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NORMALITY PRESERVING OPERATIONS FOR CANTOR
SERIES EXPANSIONS AND ASSOCIATED FRACTALS, I

DYLAN AIREY AND BILL MANCE

ABSTRACT. It is well known that rational multiplication preserves
normality in base b. We study related normality preserving oper-
ations for the Q-Cantor series expansions. In particular, we show
that while integer multiplication preserves Q-distribution normal-
ity, it fails to preserve @-normality in a particularly strong man-
ner. We also show that @)-distribution normality is not preserved
by non-integer rational multiplication on a set of zero measure
and full Hausdorff dimension.

1. Introduction

Let .4 (b) be the set of numbers normal in base b and let f be a function
from R to R. We say that f preserves b-normality if f(.4(b)) C . A'(b). We can
make a similar definition for preserving normality with respect to the regular
continued fraction expansion, S-expansions, the Liiroth series expansion, etc.

Several authors have studied b-normality preserving functions. They nat-
urally arise in H. Furstenberg’s work on disjointness in ergodic theory [13].
V. N. Agafonov [1], T. Kamae [15], T. Kamae and B. Weiss [16], and W.
Merkle and J. Reimann [22] studied b-normality preserving selection rules.

For a real number r, define real functions 7, and o, by m.(z) =rz and
or(z) =r+xz. In 1949 D. D. Wall proved in his Ph.D. thesis [29] that for non-
zero rational 7 the function 7, is b-normality preserving for all b and that the
function o, is b-normality preserving for all b whenever r is rational. These
results were also independently proven by K. T. Chang in 1976 [8]. D. D.
Wall’s method relies on the well-known characterization that a real number x
is normal in base b if and only if the sequence (b™x) is uniformly distributed
mod 1 [17].
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D. Doty, J. H. Lutz, and S. Nandakumar took a substantially different
approach from D. D. Wall and strengthened his result. They proved in [9]
that for every real number = and every non-zero rational number r the b-ary
expansions of x,m,.(z), and o,.(z) all have the same finite-state dimension and
the same finite-state strong dimension. It follows that m,. and o, preserve
b-normality. It should be noted that their proof uses different methods from
those used by D. D. Wall and is unlikely to be proven using similar machinery.

C. Aistleitner generalized D. D. Wall’s result on o, in [4]. Suppose that
q is a rational number and that the digits of the b-ary expansion of z are
non-zero on a set of indices of density zero. He proved that the function oy,
is b-normality preserving. We will show as a consequence of Theorem 3.1 that
C. Aistleitner’s result does not generalize to at least one notion of normality
for some of the Cantor series expansions. G. Rauzy obtained a complete
characterization of

Sy = {r:o. (A (b)) =A(b)}

in [24]. M. Bernay used this characterization to prove that X; has zero Haus-
dorff dimension [5].

There are still many open questions relating to the functions 7, and o,.. For
example, M. Mendés France asked in [21] if the function 7, preserves simple
normality with respect to the regular continued fraction for every non-zero
rational . The authors are unaware of any theorems that state that either
7, or o, preserve any other form of normality than b-normality.

We will focus on the normality preserving properties of 7, for the Q-Cantor
series expansion as well as two other related functions. We will show that while
7, 18 @Q-distribution normality preserving for every non-zero integer r, the set
of & where m,(x) is not Q-distribution normal has full Hausdorff dimension
whenever 7 € Q\ Z and @ is infinite in limit. Our main theorem will show
that the function 7, is so far from preserving @-normality that there exist
basic sequences @ and real numbers x that are @-normal and @Q-distribution
normal where 7,.(x) is not @-normal for every integer r > 2. In the sequel
to this paper [3], the authors and J. Vandehey prove that for a class of basic
sequences @, the set of real numbers x where 7,.(x) is @-normal for all non-
zero rationals » but where z is not @-distribution normal has full Hausdorff
dimension.

