now let f,h € S(p,q) (Rd). We write

||Vg (f N h)”(p7q) = ||(f * h) * M’LUgNH(p,q) = ||f N (h * M’ng)H(p,q)

/f(u) (h* Mug™) (z — ) du
Rd

(r,q)
(3.7) -
S/Hf(u) (h s Myg™) (z = )], o du
Rd
- / £ @110 * Mag™) gy e = [1£1 - 1Vl -
Rd
Hence

1F 5 bllg = I Bl + 1Vy (F + )1,
= |IF 5Bl + 11F 5 Vahll,,,

(3.8) <l -l + 71 - [Vl
= I1£1ly - (Il + 1Vl )
= 7l - Ills < 171l - Il

Tt is easy to prove the other conditions for S (p, q) (Rd) to be a Banach algebra.
This completes the proof. O

Proposition 3.1. Letl<p<oo,1<g<ocoandge S (Rd). Then
a) S(p,q) (Rd) is strongly translation invariant.
b) The mapping z — T.f of R? into S (p,q) (Rd) is continuous.

Proof. a) Let f € S(p,q) (R*) and z € R%. It is known that |7, f||; =
| fIl;- It is also known by Lemma 3.1 in [1] and Lemma 3.1.3 in [13] that

1Ty Vol gy = Vol
and
Vg (Te M f) (u,0)] = €727V f (u — 2,0 = w)| = [Tg,u) Vo f (u,0)] -
Thus we obtain

(3.9) ||Vg (Tmef)H(pﬂ) = HT(z,w)ngH(p)q) = HngH(pﬂ) = ||fHM(p,q)'
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From (3.9) we write

I f atpay = 1Ve (Tl gy = 1T Vi Il
= ||ng||(p7q) = Hf”M(p,q)

This implies

IT-flls = IT=Flly + 1T fllarp.q)

(3.10)
= [1flly + 1 N as gy = 1/ 1ls-

b) It is known that the function z — T.f of R? into L' (R?) is continu-
ous. We proved in Proposition 2.2 that z — T f is continuous from R? into
M (p,q) (Rd). Then it is easily proved that z — T f is continuous from R?
into S (p, q) (R?). O

The following important Theorem follows immediately from Theorem 3.1
and Proposition 3.1.

Theorem 3.2. Forl<p<oo,1<g<ooandg€S (Rd), the space
S (p,q) (Rd) s a Segal algebra.

Proof. We have already proved in Theorem 3.1 and Proposition 3.1 some
of the necessary conditions for Segal algebras. To complete the proof it is
enough to show that S (p, q) (Rd) is dense in L! (Rd). It is known that S (Rd) C
L' (Rd) is dense in L' (Rd). It is also proved in Proposition 2.1 that § (Rd) -
M (p,q) (Rd). Hence S (Rd) c S(p,q) (Rd). Since S (Rd) is dense in L' (Rd)
then S (p, q) (R?) is dense in L' (R?). O

Theorem 3.3. S (p,q) (Rd) is an essential Banach ideal in L' (Rd).

Proof. Let f € S(p,q) (R?) and h € L' (R?). Since, by Theorem 2.2,
M (p,q) (Rd) is an essential Banach convolution module over L' (Rd), we have
f*heM(pq) (R and

(311) ||f*h||1\/[(p,q) < ||fHM(p,q)||hH1
Also f*h e L' (R?) and

(3.12) 1F = blly < ST - Il -
This implies f *h € S (p,q) (Rd) and

1 % Bllsgpgy = I % Bl 4 16 * Bllarg
(3.13) <Al WAl + 1 a1l

< WAl (11 + 1l asry) = WAl 1 s -
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In order to see that L! (Rd) xS (p,q) (Rd) is dense in S (p, q) (Rd), take
any h € S(p,q) (R?). Hence h € L' (R?) and h € M (p,q) (R?). Since the
map z — T.h of R? into S (p, q) (Rd) is continuous, the maps z — T.h of R?
into L' (Rd) and z — T, h of R* into M (Rd) are continuous. Thus given € > 0
there exists a compact neighbourhood U of 0 € R¢ such that

(3.14) 1T = hlly < 5
and

€
(315) ||Tzh - h”M(p,q) < 5

for all z € U. Assume that f € L! (Rd) is non-negative continuous function
with compact support suppf C U and [ f (t)dt = 1. Then
Rd

