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Central limit theorem for linear stochastic
evolutions

By

Makoto NAKASHIMA

Abstract

We consider a Markov chain with values in [0, oo)Zd. The Markov
chain includes some interesting examples such as the oriented site per-
colation, the directed polymers in random environment, and a time dis-
cretization of the binary contact process. We prove a central limit theo-
rem for “the spatial distribution of population” when d > 3 and a certain
square-integrability condition for the total population is satisfied. This
extends a result known for the directed polymers in random environment
to a large class of models.

1. Introduction

We write N = {0,1,2,---}, N* = {1,2,---} and Z = {£z : © € N}
For = (x1,...,74) € R% |z| stands for the [*-norm: |z| = Z?zl |x;|. For
€ = (Ea)peza € RE J¢| = Y wezd |&|- Let (Q,F, P) be a probability space.
We write E[X] = [ X dP and E[X : A] = [, X dP for a random variable X
and an event A. We denote the constants by C, C;.

We consider a time discretization of linear systems with values in [0, oo)Zd
which is introduced in [10]. A time discretization is defined by iteration of
linear transformations for a row vector as follows,

Nt:N()Al"'At7 tEN*7

where Ny € [0, oo)Zd is the initial vector and A; = (At z,y)syeza, t =1,2,...
are i.i.d. random matrices (cf. (1.1)—(1.7) below for more details). This Markov
chain contains some examples such as the oriented site percolation, the directed
polymers in random environment, and a time discretization of the binary con-
tact path process. We can regard Ny, as the “number of particles” at time-
space (t,y). In this paper, we discuss the central limit theorem for “the spatial
distribution of particles” in the case where the growth rate of “total numbers
of particles” is the same as the mean growth rate with positive probability.
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The central limit theorem for stochastic growth models related to ours are dis-
cussed in several papers. To the best of our knowledge, the first results in this
direction was obtained by E. Bolthausen for the directed polymers in random
environment [2, 4] (see e.g., [3, 12] for more recent progress). The case of the
branching random walks in random environment is discussed in [17]. Also, the
result for continuous-time binary contact path process can be found in [11].

1.1. Linear stochastic evolution

First, we give the framework introduced by N. Yoshida [15], and in Sub-
section 1.2, we will give some examples contained in this framework. We call
this framework “linear stochastic evolutions”, and in the following, we will
abbreviate it for LSE.

Let {A; = (Ato,y)zyeza : t > 1} be a sequence of i.i.d. random matrices
with non-negative entries. We denote by (€2, F, P) the probability space on
which these random matrices are defined. Here are the set of assumptions we
assume throughout this article:

For ¢ e N*, column vectors (A; zy)pezd, Y € 7% are independent,
E[A?

1,y < oo for all z,y € 24,

(
(
(
( Ay ., is not constant a.s. for some z,y € Z%,
(

1)
2)
3) Az, =0as. if [z —y| > ra for some non-random r4 € N,
4)
-5)

—

(A 00, )sen 2 (Ag)sen- for all z € Z% (shift invariance),

where Ay 00, = (Atwtzytz)syeze for z € Z%. We define a [O,oo)Zd—valued
Markov chain Ny = (Nt )yeza, t =1,2,... by:

(1.6) Nisiy= Y NiaAisy , t €N
€74

It is easy to check that (N¢)ien is a Markov chain, since (Ay)iey are i..d.
random variables. Moreover, we suppose that the initial state Ny is non-
negative, non-random, and finite in the following sense,

(1.7) the set {x € Z: Ny, > 0} are finite and non-empty.

If we regard N; € [0, oo)Zd as a row vector, (1.6) can be interpreted as
AGIZ<ABA1AQ"u4h teIVﬂ

i.e., we can consider A; as a linear transform.
We write

(1.8) ay = E[A10,], la| =) ay.
y€eZd

In [15], the dual process of (M;)ien is defined. Let By = (Bt zy)ayezd
be the transposed matrices of A;. The dual process is the Markov chain with
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values in [0, 00)2" defined by

(19) Z At,y,a:Mt—l,a: = Z Mt—l,th,x,y = Mt,y; te N, [URS Zda

TEZ z€Z3

where the initial state My € [0, oo)Zd is non-random and finite. Most properties
of LSE also hold for the dual process. However there are differences between
LSE and the dual process. One of them is described at the end of Section 2.3.

1.2. Examples
e Oriented site percolation (OSP)

The oriented site percolation is one of the simplest examples of LSE. Let
{ney ¢ (t,y) € N* x Z4} be {0,1}-valued i.i.d. random variables with P(n;, =
1) = p € (0,1). The site (t,y) with n,, = 1 and 7., = 0 are referred as
open and closed. A sequence {(s,zs)}!_, in N x Z? is called an open path
from (0,0) to (¢t,y), if xo =0, &, =y, |rs — zs—1] = 1, and 75 ,, = 1 for all
s=1,2,...,t. Let Ny, be the number of open paths from (0,0) to (¢,y), and
let [N¢| = >_,cz4 Nty be the total number of open paths from (0,0) to level t.
Then, N;, is LSE with

At@,y = 77tt,y]~|x—y|:17
and Ny, = 05, where 6, is the Dirac function, that is,

PR 1 ifr =y,
YR 0 ifx £y

The covariance of (A, ), yeza can be seen from

(1.10)

p fy=y9 |z —yl=z-yl =1
ay = ply=1, ElAtzyAizg) = . ’ .| = =1
ay—ra5—z if otherwise.
In particular, we have |a| = 2dp. We refer the general N, as the “number
of particles” at time-space (t,y), and |N¢| as the “total number of particles ”

as in this example.

