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P-MAPPING SPACES FOR P-OPERATOR SPACES
ON L, SPACES

Y. F. ZHAO AND Z. DONG

ABSTRACT. In this paper, we introduce p-mapping spaces for
p-operator spaces on L, spaces, which can be regarded as p-
generalization of mapping spaces for operator spaces. We then
apply p-mapping spaces to study the p-local reflexivity for p-
operator spaces on L, spaces.

1. Introduction

Throughout this writing, we always assume 1 < p < oo unless stated other-
wise. Given p, its conjugate exponent is denoted by p’ so that 1/p+1/p' = 1.
Some fundamental results (p-completely bounded maps, p-Haagerup and p-
projective tensor products) for p-operator spaces have been studied by Pisier
[13], Le Merdy [9], and Daws [2]. In [1], the p-injective tensor product was
introduced for p-operator spaces, and various properties related to this tensor
product were studied, including the p-approximation property for p-operator
spaces on L, spaces. The p-operator space tensor products are crucial in this
paper.

In Section 2, we recall some basic notations and properties of p-operator
spaces developed by Le Merdy [9] and Daws [2]. Obviously, certain operator
space properties may fail for general p-operator spaces. For instance, there
is non-existence of the corresponding Arveson—Wittstock—-Hahn—-Banach the-
orem for p-completely bounded maps (see Lee [12]). The p-Haagerup tensor
product for p-operator spaces is not injective anymore (see Le Merdy [9]).

The theory of mapping spaces for operator spaces arose from [5], [6],
[7], [4] and [8]. The most successful application of mapping spaces in oper-
ator spaces is to show that the dual of every C*-algebra is locally reflexive
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in [4]. We first in Section 3 introduce a p-complete isometry T, (V) = T,, %}J’ V.
The analysis of p-completely 1-summing mappings rests upon a careful study
of T,,(V). Here we respectively explore the p-completely nuclear mappings
in Section 3, the p-completely integral mappings in Section 4 and the p-
completely 1-summing and oo-summing mappings in Section 5, for p-operator
spaces on L, spaces. In Section 6, we then apply these p-mapping spaces to
the study of the p-local reflexivity for p-operator spaces on L, spaces. We
prove in Theorem 6.2 the equivalence with the isometric conditions. However,
due to the lack of the corresponding Arveson—-Wittstock-Hahn-Banach theo-
rem for p-completely bounded maps, it is not clear whether this is true for the
p-completely isometric conditions. Finally, we end the section by an observa-
tion on p-completely 1-summing and oco-summing mappings in the condition
of the p-local reflexivity.

2. P-operator spaces

Let 1 < p < oo. A p-operator space is a Banach space V together with
a matrix norm, that is, a norm || - ||, on each matrix space M, (V), which
satisfies the following two conditions Doo: || @ yllntm = max{||z||n, |¥llm}
for x € M, (V) and y € M,,,(V'), Mp: |lazBll, < |la|lllz|l.]|8] for z € M, (V)
and o, f € M, = B(l}}).

When V is a p-operator subspace of some B(L,(x)), then we say that V
is a p-operator space on L, space. Unlike operator spaces, there exists a p-
operator space V such that the inclusion ky : V — V** is not p-completely
isometric (see Daws [2]). By Proposition 4.9 in [2], however, Ky is a p-complete
isometry if and only if V' is a p-operator space on L, space.

In [2], Daws defined and studied the p-projective tensor product. The
p-projective tensor product preserves most of properties of operator space
projective tensor product. For instance, the tensor product of p-complete
contractions (respectively, p-complete quotients) is again a p-complete con-
traction (respectively, a p-complete quotient). The p-projective tensor prod-

Ap Ap Ap Ap
uct is assoiiative, thatis, (V@ W)® Z=V @ (W ® Z), and commutative,
p /\P
that is, V. @ W =W ® V. We also have the p-completely isometric identifi-
cations
/\p
CB,(X ®Y,Z)=CB,(X xY,Z) =CB,(X,CB,(Y, 2)).
In particular,
/\P
(X ®Y)"=CB,(X,Y").
In [1], the authors introduced the p-injective tensor product. The tensor

product of p-complete contractions under the p-injective tensor product is
again a p-complete contraction. In particular, if V' and W are p-operator



P-MAPPING SPACES FOR P-OPERATOR SPACES ON L, SPACES 1073

spaces, the bilinear mapping
VW =Vey, W:(v,w)—vw
is p-completely contractive, and thus determines a p-complete contraction
/\P VP
VWV W
Let V,W be p-operator spaces on L, spaces. It was known from [1] that for
each u € M, (V@ W), the p—injective tensor norm |[[ul, can be expressed by
ltllv, = sup{[[(¢ & B)u(W)]|: ¢ € Mo (V) 00 € My (W), m, k€ N},

If VC B(Ly(p)), then we have a p-completely isometric isomorphism
VP
Let V,W be p-operator spaces on L, spaces, then the canonical inclusion

2
V* & W < CB,(V, W)

is a p-completely isometric injection. We do not know whether the p-injective
tensor product is injective. But if all p-operator spaces under consideration
are on L, spaces, then the p-injective tensor product is injective (see [11]).

