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CUSPED SURFACES AND BOUNDARY BEHAVIOR OF
MAPPINGS OF FINITE DISTORTION

TUOMO AKKINEN

ABSTRACT. We study bounded quasiregular mappings and map-
pings of finite distortion f: H" — R", n > 3. We show that al-
most every k-dimensional cone-like cusp with vertex in OH" maps
to a set of finite k-dimensional, k € {2,...,n — 1}, measure under
these mappings.

1. Introduction

Let Q C R™ be a domain, n > 2. A mapping f : 2 — R" is called a mapping
of finite distortion if the following conditions are satisfied:

(1) f€Wp, (QR"),

oc
(2) Jy(x) = det(DFf) € LL, (%),
(3) and there exists a measurable Ky : Q — [1,00) so that for almost every
x € ) we have
|Df(2)]" < Ky(2) g ().

If in addition Ky € L>®(Q), exp(AKy) € LL _(Q) for some A >0 or Kj €
LY () for some p >n — 1 then we say that f is a quasiregular mapping,
f has exponentially integrable distortion or that f has p-integrable distor-
tion, respectively. All of the aforementioned assumptions give nice properties
for the mappings in consideration. Under these assumptions, f is continuous,
open, discrete, differentiable almost everywhere and satisfies Lusin’s condi-
tion (N). For these properties to hold in the p-integrable distortion case we
also have to assume f € Wli’C"(Q,R"). For the basic theory on quasiregular
mappings and mappings of finite distortion, see [5], [6], [7], [13], [14] and [16].

One interesting open question in the field of quasiregular mappings is the
generalization of Fatou’s theorem: does a bounded quasiregular mapping

f: B™(0,1) — R" have radial limits at almost every point in S"~1(0,1)? For
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planar quasiregular mappings this is not true. Nevertheless, the radial limits
exist in a set with positive Hausdorff dimension, but this dimension can be
made arbitrarily small, see [10]. In higher dimensions, it is not even known
whether the radial limits exist for any point in S?~1(0,1). If f is a quasireg-
ular mapping and there exist constants C' > 0 and a € (0,7 — 1) so that for all
0<r<1

@ [, fr@dr 0=,

then f has radial limits almost everywhere in S"~1(0, 1), see [8]. One also has
a Hausdorff dimension estimate for the set where radial limits do not exist,
see [9] and [1]. It is well known that every bounded quasiregular mapping
satisfies (4) with a =n — 1, see Section 4. In [1], the author has shown the
existence of radial limits almost everywhere if we assume

1
/ Jf(x)deC'(l—T)lnlog’@( )
B (0,r) 1—r

for f < —1 —mn. For more results on boundary behavior of quasiregular map-
pings we refer the reader to see [14] and [16].

The boundary behavior of mappings with exponentially or p-integrable
distortion is not yet so well understood. In the planar case, we loose the ex-
istence of radial limits, since there exists a bounded mapping with exponen-
tially integrable distortion having no radial limits: Assume A : [1,00) — [1,00)
is strictly increasing, and let g: D(0,1) — D(0,1) be a homeomorphism of
finite distortion given in polar coordinates by g(r,0) = (r,0 + &(r)), where
£:10,1] = [0,00) is such that

o= (4 () o

Notice that £'(r) — co as r — 1 and thus the image of each radial segment
under g is tangential to dD(0,1). Furthermore, let h: D(0,1) — C be the
bounded analytic function given by [3, Theorem 2.22] which does not have a
limit along {g(r,0) : r € [0,1)} for any 6 € [0,27). Finally set f=hog, then
f does not have limits along any radial segment and

1 1
/ A(Kg(z)) dxgw/ A () rdr=m ildr<oo.
D(0,1) 0 0o TS5
This shows that the quasiregularity assumption is sharp for the existence
of at least one radial limit. In all dimensions n > 2, we know that mappings
with exponentially integrable distortion satisfying (4) have radial limits almost
everywhere, see [1]. Moreover, we know that for this conclusion it suffices to
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assume that

/ Jf(x)deC’(lr)lnlogﬁ<L> for all r € (0,1)
B™(0,r)

1—r

for 8 < —2 —mn. On the other hand, in Section 4, we show that every bounded
mapping with exponentially integrable distortion satisfies

1
/ Jf(m)deC(l—r)l_”log”1(—).
B (0,r) 1—r

Similarly, one has the existence of radial limits almost everywhere for map-
pings in T/Vligl with p-integrable distortion satisfying (4) with a € (0,n —1 —
n/p).