2. Cantor series expansions

The study of normal numbers and other statistical properties of real num-
bers with respect to large classes of Cantor series expansions was first done
by P. Erdés and A. Rényi in [10] and [11] and by A. Rényi in [25], [26], and
[27] and by P. Turédn in [28].
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The @-Cantor series expansions, first studied by G. Cantor in [7], are a
natural generalization of the b-ary expansions.! Let N :=Z N [k,00). If
Q € N, then we say that ) is a basic sequence. Given a basic sequence Q =
(q,)2,, the Q-Cantor series expansion of a real number z is the (unique)?
expansion of the form

2.1 r=Fy+
( ) 0 ZCIle

where Ey = |z| and E, is in {0,1,...,q, — 1} for n>1 with E, #¢q, — 1
infinitely often. We abbreviate (2.1) with the notation z = Ey.E1E3F3...
w.r.t. Q. We define N¢ (B, z) as the number of occurrences of the block B in
the @-Cantor series expansion of z up to position n.

A block is an ordered tuple of non-negative integers, a block of length k is
an ordered k-tuple of integers, and a block of length k in base b is an ordered
k-tuple of integers in {0,1,...,b—1}.

Let

QM = Z N and  Tq () : <H qj> (mod 1).

= 4iq5+1 " qj+k—1

A. Rényi [26] defined a real number x to be normal with respect to @Q if for
all blocks B of length 1,

NQ(B
(2.2) lim M —
n—oo Q’S’L)

If g, =b for all n and we restrict B to consist of only digits less than b,
then (2.2) is equivalent to simple normality in base b, but not equivalent to
normality in base b. A basic sequence Q) is k-divergent if lim,, . Q%k) =
and fully divergent if @Q is k-divergent for all k. A basic sequence Q is infinite
in limit if ¢, — oo.

DEFINITION 2.1. A real number x is Q-normal of order k if for all blocks
B of length k,

. NZ2(B,x)
i ®

We let A3;(Q) be the set of numbers that are @-normal of order k. The
real number z is Q-normal if z € A (Q) :=(p—; M%(Q). A real number z is
Q-distribution normal if the sequence (T (7)), is uniformly distributed
mod 1. Let 2.4(Q) be the set of Q-distribution normal numbers.

1 G. Cantor’s motivation to study the Cantor series expansions was to extend the well
known proof of the irrationality of the number e =) 1/n! to a larger class of numbers.
Results along these lines may be found in the monograph of J. Galambos [14].

2 Uniqueness can be proven in the same way as for the b-ary expansions.
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It follows from a well known result of H. Weyl [30], [31] that 2.47(Q) is
a set of full Lebesgue measure for every basic sequence ). We will need the
following result of the second author [19] later in this paper.

THEOREM 2.2. Suppose that Q is infinite in limit. Then A%(Q) (resp.
A(Q)) is of full measure if and only if Q is k-divergent (resp. fully divergent).

Note that in base b, where ¢, = b for all n, the corresponding notions of
@-normality and Q-distribution normality are equivalent. This equivalence is
fundamental in the study of normality in base b.

Another definition of normality, @-ratio normality, has also been studied
(we call the set of Q-ratio normal number Z.4(Q) see [20]). We do not
introduce this notion here as this set contains the set of @Q-normal numbers
and all results in this paper that hold for @Q-normal numbers also hold for Q-
ratio normal numbers. The complete containment relation between the sets of
these normal numbers and pair-wise intersections thereof is proven in [20]. The
Hausdorff dimensions of difference sets such as ZA4(Q) N 2.4(Q) \ A4 (Q)
are computed in [2].

A surprising property of @-normality of order k is that we may not conclude
that A44(Q) € A;(Q) for all j <k like we may for the b-ary expansions. In
fact, it was shown in [18] that for every k there exists a basic sequence @ such
that 4% (Q )\Uk ! A5(Q) is non-empty. Thus, rather than showing that some
functions do not preserve @Q-normality of order k, we will show that they do
not preserve (Q-normality of any order.