THEOREM 2.1. Suppose that VW, and X are p-operator spaces. Then the
natural mappings

Var, Wy, X) = (Ver, W)y, X
are p-completely contractive.

Proof. we let Z =W ®y, X. Given u € M,(V ® Z) and € > 0, we may
assume that

u=av®z)B= { Z Qg (i,k) (Vij @ 210) Biiayn |
1,5,k,1

where v € M,.(Z), z€ My(Z), a € My rxq, and 8 € M, . satisfy

ledlllollllzllv, 18] < [lulla, + -

2kl = Z w(t) kl ,

with w 6 W and x(l € X. Then we have

0= 3 apon (o uld) )00

,3,k,1,t

We let z = [zy], where

If ||v|| =0, it is easy see that

|\U||V®AP(W®VPX) = HU||(V®APW)®V,)X
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So here, we can assume |[|v|| >0.

From the definition of p-operator space injective tensor product norm
n [11],

HU”(V@/\,,W)@va

:sup{‘ { Z g, (zk)est(vlj ®w )xkl)ﬁjl ]

ikt
meN,e=[eg] € Mm((V ®n, W)*)1}’

‘an(X)

where M., ((V ®a, W)*)1 denotes the closed unit ball of

My, ((V @, W)*) =CB,((V @, W), My).
If we fix such element e, e determines a p-complete contraction

EcCB, (V, CB,(W, Mm)),
where
E(vo)(wo) = e(vo ® wop)
for any vo € V and wy € W. Thus, if fi; = E(vi;)/|v||, then
f = [fij] € M, (CBp(W Mm)) = CBp(VVa erm)

satisfies

[[£llpes < 1.
So we have

[Z ag(lk)est(%]@w )xkl)ﬁjl }

i,5.k,0t

’an(X)

t t
{ > %,(z‘,mE(vij)(w;gz))fz(d)ﬂ(j,l),h}

4,5,k Lt

[Z g, (i,k) (me wkl xkl>5(al } [[v]]
1,7,k,1

< lledllizllv, 81w

<|lulla, +e.

It follows that
lullven, wie., x <llullve,, wey, x)-
Thus we obtain the desired inequality. O

THEOREM 2.2. Let V,W, and X be p-operator spaces on L, spaces. Then
we have the p-completely isometric isomorphisms

\/p \/P
Vew=weV
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and
\/P \/p \/P \/p
Vel X2Ve (WeX).
Proof. Given any index set I,.J, and K, we have the natural isometries
(lp(—r) ®Qp lp(J)) ®p 1p(K) = 1,(I) ®p (ZP(J) Qp lp(K))
and
Ip(I) @p bp(J) = 1, () @p Lp(T).
Thus, the results follow from Proposition 3.3 in [1]. O

THEOREM 2.3. Let V,W be p-operator spaces on L, spaces with V or W
finite-dimensional. Then we have the p-complete isometry
\/P
V* @ W =CB,(V,W).

Proof. We have the p-completely isometric inclusion

\/p
V* & W < CB,(V,W).

Hence to prove the identification, it suffices to show

\%
©:V* & W < CB,(V,W)

is surjective. Since V or W is finite-dimensional, we have the identification
V* @ W =FCB,(V,W). Thus, we obtain that ¢ is surjective. O

3. P-completely nuclear mappings

DEFINITION 3.1. Let V,W,U, X be p-operator spaces on L, spaces. A p-
operator space mapping ideal O is an assignment to each pair of p-operator
spaces V, W of a linear space O of p-completely bounded mappings ¢ : V — W,
together with a p-operator space matrix norm | - |0, such that for each
¢ € My, (0),

(@) lellpes < llello and
(b) for any linear mappings r: U —V and s: W — X,

l[sn 0 porllo <|sllpell@llo]llrlpeb-

We say the p-operator space mapping ideal O is local if for each linear mapping
p: VW,

lollo =sup{|l¢|Lllo: for any finite-dimensional subspace L C V'}.

DEFINITION 3.2. Let V,W be p-operator spaces on L, spaces. Guided by
operator spaces, we define the p-completely nuclear mappings N,(V, W) to be
the image of the mapping

Ap Vp
OV EW V& W CCB,(V, W)
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with the quotient p-operator space structure determined by the identification

/\p
Ve w
ker ®

Let £ be the matrix norm on M, (N,(V,W)).