(3.16) 1F % = hllprp,g) < g
by Theorem 2.2. Also,
1f *h— hll, = /f<z>h<y—z)dz—/f<z>h<y>dz
R4 R4 1
(3.17) < / F2) (h(y —2) — h(y))dz
Rd

1
< [l @mn -,z <5 [ 1= 5
R4 Rd

Combining (3.16) and (3.17) we see that

e €
5% b= Rll sy < 15 % h =Bl 15 % b~ Allagg) < 5+ o
Since fxh € L (Rd) and fxh € M (p,q) (Rd) then fxh € S (p,q) (Rd). This
shows that L' (R?) % S (p,q) (R?) is dense in S (p,q) (R?). Hence L' (R?) x
S (p.q) (RY) = S (p,q) (R?) by Module Factorization Theorem (see [24]). This
completes the proof. (I

=E£.

Consider for each p, g (1 < p,q < 00) the mapping ® from S (p, q) (Rd) into
L' (Rd) x L (p,q) (Rd) defined by @ (f) = (f, Vyf). This is a linear isometry
of S(p,q) (Rd) into L' (Rd) x L (p,q) (Rd) with the norm

(3.18) AN = 11+ Ve fll g+ (F € SCp.a)(RY):

Hence we consider S (p,q) (Rd) as a closed subspace of the Banach space
L' (Rd) x L (p,q) (Rd). Let

H={(f,Vyf): f€S(p,q) (R}



Time frequency analysis and multipliers of the spaces M (p,q)(R%) and S(p,q)(R*) 609

and

(p.w) s (o) € L (RY) x L (¥ ') (B27),
(319) K=< [fWwewdy+ [[Vof (z,w)¢ (2, w)drdw =0, for ,
Rd R2d

all (f,Vyf)e H

where; ——1and + =1.
The followmg Proposmon is easily proved by Duality Theorem 1.7 in [17].

Proposition 3.2.  For each p,q(1 <p,q<oo) the dual space
S (p,q) (Rd)* of S(p,q) (Rd) s isomorphic to L™ (Rd) x L(p',q") (Rd) /K,
wherell—)—kz%:l and%—kql,:l.

4. Multipliers of S (p, q) (Rd) and M (p,q) (Rd)

Proposition 4.1. Ifge S (Rd) and 1 < p,q < oo then the multiplier
space M (L1 (Rd) M (p',q") (Rd)) is isomorphic to M (p’,q") (Rd).

Proof. By Theorem 2.2 and Corollary 2 in [21] we write
M (L' (RY),M (¥',¢) (R)) = (L" (R?) * M (p,q) (R"))*
= (M (p,q) (R"))" = M (¢, ¢) (RY).
O

Let (ea),c; be a bounded approximate identity with compactly supported
Fourier transforms (band limited functions) in L* (Rd). Define the vector space

Mg (RY) ={pue M (R?) :||p*eallg <C(n) foralla €I},

where M (Rd) is the space of bounded regular Borel measure on R? and C (1)
is a constant depending on the measure p. Since S (p, q) (Rd) is a Segal algebra
then it is an essential ideal in L' (Rd) and hence Mg (Rd) is uniquely defined
as independent of approximate identity by Proposition 3, in [3].

Let 1 <p<o0,1<q<ooandge S (RY). The space S (p,q) (R?) is
a Segal algebra by Theorem 3.2, and the following Proposition is proved by
Theorem 4 in [3].

Proposition 4.2.  The following are equivalent:
1. T e M (L' (RY).S (pq) (RY)).
2. There exists a unique p € Mg (Rd) such that Tf = p* f for all
f € L' (R%). Moreover, the spaces M (L* (R%),S (p,q) (R?)) and Mg (R?)
are homeomorphic.

€ ( ) and 1 < p,q < oo then the multiplier
4)) is isomorphic to L (RY)x L (p',¢') (R?) /K
1 and S* (p,q) (Rd) is the dual of S (Rd).