A mapping f has a radial limit along some radial segment, if the image
of that radial segment is rectifiable. We study the behavior of mappings on
k-dimensional sets that are symmetric with respect to radial segments. We
extend the results in [11], where Rajala proved that there is a family of (n—1)-
dimensional cusps, symmetric with respect to radial segments, with vertices in
S™~1(0,1) such that they are mapped to sets of finite (n — 1)-measure under
quasiregular mapping. We extend this theorem to lower dimensional cusps
and prove similar results for mappings with exponentially and p-integrable
distortion. In [15], Rudin has constructed an example of a bounded analytic
function defined in the unit disc, so that the image of almost every radial seg-
ment is non-rectifiable. Thus the corresponding results for bounded analytic
mappings f, that is, n =2 and Ky =1, are not valid. Throughout the paper
wekeep k € {2,...,n—1} fixed. If x € R" we write © = (T, Zk41,...,%n), Where
T =(x1,...,21). To state our main theorem, define a mapping ¢ : R¥ — R",

¢(z) = (2,0,...,0,9(|zl)),

where g : (0,1) — (0,1/2) is a diffeomorphism satisfying |(g~1)"(¢)| <1 and

li t)=0.

Jim g0
Our standard surface is defined as

QF = ¢(B*(0,1)\ {0}).

For x € 0H" N Q(0,1) define

QF =QF 2.
Our main theorem is the following theorem.

THEOREM 1.1. Let n >3, and let f: H* — R" be a bounded mapping of
finite distortion. Assume that g is as above and also satisfies

1
g L(t) < Cttlog™” (¥>

If f meets one of the following conditions:
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(i) f is quasiregular, (=1 and
n+k
n(k—1)’
(i) there is A >0 such that fH’"ﬁB(a " exp(AKy) < oo for some r >0 and
every a € OH™, ( =1 and

o>

n(k+1)+k
o> ————,
n(k —1)
(iii) f € WL"(H",R"), there is p>n — 1 such that [y pa.n Kf <00 for

some r >0 and every a € OH", ( =1+ and

p(k 1)
pn+k)+k
pn(k—1) ’
then H*(f(QF)) < oo for almost every x € OH™.

Notice that if the distortion is p-integrable, then the results are weaker
than in the exponentially integrable distortion case and at the limit p —
oo we recover the quasiregular case. For the proof, we use the modulus of
k-dimensional surfaces and a generalization of the Kp-inequality for path
families. In the quasiregular case, if k =n — 1 we have o > TLQ(’;L:;). This gives
a better result than the proof in [11]. The sharpness of these results would be
interesting to know, but there is a lack of examples even in the quasiregular

case.

2. Notation and preliminaries

We denote the upper half space of the n-dimensional Euclidean space R™
by H™. Euclidean ball and a sphere of dimension k, with center x and radius
r, are denoted by B¥(z,7) and S*(z,r), respectively. We also define

Sk_l(-fﬂ“) = {yERn : y:(g70?70)7‘g| :T’} .

By Q(z,r) we mean a closed cube with center z and side length 2r. The
symbol | - | denotes Euclidean norm or operator norm depending on the input.
It will be clear from the context which norm we mean. By A < B we mean A <
C B, where C only depends on the data. Moreover, A =~ B means that A < B
and B < A. We denote k-dimensional Hausdorff measure by H*. Notice that
QF is symmetric with respect to the line {x +te, : t >0} and

{z, =t} NQL =S""1 (2 +te,, g1 (t)).
For each i € N, we set t; =27 % and H (i) = {t;1+1 <, <t;}. Moreover, define

QF =N H().
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Assume that E C OJH™ is Borel-measurable, and define a collection of k-
dimensional surfaces

Iy ={QF,:z€E}.
Let s > 1, and let w : R™ — [0, 00] be a measurable function. A basic tool we
use in proving Theorem 1.1 is the concept of modulus for k-dimensional sets.
Let ' be a collection of sets such that #*(y) > 0, for all v € I'. We say that
a Borel-measurable function p: R™ — [0,00] is admissible for I, denoted by

p € Adm(T), if
/pd?—lk >1
.

for all v € I'. The weighted s-modulus of I' with weight w, is defined as

Mody(T')= inf /n pF (z)w(z) dr.

pEAAm(T) Jip

If w=1 then we just write Mod,. One should notice that Mod,, is invariant
under conformal mappings (Ky=1). A collection I' is said to be s-exceptional
if Mod,(I") = 0. This is equivalent to the fact that there exists ;-integrable

p: R™ =0, 00] such that
/ pdHF =
v

for all v €T, see [4, Theorem 2].
The following lemma is very useful in what follows. This is a special case
of [12, Lemma 4.6]. Denote

mi—1(u,r) = HE-L (Sk_l(u, )N E),
when v € OH" and r > 0.

