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THE GLUING FORMULA OF THE ZETA-DETERMINANTS
OF DIRAC LAPLACIANS FOR CERTAIN
BOUNDARY CONDITIONS

RUNG-TZUNG HUANG AND YOONWEON LEE

ABSTRACT. The odd signature operator is a Dirac operator which
acts on the space of differential forms of all degrees and whose
square is the usual Laplacian. We extend the result see (J. Geom.
Phys. 57 (2007) 1951-1976) to prove the gluing formula of the
zeta-determinants of Laplacians acting on differential forms of all
degrees with respect to the boundary conditions P_ ., P+ c;-
We next consider a double of de Rham complexes consisting of
differential forms of all degrees with the absolute and relative
boundary conditions. Using a similar method, we prove the glu-
ing formula of the zeta-determinants of Laplacians acting on dif-
ferential forms of all degrees with respect to the absolute and
relative boundary conditions.

1. Introduction

The zeta-determinants of Laplacians are global spectral invariants on com-
pact Riemannian manifolds with or without boundary, which play central
roles in the theory of the analytic torsions and other related fields. For a
global invariant, the gluing formula is very useful in various kinds of com-
putations. The gluing formula of the zeta-determinants of Laplacians was
proved by D. Burghelea, L. Friedlander and T. Kappeler in [5] by using the
Dirichlet boundary condition and the Dirichlet-to-Neumann operator, which
we call the BFK-gluing formula. Because of relations to topology, the relative
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and absolute boundary conditions are commonly used for Hodge Laplacians.
However, the gluing formula for the zeta-determinants of Hodge Laplacians
with respect to these boundary conditions is not known yet. In this paper,
we discuss this problem in a weak sense. More precisely, we prove the gluing
formula for the zeta-determinants of Hodge Laplacians acting on the space of
differential forms of all degrees, not a single space of ¢-forms, with respect to
the relative and absolute boundary conditions (Theorem 4.2).

K. Wojciechowski and S. Scott studied the zeta-determinants of Dirac
Laplacians on compact Riemannian manifolds with boundary, acting on Clif-
ford module bundles with respect to boundary conditions belonging to the
smooth self-adjoint Grassmannian including the Atiyah-Patodi-Singer (APS)
boundary condition and the Calderén projector ([18], [19], [20], [26]). Using
their results and the BFK-gluing formula, P. Loya, J. Park ([16], [17]) and the
second author ([15]) studied independently the gluing formula of Dirac Lapla-
cians with respect to boundary conditions belonging to the smooth self-adjoint
Grassmannian on compact Riemannian manifolds.

M. Braverman and T. Kappeler studied the refined analytic torsion on
a closed odd dimensional Riemannian manifold by using the odd signature
operator ([3], [4]), as an analytic analogue of the refined combinatorial torsion
developed by M. Farber and V. Turaev ([6], [7], [22], [23]). The boundary
problem of the refined analytic torsion was studied by B. Vertman ([24], [25])
and the authors ([9], [10], [11]) in different ways. Vertman used a double of de
Rham complexes consisting of differential forms satisfying the absolute and
relative boundary conditions. The authors introduced well-posed boundary
conditions P_ z,, P4 ¢, for the odd signature operator to define the refined
analytic torsion on compact Riemannian manifolds with boundary. In [11],
the authors compared these two constructions.

We note that the odd signature operator is a Dirac operator which acts
on the space of differential forms of all degrees and whose square is the usual
Laplacian. In this paper, we extend the result of [15] to other class of bound-
ary conditions and discuss the gluing formula of the zeta-determinants of
Laplacians acting on the space of differential forms of all degrees with respect
to P_ £o/P+.z, (Theorem 3.3) and the absolute/relative boundary conditions
(Theorem 4.2). In case of the absolute/relative boundary conditions, we are
going to use the double of De Rham complexes which was used by B. Vertman
in [24].

2. Review of the gluing formula of the zeta-determinants
of Dirac Laplacians

In this section, we review and extend the results in [15]. Let (M, g) be an
m-dimensional compact oriented Riemannian manifold with boundary Y and
E — M be a Hermitian vector bundle. Choose a collar neighborhood N of Y
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which is diffeomorphic to [0,1) x Y. We assume that the metric g is a product
one on N and the bundle F has the product structure on N, which means
that E|y =p*(Ely), where p: [0,1) x Y — Y is the canonical projection. Let
Dy be a Dirac type operator acting on smooth sections of E and satisfying
the following conditions: (1) On the collar neighborhood N of Y Dy, has the
following form

(2.1) Dy = G(0u+ A),

where G : E|y — El|y is a bundle automorphism with G? = —Id, 9, is the
inward normal derivative to Y and A is the tangential Dirac operator. (2) G
and A are independent of the normal coordinate u and satisfy

G*=-G, G? =—1d, A=A, GA=-AG

(22) dim (ker(G — i) Nker A) = dim (ker(G + i) Nker A).

Then, on N, the Dirac Laplacian D3, has the following form
(2.3) D3 = —02 + A%

We next introduce boundary conditions on Y. The Dirichlet boundary
condition on Y is defined by the restriction map 7o : C*(M) — C=(Y),
Y0(¢) = ¢|y and the realization Df\/[’% is defined to be the operator D3, with
the following domain

(2.4) Dom (D3, ., ) = {¢ € C(M) | ¢|y =0}.

Then Dﬁ/[,% is an invertible operator by the unique continuation property
of Dps ([12], [1]).