The next example is another important one.

e Directed polymers in random environment (DPRE)
Let {n:y : (t,y) € N x Z4} be R-valued i.i.d. random variables such that

eA(B) def Elexp(Bn:,y)] < oo for all § € (0,00).

We define Ny, by

¢
N,y = E {exp(z Bn(u,Sy)) : Sy = y}7 (t,y) € N* x Z¢,

u=1
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where (S;, P%) is a simple random walk on Z? which is independent of {n;,}.
Then, we call | V| the partition function of the directed polymers in random
environment. There are many papers on this model [2, 3, 4, 12], and the reader
can find more information. Starting from Ny = (8;) ez, the above expectation
can be obtained inductively by (1.6) with

Lia—y|=1
Aty = 2% exp(Bn,y)-
The covariance of (A qy )y yeze can be seen from
A(B) 1 o if i
_ € lyl=1 o1 ) Qy—aQj-z if y # 9,
(1.11) ay = od ' E[At,ahyAt,a:,y] = {GA(M)”(ﬁ)ay_zag_i it y = 4.

In particular, we have |a| = ().

e Binary contact path process (BCPP)
The binary contact path process is a continuous-time Markov process with

values in NZd, originally introduced by D. Griffeath [7]. In this paper, we
consider a discrete-time version. Let

{Ney =0,1:(t,y) €N* x Z}, {¢y =0,1: (t,y) € N* x 2%},
{ery : (t,y) € N* x 24}

be the families of i.i.d. random variables with P(n;, = 1) =p € (0,1], P((,y =
1) =q€[0,1], and P(e,, =€) = 55 for each e € Z? with |e| = 1. We suppose
that these three families are independent of each other. Starting from Ny € de7
we define a Markov chain (Ny)ien with values in NZ* by

Nt+1,y = 77t+1,yNt’yfet+1,y + <t+1,yNt7yv teN.

We interpret this process as a model of the spread of infection, by N,
infected individuals at time ¢ at the site y. The (y41,,/V¢, term above means
that infected individuals Ny, remain infected at time ¢ + 1 with probability g,
and they recover with probability 1—¢. On the other hand, the 941, N¢ y—e, ., ,
term means that, a neighboring site y—e;41 , is picked at random (say, the wind
blows from that direction), and N;,_.,,, , individuals at site y are infected
anew at time ¢t + 1 with probability p. This Markov chain is obtained by (1.6)
with

Aty = Nty Lie, ,=y—=} + GtyOy—a-

The covariance of (A qy ), yeze can be seen from

Ly=1
(1.12)  a, = ;—d + qdy,
Qy—zQj—3 if Yy 7é g?
(1.13)  ElAiyArzgl = ay—o ifx=2and y=7,

@Oy—zy—z + q0y—zay_p ifx#T andy=7g.
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In particular, we have |a| = p + gq.

We give two examples of the dual process.

e Random walk in time-space random environment

We denote by e; € Z%, i = 1,...,d, the basis vectors of Z¢ with |e;| = 1.
Let {p(t,z,e;) : (t,x) e Nx Z% i =1,...,d} be the [0,1]-valued i.i.d. random
variables with the uniform distribution on [0,1). We set

1 =x+e; 1 =r—e€;
Bi gy = Z (p(t - l,x,ei)% + (1 —p(t— l,z,ei))%)
1<i<d

Let us suppose My = (05)zeze. Then, it is clear that Zy B,y =1 and
|M;| =1 P-as. for all (t,z) € N* x Z¢. From (1.9), we can regard M, as the
probability of the “t-step” transition from 0 to xz. More precisely, the random
walk moves according to the transition probabilities P(Siy1 = y|S: = x) =
Bit1,z,y for each t €N, z,y € Z4.

e Directed random walk in oriented bond percolation (DRWOBP)

Let {n., : t € N*, 2,y € Z¢ |z—y| = 1} be the {0, 1}-valued i.i.d. random
variables with P(n; 5, = 1) = p € [0,1]. The directed bond |(¢,z), (t + 1,y))
with 7¢41,2.4 = 1 and 7415,y = 0 are referred as open and closed. A sequence
{(s,75)}t_y in N x Z? is called an open path from (0,0) to (¢,y), if zg =
0, zt=vy, |ts —2s—1|=1,and 54, , .. =1forall s=1,2,...,¢t. We define
At7y,a: = Bt,a:,y by

Mo,
(1.14) Biay = ml{deg(mm)w}»

where deg(t, ) is the number of open bonds at site (¢, z) i.e.
deg(t —1,2) = t{y € Z : may = 1}.

We set Mo,y = (8,)yinza. We define the dual process My, t € N, y € Z4
by (1.9). The process (M;) is interpreted as the transition probability of the
directed random walk in oriented bond percolation starting from the origin. It
is described as follows. The random walk starts from (0,0) € N x Z9¢. Suppose
that the random walk is at time-space (¢, x) and let

Vit+1l,z)={y € 7% Me41,2,y = 1}

If V(t + 1,x) = 0, then the random walk is stopped at time ¢. If, on the
other hand, V(¢ + 1,z) # 0, then the next step of the random walk is deter-
mined by choosing the point y € V(¢4 1, x) with probability 1/ deg(t, z). Also,
this random walk is interpreted as the random walk in i.i.d. bond percolation
sequences in the following sense. For each time ¢ € N, we give the p-bond
percolation in Z?, independently. If the random walk starting from 0 is located
at site x at time ¢, then it moves as a simple random walk in bond percolation,
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but it is killed if the site z has no bond. This random walk coincides with
the random walk described above. This follows from the fact that the bond
is related to at most one step, since the simple random walk is periodic. We
remark that we cannot describe two random walks starting from points sitting
next by this systems.