3. Results

We note the following theorem which may be stated in terms of (-normality
preserving functions. Instead, we present it in its current form for simplicity.

THEOREM 3.1. Suppose that @ is infinite in limit and that z =
Eo.E1Ey--- w.r.t Q is Q-normal of order k. Then there exists a real num-
ber y = Fy.F1Fy--- wrt Q where E, # F, on a set of density zero and

y ¢ Ui A5(Q).
Proof. Define (F,) by
P 1 if £,=0
E, if E, #£0.
Note that F,, # F,, along a set of density zero since

i <n:E;+F, NQ NQ pV
i 2USBARY o Ne©2) o NeQa) P
n—o00 n n— 00 n n— 00 PT(LI) n

The number y = Fy.F1 F1 -+ w.r.t. @ is not @Q-normal of any order since the
digit 0 never occurs. O
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This shows that C. Aistleitner’s [4] result does not generalize to Q-
normality for all @-Cantor series expansions by letting ¢ =1 and by letting
z=0.G1Gy--- w.r.t. Q where G, is equal to 1 along a set of indices of zero
density and 0 otherwise and setting y =z + z.

THEOREM 3.2. Suppose @ is a basic sequence and that x =
Eo.E1Ey--- wrt. Q is Q-distribution normal. If y= Fy.F1Fs--- w.rt Q
and

(3.1) N
then y € 2.4 (Q).
COROLLARY 3.3. Suppose @ satisfies
1 a1

N—oo N - Adn
and that x = Eq.E1Esy--- wrt. Q is Q-distribution mnormal. If y=
Fo.Fng-” w.r.t. Q and
lim —— =

n—oo qn

(3.2) 0,

then y € 2.4/ (Q).

Together, Theorem 3.1 and Theorem 3.2 suggest that @-distribution nor-
mality is a far more robust notion than @-normality. We wish to give the
following example demonstrating that distribution normality is not preserved
in all bases by rational multiplication.

EXAMPLE 3.4. Define the sequences E = (E,,) and Q = (g5,) by
E=(0,0,2,0,2,4,0,2,4,6,...);
Q= (2,4,4,6,6,6,8,8,8,8,...).
Set z =3 ", qquf}_qn. Then (%) = (0,0, %,O, %7 %,) isu.d. mod 1 so z¢€
24 (Q). However, 22 =0.2122... wrt. Q and Eg—f < 3. Thus, m2(z) ¢
2N (Q).

However, a much stronger result holds.

THEOREM 3.5. For all basic sequences Q, Q-distribution normality is pre-
served by non-zero integer multiplication. If Q is infinite in limit and r € Q\Z,
then

(3.3) M{ze 2/ (Q):m(x) ¢ 2/ (Q)}) =0;
(3.4 dimy ({z € 2H(Q) : my(2) ¢ ZH Q) =1,

where X is the Lebesgue measure on R and dimy is the Hausdorff dimension.
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We wish to define an equivalence relation ~ on the set of basic sequences
as follows. If P = (p,) and Q = (¢,,) are basic sequences then we write P ~ Q
if p, # ¢, on a set of density zero.

Suppose that @ is infinite in limit and fully divergent. A nonempty subset
S CAH(Q)\ 24(Q) was shown to exist in Theorem 3.12 in [20]. The
members of Sg have the following property. If z € Sg, then for any integer n >
2, the real number 7, () is not Q-distribution normal and not @-normal of any
order. Since @-distribution normality is preserved by integer multiplication,
it is natural to ask if there exists a basic sequence Q and x € A (Q)N2.4(Q)
such that for any integer n > 2 the number 7,,(y) is not Q-normal of any order.
The following theorem answers this question.