The APS boundary condition IIs (or II.) is defined to be the orthogonal
projection onto the space spanned by the positive (or negative) eigensections
of A. If ker A # {0}, ker A is an even dimensional vector space by (2.2). We
choose a unitary operator o : ker.4 — ker A satisfying

(2.5) oG = —Go, 0% =Idyer 4.
We put oF := HET" and define Il ,-, II5 ,+ by

1 1
(26) H<,U‘ = 1_I< + E(I - U) ) H>,<7+ = 1_[> + 5('[ + J)

ker A ker A

The realizations Dyi_ - and D2 are defined to be Dy, and D3, with
4 <o
the following domains.

Dom(Dyu_ ) ={p€ C®(M) |l ,-(4]y) =0},
(2.7) Dom(D?w,HQa,) ={0€C™(M) |1 ,- (¢ly) =0,
I ,- (Pumo)]y) =0}
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Dy, and D]QVLH>‘U+ are defined similarly. The Calderén projector C is

defined to be the orthogonal projection from L?(E|y) onto the closure of
{ply | p € C°(M),Dars¢ =0} called the Cauchy data space.

As a generalization of the APS boundary condition, K. Wojciekowski and
B. Booss introduced the smooth self-adjoint Grassmannian GrX (Dys) ([2],
[20], [26]), which is the set of all orthogonal pseudodifferential projections P
such that

(28) —-GPG=I1-P,

P —TI. is a classical pseudodifferential operator of order —oo.

Clearly, II., ,+ belongs to GrX (Dys). It was known by S. Scott ([18]) and G.
Grubb ([8]) that C belongs to Gr%,(Das). The realizations Dy p and D3, p
are similarly defined as (2.7) by simply replacing Il ,- with P.

Since G is a bundle automorphism on El|y with G? = —Id, E|y splits onto
+i-eigenspaces Ei say, Ely = E;} @ Ey and the Dirac operator Dys can be
written, near the boundary Y, by

(2.9) Dy = <é f@) (8u + (} f};)) 7

where A% := Al oo (g : C=(Ef) — C=(Ef) and (AF)* = AT. For Pc
Gr (D), there exists a unitary operator Up : L2(Ey) — L?(Ey) such that
graph(Up) = Im P. For simplicity, we write Uc = K. By (2.8), we have

(2.10) Up = K + a smoothing operator.

We introduce the Neumann jump operator Q(t): C°(Y) — C>(Y) for
t >0 as follows. For f € C>(Y), there exists a unique section ¢ € C*°(F)
satisfying (D3, +t)¢ =0, |y = f. Then we define

(2.11) Q)(f) = =(9ud)ly-

The Green formula shows that Q(t) — A is a non-negative operator and
ker(@Q — A) =ImC, the Cauchy data space (Lemma 2.5 in [15]), where Q :=
Q(0). Moreover, @ — |A| (Theorem 2.1 in [14]) and P —II. are smoothing
operators, which implies that (I — P)(Q —A)(I — P) differs from 2I1-|A| by a
smoothing operators. Hence, the zeta determinant of (I — P)(Q —.A)(I — P) is
well defined even though (I — P)(Q —A)(I — P) is not an elliptic operator. It
is not difficult to show that ker(I — P)(Q — A)(I — P) = {¢[y | ¢ €kerDn p}
(Lemma 2.5 in [15]). Let {h1,...,hq} be an orthonormal basis for ker(/ —
P)(Q — A)(I — P), where ¢ =dimkerD3, p. Then there exist 91,...,1, €
ker DJQ\L p with ¢;]y = h;. We define a ¢ x ¢ positive definite Hermitian matrix
V,p by

(2.12) Vi, = (viz),  vij = (i, ;).
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We next define the zeta- and modified zeta-determinants of elliptic opera-
tors. Let X be a compact oriented manifold with boundary 0X, where 0.X
may be empty. If X # (), we need to choose a proper boundary condition.
If 5B is an elliptic operator of order > 0 on X which has discrete spectrum
{N\j17=1,2,3,...} and kerp = {0} on a proper domain satisfying the chosen

boundary condition, we define the zeta function by (g (s) = Z;’il A;® and the

zeta-determinant Det3 by e 1f B has a non-trivial kernel, we define
the modified zeta-determinant Det™ 3 by

(2.13) Det™ P := Det (P + prye, )

Similarly, if « is a trace class operator on X, we define the modified Fred-
holm determinant by

(2.14) detp, (I + ) :=det (I + a + Pryey(r4a))-

Equivalently, Det™ P and dety, (I + a) are the determinants of 3 and I +
a when restricted to the orthogonal complements of ker3 and ker(I + «),
respectively.

The following results are due to S. Scott and K. Wojciechowski ([19], [20],
[26]), P. Loya and J. Park ([16], [17]) and the second author ([15]).

THEOREM 2.1. Let (M, g) be a compact oriented Riemannian manifold with
boundary Y having the product structure near Y. We denote by Dps a Dirac
type operator which has the form (2.1) and satisfies (2.2) near Y. Let P be a
pseudodifferential projection belonging to Gr¥ (Das). Then:

(2.15) log Det* D3, p — log Det D3,
=logdet Vs p + logDet™ ((I — P)(Q — A)(I — P)),
(2.16) log Det* D3, p» — log Det D3,
1
= 2logdet Vi p + 2log|detf, (5 (I+ U7;1K)> ,

where (I — P)(Q — A)(I — P) is considered to be an operator defined on
Im(I — P).

Next, we extend Theorem 2.1 to a certain pseudodifferential projection P
satisfying the following conditions.

ConpITION A. (1) P: L*(Y,Ely) — L*(Y,E|y) is a pseudodifferential
projection which gives a well-posed boundary condition with respect to Dy, in
the sense of Seeley ([8], [21]). (2) ImP = graph(Up), where Up : L(Ey) —
L?(Ey) is a unitary operator. (3) UpUn_ . + Uﬂ)ﬁ Up is a trace class
operator and a WDO of order at most —1. (4) The zeta-determinants of
(I -=P)Q(t)—A)(I —P) and P(Q(t) — A)P for t >0 are well defined and

have asymptotic expansions for ¢ — oo with zero constant term.
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REMARK. A pseudodifferential projection belonging to Gr¥ (Day) satisfies
the items (1), (2) and (4) but not (3) in the Condition A above.