Proposition 4. 3
space M (Ll (Rd) *(p,
where £ + 4 =1 and %

p P q

If g
q) (R
+o =
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Proof. By Theorem 3.3 we write
(4.1) LY(R) * S(p. ) (RY) = S(p. ) (RY).
Hence by Corollary 2.13 in [21] and Proposition 3.2 we have

(4.2)
M (L' (RY),5* (p,q) (R?)) = M(L' (RY),L> (R*) x L(¥.¢) (R?) /K)
=L>*(R*) x L(p',q) (R") /K.
O

Lemma 4.1. Let G be a non-compact locally compact abelian group
and 1 <p<oo,1<g<oo. If f € L(p,q)(G) then

) 1
slgrolo ”erTSf”(p,q) =2¥ ”f”(pm'

Proof. Suppose that g is a simple function, that is

9= 2:21 C,‘XEJ-

where each Ej; is measurable and compact with p (E;) > 0 and E; N E, = ¢
for j # k. Let dj = p(Er) +p(E2) + ...+ u(E;j), 1 <j<nanddy=0. Then

ifwesetcj:‘c;’7f0r1§j§nandcl2022...ch20then

c1, if0§t<d1
g*(t) = Cj, if dj_1 <t< dj
0, ifd, <t

for 1 < j <mn, [14]. Also we write

* T q [Tl ¢ dt

Moa)' =5 | (o 0)"

(Iolly) =7 | ®) 5
= (cf —c§)df +(c§ —c§)dy +- -+ (i —ch) dji_y +chdy.

Ifs ¢ U}fk:lEjEk_l then the supports of g and Tsg are disjoint and that means

g+Teg= ijl cixEusE, and (B U sE)) N (B, UsEy) = ¢ for k # j.
Also we obtain
dj Zu(El USEj)+M(E2U8Ej)+"'+u(EjUSEj)
=2(u(Er) + p(B2) + -+ n(Ej)) = 2d;.
Then
e, 0 <t < dy
(g +ng)*(t) = Cj, if dj_l <t< dj
0, ifd, <t
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where ¢; = c;» yfor1<j<nandc >cyg>--->¢, >0. Hence

(g + ool )

=2 (gl )"

This implies

* 1 *
(4.3) 19+ Tsgllip.q) =27 9ll(p,0)-

Now let f € L(p,q) (G) and € > 0 be given. By the density of simple function
in L (p,q) (G), [14] we can choose a simple function g = 22:1 cjXE,; such that

9

Let the support of g be U?_; F;. Then if s ¢ U?,kzlEngl by using (4.3) and
(4.4) we have

* 1 *
15 + Tl .y = 22 11y
< |IF + Tt gy = lg + Toglly |
* 1 * 1 * 1 *
+ ’IIg +TSQ”(}W) —2¢ ”g”(p,q)‘ + 27 ”f”(pm —2° ”g”(p,q)

* * 1 *
— ||f_g||(p,q) + HTSf_TSg”(p,q) +2p ||f _gH(p’q)
So+Z+ese

A

4
This completes the proof. 1
Lemma 4.2. Let G be a non-compact locally compact abelian group

and 1 < p < 00,1 < ¢ < oo. For any continuous complex valued function

s —c(s) on G with |c(s)| =1 and f € L(p,q) (G) we have
T (| + ()T fl gy = T [1£ +Tofl -

Proof. Let g € C.(G). Assume that suppg =K. If s € KK~! then the
supports of g and Tsg are disjoint. This implies that the supports of g and
¢ (s) Tsg are disjoint. Thus the distribution function of g + Tsg is

Ag+Tog (Y) = p{z € G i g+ Tsg| (1) > y}

(4.5) =p{reG:lgl(t) +|Tugl () >y}, y>0.
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Also since the supports of g and ¢ (s) Tsg are disjoint and |c (s)| = 1 then from
(4.5) we have

Agre(s)Tag () = p{z € G 1 |g +c(s) Tsgl (t) > y}
=p{r € G:|g|(t) +|c(s) Tsg| (t) > y}
=p{r € G gl (t) +c(s)||Tsgl (t) >y}
=pf{z € G gl (t) +Tsgl (t) > y} = Ag11g (t),  y>0.