I

Np(V, W)

For exploring the identifications in the p-completely nuclear mappings, we
define the following spaces with a norm similar to || - ||y in operator space
theory, which has been introduced by Lee [10].

DEFINITION 3.3. For a p-operator space V, let T, (V) denote a Banach
space

(Mn(V), H : ”Ln)»
where || - ||1,5, is defined by
[Vl = inf{[lallp [w][[|B]lp : 7 € N, v = aw§,
@ €M, ,,BE M ,,weM(V)},

where [|al, = (327, 7 _ylag 1) and 1Bl = (Choy il Bul?) 7.

For a p-operator space V', T,,(V)* = M, (V*) =2 CB,(V, M,,) are isometric
isomorphisms ([11], Lemma 3.4). Also, these identifications are p-completely
isometric isomorphisms. Let nuclear operators N'(I)) to be the image of the

mapping
* /\1’ * VP
®: () @l = () o <B()

Ap
. . . )y el
with the quotient norm coming from N (I}}) = ("&()e%. If we use

TEN).  M(C)=B(E).
then by Proposition 2.2 in [1], we have
and
T 2K, Mo =T
Let V be a p-operator space on L,, space. By Theorem 3.6 in [1], we have the
isometric isomorphism
VP /\P
(M, @ V)* =T,  V*.

LeMMA 3.4. Let V,W be p-operator spaces on L, spaces. Given linear
mappings ©n : My, (V) = M, (W) and T,,(p) : T,,(V) = T, (W) for each n € N.
If T,.(¢) is an isometric injection for each n € N, then so is @p,.
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Proof. We may prove that if ¢, is a quotient mapping for each n € N,
then so is Ty, (p). Let us suppose that ¢, is a quotient mapping for each
n e N. For any w € T,,(W) with ||w]||1,, <1, we may assume that w = awp,
where w € M, (W), a € M, , and g € M, ,, satisfy ||@|], || p,]8], <1. By
hypothesis, we may choose an element v € M, (V) with ||| < 1, for which
©r (V) =w. If welet v =awvp, then it follows that ||v||1, <1 and T, (¢)(v) = w.
So T,,(¢) is a quotient mapping for each n € N.

We have the isometric isomorphisms

\/p /\p
M,(V)*= (M, @ V)* =T, ® V*=T,(V*).

We can note that T, (¢)* = (¢*), and (pn)* =T, (¢*). Thus from (A.2.1)
in [8], T(p) is an isometric injection for each n € N = (¢*),, is a quotient
mapping for each n € N = T,,(¢*) is a quotient mapping for each n e N = ¢,
is an isometric injection for each n € N. O

For any p-operator space V, we have the p-complete isometries
A *
(T & V)* 2 CB,(V, M,) = M, (V*) = (T,(V))".

A
Then, we obtain a natural isometry T, (V) =T, V.

COROLLA/BY 3.5. Let V be a p-operator space. The natural isometry

T.V)=T, &V isa p-completely isometric isomorphism.
Proof. We have the p-complete isometries
A
(T, & V)* 2 CB,(V, M,) = M, (V*) = (T,(V))".

Then for each r € N, we have the isometries
A . A “ “
(TH(T0 © V)" = M, (T & V)*) = M, ((To(V)") 2 (T(Ta(V)),

/\P
and thus T.(T, ® V) = T,.(T,(V)). From Lemma 3.4, for each r € N we

A A
have the isometry M, (T, @ V) = M,(T,(V)). Then, T,(V)=T, @ V is a
p-completely isometric isomorphism. O

THEOREM 3.6. Let V be a p-operator space on L, space. We have the
following p-completely isometric identifications

M, (V)™ = M, (V**)

and
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Proof. We have the isometric isomorphisms

Vp Ap
M, (V)2 (M, V)" 2T, V* ng(V*).

It is easy to see that M, (V)** = M, (V**) is a p-completely isometric isomor-

phism. Then we just need to show that

M, (T, (V*)) = M, (M, (V)*)
is isometric for each r € N. To see this, it suffices to show that the correspond
mapping
/\P /\IJ /\P
T.T, @V =T, @ M,(V)*
is isometric for each r € N. This is apparent from the commutative diagram

Np Ay Ap
T, &T, &V — T, & My(V)*

| l

/\P
Tr><n b2y v — (M’FXTL(V))*
since we can obtain that the bottom and vertical mappings are isometric, we
have M, (V)* 2T, (V*) is a p-completely isometric isomorphism. O

We can obtain the p-completely isometric identifications
Ta(Np(V, W) 2N (V. T (W) 2 NG, (Mo (V), W)

which is evident from the diagram

T, &V EW) —— V* S To(W) ——— M, (V)" & W
T, & N,(V, W) Ny (V, T, (W) Ny(My, (V), W)

in which the column mappings are p-complete quotient mappings, and their
null spaces are the same.