The following lemma is straightforward by (2.10).

LEMMA 2.2. If P satisfies the Condition A, then U7§1K + K 'Up is a
trace class operator on L?(EY’).

The proof of the following result is a verbatim repetition of the proof of
Theorem 1.1 in [15], which is an analogue of (2.15).

THEOREM 2.3. Let (M, g) be a compact oriented Riemannian manifold with
boundary Y having the product structure near Y. We denote by Dy; a Dirac
type operator which has the form (2.1) and satisfies (2.2) near Y. Let P be a
well-posed boundary condition with respect to Dyy satisfying the Condition A.
Then the following equality holds.

log Det* D%/[,p — log Det D%/[ﬁo
=logdet Vi p + log Det* ((I — P)(Q — A)(I — P))
=logdet Vi p + log Det* (2(1 — P)(Q — A)(I — P))
—log2 - {(1-p)(@-a)1-P)(0),
where (I — P)(Q — A)(I — P) is considered to be an operator defined on
Im(I —P).

Theorem 2.3 and (2.15) in Theorem 2.1 lead to the following result, which
is an analogue of (2.16).

THEOREM 2.4. We assume the same assumptions and notations as in The-
orem 2.3. Then:

Det* D3, 1

———— = (det Zodeti ( I+ (Up' K+ K1

DetDJQ\LC ( e VALP) e Fr( + 2(UP + Up)
9= Su-Py@-a)a-7)(0)

Proof. The proof is almost verbatim repetition of the proof of Theorem 1.2
in [15]. We here present the proof very briefly and refer to [15] for details.
We first define U, L by

U=1Im(I —P)NImC
=ker(I-P)(Q—A) I —P)={dly | Du¢=0,¢]y €eIm(I - P)},
L=(I-Up) ' (U)=(I+K) "(U)={zeL?(EY)|Upx=—Kuz}.

We denote by Im(I —P)* and L?(E5)* the orthogonal complements of U,
L so that

(I —P)=Im(I - P) &U, L*(Eyf)=L*(Ey) L.



GLUING FORMULA OF ZETA-DETERMINANTS OF DIRAC LAPLACIANS 543

The item (3) in the Condition A implies that (I + K_lUp)|L2(E¢)* :

L*(E{)* — L2(BE{)* is an invertible operator. For simplicity, we write
((I+ K_lUp)|L2(E;;)*)_1 by (I + K~1Up)~!. We proceed as (3.5) in the
proof of Theorem 1.2 in [15]. Then:

log Det*(2(1 = P)(Q — A)(I — P))
=logDet(2(1 —P)(Q — A)(I = P) + pry)

= log detyp, <;(I+ K~ 'Up)(I+Up'K)

oo K) Q- ) - K )
+logDet((I — K)™'(Q — A)(I — K))

=log det}, <I + %(K”Up + U;HK))
+logdet (pry, (I — K)"'(Q - A)~'(I - K)pry)
+logDet((I —C)(Q — A)(I —C)).

Lemma 3.1 in [15] shows that det(pr; (I — K)~}(Q — A)~'(I — K)pr;) =
det Vs p, from which together with Theorem 2.3 the result follows. O

REMARK. The kernel of (I 4+ 3(K~'Up + U5 'K)) is L and hence we may
write

det, (I + %(K_IUP + Ule)>

1
=detp, [T+ = (K ! K )
eF( ty TR U )> L2(Ef)"

We next discuss the gluing formula of the zeta-determinants of Dirac Lapla-
cians. Let (M\ ,g) be a closed Riemannian manifold and Y be a hypersurface
of M such that M —Y has two components. We denote by M, M5 the closure
of each component, that is, M= My Uy My. We assume that g is a product
metric on a collar neighborhood N of ¥ and N is isometric to (—1,1) x Y.
Let E — M be a Hermitian vector bundle having the product structure on NV
and Dy; be a Dirac type operator acting on smooth sections of E which has
the form, on N, Dy; = G(9, + A) and satisfies (2.2) as before. Without loss
of generality, we assume that 0, points outward on the boundary of M; and
points inward on the boundary of M. We denote by Dyy,, Das, the restric-
tion of Dy; to My, Ma and denote by 7o the restriction map to Y. Suppose
that {h1,...,hg} is an orthonormal basis for (ker D% )|y == {®[y | D% @ =0},
where ¢ = dim ker DM. Then there exist ®4,...,®, in ker DJQ@ with ®;|y = h;.
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We define a positive definite Hermitian matrix Ay by
(2.17) Ap=(ai;), where a;; = <<I>Z-,<I>j>]\7

Let Cy, C2 be Calderén projectors for Dyy,, Day, and Ky, Ko : C (E;;) —
C*>(Ey) be unitary operators such that graph(K;) =ImC;, i =1,2. The
following result is due to P. Loya, J. Park ([16], [17]) and the second author
([15]), independently.

(2.18) log Det™ D]% —logDet D3y, ¢, — log Det D%/I%@
=—log2- (CAQ(O) + l) + 2logdet Ay

detf, (%(I - K;1K2)> ,

+ 2log

where | = dimker A.