The covariance of (Byzy ), ez can be seen from:

def 1
(1.15) by = E[Broy] = 55 (1= (1=p)*)1jy1,
and
(1.16)
E[By sy Bt,z,5]
d _ — . - -
= (1= )RR ifr =gy =gz -yl =1,
d _ _ . . . .
XL et =R GE) ife =gy 2 gle -yl = 1lE gl =1,
1 ife#z |lz—yl=1,|2-9/ =1,
0 otherwise.

These are the examples of LSE and the dual process. In the following
Subsection 1.3, we discuss some properties for LSE, which also hold for the
dual process.

1.3. Some basic properties
In this subsection, we discuss the basic properties of LSE.

First of all, we give another representation of IV, by using the random
walk ((St)ien, PE) on Z* defined by

(1.17) PE(So=x) =1and PE(S1 =) =y—n = ay_o/|al,

and we identify the mean growth rate of |N;| with |a|*. We introduce notation
and definition:

(1.18) =1 fort=0
A,
(1.19) G= [ =22t fort> 1
1<ust PSu=Su

We denote by F; and G, t € N, the o-field generated by Ay,..., A; and
Si,..., S, respectively. For t = 0, we define Fy = {Q,0} and Gy = {Q,0},
where (Q,G) is the probability space on which (St, P§),cza are defined. Let
‘H; be the product o-field of F; and G; and we define P} ¢ and Efl,s as the
product measure of P and PZ and its expectation, respectively.

Remark 1. It is easy to see that ag,_s, , # 0 a.s. and

A
(1.20) Aiy1.y = |a|E§[L§OS1 181 =y| as. forallt > 1 and z,y € Z¢
a

1—50



Central limit theorem for linear stochastic evolutions 207

The following lemma gives the representation of N, by using (;.

Lemma 1.1.  (; is a martingale with respect to Hy. Moreover, we have
that
(1.21) Nyy = lal" > NooE&[C: S =y, P-a.s.
z€Z3

Proof. The martingale property of (; follows from the fact that it is a
product of adapted, mean-one random variables. The latter equality (1.21) can
be obtained by induction. It is easy to see that (1.21) holds for ¢ = 0. If (1.21)
holds for ¢t > 0, then

Nt+l,y = E Nt,zAt—i-l,z,y
2€74

= > > al'NowBE[G: St = 2)Ar,2

T€Z4 274

Considering the equality (1.20), we have that

Nt+1,y = |CL|H_1 Z No,zE§[4t+1 tSe1 = y]

z€Zd
|
The following lemma is obtained as a corollary.
Lemma 1.2.  (|Ny|, F;)ien is a martingale, where Ny = (N 4)yeza is
defined by
Nt,ar = |a|7tNt7$.
Proof. This lemma is an immediate consequence of Lemma 1.1. O

From Lemma 1.2, we see that the mean growth rate of |IV;| coincides with
la|*. In the following lemma, we compare |N;| and its mean growth rate |al’.

Lemma 1.3.  Referring to Lemma 1.2, the limit
(1.22) [Nl = lim [N
exists a.s. and
(1.23) E[|Nl] = |No| orO.

Moreover, E[|Nxl|] = |No| if and only if the limit (1.22) is convergent in
LY(P).
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Proof. We refer the proof to [15, Lemma 1.3.2]. O

We introduce some more notations. For (s,z) € N x Z%, we define N;* =
—=S,2 ——S,2 .
(Ny) )yeze and Ny~ = (N, )yeze, t € N respectively by
N(i’; = 5z,ya Nts.;_zlyy = Z N;iAs+t+l,z,ya
(1.24) €L
RTS:% —t NTS,2
and N, = [a|""N; .
Then, we can write

— — sy
(1.25) INstt| = Z Ny|N™
yeZ

In particular, (Ng’z) is the Markov chain (1.6) with the initial state Ng’z =
(02,y)yeza. Moreover, we have

(1.26) Niy = Z NOJNtO”yw for any initial state Ng.

€L
Now, it follows that
E[N2]=10r0

from Lemmal.3. We will refer to the former case as the regular growth phase
and the latter as the slow growth phase. By (1.25) and the shift invariance,
E[[Nso|] = |No| for all Ny in the regular growth phase and E[|[N|] = 0 for
all Ny in the slow growth phase. The regular growth phase means that the
growth rate of [Ny is the same order as its expectation |a|t|Ng|. And the slow
growth phase means that, almost surely, the growth rate is slower than that of
its expectation.

We discuss the case in the regular growth phase in this article. We refer
the reader to the paper [15] for information on the slow growth phase. In the
following section, we will give a sufficient condition of regular growth phase for
OSP, DPRE, and BCPP.

2. Regular growth phase

2.1. Preparation

We introduce some notations and prove a lemma in this subsection to
discuss the main theorem in this paper. It is convenient to introduce the
following notation:
(2.1)

5. -
Atz yArz9] ( A1,z—y,041,5-y,0 ) vy o
'LU(‘T, "z, Y, g) = E[ Ay—2dj—i ] E[ Ay—a0y—3 ] if Ay—aly—z 7& 07
0 if Qy_oQy—3 = 0.
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Remark 2. Suppose that A; satisfies the equation

(2.2)

Sy, —xUg—2 if —xUy—7% 0
ElAayArsg) =4 | Cvmetima T ly—aly 70 for all 1,7, 4.5 € 74,
0 if ay_za5-z =0,

where v is a positive constant. Then, we can rewrite w(z, Z,y,q) as follows.
S if ay_pag_z #0
(2.3) wz, gy g) =4 T -ti-a 0,
0 if ay_za5_z = 0.