THEOREM 3.7. N, is a p-operator space mapping ideal.

Proof. Let us suppose that we are given ¢ € M, (N,(V,W)) and linear
mappings r: U — V and s: W — X. Since @:V*/(\XZ;WHV*\(/XZ;W is p-
completely contractive, we have ||¢]|pe < P (p). If we choose

uwe M, (V* %I)J W)
with ¢ = ®,,(u), it follows that
spopor=>a,(u),
where R
u'=(r"®s), (u) e M, (U* éX),
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and thus
vh(snopor) <[], <lsllpellulln, Irllpe-

Taking the infimum over all u with ¢ = ®,,(u), we have that

Vi(sn o @or) <|lsllpevvi (@)l lpeb-

So we conclude that N, is a p-operator space mapping ideal. O

LEMMA 3.8. Let V,W be p-operator spaces on L, spaces. If o* : W* — V*
is a p-complete quotient mapping, then ¢ :V — W is a p-complete isometry.

Proof. By Lemma 4.6 in [2], the mapping ¢** : V** — W** is p-completely
isometric. We have a commutative diagram
Vv — W

l L

V** W**

where the columns are p-completely isometric inclusions, and the bottom
row is p-completely isometric. It follows that ¢ : V — W is p-completely
isometric. u

LEMMA 3.9. Let V,W be p-operator spaces on L, spaces. Then the usual
inclusion mapping ¢ :V — V** induces the p-completely isometric injection

A A
VEW V™ & W.

Proof. By Lemma 4.5 in [2], the mapping ¢* : V*** — V* is p-completely
contractive.

For any n € N, the mapping ¢ — (¢*), o ¢ provides us with a quotient
mapping in the top row of the diagram

CB,(W, M, (V***)) —— CB,(W, M, (V*))

H H ’

Ap Ap
Mp (V@ W)*) —— M, ((V © W)7)
since we are given a p-complete contraction i € CB,(W, M, (V*)), then
(ty+)n 09 is the p-completely contractive preimage. Thus, the bottom row
A Ap
is also a quotient mapping. It follows that (V** @ W)* — (V @ W)* is a
p-complete quotient mapping.
Ap Ap

Owing to Lemma 3.8, we have that V @ W — V** @ W is p-completely

isometric. (]

ProPOSITION 3.10. Let V,W be p-operator spaces on L, spaces and ¢ :
V =W is a p-completely bounded mapping, then ©* : W* — V* satisfies

V(") < VP ().
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If V or W is finite-dimensional, then vP(p*) =1vP(yp).

Proof. The result follows from Lemma 3.9 and a commutative diagram

Np

AN
VESW — s VE@ W™
Ny(V, W) —— N,(W*,V¥) 0

PROPOSITION 3.11. Suppose that L is a finite-dimensional p-operator space
on L, space. Then for any p-operator space W on L, space, the natural
injection

Np(L,W) = N, (L, W**)
is p-completely isometric.

Proof. The result follows from Lemma 3.9 and a commutative diagram
/\P /\P
oW —— L*@ W™

l l

Np(L,W) ——— Np(L, W**) U

4. P-completely integral mappings

DEFINITION 4.1. Let V,W be p-operator spaces on L, spaces. We define
the mapping ¢ : V — W with a p-operator space matrix norm (P(-) to be
p-completely integral, which

() =sup{v”(p|): for any finite-dimensional subspace L CV } < co.
And let Z,(V,W) denote the p-completely integral mapping spaces.

Given ¢ € M, (Z,(V,W)), we define

(@) =sup{vE(p|r): for any finite-dimensional subspace L CV'} < occ.

Given a linear mapping ¢ : V' — W and a finite-dimensional subspace L of V'
we have |, =@ or, where r: L — V is the inclusion mapping, and thus

lelLllpes < vP(2lL) < vP(@)[I7llper = P ()

From this, we infer that

llellpes < tP(p) <VP(p).

If V is finite-dimensional, then from the definition v?(¢) < (P(y). So we have
an isometric identification Z,(V, W) 2 N, (V,W).

THEOREM 4.2. Z, is a local p-operator space mapping ideal.
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Proof. To see this, let us suppose that we are given ¢ € M, (Z,(V,W))
and linear mappings r7: U — V and s: W — X. If K is a finite-dimensional
subspace of U and we let L =r(K), then

v (sn o or|x) <|lsllpeorsf (@l) 17l < llsllpeser, (0)[I7]]pebs
and thus
v (sn 0@ or) < |[sllpeven (9)[7]lpeb-
Since ||¢llpes < tP(¢), we have that T, is a p-operator space mapping ideal.
Then from Definition 4.1, we have that this p-mapping ideal is local. O

THEOREM 4.3. Let V,W be p-operator spaces on L, spaces. The natural

mapping L,(V,W) — I,(V,W**) is p-completely isometric.