REMARK. We note that Dy = G(9, + A) = ~G(—0, — A) near Y. We
use the form G(9, +.A) on M, so that Ky = Upn. + F2 for some smoothing
operator §2 by (2.10). Similarly, We use the form —G(-9, —.A) on M; so
that K; = Un_ + §1 for some smoothing operator §;. Since Un_. = —Un.,
Ky =—K; + § for some smoothing operator § and hence %(I - Kl_lKg) is
of the form I + o for some trace class operator . Moreover, The kernel of
I — K 'K, consists of x € L2(E+) such that = + K1z (= + Kaox) can be

extended to a harmonic section of D on M

Theorem 2.4 and (2.18) lead to the following result, which is an analogue
of Theorem 1.3 in [15].

THEOREM 2.5. Let Py, P2 be orthogonal pseudodifferential projections sat-
isfying the Condition A with respect to My and Ms, respectively. Suppose
that for i=1,2, Up, : C°(Ey) — C°(Ey,) is a unitary operator such that
graph(Up,) =ImP;. We also denote by A; the tangential Dirac operator of
Dy, and by Q; the Neumann jump operator with respect to wai on M;. Then
the following equality holds.

log Det* D]% —log Det” D?MLPI —log Det* ’DJ2\427732
=—log2- (C_AQ(O) + l) + 2logdet Ay

2
(1 -
—2 logdet Vy, ,, +2log detFr<5(I ~K; 1K2)>’

=1

—ZlogdetFr<I+ (UPIK +K; 1U73l)>
=1
2

+10g2 (1 p(@i—ana—P) (0):
=1
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In the next two sections, we are going to apply Theorem 2.5 to some bound-
ary conditions satisfying the Condition A.

3. Gluing formula of Dirac Laplacians with respect to
P_.r, and Py,

Let (M,g) be an m-dimensional compact oriented Riemannian manifold
with boundary Y and E — M be a Hermitian flat vector bundle with a flat
connection V which is compatible to the Hermitian structure on E. We extend
V to the de Rham operator acting on E-valued differential forms Q*(M, E),
which we denote by V again. We assume that near Y ¢ is a product metric
and F has a product structure. Using the Hodge star operator *,;, we define
an involution I': Q4(M, E) — Q™ 1M, E) by

7n+1]

(3.1) Tw:=4l"2

a(q+1)

(1) 2 xpyw, weQI(M,E),

where [H] =2 for m even and 4! for m odd. Then I'> =Id. The odd
signature operator B acting on Q°*(M, E) is defined by

(3.2) B=VIL+TV:Q*(M,E)— Q*(M,E).

Let u be the normal coordinate to Y. A differential form w is expressed
near Y by w = Wian + du A wnor, where wya, and wy,, are called the tangential
and normal parts of w, respectively. Using the product structure, we can in-
duce a flat connection VY : Q*(Y, Ely) — Q**1(Y, E|y) from V and a Hodge
star operator xy : Q*(Y,Ely) — Q™7 1=*(Y, Ely) from *;;. We define two
involutions # and I'Y by

B:QUY,Ely) = QUY,Ely),  Blw)=(-1)%
IY . QUY,Ely) —» Q" Y, Ely), TV (w)=il%](-1)

a(a+1)
2 Xy W.

Then %2 = (I'V)? =1d. If we write Gian + du A ¢nor by (i::) near the
boundary Y, B is written by

1 1 0 1 0
o0 e CIILCICRY
0 1
+ (VY -V (1 0)}.
Comparing (3.4) with (2.1), we have
1 1 0 0 1
(3.5) G:WBFY <O 1>, A=— (V¥ +TYV'TY) (1 0),

which satisfy the relations (2.2).
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We next describe the boundary conditions P_ », and Py ,. We put By :=
LYVY + VYTY. Then H*(Y,E|y) := ker B is a finite dimensional vector
space and we can decompose

Q(Y,Ely) =ImVY @ ImTYVYTY @ H*(Y, Ely).

If Vo=TVI¢p=0 for ¢ € Q*(M, E), simple computation shows that ¢ is
expressed on Y by
(3.6) dly =VY o1+ o +dun (DY VYTV by + 1),

1,91 €Q°(Y, Ely), 2,12 € H* (Y, Ely).

Here @9 and 99 are harmonic parts of t*¢ and *y¢*(*pr¢) up to sign, where
t:Y — M is the natural inclusion. We define K by

(3.7) K:={ps€eH*(Y,E|ly)| V¢ =TVI¢=0},
where ¢ has the form (3.6). If ¢ satisfies V¢ =T'VI'¢ =0, so is I'¢ and hence
(3.8) YK = {2 e H*(Y,Ely) | Vo =TVI¢ =0},

where ¢ has the form (3.6). Green formula (Corollary 2.3 in [9]) shows that
K is perpendicular to T'YXC. We then have the following decomposition (cf.
Corollary 8.4 in [13], Lemma 2.4 in [9]).

(3.9) KaTYK=H*(Y,Ely),
which shows that (H*(Y, Ely), (,)v, \/(—IT
with Lagrangian subspaces K and I'Y K. We denote by

(3.10) Lo— (E) . L= (E;@ :

We next define the orthogonal projections P_ z,, Py .z, : (

Q°*(Y,Ely)
(arsmn) 2
Q°*(Y,Ely)

BLY) is a symplectic vector space

Q°*(Y,Ely)
52 ) —
Q*(Y,Ely)

_ (@5t o ()

Imp"“‘(@ o (YE|Y>>MO’
o B! 2 (Y. Bly)
’ Y

e (eam Ly, Ey)) o

where Q%= (Y, Ely) :=ImVY and Q** (Y, Ely) :=ImTYVYTY. Then P_ ,
and Py ., are pseudodifferential operators and give well-posed boundary con-
ditions for B and the refined analytic torsion (Lemma 2.15 in [9]). The authors
discussed the boundary problem of the refined analytic torsion on compact
manifolds with boundary with these boundary conditions in [9], [10], [11]. We
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denote by Bp_ . and 33’737’&0 the realizations of B and B2 with respect to
P_ 1o, ie.