It can be seen from (1.10) and (1.11) that the equation (2.2) holds for OSP
and DPRE, where v = 1/p and exp(A(28) — 2A(5)) respectively.

Let (S, 5’) = ((St,gt)teN,P;)’s?) denote the independent product of the

random walks given in (1.17). Then, we obtain the following Feynmann-Kac
formula.

Lemma 2.1.

(24)  E[NiyNig) = la]* Z NO,zoNO,ioEz?éfo ler (St St) = (y,9)]

Zo,E0 €L
or allt €N, and y,§ € Z%, where
J , Y,y ,

(2.5) e = H w(Su,l,S'u,l,Su,S’u)7 fort > 1.

1<u<t

Consequently,

E[[Ne"]= ) Now,NozoEg's" led],

Z0,%0

sup E[|N¢|?] < 00 < supE
(2.6) teN

ss[ e] < oo,

= E[INOOI] = |Nol.
Proof. From Lemma 1.1, we have that

E[NiyNegl = lal" > > No,ono,ioE{Ego (G : St = Y| ESLG : Si = 37]]

T €LY ToELD

=l Y D" NowyNoa Berg™ [EIGG) : (S8 = (4.9)].

T €LY ToELD
Now, we can easily check the equation:

(2.7) E[Gé] = e, P;’S?—a.s. for all z,% € Z%.
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Remark 3.  When (2.2) holds, we have
(2.8) e = 722:1 050, 5u .
Let us assume (2.8) and set
Ty = P;’g(St = S, for some t € N*).

We then have for all x € Z¢ that

- 1—m for k=0
P””’Q( 5o :k) - @ :
59 uzz:l S Temh Y1 —m)  fork=1,2,..

and hence that

sup Pg’g [er] <00 e myy <1
(2 9) teN ?
) . z,0 N (Y — 1)
= Hm PS,g[et] =1+ 1—mey

On the other hand, it can be seen from (2.4) that
S — , e
EHNoo ||Noo ] = tll’rgop&g[et]v
using the notation (1.24). Also, it follows from (2.6) and (2.9) that
(2.10)

sup E[[N¢|?] < 0o & d > 3 and
teN

p > Mo for OSP,
A(28) —2A(6) < In(1/mg) for DPRE.

2.2. Results

In this subsection, we state the main theorem in this article. We show the
central limit theorem for the spatial distribution of particles. More precisely,
the theorem is given as follows:

Theorem 2.1.  Suppose that d > 3 and (2.6).
Then, for all f € Cy(RY),

. T—mi\— == )
(2.11) tlggom%df(T)Nt,z - |Noo|/Rd f(x)dv(z), P-a.s.,

where Cy(R?) stands for the set of bounded continuous functions on R,
(2.12) m=(my,...,mg) = Tl
TEZ

and v is the Gaussian measure with
(2.13)

/ x;dv(z) =0, / ziz;dy = Z (x; —mg)(z; —my)ag, i,j=1,...,d
Rd R

z€Z4
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Remark 4. From Lemma 1.1, we can rewrite (2.11) as
. St —mt —
(2.14) lim Z No.oES [f<7)§t} = |Noo| f(z)dv(z), P-as.
t—oo oezd \/{f R4

If we set pr o, = %1{1\]90}, then we consider p;, as the density of the
particles. From this observation, we can regard Theorem 2.1 as the central
limit theorem for probability measures with the density p, 7, on {|[No| > 0}.

We will give the proof of Theorem 2.1 in Subsection 2.3. First, we make
some important observations. By Fatou’s lemma, we obtain

Emg[tm €] < lim E;‘/iﬁ [e:] < sup E;’g[et] <00,
—00 t—o0 t>1

We have that

(2.15) et =erp1 on {Sip1 # S},
and hence there exists the limit

Coo = hm et
t—oo

almost surely because of the transience of random walk on 7% for d > 3. We
define k-th meeting time 73, by

(2.16) 70 =0, and 75, = inf{t > 7, : S; = S},

where inf ) = co. Then, from the Markov property and the shift invariance, we
can write that

o0

k
Egles] =) (Eg:%[eﬁ 7y < 00]) Pga(mi1 = 00) < oo,
k=0

Therefore, we conclude that
(2.17) n= Ess[eﬁ T < 00| < 1.

Lemma 2.2.  Suppose that d > 3 and (2.6). Then, there is a constant
C such that

(218) EI7w~ [et . St = gt] = EO

,0 . _q -
8.8 S’g[et.St—St]SCt d/2.

Proof. From the Markov property and the observation (2.15), we can
decompose E0 glee 1 Se = S,] into

Egig[etzstzgt]zz:( ; 1;[ n_ti]).

k=1 t1+-
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We define a; by

We remark that
(2.19)  at Sclt_d/Q, Zat =n<1, and Z Z ag, - - ay, =n".
t>1 t>1 tyto et =t
It is enough to show that there exists some o < 1 and C7 > 0 such that
(2.20) Z ag, ---ay, < Craft=2 forall t > 1.