LEMMA 2.1. Assume p: R™ — [0,00] Borel-measurable, and that E C OH"
is a Borel set. Then

//Sk " T) YdH1(y )dHn—l(;g):/BHn p(w)mp—1 (u, £) dH™ (w).

Proof. First, we observe that

mk_l(u,r):Hk_l(Sk_l(O,r)ﬂ(E—u)) :/ xE(z 4 u)dHF! (2).
SHn

lgk— 1(0,7)

This leads to the following chain of equalities:

/ plu)mg_1(u,r) d?—l”_l(u)
OH"

/ / u)XE z+u)d7—[| (2)dH™ (u)

OH" a]H[n k=1(0,r)

—[ | e oxe@an i @an @)
oHn J gH™ sk=1(0,r)
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), /swo,r) plw = 2) dHI () dH" T )
- /E /Skl(m py) dH* " y) dH" (x). .

3. Modulus bounds for ', and Ko-inequality

For the proof of Theorem 1.1, we need lower bounds for Mod® (I'%;). These
are derived using change of variables, Lemma 2.1 and some basic inequalities.
The next elementary inequality is needed in the proof of Lemma 3.2. Fix
1 € N for this and the next section.

LEMMA 3.1. Assume a,b>0 and o> 0. Then
ab < alog (a+ 1) + e+a)v",

Proof. First, notice that if f: [0,00[—[0,00[ is strictly increasing and
f(0) =0, then

a b
ab g/ £(1) dt+/ £l dt.

0 0

Set f(t) = log% (t41). Then f~1(t) = e*” — 1 and using above inequality and
the fact that b < eiba7 we have
@ 1 b <%
abg/ 1oga(t+1)dt+/ el —1dt
0 0

Salog%(a—i—l)—&—beba Salogi(a—l—l)—i—e(“r%)ba. O

The next lemma contains lower bounds for Mod® (T'%;) with no weight and
with p- and exponentially integrable weights.

LEMMA 3.2. Assume EC OH"NQ(0,1) and s >n — 1. Then

i(s

Mod, (T%) = g7 (t:) F =R 4= 1(E).

Assume that K : R™ — [1,00] is measurable function. If there is A >0 such
that exp(AK) € L*(H" N Q(0,5)), then we have the following:

i

-1
K=t i —1(p \E(1—k)gilezh) 2 n—1

If instead of exponential integrability we assume that K € LP(H*NQ(0,5)) for

p>n-—1, then

p(s—k)—k

ModX ™ (T) Z g~ (1) * M2 ™58 — 1" Y(B) " .
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Proof. Define
Alu,t) =mg—1 (u, g_l(t))
and fix x € E. If p € Adm(T'%;) then

(5) 1< [ ol ant)

Set h: R™ = R, h(r) = x,. Using the Co-area formula on rectifiable sets [2,
Theorem 2.93], we have

t;
/'pwmuﬁhmwﬂﬁzf /“ ply) dHE 1 (y) dt,
Qr; tiv1 JQF ;Nh=1()

where D%.i h(y) = Vh(Y)|pe(o-1 () ®r) and CkDQ:»ih(y) is the Co-area fac-
tor defined as CyL = Vdet LLT for a linear map L : R¥ — R™, k> m. Since

(g7 (t)] <1 we know that CkDQ:ih(y) is bounded below by constant de-
pending only on the dimension. Using this with (5) and integrating both sides
over F/, we get

t;
wiws [ ] ply + ten) dHE () dHn ) (o) dt
tia B S8R 1291 (1)