Dom(Bp_ ) = {¢ € Q*(M,E) | P_ ,(¢|y) = 0},
(3.12) Dom (B} p_, ) ={¢ € QI(M,E) | P_ ¢, (¢]y) =0,
P2 (BY)ly) =0}.
We define Bp, , , Bg P, . in the same way. For ¢ = tpran + du A thnor €
QI(M, E), we define B and B2

q, ab%

DOHl(Bq rel) {77[} € Qq M E) | ’l/)tan|Y - (8uwnor)|Y = O},
Dom(Bq,abs) = {7/) € Qq M, E) | ( uwtan)hf = OawnorlY = 0}‘
The following result is straightforward (Lemma 2.11 in [9]).

(3.13)

LEMMA 3.1.
kequp o = ker B2

ker B2 = ker B?

HY(M,Y; E),
= HY(M;E).

q,rel —

4, P+, g,abs —

We denote by (2°(M, E)|y)* the orthogonal complement of (Z:ggl:;

(Q°(M,E)|y). Then the action of the unitary operator G splits according to
the following decomposition.

)in

(3.14) G: (M, E)y) @ <H°(Y’E|Y))

H* (Y, Ely)

L@ OLE)) @ (zgg};g) .

We define unitary maps Up_, Un, : (Q°(M, E)|y)* = (Q*(M, E)|y)* b
_ - 10
Ur = (8)7 ()-8 (5 7).
ey (5 ),

where (B2)” :=VYTYVYTY (B2)t:=TYVYTYVY and B% is understood
to be defined on (Q°(M,E)|y)*. We denote the +i-eigenspace of G in

(3.15)

(Q*(M, B)ly)*, (2a'y'5Y)) and Q*(M, B)ly by
(@ (M, B)ly) = 5 (T FiG) (@ (M E)ly)",
1 H* (Y, Ely)
(3.16) (ker A)4; : 5(1':1: iG) (”H'(Y,E|:)>

(Q.(M’ E)lY):I:

—~

Q° (M, E)) @& (ker A) 4.
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The following lemma is straightforward (cf. (3.2)—(3.5) and Lemma 3.1 in
[10]).

LEMMA 3.2. (1) Up_ and Un, map (Q°(M, E)|y)L; onto (Q*(M, E)|y)%;.

(2) Up7 U’pi = U]‘[> UH> =1Id. Hence, U;, = U‘P7 and Uﬁ> = UH>.

(3) U Up_ +Up Un. =0

(4) ImP_ ={w+Up_w|we (QME)|y);}, Imlly, ={w+Un.w|we
(Q*(M, E)|y)5,}-

We next choose a unitary map Upg,: (kerA);; — (ker A)_; so that
graph(Ug,) = Im Loy and define Up_ ., Un. . : (Q°(M, E)|y)4+i — (Q°(M,
E)ly)-i by
(3.17) Up_ ey =Up_lwsu.pylv)s, + Uso;

UH>,L0 = UH> |(Q-(M7E)|y)*+i +Upg,.

Then graph(Up_ . ) =ImP_ , and graph(Un., ., ) =ImILs £,. By (3.5)

we have

(3.18) P- o AP- £y = Py, APy 2, = 0.
Moreover, Theorem 2.1 in [14] shows that for ¢ > 0,
(3.19) Q(t) = v/ A%+t + a smoothing operator,

which together with (3.18) shows that
P2 (Q(t) = A)P- £y = P £, Q(t)P- z,
=P_ .V A% +tP_ , + a smoothing operator.

The same equality holds for Py p,. This shows that P_ », and Py 2,
satisfy the item (4) in the Condition A. Since P_ ,, and P, ,, are orthog-
onal pseudodifferential projections and Up, , = —Up_ . , the assertion (3)
in Lemma 3.2 shows that P_ , and Py g, satisfy the item (2), (3) in the
Condition A and hence satisfy the Condition A.

Let (M g) be a closed Riemannian manifold and Y be a hypersurface of
M such that M —Y has two components, whose closures are denoted by M7,
Moy, i.e. M= M; Uy My. We assume that ¢ is a product metric near Y. We
denote the odd signature operator on M by Bg; and its restriction to M
and My by By, and By,. We now apply Theorem 2.5 with Py =P_ », and
Po=1—-"P_ r, =P+ z,- Then we have the following equality.

(3.20)  logDet” B% — log Det™ 812\41’7;7,50 —logDet* B3,

= —log?2- (CAQ(()) + l) + 2logdet Ag
— 2(log det VMM,_ﬁ0 + log det VMQJ’+,£1 )

“Pi.cq
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+ 2log|dety, <;(1 - K;1K2)> ‘

* 1 -1 -1
— {1ogdetFr (I+ §(U’P<£0K1 + K, UP,LO))

. | -
+ log dety, (1 —5(Up! K2+ K, 1Up’co)) }
+ logQ(C(’Pf,LO(Ql—Al)pf,Lo)(O) + C(P+,L1 (Q2—A2)P+,L1)(O))’

where K;: (2°(M;, E)|ly)+i — (2°(M;, E)|y)—; is a unitary operator such
that graph(K;) = ImC;, the Cauchy data space with respect to Bys,. By
Lemma 3.1, we have

logdet Ag = Z logdet Ag 4,

q=0

(3.21) logdet Var, p_ ., = Zlog det Vs, q,rels
q=0

m
log det Vv]\/jfz,’pﬁa1 = Z 10g det V]\/Iz,q,abs;

q=0
where Ao, is the Hermitian matrix obtained by simply replacing DJQ\Y in
(2.17) with B?\?,q acting on Qq(]\//f7 E) Similarly, Vs, q,rel /abs 1S the Hermit-
ian matrix obtained by replacing D3, p in (2.12) with Bﬁ/[hqwel/abs acting on
Q9(M;, E) satisfying the relative/absolute boundary conditions. Lemma 2.5
in [15] and Lemma 3.1 show that

dimker(P_ £, (Q1 — AD)P_z,) = > Bo(M1) =D B(My,Y),
(3.22) 0 -
dimker(Py 2, (Q2 — A2) Py z,) = ZBq(MQ; Y)= Zﬁq(MZ)’
q=0 q=0