Proof. Since Z, is a p-mapping ideal, this mapping is a p-complete contrac-
tion. On the other hand, letting A : W — W** be the canonical injection, let
us suppose that 2 (A, o p) < 1. Given a finite-dimensional subspace L C V, it
follows from Proposition 3.11 that

vp(elL) =vi(Anoolr) <1,
and thus 2 (p) < 1. O

Let V,W be p-operator spaces on L, spaces. We have a natural diagram
of p-complete contractions

Np(V,W*) CI,(V,W*) € CBy(V, W)
o1 ls 7
Ap o Vi o Ap
VEieW*s = (VeoW) =(Ve W)
/\P
where S: CB,(V,W*) =2 (V ® W)* is a p-complete isometry determined by
S(p): VoW - C:v@w— o) (w),
Np Vp ~ Ap
VoWV @Wand ®:V* @ W* — N,(V,IW*) are the canonical map-
pings. The map 0 is determined by the fact that the bilinear mapping
Ap
VixW*—= (Ve W)*
is p-completely contractive in the sense that
If@gll <1l

for f € M,.(V*) and g € Ms(W*). The diagram commutes since it is im-
mediate that S(®(F)) = ®*(0(F)) for F=f®g (f€V*, ge W*), and ex-
tending linearly and using continuity, we find that this relation holds for all

/\P
FeV*g W
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LEMMA 4.4. Let V,W be p-operator spaces on L, spaces. There is a p-
completely contractive mapping

VP
Sint : L, (VW) = (V @ W)*
for which the following diagram commutes
Np(V,W*) € I,(V, W) C CBy(V, W)
1 1 Sint s
Ap 0 Vyp & Ap
VFQW* (Ve W) = (Ve W)*
Proof. Our task is to show that for any ¢ € M, (Z,(V,W*)),
Sp(¢):V @y, W — M,
satisfies ||Sy(@)]lpcy < 2 (¢). From this, it will follow that the restriction Sin

—"n
of S is p-completely contractive.

Given ¢ € M, (CB,(V,W*)) with (£ (¢) <1, there is by definition a net
Yo (v) € M, (W™*) converges to ¢(v) in norm for all v € V. It follows that
the net of scalar matrices (Sp(¥a))m(u) converges to (S,(¢))m(u) for any
u€ My(V@W). Letting ¢ = ®,,(Fy) with ||Fal[s, <1, we have
D) m(

(S (¥a)),, (W]} = || (6n (Fa)

Taking the limit, we see that ||S,(¢)
(EAC

LEMMA 4.5. Let V,W be p-operator spaces on L, spaces. Then the com-
position

W < I Falla, v, < llely, -
()| peb < ||UHVP, and thus
)Hpcb |:|

So: Ly(V.W) = T,(V,W*) — (V g w*)*
15 1sometric.

Proof. By Theorem 4.3 and Lemma 4.4, we have the composition is con-
tractive. Let us suppose that ¢ € Z,,(V, W) satisfies ||So(¢)| < 1.
Since

W gV V®W*<—>CB (W, V**)N(V*ggW)*

are p-completely isometric, we may identify W* (X])J V with a p-operator sub-

AN
space of (V* & W)*. Tt follows from the Hahn-Banach theorem that Sp(¢)
has a contractive extension

Ap koK
Foe(VF @ W)
From the bipolar theorem, we may choose a net of elements

Ap
U)\GV*@)W
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such that

luall, g, <1

AP
and uy converges to F, in the point-norm topology on (V* @ W)**. It follows
that

px=(ur) €N (V, W)
is a net with v?(p,) <1, and for each v € V and g € W*,
Pa(v)(g) = ur(v ® g) = So(@)(v @ g) = (v)(9)-

Therefore, ) converges to ¢ in the point-weak topology, and thus ?(¢) < 1.
We conclude that the composition is isometric. O

THEOREM 4.6. If L is a finite-dimensional p-operator space on L, space,
then for any p-operator spaces on L, space V' we have the isometry
* vp *
Sint : (V. L*) =2 (V @ L)*.

Proof. 1t is immediate from Lemma 4.5. O

Vp Vo
Given p-operator spaces V and W, Lee defined V** :@: W** V ®@: W**

v
and V** :® W, which were called the p-augmented, p-right augmented and
p-left augmented injective tensor products, respectively (see [11]).

THEOREM 4.7. For any p-operator spaces V. and W on L, spaces, the
mapping

St : T, (VW) = (V & W)?

s an isometric surjection if and only if we have the natural isometric isomor-
phism

\/p \/P
VoWV e W,
v v
Proof. Let us suppose that we have V &: W™=V @ W*. For any
veI, (Va W*),
F, = Sini(p) = S(p) is determined by (F,,v®@w) = ¢(v)(w) (see Lemma 4.4).
From Lemma 4.5, we have the natural isometry
Vi .