Now we can use Lemma 2.1 to get

t;
(6) H( / / o+ ten) A(u, ) dH™ (u) dt.
tiy1 J OH™

From here we use different tools depending on the weight associated to the
modulus we are looking at. In the non-weighted case, we use Holder’s inequal-
ity and Lemma 2.1 to get the following chain of inequalities:

t;
H Y / / plu +ten)A(u, t) dH™ (u) dt
tiy1 J OH®

k

(/ / pF (u+tey) dH™ 1 (u) dt) s
tiy1 J OH™
. s—k
y </ / A, £)75% M (u) dt)
tiy: OH™
([, e
H(Z)

ti k(k—1
><</ g L) A(u,t)d?—[”l(u)dt)
tit1

OH"™
< (/;() ) o)

ol

s—k
s

s—k

([ osa) " oemey

Ak
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From this we have the claim since g is increasing and p € Adm(I'y;) was
arbitrary. Next assume that we have a weight w = % on our modulus, where

/ exp(AK) dz < oo.
H"NQ(0,5)

Now we continue from (6) by Holder’s inequality as in the non-weighted case:

ti
HY(E) < / / plu+ ten) Alu, t) dH™ ™ (u) dt
tipn J OHN

(// o (u+ tey) Kl(u—&—ten)dHnl(u)dt)S
1+1 OH™

x (/ / K% (u+ tey) A(u, t) =% d’;'-["l(u)dt>
tit1 8H"ﬁQ(O,2)

Let ¢; > 0 constant which will be given later. Using Lemma 3.1, we can
estimate the last term in the above inequality so that

s—k
s

t;
i+1 7/ OH"NQ(0,2)
t; ~ s
<cf | A )7 log ™ (CA(u, ) 7% /5 + 1) dH" " (w) dt
i+1 J OH"NQ(0,2)
+¢i / exp(AK (x)) da.
H"NQ(0,5)

Here C' = s/\(s — k). Now we choose ¢; so that

¢i/ exp(/\K(x)) da:—C’g_l( i) ®
H"NQ(0,5)

s‘(k 1)

27U (B),

where €' = C(n,p,k,\). For simplicity, set

L= / exp(AK (z)) dz
H*NQ(0,5)

Now we can estimate

123
/ / K% (u+ ten) A(u, t) =% dH™ (u) dt
tit1 8H”QQ(O:2)

( 2 +1> / Dt [ Ananeiwa
Hr=U(E) OHN 7
)

Slogs®
1.+1
s(k

+g71(ti) Zan 1( )

o [ L2 b st
SH'H(E)logsF (7—["—1(E)+1)/ g M (t) e dt
tit1




CUSPED SURFACES AND MAPPINGS OF FINITE DISTORTION 585

+g-1<ti>‘“fik”z-iw-%E)

< —1 s(k— . 21 n—1
NYJ (tz) =3 2 logs—k m+l +1)H (E)

1

Here we used Lemma 2.1 and the fact that ¢~ is increasing. Since p was
arbitrary, combining the above estimate with the earlier one gives

n—1 k K~ i E g k1o =ie=k) k 20
) S (Mods () T a2 (togt (T 1) +1):
Rearranging and raising to power # gives the claim

)

-1
K~ i -1 5 (1—k)oie=k) 2 n—1
Modl  (T%) 2 g~ (t;)* M2 % (10g<,Hn_1(E)+1)+1> HU(E).

If K € LP(H™) for some p >n — 1, then we can continue from (6) applying
Holder’s inequality with g = 5

: 1 ti 0
wm s ([ M@K—l@)dx) ATARECESTIR
H (i) tit1

where 1 =  and the claim follows as in the non-weighted case. Thus,

ek
the lemma is proved. O

In the remaining parts of this section, we will prove an analog of the Ko-
inequality for path families for Mod?' (I'y;). By D* f(z), we mean the (7) x (})
matrix whose entries are the k x k-minors of Df(x). Also, we denote the
Hilbert—Schmidt norm of a matrix A by |A|gs. In the next lemma, we prove
a change of variables formula for f € W."*(H" N Q(0,5),R™), s >n —1, on

loc
k-dimensional sets QF .

LEMMA 3.3. Let EC OH" N Q(0,1) be a Borel set. Assume that p: H™ N
Q(0,5) — [0,00] is continuous and bounded. If f € W25 (H* N Q(0,5),R™) for
some s >n —1 then

k k k
(7) NG / )| DFF(2)| dH (2) > /f o, PO

for almost every x € E.