-t =t

For k = 1, this inequality holds. We consider the sequence {cj}x>1 satis-
fying that for some 0 < € < 1,

C1

(2.21) 1 = T

k Ck

where ¢; is given in (2.19). We suppose that for & > 1 the following inequality
holds,

(2.22) Z agy - ag, < ckt*d/2, for all t > 1.
ti+- =t

Then, we have the inequality from (2.19) that

E atl e atk+1

ti+- i1 =t

(Y )

s=k tit+-+tp=s

SZ( Z atl"'atk)01(t—s)_d/2+ Z ers M 2ayg

s<et  titettr=s et<s<t

< Z ( Z agy + ~atk>cl(t - et)fd/2 + Z ck.(et)fd/zat_s
s<et tit-Ftp=s et<s<t

<nPey(t —et) ™2 4 neg(et) Y2

= cpat™ 2,

and hence (2.22) holds for k£ 4+ 1. We choose ¢ such that n < €%/? < 1. Then,
k
we have ¢, < Cy (ed%) for all k£ > 1 by simple calculation. O

We remark that we can show that Egz%[et_l 0 S = S’t] < Ct= %2 by a
similar argument.
Lemma 2.2 means delocalization. This can be seen as follows.
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For any ¢ > 0, we define the probability measure p; on the product of the
path space by

/J,t(A) = T ELE |:1A€t:|, for any Ae gt ® Gt.

[e:] =

"'E’
S,

U BY

Then, we can see that u:(S; = 5}) is the probability that two paths meet
at time ¢. It follows from Lemma 2.2 that the expected amount of the meeting
is finite under d > 3 and (2.6).

Remark 5. In contrast to the delocalization result we obtained, it is
shown in [16] that localization occurs when [N | = 0 a.s. thus, when d = 1, 2.

In the end, we consider a sufficient condition for the regular growth phase
for BCPP. For BCPP, w(x,Z,y, ) is given as follows:

/g ifr=3=y=y,

1 ify=19=
(2.23) wz, &y, §) = LYmv=

1
1 ify#§and ay_saz s,
0 if otherwise,

where 1/¢ on the first line is replaced by 0 if ¢ = 0.
In [15], it is shown that (2.17) is necessary and sufficient condition for the
uniform square integrability of |[N;|. Now, we will estimate n = Eg’%[eT T <

oo]. We can write from (2.23) and the Markov property that

00, . _ 007, .
U:Es)g[el .7'—1]—|—Es)§[67.1<7'<oo]

:p—j_q—l—Egg[eT:1<T<oo]
(2.24) = p—j_q + Eg’% [Eglggl [er 17 <o0]: 7 #1]
= p—j—q + Egi% {Péggl (|ST,1 — ST,1| =1,7< oo) (T # 1]
1 . 1 2 2
<pra o {rEe <} (- 5GE) -G )
o231

We have that if = # 0, then
m(x) < C3(1/d) asd / oo.

We show this in Lemma 3.2. From this and (2.24), a sufficient condition
is that

(2.25) p+q>1andd=d,, >3 is large enough.
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Also, by numerical calculation, we find that the following condition is
sufficient:

(2.26) d>3, and (p,q) € (1 —¢,1] x (1 —¢€,1],

where € > 0 is small enough (see, Appendix 3.1).

2.3. Proof of Theorem 2.1

We now show Theorem 2.1 by using the argument in [2]. First, we intro-
duce some notations. Let {&};>1 be i.i.d. random variables with values in R%.
We denote by X; the random walk with each step given by &;. Moreover, we
assume that Elexp(f - &1)] < oo for € in a neighborhood of 0 in R?. We define

p(0) by
(2.27) p(0) = In Elexp(d - &1)].
Then, it is obvious that
exp(9 - Xy — tp(9)>

is a martingale with respect to the filtration of the random walk.

i fon z™ = g™ ... " DN — (2™ (2™
We will use standard notation 2™ = z{ aytand (&) = (axl) (('):vd)

for n = (ny,...,nq) € N® and # € R%. For n = (ny,...,nq) € N%, the polyno-
mial Wy, (¢, x) is defined by

o\n
Wha(t,z) = <%) exp(9 -x— tp(@))‘
where [n| =ny + -+ + ng. We write
(2.28) Wa(t,z) = > Aa(i,j)a't.

The coefficients Ay, (i, j) depend on the derivatives of p at 0. The following
lemma gives some useful properties of Wy (¢, x).

)
6=0

Lemma 2.3.  For a general random walk with exp(p(6)) < oo for 0 in
a neighborhood of 0 and E[&1] = 0, we have

(a) if |i] +2j > |n|, then An(i,j) = 0.

(b) The coefficient with |i| + 2j = |n| depends only on the second derivatives of
p at 0, that is, on the covariance of &;.

(¢) If |i| = In|, then An(i,0) = 0y ny0ipny -0

id,7ld .

Proof.  All of them follow from simple calculation and the fact that 9p/06,
at 0 = 0 equals 0. O

Wha(t, X¢) is a martingale with respect to the filtration of the random walk.
Coming back to the random walk (S, Pg), we have that

(229) Yn<t) = Eg’[Wn<t7 St - mt)Ct]

is an F-martingale, since (; is an H;-martingale.
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Proposition 2.1.  If |n| > 1, then

lim t~/2y,(t) =0, P-a.s.

t—oo
Proof. We show that the martingale

t

Z, N 52 (Y (s) — Ya(s — 1))

s=1

remains L?-bounded. This implies that Z; converges a.s. and hence the Proposi-
tion 2.1 follows from Kronecker’s lemma. We assume that m = 0 for simplicity.