So L, (V,W*) — (V @ W),

It follows that
<1}

*

i

() = sup{|(Fy,u)| :u € V@ W™, el e,

= sup{ |(F,u)| :u eV @ W**, ||u||Vg:W



1084 Y. F. ZHAO AND Z. DONG

Since the closed unit ball of V' @, W is weak™ dense in the closed unit ball
Vp
of (V@ W)*,
Plp) = Fou)l:ueVeW, v, <1t=|F,|.
(@) =5 [(Fpv) [ su e VW, ful sy <1} =7

v
To prove that Siy is a surjection, let us suppose that f € (V & W)*. Then
Np
since the mapping S : CB,(V,W*) = (V ® W)* is a p-completely isometric
/\IJ \/P
surjection and @ : V ® W — V ® W is contractive, there is a p-complete
contraction ¢ : V. — W* such that S(¢) = ®*(f). Restricting to the algebraic
tensor product V @ W, we have F, = f, and thus from the above calculations
we obtain P(¢) = || f|| < co. We conclude that ¢ € Z,(V,W*) and Sint(¢) = f.
Conversely, let us suppose that

v
Sin : L, (V,W*) = (V & W)
is an isometric surjection. Then we have the commutative diagram

X Vp * Np
LV,W*) =2 (VEW) —— (V& W)= CB,(V, W)

7| | :

S. Vp Np
(VW) = (VE W) s (V& W™)" = CB, (VW)

where J is the isometry described in Theorem 4.3, and the right column is
the obvious isometric inclusion. Thus, if we let

n= S 0 J oSyt

int ?

then we obtain a diagram of contractions
Vi . Ap
VEW)y —2— (V& W) =CB,(V,IW*)

d |
\/P /\P
If we take the adjoints of the mappings in this diagram, then we obtain the
commutative diagram
/\P \/P
N '
/\P \/P
VoW - (Ve W)

The bottom composition has range V& :,, W**. On the other hand,

VW in (V®:y, W*)**, and thus the algebraic identification V' ®,
W** =V®:,, W** is an isometric isomorphism. O
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The conditions C,, C’ and C" ! of p-operator spaces on L,, spaces have been
studied by Lee (see [11]) Let V be a p-operator space on L space. We say

V satisfies condition C, if we have the isometry V**: ® W =2y ® W
for all p-operator spaces W on L, spaces. It is equivalent to suppose that the
isometry is a p-complete isometry, since Theorem 3.6 and the isometry imply
that

Mo (V¥ 28 W) = V28 M, (W)™ 2 M, (V™ & W**).

Slmllarly, we say V satisfies condition C if we have the isometry V' ® W =2
\% ® W** for all p-operator spaces W on L, spaces. We say V satisfies con-

dition C if we have the isometry V**: ® W =y ® W for all p-operator
spaces W on L, spaces. Once again, these conditions are stable in the sense
that if they hold, then these identifications are p-completely isometric isomor-
phisms.

COROLLARY 4.8. Let V' be a p-operator space on L, space.

v
(1) V satisfies condition C,, if and only T,,(V,W*) = (V/ ® W)* is an isometry
for all p-operator spaces W on L, spaces;

v
(2) V satisfies condition C}/ if and only if T,(W,V*)=(V ® W)* is an isom-
etry for all p-operator spaces W on L,, spaces.

Proof. This is an immediate consequence of Theorem 4.7 and the definitions
of the conditions C}, and C/. d

5. P-completely 1-summing and co-summing mappings

Completely 1-summing mappings have been studied by Effros and Ruan
[6] and completely co-summing mappings have been considered by Dong [3].
In this section, we will define and study p-completely 1-summing and co-
summing mappings.

DEFINITION 5.1. If ¢ : V — W is a linear mapping of p-operator spaces on
L, spaces, then we define 7} (¢) in [0, 00] by
. Vp Ap
T (@) = idr,, ®p: Too @V = Too ® W|

. Vp Ap
=sup{|lidy, ®p:T, @ V=T, ® W|:r€N}.

If 77 (p) < oo, we say that ¢ is p-completely 1-summing and we refer to
77 (p) as the p-completely 1-summing norm of . We let II}(V, W) denote
the space of all p-completely 1-summing mappings from V into W.

THEOREM 5.2. For any p-operator spaces on L, spaces V and W, a linear
mapping ¢ : V. — W satisfies 7% () <1 if and only if for each n € N and
p-complete contraction 0 : M, —V, vP(pof) <1.
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Proof. This is apparent from the commutative diagram
v i Ap
T,ev 229 1, 9w

! l

CB,(M,,V) —— N,(M,,, W) U

COROLLARY 5.3. Let V and W be p-operator spaces on L, spaces. The
bifunctor 1§ - (V,W) — (I} (V,W),I1}) is a local p-operator space mapping
ideal, and for any linear mapping ¢ : V — W, 77 (¢) < P(p).