THEOREM 3.6. Let k € N. If P = (p,) is eventually non-decreasing, infi-
nite in limit, and k-divergent (resp. fully divergent), then there exists a basic
sequence Q = (g,) and a real number x where the following hold.

(1) The basic sequence Q is infinite in limit, k-divergent (resp. fully diver-
gent), and P~ Q.

(2) The real number x is Q-normal of all orders 1 through k (resp. Q-normal)
and Q-distribution normal.

(3) For every integer n > 2, the real number m,(x) is not Q-normal of any
order.

For a sequence of real numbers X = (x,,) with x,, € [0,1) and an interval
ICJ0,1], define A,,(I,X)=#{i <n:x; € I}. We will first prove Theorem 3.2.
To do this, we will need the following standard definition and lemma that we
quote from [17].

DEFINITION 3.7. Let X = (z1,...,2x) be a finite sequence of real numbers.
The number
An([a, 8), X
Dy=Dx(x)= sup |EEA 5
0<a<p<1

is called the discrepancy of the sequence X.

It is well known that a sequence X is uniformly distributed mod 1 if and
only if Dy (X) — 0.

LEMMA 3.8. Let x1,22,...,xN and y1,Yya,...,yn be two finite sequences in
[0,1). Supposeey,ea,...,en are non-negative numbers such that |2, —yn| < ep,
for 1<n<N. Then, for any € >0, we have

N(e)

|DN(CU13axN)fDN(yla,yN”S?g‘i’ N )

where N (g) denotes the number of n, 1 <n < N, such that €, > €.
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Proof of Theorem 3.2. Define the sets

E;,—F;j|+1_1
4a; t
and the sequence
) 1,...,7 1
Nimin{n:#s(z)m{, oo J) <_,Vj2n}.
J i
Note that the density of the sets S(i) must be 0 by (3.1) and therefore N;

is well-defined. Set x; = Tg,i(z) and y; = Tg,(y). Note that |z; — ;| <
|Ei—Fi|+1
qi

. Then for any n > N; we have by Lemma 3.8 that

1 #S@E)N{l,...,N} 3
|Dn($177xn)_Dn(y17ayn)’§2z+# <) ;LV }<Z

Thus, limy, 00 |Dr(21,...,2n) — Dn(y1,-..,yn)| = 0. This implies that y is
Q-distribution normal if z is @-distribution normal. (]

For the remainder of this paper, let Er ;(£) be the ith digit of the R-Cantor
series expansion of &.

Proof of Theorem 3.5. The first part is trivial as any integer multiple of a
uniformly distributed sequence is uniformly distributed. For any null set E
the preimage m, }(FE) is also a null set. Therefore, 2.4 (Q) N7 1 (2.4 (Q))
has full measure so (3.3) holds.

Let r =a/b € Q\ Z for relatively prime integers a and b. We now wish
to show (3.4). Let (z,) be a sequence of real numbers that is uniformly
distributed mod 1. Define

C(n) :max{mEbZ: m gmn}.

an
Set
in{l 1 . _ 71l—f(")
f(n): mln{ Oanv qu1q2 Qn 1} and w(n): \‘q J
log qn, b
Note that lim,,— o wq(:) =0 since

lim f(n)log(gn) — oo.

n— o0
Define the sets
b b
Vin)=1C(n)— §w(n),C(n) + 2w(n)} N bZ.
Consider the set
Qo= {x =0.F1Ey--- wrt. Q: E, € V(n)}
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Note that for any = € ®¢ 5, we have that

B Cln)

"‘*‘X” qn dn

bw(n)

2qn

.| En
lim |[— — =z, +0=0.

n—o0|

— Ty

(|
qn

< lim’

T n—ooo

Therefore, (%) is uniformly distributed mod 1. Since |Tgn(z) — %| <

qi — 0 we also get that the sequence (T, (z)) is uniformly distributed.
Hence, ®g, C 24(Q). Furthermore, every digit of = € ®g is divisible
by b. Thus,

Bgn(zr) [ 1
In b

1 1 1
TQ,n (bx> € |:0, 6 + q).