Il
&
5
=
=
&
o8}
2

where B,(M;,Y) := dimHI(M;,Y;E) and B,(M;) :
(3.18) and (3.22), we have

(3.23) C(P—,COle—.LO) (0) + dim kel"('P_v/;OQl’P_,go)

=Cp_ o JHP, (0) +dimker P_ £ 1/ A¥P_ ¢,

3

(CB?,YQ (0) + 54 (Y)) ’

Q
Il
o
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where 5,(Y) :=dimker HY(Y; E|y). Similarly, we have

(3.24) Py, 51Q2P+ £)(0) +dimker(Py £, Q2P+ ;)
Z <B2 )+ ﬂq( ))
q=0

On the other hand,

m—1
(3.25) Caz(0)+1=2 " (Cgz (0) + By(Y)).
q=0

Summarizing the above argument, we have the following result, which is
the main result of this section.

THEOREM 3.3. Let (]/\I,fj) be a closed Riemannian manifold and Y be a

hypersurface of]/W\ with M = My Uy My. We assume that g is a product metric
near Y. Then:

m

Z (log Det* 612\741 —log Det” 612\417,177;.71% — log Det™ [312\427%7;%51 )

q=0

=—log2- Z(,Bq(Ml) + By(My)) + 2Zlogdet Aoq

q=0 q=0
-2 Z(log det Vir, , .o +1ogdet Vg,  .00)
q=0
* 1 —1
+ 2log|detp, i(Ile Kg)

logdetFr<I—|— Uz, K1+K;1U»p,£0)>

1
- (Uil,co Ko+ Ky 'Up_ )> .

—logdetpy | I —
OgeFr( 2

REMARK. The kernel of (I + (U5" o K1t Kl_lUPf.go)) consists of w €
(Q°(Mi, E)|y)+isuch that w—Up_ . w(=w+ Kjw) can be extended to a solu-
tion of Bar, p_ ., - The same result holds for (1 — %(U;},co Ko+ Ky* Up_ )

4. Gluing formula of Dirac Laplacians with respect to
the absolute and relative boundary conditions

We continue to use the same notations as in the previous section. In
this section, we consider a double of de Rham complexes Q*(M,E @ E) :=
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Q*(M,E) ® Q*(M, E), which was used in [24]. We define the odd signature
operator B and a boundary condition P in this context as follows.

(3 )

( 0 I'v+Vr

(4.1) IV + VT 0

> Q' (M,E®E)— Q' (M,E® E)

P (Pgﬂ P0b> QN M,E®E)ly - Q*(M,E® E)ly,

where P, and P,ps are orthogonal projections defined by

(4 2) Prel(wtan‘Y +du A wnor|Y) = Wtan|Y7
) /Pabs(wtan‘Y +dU/\wnor|Y) :Wn0r|Y-

Then the realization 5725 with respect to the boundary condition P is given
as follows.

(4.3) Dom (B) = {(i) €Q*(M,E®E) ’ P <1¢;|§) o,
P(5(0)],) )
B {<1¢21125//:i22) ’¢1|Y:0>

(Bu2)ly =0, (@utr)]y = 0,40y = o} .

By (3.13) and the Poincaré duality, we have

~. B2 0
2 _ M ,rel
BP ( O B?V[,abs) ’

(4.4) log Det* g% = Z(log Det* B3 g .rel +10g Det™ By, aps)
q=0

=2 Z log Det™ B?M’q’rd.

q=0

We put

(4.5) I((l) (1)) L(g (1)) S<(1) —01>
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1
If we write (22 T2und2) 1y (ii ), B is written, near the boundary Y, by

P1+duia
2
(46) B= ﬁ,@r’” (g é) {au — (VY +TYVYTY) (é 2) }
=G0, + A).

Comparing (4.6) with (2.1), we have

~ 1 0 I - L 0

(4.7 G= WBFY <1 0> . A=—(VV4+TYVTY) <O L) ,
which satisfy the relations in (2.2). We denote by ﬁ> :=1Is @ Il the or-
thogonal projection onto the space spanned by positive eigenforms of A. We
denote the +i-eigenspace of G by

1
T2
For instance, if m is odd, simple computation shows that

4.8) (P (M, E& E)ly),, = =(IFiG)(Q*(M,E)ly ®Q*(M,E)|y).

w1
w2
_/BFYWI ’
*ﬂrywz
w1
w2
5FYW1 ’
BI‘ng
where w1, wy € Q°*(Y, Ely). This fact will be used in (4.23) below. Like (3.14),
we write
(4.10) Q*(M,E®E)ly = (Q*(M,E®E)|y)" @ker A, (Q*(M,E® E)|y)"
—: (ker A)*.
We define unitary maps Up, Uy : (Q*(M,E & E)|ly)" — (Q*(M,E &
E)ly)" by [(3.15)]

vp =T (5 )

Uz = (B2) 3 (VY +T7V'TY) (‘L O).