\% ADp

Proof. If r =1, we have |idr, : T; VT, ® W||. Then we have
lloll < 7¥(¢). Suppose linear mappings r: U — V and s: W — X. Then
it is apparent from the diagram

Vp Ve A id &s A
T @ US T, @ V'S T, o WS 1, @ X
that
m(sopor) <|s|xi(e)llrll.

Therefore II} is a p-mapping ideal. Since II} has the p-ideal property, it is
clear that for every finite-dimensional p-operator subspace L CV,

T (elL) < 71 ().

On the other hand, suppose that for any finite-dimensional p-operator sub-
space L CV, 7(plr) <1. For any n € N and p-complete contraction
M, =V, we set L =1(M,). Since 7} (¢|r) <1, it follows from Theo-
rem 5.2 that

vP(po) =vP(plr o) <1.
Theorem 5.2 shows that 77 () <1 and therefore IT} is local.

If vP(¢) <1, then for any n € N and each p-complete contraction

Y M, >V

vP(p o) <vP(9) - [[¢llpes <1
and from Theorem 5.2,

™1 (p) < VP ().

Since II} and Z,, are local,

7 (¢) = sup{nl(¢|r) : for any finite-dimensional subspace L CV'}
< sup{vP(¢|.): for any finite-dimensional subspace L CV'}
= P(p). O
DEFINITION 5.4. If ¢p: V — W is a linear mapping of p-operator spaces on
L, spaces, then we define 72 (y) in [0, 00] by
7 () = [lidr, © 91 Mao & V - Mo S W

Vp A
= sup{||idys, ® p: M, & V — M, & W]||: r €N},
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This definition is ‘stable’ in the sense that we may replace the bounded
norms with p-completely bounded norms. To see this, let us suppose that
7P () < 1. Let us fix r. We have

lidas, ® @llpes = sup{ [[idas, ® idar, @
Vp Vp Vp Ap
M, ® (My ® V)= M, @ (M, ® W)| :n € N}.

From Theorem 2.1 and the definition of =#P

P, the two mappings in the
diagram

Vp Vp Vp Ap
M, ® (M, @V)=M, V= M, @ W
Vp Ap Vp Ap
= (M, ® M,) @ W— M, ® (M, @ W)
are contractions, and thus || idas, @ ¢|lpes < 1. If we let r =1, then ||¢|per < 1,
and thus ||¢|/per < 78 (@). If 78 (¢) < 0o, we say that ¢ is p-completely co-
summing and we refer to 72 (¢) as the p-completely co-summing norm of .

We let II2_(V, W) denote the space of all p-completely co-summing mappings
from V into W.

THEOREM 5.5. For any p-operator spaces V and W on L, spaces, a linear
mapping ¢ : V — W satisfies 72 () < 1 if and only if for each n € N and
p-complete contraction 0 :T,, =V, vP(pof) <1.

Proof. This is apparent from the commutative diagram

vV . A
M, &V 2922y Ew

! l

CB,(T,,V) —— N,(T,,W) U

COROLLARY 5.6. Let V and W be p-operator spaces on L, spaces. The

bifunctor 11, : (V, W) — (IIE_(V,W),IIE,) is a local p-operator space mapping
ideal, and for any linear mapping ¢ : V — W, 78 (¢) < P(p).

Proof. We may use the argument for the p-completely 1-summing norm.

O

THEOREM 5.7. Given p-operator spaces on L, spaces V,W and a lin-
ear mapping ¢ : V. — W, we have 7 (p) < w8 (¢*). Moreover, we have
7l (p) = 7P (¢*) for any p-operator space W and linear mapping ¢ : V — W
if and only if Z,(V, M,,) = N,(V,M,,) for any n € N.

A Vp
Proof. Since M, ©V* (T,, ® V)* is norm-decreasing, we conclude that
Vp Ap
7 (p) =sup{|idr, ®¢: T, ® V=T, ® W||:n e N}

Ap Vp
= sup{||(idp, ®p)* : (T, ® W)* = (T, ® V)*| : n € N}
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. « Vp Ap
< sup{HldMn@gp M, @ W= M, ® V*H :nEN}
=75 (7).
A v
If Z,(V, M,,) = N, (V, M,,), then M, OV (T, ® V)* is isometric, and the
above calculation implies that 7} (¢) = 72 (¢™*).
Conversely, we first prove II2 (T,,,V*) = N,(T},,V*). In fact, it follows

from Corollary 5.6 that w2 () < P(yp) < vP(v) for any ¢ :T,, — V*. Sup-

pose that 72 (¢) <1 for any ¢ : T, — V*. Theorem 5.5 shows that for
idy, : Ty — T,