Furthermore, EQ%:MI)) is uniformly distributed in [0,1/b), so Tg ,(z/b) is
uniformly distributed in [0,1/b) as well since ¢, — 0. Note that

1
Ton (%x) =algn (Zx) mod 1.

Let c=a modb. Then

which implies that

lim ’ =
n—00 n

so mp(x) & 2N (Q).
Following the notation of [12], ®¢g; is a homogeneous Moran set with
ck = qik and ny =w(k). By Theorem 2.1 in [12], we have that

logning -+ ny

dimpg(®g ) > liminf
k—oo —logecica - Chr1Mkt1
1 Dw(2) - w(k
 ning [0BE()(2) )

k—oo —log(=-=- - w(k+1))

q_l q2 dk+1

= lim inf og(qy Ty T g7 ™M) — Klogh
k—oo  1ogqiqa- - qr — f(k+ 1)10g qrp1
= liminf gLt
k—oo logqi -+ qr — f(k+1)log g1
. 3 1
= T ey = .

logqi-qx
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We may now turn our attention to Theorem 3.6. Let (P,Q) € Ny x NY and
suppose that x = Ey.E1Ey--- w.r.t. P. We define ¢p g : R — [0,1] by

oo .
min(F,,q, — 1
Unq(e) = Pt =],

n=1
The following theorem of [20] will be critical in proving Theorem 3.6.
THEOREM 3.9. Suppose that Q1 = (q1,n),Q2 = (q2,n),--.,Qj = (¢jn) are

basic sequences and infinite in limit. If x = Eg.E1Es--+ w.r.t. Q1 satisfies
E, <mino<,;<;(grn — 1) for infinitely many n, then for every block B

N2 (B, ($q;-1.0, © %@, 2.0, © 0 10,.0.)(x)) = N2 (B,z) + O(1).

Here we state a theorem of C. T. Rajagopal [23] that will be needed later
to estimate a weighted density.

THEOREM 3.10. Let (wy) and (sp) be sequences of positive real numbers

such that Y7 wn = >0 | 8, =00. If ¥= is non-increasing, then for every
- - n

sequence (ap,) of real numbers, we have that
n n

A —1Skak .. _ 1 Wkag

liminf Zk% < liminf Zkgli

n—o0 k=1 Sk n—oo k=1 Wi

n n
. —1 Wkag . —1 Skag
< limsup &517 < limsup z:k%

nooo D g1 Wk n—oo Qg1 5k

We also note the following basic lemma.

LEMMA 3.11. Let L be a real number and (a,)5-, and (by)22, be two
sequences of positive real numbers such that
S . an
an:oo and lim — =1L.
n=1
Then
. artax+--+ap
lim =1L.
n—oo b1+b2+"‘+bn

From now on if B = (k), then we write N2(B,x) as N2(k,z).

Proof of Theorem 3.6. Let P be a basic sequence that is infinite in limit
and k-divergent. The proof of the statement for when P is fully divergent will
follow similarly. Let y be a P-distribution normal number of all orders 1,...,k
such that ny is P-normal of all orders 1,...,k for all natural numbers n. Note
that such a y exists by Theorem 2.2.

Define the sequence {¢,} as follows:
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Define M(n) = max{c: ¢, <n}. We have that M(n) tends to infinity since
for a fixed 4

S NP(1L,mn(y)) ipy"

—1 and — 0.
- (1)
1Py,

Furthermore, for any i < M(N) and n > N we have that

Sl NP (L) _ 1
n M(N)’

Construct @ = (g,) as follows: If there is a i € {1,...,M(n)} such that
Ep,(mi(y)) =1, then set g, = M (n)py, and ¢n41 =M (n+1)pyy1. Otherwise,
set ¢, =pn. If Ep,(mi(y)) = Epn-1(mj(y)) =1 for some ¢,j < M(n), put
Gn-1=M(n—1)pp_1, gn = M(n)p, and ¢,+1 = M(n+ 1)p,+1 and so on.