E[(Ya(t) = Ya(t = 1))*] = B[(BEWa(t, $)¢ - Wa(t = 1,8)¢1])°]
(2.30) < 2B (E3Wa(t, 9)(G — G-1)))°]
(2:31) + 2B (BS((Walt, S) - Walt = 1,9))G1])°].
Then, (2.31) is equal to 0 from the observation after the proof of Lemma
2.3. Moreover, we have from (2.1) that

the RHS of (2.30)
= 2B[E5[Wa(t, 8)(G — G-I EEIWa(t, 8)(G — &)

= 2577 [Wn(t, S)Walt, S)et_lE[(% 1) <25755 ~ 1)“
—Si1 h .

= 2E;’:E’ |:Wn(t7 S)Q(et — 6t71>1{st:§t}i| 5

where (; is defined by (1.19) for the random walk (S't,Psgf). It is easy to see
that Wy (t,z)? < Cylz|?™ + C5t/?! from Lemma 2.3. From this, it is enough
to estimate Eg’% [|St|2|“|€t1{st=§t}] and Eg’% [|St|2|“|€t—11{st=§t} . We define
Xty,....ty, DY

Xttty = 1{71:t177'2_71:t27~~y7k_7'k—1:tk}7

where 7; is given by (2.16). Since |S;, | < |z] +Z§:1 |S-, —S7,_, |, we have that
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for p > d
B [|St|Pet1{St:§t}]

t
SZ Z EIw“STkI Cre Xtq,.. ,k}

k=1t1++tp=t,

t;>1
t k
<Strrrt 3 B[S, - S Penvn ]
k=1 tit-Hg=t, Jj=1
t;i>1
t
FXEEDPT S B e )
k=1 t1+'”-|>‘t1k:t;
t;>

Also, since E;g [Z?Zl €r, th,---»tk::| =at, - ay,, it follows that

t
the last term on the RHS < |z|? Z(k +1)P 10 k2
k=1
< |zPCt=42.

Moreover, from the Markov property and the shift invariance, we obtain
the following inequality by using (2.20):

0,0 p
Z ES,§|:|STj 7S7'j—1| 67-th17_”¢]€:|

t1+-+Htp=t,
t>1

= > < 11 Esset"‘l{” t’"}]>Eg:%[|Stf|peta‘1{ﬁ—tj}]

ti+-+ip=t, \1<m<k,
ti>1 m#j

t
Z ( Z Qg - 'atk)Eg),% HStfslpetfsl{‘rl:t—s}]

s=1 ti14-Ftr_1=s,
t;i>1

t

< Z Clak—ls—d/Qc(t _ S)(p—d)/Q
s=1

< Caf~1tp=d)/2 forall1<j <k,

where we have noted that e;_y < maxw on the third line. We also have that

Z EO |:e‘rkXt1 } = Z Aty - Ay,

byt b=t trto =t
t;i>1 t;i>1

< Cabt=/2,
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Hence,

Egg [|St|pet1{st:§t}] < Cp=ad)/2,

Thus, for |n| > 1 it follows from Holder’s inequality that

s 2|n
EZZE |:|St| | ‘etl{St:S‘t}}

1/p 1/q
< (Ezjg{|St|2p|n|€t1{st—5t}]> (E;g [6751{5,5—52}})

< CtInl=d/2py—d/2q _ Cftll‘ll—(i/?7
where p, ¢ are the positive numbers satisfying that 1/p+1/¢ = 1 and 2p|n| > d.

Also, we have that EUZ[[S:[*"er—115,_5,] < CtInl=4/2 by a similar ar-
gument. Therefore, we obtain

supE[zt: s~ ml/2 (Ya(t) — Ya(t — 1))}2 = supzt:s“"E[(Yn(t) —Ya(t— 1))2}

t>1 — t>1 T
s=1 s=1
<) 2 <o,
t>1
and hence the proof is completed. O

Since we have proved Proposition 2.1, we can show Theorem 2.1. From
Fuglede [6], it is enough to show the following proposition instead of (2.11).

Proposition 2.2.  Suppose that d > 3 and (2.6).

For alln = (ny,...,ng) € N¢,
(2.32) lim Z No L ES (St — mt)ng = |Noo|/ x®dv(z), P-a.s.
fmee T€eZ4 ’ \/E Rd

Proof. 1t is sufficient to show the claim for the case in Ny, = ;. By
induction, it follows from Lemma 2.3 (a), (c), and Proposition 2.1 that for all
n € N¢

St \—/gnt)“ct] ‘ < oo, P-as.

To see this, we divide Y;,(¢) into three parts as follows:

Vi) = e[ (M)

Sy — mit\i
o= 3 aan(™ )G
(2.34) S{|i|+2j=|n,j21 ( vt ) ]

, . S, — i
Yj(t):Eg{‘ Z tlll/zﬂAn(i,j)( tﬁmt) gt]
lil+25<n]

(2.33) sup | EY [(

t>1
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Then, we can write

B [(St \—/gnt)llct] = t=4/2y ()

(2.35)
=72y, - Y2 - YD).