V() =vP(poidr, ) < 1.
Therefore, v?(¢p) = w8 (¢) and 12 (T, V*) = N, (T, V™).
Thus we have the isometries

Hzl)(V, Mn) = Hgo (TnaV*) :N;D (Tan*) :Np(vv Mn)a

where the first equation follows from the hypothesis and the third from Propo-
sition 3.10. Then, it follows from Corollary 5.6 we easily have

Hzl)(Van):Ip(VaMn):Np(VaMn)- O

6. P-local reflexivity

DEFINITION 6.1. We say that a p-operator space W on L, space is p-locally
reflexive if for any finite-dimensional p-operator space L on L, space, every
p-complete contraction ¢ : L — W** is the point-weak™ limit of a net of linear
mappings pq : L = W with ||¢allper < 1.

THEOREM 6.2. Suppose that W is a p-operator space on L, space. Then
the following are equivalent:

(1) W is p-locally reflexive;
(2) For any finite-dimensional p-operator space L on L, space, we have the
1sometry

/\P VP
L@ W (Lo W),
(2)" For any finite-dimensional p-operator space L on L, space, we have the
1sometry

T, (W.L7) =N, (W. L)
(3) For any p-operator space V on L, space, we have the isometry
VP
(VW) = (V & W)™
(4) W satisfies condition C/.
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Proof. We have already proved (3) < (4) (see Corollary 4.8).
(2) & (2)' Tt is immediate from Theorem 4.6.
(1) & (2) Since for any finite-dimensional p-operator space L on L, space,
Ap . Vi
(L* ® W*) = CBp(L*,W**) 2L W,
(2) holds if and only if we have the natural isometric isomorphism
Vi Vo
Lo W™= (Lg W)™ .
The corresponding is explicitly given by the norm-increasing linear isomor-
phism
VP \/P
T: LR W™ — (L W)*™.
Thus, the relation is isometric if and only if
Vp *k * *k
PE(LOW™) o ® OB (L")
implies that
Vo *%
v € (L ® W)
From the bipolar theorem, the latter is the case if and only if ¢ is a weak®
limit of elements in

Vp
(L& W) <1 = CBy(L*,W)

H'Hpcbgl.
Since it is evident that
Vp
7:CB, (L*, W*) = (L @ W)**

is a homeomorphism in the point-weak* and weak® topologies, we are done.
(3) = (2) For any finite-dimensional p-operator space L on L, space, we
have the isometries

/\P \/P
L@ Ww* %NP(L,W*) §IP(L*,W*) ~ (Lo W)™
(2) = (3) From Lemma 4.4, we have seen that
v,
Sint : L, (V,W*) = (V @ W)*
is a contractive injection. Let us suppose that the mapping in (2) is isometric.

If we have a contractive functional F € (V' & W)*, then F = S(¢) for some
¢:V — W*(see Lemma 4.4). For any finite-dimensional subspace L CV and
p-complete contraction ¢ : L — V', we have

FO(w®idW)€(V\é§W)* and @ow: L — W™
Since for any x € L,y e W
(Fo(y®@idw))(z@y)=F(d(z)®y) = o(v(@))(y),
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Np
we have Fo (¢ ®idw) = S(po)). Thus from (2) and L* @ W* <N, (L, W*),
VP (por)) = ||F o (v @idw)| <[ FI|.
From the definition of (P(y), we have P(¢) < ||F||. Therefore, (P(p) = ||F||
v,
for p € Z,(V,W*) and thus Z,(V,W*) = (V ® W)*. O

COROLLARY 6.3. Suppose that W is a p-operator space on L, space. If W
is p-locally reflexive, then any subspace X C W is p-locally reflexive.

Proof. For any finite-dimensional p-operator space L on L, space, from
Theorem 6.2, we have the isometry

/\P \/p
Since
Ap . Vi
(L* ® W*) = CBp(L*,W**) =L@ W,
A v

L* @ W* = (L ® W)* holds if and only if we have the natural isometric
isomorphism

VP VP

Lo W™= (L W)*™.

Then X is p-locally reflexive from Theorem 6.2 and the commutative diagram

VP VP
L& X" —— (L& X)™

l l

Vp

Vp
LW —— (L@ W)**
in which the columns are isometric. O

COROLLARY 6.4. Suppose that W is a p-operator space on L, space. If W
is p-locally reflexive, then II (W, V) = TIE_(V*,W*) for any p-operator space
V on L, space and linear mapping ¢ : W — V.

Proof. Tt follows from Theorem 5.7 and Theorem 6.2 immediately. (|
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