Put 2 =9p(y). Note that Eqg ,(mmn(z)) =1 only if

Ep., Ep., 1 2
mip, (y)+m P, +1(y)+-~-e [_,_> or
dn gndn+1 dn Qqn
mEP’n(y) mEP,n+1(y) +.o€ [ 1 2 >
Mn)p, — M(n)M(n+1)pypni1 M(n)p,” M(n)p, )

But for this to happen, we must have that Ep,,(y) =0, and Ep;(y) > p; —1 for
all ¢ > n. However, this cannot happen since y = Epo(y).Ep1(y)Ep2(y) ...
w.r.t. P is the P-Cantor series expansion of y. Therefore, at position n we
have Eq (mm (z )) #1 when m €42,3,...,M(n)}. Then for all m € Ny, the
limit lim,, 00 N2 (1,7 (x)) is finite. Therefore, 7,,(z) is not Q-normal of any
order for all m € Ns.

Let A CN be the set of indices where ¢, # p,,. Since

Emat N (LT (y) 1
n M(N)’

for sufficiently large n this set has density zero. Note that (EQ : x)) differs

(Epp’ m)) (EPp—L(y)) is uniformly dlstrlbuted

from if and only if n € A. Since

mod 1, the sequence (EQé—’_(x)) is uniformly distributed mod 1 by Lemma 3.8.
Since @ is infinite in limit, the number x is @Q-distribution normal.
Fix some j € {1,2,...,k}. Note that

) — pU)| < L“‘(i)_
‘Q ’ ZPZ ‘Pitj—-1
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1
Pn - Pntj—1"
s, = 1. Since P is non-decreasing and k-divergent, we can apply Theo-

rem 3.10. Thus, we have

Using the notation of Theorem 3.10, set a, = xa(n), w, = and

n xa (i)
lim sup M < limsup w =0,
n—o00 P’I’(L]) n—o00 n
S0
(9)
lim “ =1.
n—00 Pé?)
Since NI (B,y) = N?(B,x) for all blocks B, we have that = is @Q-normal of
orders 1,2,... k. O

4. Further problems

Theorem 3.6 suggests some natural further investigations.

PrOBLEM 4.1. Can the condition that @ is monotone be weakened or
replaced by other conditions in Theorem 3.67

We consider the following two conditions on a basic sequence @) and a real
number z.

4.1) ze2H4(Q)N

J

H5(Q) and na g

1 J

k
N5(Q)  Vn e Ny;

s

1

(42) z2ze2 4/ (Q)NA(Q) and nx¢ U A:(Q) VneNa.

PROBLEM 4.2. Is it true that for all @) that are k-divergent and infinite in
limit that there exists a real number z satisfying (4.1)? If @ is fully divergent
and infinite in limit must there exist an x that satisfies (4.2)? If not, what
must we assume about Q7

We note that the use of Theorem 2.2 in the proof of Theorem 3.6 means
we have not given any explicit examples of the basic sequence or real number
x mentioned in Theorem 3.6. There exist some basic sequences () where the
set 2.4(Q) does not contain any computable real numbers. See [6]. Thus, it
is reasonable to ask the following question.

PrOBLEM 4.3. Give an example of a computable basic sequence and a
computable real number x that satisfies the conditions (4.1) or (4.2). Can
this be done for every computable basic sequence Q7

The authors strongly believe that sets of numbers that satisfy conditions
(4.1) or (4.2) must have full Hausdorff dimension. Thus, we ask the following.
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PROBLEM 4.4. For k-divergent @) that are infinite in limit, compute

dimg ({z : condition (4.1) holds}).

If Q is fully divergent and infinite in limit, compute

dimg ({z : condition (4.2) holds}).
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