We suppose that (2.33) holds for n € N¢ with |n| < k. From Proposition
2.1, we have sup;> t*|“|/2|Yn(t)| < oo P-as. for all n € N%. Tt is easy to check

that for n € N¢ with |n| =k + 1,

Supt_‘“|/2|Yr?(t)| < oo and supt_|n|/2|er’(t)| < oo P-as.
t>1 t>1

Thus, (2.33) holds for all n € N¢. Therefore, we conclude that
(2.36) lim t~™/2y3 () =0, P-as.

t—o0

and hence from Lemma 2.3 and Proposition 2.1 that for |n| > 1
(2.37) Jim ¢7n1/2 (Ynl(t) + Yf(t)) =0, P-as.
— 00

On the other hand, let Z be an R%valued random variable with density
v. Then, it can be seen that p;(6) is a polynomial of degree 2, where p;(6) is
given by (2.27) for & = Z. Moreover, we have that for |n| > 1,

o\n
0= (55) Elexp(0-Z = pr(6))]
=B Y AG)7]
lil+27<2n|
where A/ (i,7) is defined by (2.28). From Lemma 2.3, A} (i, j) coincides with
An(i, j) for (i,7) with |i] +2j = 2|n|, and hence we can write for [n| > 1
(2.38) E[zn+ S Al j)zi} ~0.
li[4+2j=|n[,j>1
We know lim;_, E2[(;] = [Noo| for |n| = 0. If (2.32) holds for all n € N¢
with |n| < k, then we have that for all n € N¢ with |n| =k + 1,
(2.39) Jim ¢ 1RI2y2 (1) = WOO|E[ Y A j)zi}, P-as.
lil+2j=[n],
i>1
From this, (2.37), and Proposition 2.1, it follows that the RHS of (2.35)
converges to
“INGE[ Y a7,
lil+2j=In,
Jjz1
almost surely as t ' oo, so that (2.32) holds for n € N? with |n| = k + 1

from (2.38). Therefore, we complete the proof of Proposition 2.2 and Theorem
2.1. O
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Remark 6. One might expect that the same statement as Theorem 2.1
holds for the dual process. However the next example shows that the uniform
square integrability of |M;| is not sufficient for the (non-degenerate) central
limit theorem of the dual process. We can construct the counterexample as
follows.

We set My, = 0,. Let {e;,;(t,y) € N* x Z4} defined by the random
vectors with P(e,, =€) = o for e € Z¢ with |e| = 1. We give Ay, by

At»va = 1{et,z:y7m}'

Then, it is easy to see that |[M;| = 1 a.s. and therefore |M;| is uniformly
square integrable. Moreover, we have that there is some 2; € Z? for each t € N
and M, = d;,. Thus, the central limit theorem does not hold for this dual
process. Under some non-degeneracy condition, we can prove the central limit
theorem for the dual process.

Proposition 2.3.  Suppose d > 3 and (2.6). In addition, we assume
the non-degeneracy,

w'(0,0,5,5) #0, for some y # §,

where w'(z, Z,y, ) is defined by

b
BiroyBizg] Bioy-aB10g-27) "
w(x, Z,y,7) = E| g;,:b;;]— (E[ ; Obzfg:bgl—on ]) if by—aby—z # 0,

0 if by_aby_z = 0.

Then, we have that for all f € Cyp(RY)

lim mgz:dfcc _\/Tin t)Mt@ = |M | /]Rd f(x)dV (x), P-a.s.,

t—oo

where Cy(R?) stands for the set of bounded continuous functions on RY,
m' = (my,...,my) =Y wby/bl,
T€Z?
and V' is the Gaussian measure with
/ x;dv' (z) = 0, / zixjdy = Z (zi —mg)(x; —mj)ba/|b], 4,5 =1,...,d.
Rd Rd oz

Outline of the proof. From a similar argument to the case of LSE, there
exists the limit

e/, = lim e, P-as.

t—oo
where ¢} is defined by replacing w with w’ in (2.5). It follows from the Markov
property that

oo

k N
Eg’% {ego} = Z (Egog [e’T T < oo]) Eg% [w’(0,0,Sl, Sy):T= oo} < 00
k=0
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where 7 is given by 7 = inf{t > 1 : S; = S,}. Therefore, we have from
non-degeneracy that

0,0 )
ES,S[eT T < oo] < 1.
Then, we can show that similar results to Lemma 2.2 and Proposition
2.1. O
We get an interesting result for DRWOBP as follows.

Corollary 2.1.  Suppose d > 3. Let (M,,) be the distribution of the di-
rected random walk on oriented bond percolation (DRWODBP) defined by (1.14).
We set

M,
pi(x) = |]\/fljl{|Mt| > 0}.

If p is close to 1, then the central limit theorem holds in the sense that for all
f S Cb(Rd)7

lim zgdf(%),ut(x) = /Rd f(z)dv(z) P-a.s. on {|M]| > 0},

t—oo

where v is the Gaussian measure with mean 0 and covariance matriz 1/d times
the identity matrix.

Remark 7.  p(z) is the distribution of the random walk conditioned
on the set {random walk survives at time ¢}.

Proof. Tt is sufficient to show that w'(0,0,y, )7 < 1, since

Bgsler:7 < ool < ma, w'(0,0,3,5)ma

In the typical case p = 1, we have that w'(0,0,,7) = 1}, 5/=1. Also,
it follows from (1.15) and (1.16) that w’(0,0,y,¢) is continuous in p € (0, 1].
Thus, if p is close to 1, then w'(0,0,y, §)mqy < 1. a

3. Appendix: Meeting probability of two random walks

In this section, we follow [17] to estimate the probability with which inde-
pendent copies of a certain random walk meet. Let S = (S¢)ten be a random
walk on Z? such that

L2 iflz|=1
P(Sl = 1‘) = 2d l |1'|_ !
q ifx =0,

where p+ ¢ = 1, p > 0. We remark that for BCPP, p and ¢ are replaced by
p/(p+ q) and q/(p + q), respectively. We define p(x) by

(3.1) p(x) = P§(S; =0, for some t > 1).