(Q*(M,E® E)|Y)+i = span
(4.9)

(2*(M,E® E)|y)_,=span

(4.11)
> 0 -L

Here the domain of Uz can be naturally extended to Q°(M,E © E)|y.
The following lemma is an analogue of Lemma 3.2, whose proof is straight-
forward.
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Lemma 4.1. (1) Up and Ug_ map (Q°(M,E® E)|y)%, onto (2°(M,E &
E)ly)%i-
(2) U75U75 = —Id, Uﬁ> Uﬁ> =1d and Uﬁ> U75 = UﬁUﬁ> Hence, U% = —U75
and Ulil =Ug_.
> >
(4) ImP ={w +Upw [w € (W (M,E® E)ly)+i}, Imlls ={w+ Uy wlwe
(M, E® E)|y)i}

REMARK. It is not difficult to see that there is no unitary map from
(Q* (M, E)|y)+: to (2°(M, E)|y)—; whose graph is Im Pye or Im Pyps. Hence,
we cannot apply Theorem 2.5 to this case. This is the reason why we consider
the double of de Rham complexes as above.

It is straightforward that

(4.12) PAP=(I—-P)AI-P)=0,
and by Theorem 2.1 in [14] (cf. (3.19)) we have

w0~ 4

VA2 +t 0 .
= 0 Ny + a smoothing operator,

which shows that P and I — P satisfy the item (4) in the Condition A. This
fact and the assertion (3) in Lemma 4.1 show that P and I — P satisfy the
Condition A, as in the previous section,

We next consider a partitioned manifold M = M Uy My as before. We
assume the same assumptions as in Theorem 2.5. Let K;: (Q*(M;,E @
E)|y)4i = (Q*(M;, E® E)|y)_; be a unitary operator such that graph(K;) =
Im@, the Cauchy data space with respect to B, ;- We denote by @1 the Neu-
mann jump operator for EJQ\/[ on M; and by A; the tangential Dirac operator
of gM We now apply Theorem 2.5 with P; = P and P, =1 —P. Since
U,_p =—Ug, we have the following equality.

(4.14) log Det* 512\7 —log Det* 512\4175 —log Det* EM2,1—75

= _10g2 . (C_,Zz(o) + )
+ 2logdet Ay — 2(log det ‘7M1 7 +logdet ‘71\/12 —5)

det;rG(I—f{llfQ))‘

1 ~ ~
— {mgdet;r (I+ 5(U;K1 + K;%;))

+ 2log
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1 ~ o~
+ log dety, <I -3 (U5 K2+ K;lUﬁ)> }
+1082 - (C(1-p)(@ )17 (0) + $(3(5, -2y (0)-

With the same notations in (3.21), we note that

log det /~10 =2 Z logdet Ag 4,
q=0

log det VM{, 5 = logdet ‘7M1 -
4.15
(4.15) = Z(log det Vi, g.rel +logdet Vi, 4.abs)
q=0

=2 Z logdet Vg, g,rel = 2 Z log det Vi, ¢,abs-
q=0 q=0
Lemma 2.5 in [15] shows that
(4.16)  dimker(P(Q; — A;)P) = dimker(( ~P)Qi — A)(I - P))
= Z Bq(M;) + B (M;,Y)).

Since ImP = Im(] — P) = Do L(Q

UY,Ely) ® QUY, E|y)), the equalities
(4.12) and (4.13) lead to

(4.17)  (po, )(O)erimker(ﬁ@iﬁ)

B
C ((1- 73)@(1_75))(0) + dimker(([ — 75)@1([ — 73))

—1
:Q(CM( )+d1mker\/7> 22 ng er]mkerByq)
q=0

Hence, by (4.16) and (4.17) we have

(418)  Cpa, - A)ﬁ))(‘))+<<<1—75)<©2—ﬂ2)<1—75))(0)
—42 (g2, (0) +dimker By, ) =2 " (8,(M1) + B4 (Msa)).
q=0

Similarly, by (4.7) we have

= I 0
AQZB%/(O I)’ and

m—

Ca(0)+1=4)" (Csz(0) + dimker BY, ).

q=0

(4.19)

[
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Hence, (4.14) can be rewritten as follows.

m

(4.20) Z (log Det* B%)q — log Det™ 812\41,%81 — log Det” 812\427q7abs)
q=0

= —logZZ(ﬁq(Ml) + 6q(M2))
q=0

m

+2 Z logdet Ag 4 — 2 Z(log det Vg, el
q=0 q=0

det§r<%(1 -~ f{;ﬁh))‘

1 . 1, 1~  ~_
- 5{logdetFr <I+ §(U751K1 + K, 1U75)>

+ log det VMz’wbs) + log

1 ~ ~
+ log detp, (I — 5((]7;11(2 + K2—1U75)> }

Finally, we analyze the last three terms in (4.20). We discuss only the case

when the dimension of M is odd. The same method can be used for an even
dimensional case. From now on, we assume that M is odd dimensional. From
(3.5) and (3.16), we have

(4.21) (Q*(M,BE)ly), = {;(I:Fﬁfy) (:;) ‘w1,w2 € Q.(Y>EY)}~

We recall the Calderén projector Cy : Q*(M, E)|y — Q*(M, E)|y for By,
and the corresponding unitary operator Ki: (Q*(M,E)|y)+i — (Q°(M,
E)|y)_i so that graph(K;) =ImC. Let Cy: Q*(M,E® E)|y — Q*(M,E &
E)|y be the Calderén projector for Byy,. From the definition of B [(4.1)], we
have

(4.22) ImC; =ImC; & ImC;.

Now consider the unitary operator K; : (Q*(M, E® E)|y )4 — (Q*(M,E®
E)|y)—; for C;. Then, (4.22) implies that for z € (Q*(M,E® E)|y )+, t+ K12
is expressed by (ZLIE’Z’) for some y, z € (Q*(M, E)|y)+:. Hence, using (4.9),
K is described explicitly as follows.

w1 _8TY Yo
ol B o i Rt Wi 20
(4.23) U —prYe, | = [_Bry(wl)il-&-ﬂf‘y(w1)
—BTY wy ? ” ’ -

— Y F,_ + ¥
(lill ,g (WW;) 1 = g (MW;)>
- . v v .