This implies (g + ¢ (s) Tsg)" = (g + Tsg)" and hence
(46> ||g +C(S) TSg”?p,q) = ||g +ng||>(kp7q)

Now let f € L(p,q)(G) and € > 0 be given. Since C.(G) is dense in
L (p,q) (G), [26], there exists g € L (p,q) (G) such that

(4.7) 1 = gl < 5
By using (4.6) and (4.7) we obtain
1 + ¢ () Tef gy = I + Tl Iy
< |15+ e Tty — g+ () gl

+ ||g + c (S) ngll?p,q) - Hg + ngll?p,q)

1 + Tt i) = g+ Togly|

<(f = 9) + () (Tof =T,

+|If + TSfH}(kp}q) —llg+ ng”rp,q)

<IF = lfpgy + leONIT (= D))
I =gl + 1T (F = D)

= 4lf gl -

Then combining (4.7) and (4.8) we have

(4.8)

X 5
<Af =gl <47 =€

1 +¢(8) Tof g = 1 + To 1

This completes the proof. O

Theorem 4.1.  Let T :S(p,q) (Rd) — Lt (Rd) be a linear transforma-
tion and 1 < p,q < oo, g€ S (Rd). Then the following are equivalent:
1. TeM (S (p,q) (Rd) Lt (Rd)),
2. There exists a unique p € M (Rd) such that Tf = pux f for each

f€S(pq (Rd), where M (Rd) is the space of bounded regular Borel measures
on R .
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Proof. 1. Let pe M (Rd) and f € S (p,q) (Rd). Then

ITHIy = Ml Flly < alH LA < Al 1L

Tt is easy to prove the other conditions to be multiplier from S (p, q) (Rd) into
L' (R%). Hence T € M (S (p,q) (RY) , L' (RY)).
Conversely assume that T € M (S (p,q) (R?),L* (R?)). Then

(4.9) 1T < WTUAs = 070 (11 + 1Vl ) -

By using Lemma 3.5.1 in [15], Lemma 4.1 , Lemma 4.2 and (4.9) we deduce
that

(4.10)
207 f, = Y |15+ TTfl < T () (1F + Tofly + 15 + To larg)

S I (2050, + 1% (4 Tl

lim |7 (2 £l + Ve f + Vg(Tsf>||<p,q))

= Jim |70 (2171 + VoS + e T VoSl )
S 17 (2514 V0 + T Vol )

171 (2051 + Jim [Vaf + (oo Va ) )

= |0 2111 +27 [Vl )

for all f € S (p,q) (R?). This implies

IN

1_
171 < U7 (171 + 257 1Vl ) -

Repeating this process n times we see that
n(i—
171 < 00 (11 + 275 VoSl ) -

Since p > 1 then we have lim 231 = 0 and so we conclude that

n—oo

(4.11) ITAlly < ITWAL -

Also since S (p, q) (Rd) is dense in L! (Rd) then T' € M (L1 (Rd)). Hence by
Theorem 0.1 in [10], there exists unique p € M (Rd) such that Tf = p * f for
all f €5 (p,q)(RY). O

Theorem 4.2. Letl <p,gq<ooandgée S (Rd). Then the multipliers

M (S (p,q) ((BY) . S (p.q) (RY)))

18 1sometrically isomorphic to M (Rd).
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Proof. By Theorem 4.1 we write

(4.12) M (S (p,q) ((R")) .S (p,a) ((R'))) € M(S (p,q) (R) ,L" (R?))
' = M (RY).

Conversely let € M (R%). It is known by Theorem 3.3 that S (p,q) (R?)

is an essential Banach ideal in L' (R?). Also for each p € M (R?) and f €

S (p,q) (RY) we write = f € S (p,q) (R?) and there exists a constant C' > 0
such that

ITflls = llwx flls < C-Alull I flls»

(see Lemma 2 in [3], and Proposition 2.1 in [11]). Then we conclude that
T eM(S(p,q) ((RY)),S(p.q) ((RY))). Thus

(4.13)
M (S (p,q) (RY),L* (RY)) = M (R*) c M(S (p,q) (R?), S (p,q) (R?)).

Hence combining (4.12) and (4.13) we obtain

M(S (p,q) (R?),S (p,q) (RY)) = M (R?).
O

For the case p = ¢ = 1 the Theorem 4.1. and Theorem 4.2. are not true.
As an example if p = ¢ = 1 then S(p,q) (Rd) = 5 (Rd), where the Segal
algebra Sy (Rd) is known Feichtinger algebra [13]. It is also known that the
multiplier space of Sy (Rd) is bigger than M (R4).
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