First, we give the representation of p(z) by using the return probability of
the simple random walk.
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Lemma 3.1.

py =9t (1= aps(0)  Fa=0,
ps(z) if x # 0,

where pg is defined by (3.1) for the simple random walk.
Proof. Tt is easy to check that
St =Sy, is a simple random walk,
where J; is the “¢-th jump time” defined by

Ji = inf{s >1: Z 1s, ,#s5, = t}.

u=1

Also, we have {S;}i>, = {Si}1>1. Therefore, it follows that for z # 0

p(x) = PE({Si}1>1, 2 0) = P§({Si}1>1 2 0) = ps(x),

and for z =0

p(0) = P2(S1 = 0) + P3(|S1| = 1, P5*(S; = 0, for some t > 1))

=q+(1—q)ps(er)
=q+(1-q)ps(0),

where e; = (1,0,...,0).

Let (S¢)i>1 be an independent copy of (S);>1. We define 7(z) by

m(x) = P;E’g(st = S,, for some t > 1).

Lemma 3.2.

7'('(1') < 1—m(0 ) .
17(q) 1fsb(s<0> if v #0.

{q+ﬂqwﬂ® if v =0,

Moreover, if x # 0, then
m(x) < C3(1/d) asd / oo.

Proof. Tt follows from a property of the random walk that

L & 00 & NS p0ra
1_7“0)—ZPS’S(St—St—O)—;Ps(szt—o)

o+
Il

o
~+

221
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Therefore, we have from Lemma 3.1 that 7(0) < p(0) < ¢+ (1 — q)ps(0).
Also, for x # 0, we obtain that

1—-7(0) 4 —
S p(z) ps()
<SPS, =0) = <
2 P(S=0 = 106 S T s o)
The last statement follows from the fact that pg(x) < C(1/d) as d
00. a

Now, we verify (2.26). (2.24) and Lemma 3.2 (where p and g are replaced
by p/(p+ q) and ¢/(p + q) respectively) implies that

0 < 1 +(p+q)(1—7f(0)) ps(0) (1,i(L)27< q )2)

p+q p 1 —ps(0) 2d\p+q p+q

Thus, it is sufficient to check that the right hand side is smaller than 1 for
p =g = 1. We have that 1 — 7(0) = 1/G, where G is the expectation of the
number of meeting of two random walks starting from the origin. Since we know
that for d = 3, pg(0) = .3405 - - -, and that for d > 4, pg(0) < .1932- - - (see,[8]),
we can choose 0 < p,q < 1 so that 7 < 1. Here, we use the equation

8

G:ZPQ(SQtZO)

oo oo

2n 2k
:ZZ p+q ( ) p+q bak:
> 2 P 2n—2
an::o(pﬂ) Z Zn-1) (p+q> (m) P

where po, is the probability of a simple random walk visiting 0 at time 2n. If
we set p =q =1, then

4 14 1 =
oo 3t =15061  ifd=3,
< if d > 4.

Wl

Acknowledgements. The author thanks Professor Nobuo Yoshida and
Ryoki Fukushima for useful conversations and careful reading of the manuscript.

D1viSION OF MATHEMATICS
GRADUATE SCHOOL OF SCIENCE
Kyoro UNIVERSITY

KyoTo 606-8502

JAPAN

e-mail: nakamako@math.kyoto-u.ac.jp



[1]

[10]

[11]

[12]

[14]

[15]

Central limit theorem for linear stochastic evolutions 223
References

C. Boldrighini, R. A. Minlos and A. Pellegrinotti, Random walks in
quenched i.i.d. space-time random environment are always a.s. diffusive.
Probab. Theory Related Fields 129-1 (2004), 133-156.

E. Bolthausen, A note on the diffusion of directed polymers in a random
environment, Comm. Math. Phys. 123-4 (1989), 529-534.

F. Comets and N. Yoshida, Directed polymers in random environment are
diffusive at weak disorder. Ann. Probab. 34-5 (2006), 1746-1770.

F. Comets, T. Shiga and N. Yoshida, Probabilistic analysis of directed
polymers in a random environment: a review, Stochastic analysis on large
scale interacting systems, 115-142, Adv. Stud. Pure Math. 39, Math. Soc.
Japan, Tokyo, 2004.

R. Durrett, Probability: theory and examples, Second edition. Duxbury
Press, Belmont, CA, 1996.

B. Fuglede, The multidimensional moment problem, Exposition. Math. 1-1
(1983), 47-65.

D. Griffeath, The binary contact path process, Ann. Probab. 11-3 (1983),
692-705.

P. Griffin, Accelerating beyond the third dimension: returning to the origin
in simple random walk, Math. Sci. 15-1 (1990), 24-35.

K. Kondo and T. Hara, Critical exponent of susceptibility for a class of
general ferromagnets in d > 4 dimensions, J. Math. Phys. 28-5 (1987),
1206-1208.

T. M. Liggett, Interacting particle systems, Reprint of the 1985 original.
Classics in Mathematics, Springer-Verlag, Berlin, 2005.

Y. Nagahata and N. Yoshida, Central limit theorem for linear systems,
preprint, 2008.

R. Song and X. Y. Zhou, A remark on diffusion on directed polymers in
random environment, J. Stat. Phys. 85-1/2 (1996), 277-289.

F. Spitzer, Principles of random walks, Springer-Verlag, Berlin-Heidelberg-
New York, 1976

N. Yoshida, Central limit theorem for branching random walk in random
environment, Ann. Appl. Probab. 18-4 (2008), 1619-1635.

, Phase transition for the growth rate of linear stochastic evolutions,
preprint, 2008, to appear in J. Stat. Phys. 133-6 (2008), 1033-1058.



[16]
[17]

Makoto Nakashima

, Localization for linear stochastic evolutions, preprint, 2008.

, private notes.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