556 R.-T. HUANG AND Y. LEE

Since K, i=8 gr (o2) € (Q*(M,E)|y)—; and K_lHﬁr (o5) € (Q%(M

E)|y)+i, by (4.21) we have

_ Y Y
R ) )
2 2
L IT+8TY [ A IT+8TY (w
V-1t PP fwr) P fwn
B]'—‘ Kl 2 (UJQ) Kl 2 w2 )

which leads to
w1
—15 w2
(4.24) Us'Ev | _grv,,
*ﬁpywz
SK, I— 5F ( )+SK 11+5F (w2)
—SK, =5~ o (Zi;)JrSK‘l”ﬁF ()
B SEy B (1) 4 SR (@)
—BOY SR G () + SE T () )

We define an isomorphism

w1
. O° . w1\ w2
(4.25) W:Q°(M,E)|ly — (2 (M,E@E)|y)+i by ¥ <w2> =1 —prvu, |
_/BFYWQ
which leads to
—177—17- w1
(4.26) v U75 KU <w2>
= ope, LI () g IO (e
! 2 w2 ! 2 wy )’
By the same way, we have
—17r—1y7_ w1
(4.27) UK UV (w2>
Y
:Klsi g (@)
2 2 w2

Since Q°*(M, E)|ly = (Q*(Y, E)|y)+i ® (Q*(Y,E)|y)—i, we use this decom-
position to write
—1 —1 % >—1 _ o 0 SK;1+KfIS
(428) W (U Ry + Ky U)W = (SK1+K15 :
_ 0 (SKy1+ K;18)*
C\SK1 + K1 S 0 ’
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Hence, we have

1 ~ ~
(4.29) dety, (I +3 (U5 K1+ KllUﬁ))
o I 1(SK1 + K1 8)*
= dety (%(SKl + K,S) I

1

To analyze (4.29), we note that

Q.(Y»E|Y):I:
(4.30) (V. B)y),, = @ ,
Q*(Y,Ely)+
1 Y
where Q°*(Y, Ely )4 = %Q'(Y,E\y).
. . .. . Q*(Y,Ely )+
According to this decomposition, we may write Kj : ( ® )
Q°(Y,Ely)+

Q*(Y,E|y)_
b
<Q.(Y%|Y)—) Y
A B
4.31 K= )
(431) ! (Cl D1>

where AlthClaDl : Q.(KEly)+ — Q'(Y,E‘y)_.

We note that I' =T (9 ') preserves the decomposition (Q°(Y, E)|y)+;
and commutes with By, , which implies that K; commutes with I'. Since
Q*(Y,Ely)+ are (F1)-cigenspaces of STV, we have (9 1)Ky = Ki( %),
which shows that

(4.32) B, =01, Ay =-D;.
Hence, we have
_(24; O
(4.33) SKi+ K18 = ( 0 2A1)'

Since K1 — U, is a trace class operator ((2.10)) and U, = (B%)1(VY +

LYVYTY)( % 1) ((3.15)), Ay is a trace class operator. Hence, we have

* 1 —1 7~ T—
(4.34) deti, <I +5 ((]7511(1 + K; 1U75))
1
= det}r <I — Z<SK1 + KlS)*(SKl + K15)>

« (I—ATA 0 - , 2
:detFr( Aidd IA,{AJ:(detFr(I_AlAI)).
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Putting Ky = (‘és gz ), the same method shows that
1 -~
(4.35)  detp, (I — 5((]%1}(2 + K21U75)) = (dety, (I — A§A2))2.

In view of (4.20), we note that

(4.36) K 'K,

- 1K I— ,BF ( )+K1K—1I+BF (w2)
W2

_( K1K21 srY (¢ )+KK1[+5F (wz) )
BTY (K[ 1Kf ST (1) 4 K Ky AT (wyy )

which shows that

I-prY I+prY
TB—’_KlKQil%

(KK, 0
- 0 KKyt

(4.37) UK K, = KK,

Hence, we have
2

det}r(%(l — K11K2)>

(4.38) det, (% (I-K;? fg)) -

The same computation for an even dimensional case leads to the same
result. Summarizing the above argument, we have the following result, which

is the main result of this section.

THEOREM 4.2. Let (]\//.T,Zj) be a closed Riemannian manifold and Y be a
hypersurface of M with M = My Uy Ms. We assume that § is a product metric
near'Y. We denote the odd signature operator on M by By; and its restriction

to My and My by By, and Bur,. Then:

m

Z (log Det* B%’q —logDet* B3y, , o — log Det” B, o i)
q=0

= —10g22(5q(M1) + 5(1(M2))

q=0

+2 Z logdet Ag 4 — 2 Z(log det Vi, , o +1ogdet Vg, , 00)
q=0 q=0
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+ 2log

« (1 -

dety, (2 (I - K; 1K2))
— {logdety, (I — A7 A1) + logdety, (I — A5A3) },

where Ay, As: Q*(Y,E|y)y+ — Q*(Y, Ely)— are first components of K; and

K>, respectively.

REMARK. (1) If all cohomologies vanish, that is, H*(M;E) =
H*(M; E) = H*(M;,Y;E) = 0, then the first three terms in Theo-
rem 3.3 and Theorem 4.2 do not appear. (2) So far we do not know how
to describe (logDet* B%’q — log Det™ B%/h,q,”l’f,go — log Det™ 812\42’%7,%“) and

(log Det™ B%/T,q —log Det” 812\41,q,re1 —log Det” 812\42,q,abs) for each single gq.
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