Proof. Let {f;};en be a sequence of smooth convolution approximations
of f. First, we show that

(8)  lim P(fj(z))|Dkfj(Z)|de(2)=/ p(f(2)|D*£(2)| d3" ()
ImeeJag, Q5
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for almost every z € E. Denote Q = H(i) N Q(0,2). We make the following
observation:

/Q|p(fj(x))‘Dkfj(x)| ~ p(f@)| D*f ()| da
< [ 100, ~ ot @) 141,00 o
Q
+ [ otr@) |0 @) - [P £50)|| e
Q
S/!P(fj(%)) — o(f(@))|*|Df; ()| da
Q
+||/J‘||§o/||Dkf(x)|f|Dkfj(x)||%d$
Q
S/ Io(53(@)) = p (S (@) [* [ DI (@)] do
Q

5 Dka:—ijx%dx.
el /Q! F(@) — D £y ()| g
Notice that

/Q (@) — p(f @) |F |Df; ()] dz— 0

as j — oo, since p is continuous and f; — f uniformly on Q. If the latter
term in the above inequality vanishes as j — oo, then we have the claim by
Fuglede’s lemma [4, Theorem 3] for all x € E\ F, where Mod,(I'%.) = 0. Then
by Lemma 3.2 we know that H"~1(F)=0. Thus it suffices to show

/Q}Dkf(x) — D¥fi(@) | de — 0

as j — oo. For this, we use the language of differential forms. Notice that the
following holds:

‘Dkf(x)_Dkf](x)ﬁ{SS Z ’df;l/\/\df;k_dfn/\/\d ik}Q.
1<i1 < <ip<n

Writing the right-hand side of this equality as a telescoping sum and using
Hadamard’s inequality, we have

ST JdEE A AdE —df A AdE]
1< S <ig<n
k 2
= D |t nd A (A —d) A AT

1<in < <ip<nli=1
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k 2
N Z <Z|dfi1|..-|dfiz_1||dfj’;l dfi,|...|df;k|>

1< < <ip<n \Il=1

(ZlDf |ij } l|ij(x)Df(:n)|> .

Now we may deduce by Holder’s inequality that

11D~ [P @) | da
Q

5i[/@|m<x> ‘

s(k=(—=1))

—Df(m)’ P dr

/|Df )| D () Df(x)|idx]
k s(k— (l 1)
<> [Ips@).” - Df(a)|.
1=1

+ s, Df@)f] +0

as j — 00. Thus we have shown (8). Define the Area factor as Ji, L = v det LTL
for a linear map L : R¥ — R", k <n. Using (8), the Area and Cauchy-Binet
formulas [2, Theorem 2.71 and Proposition 2.69] we have for almost every
zel

\/_/ 2))| D f(z)| dHF(2)

> /Q () |DH ()] g (2)

x,i

=lim | p(f;(2)|D"F;(2)| s dHE (2)

j—
v Jar

> lim [ p(f(2)) kD% f(2) dH(2)

= lim p(fi 0 ¢(w)) D f;(d(w)) Ju D(w) dH (w)
J—00 J Bk(0,1)\{0}
= lim p(y)N (y, fj © ¢, B*(0,1)\ {0}) dH"(y)

J=ooJ £i(0k )

k
Z/f(Q’“ )p(y)dH (y).

x,
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Here N(y, f,U) is the number of preimages that y has with mapping f in the
set U. O

Now we are in the position to prove an analog of the well-known K-
inequality for path families [14].

LEMMA 3.4. Suppose that E C OH" NQ(0,1) is a Borel set and F is the set
where the change of variables formula (7) does not hold. Assume further that
p € Adm(f(I', ) NCO(H" N Q(0,5)) N L=(H" N Q(0,5)). Then we have for
quasireqular mapping f

Mod, (U ) <0 Kl [ o) N (5 1) 01 Q(0.2) d

If instead f has exponentially integrable distortion or f € Wli’cn(H” NQ(0,5))
and has p-integrable distortion, p >n —1, then

Modf (M) <0 [ )N (o £. ()1 Q0.2)) dy.

Proof. Define p: H* — R" s.t.

p(z) = \/ﬁp(f(z)) ‘Dkf(z)|XH(i)mQ(o,2)(Z)-
Then by Lemma 3.3 we have that p € Adm(FlE\F). Thus by distortion in-

equality (3) and change of variables we have

Mod, (T, ) < /H o PTG

<nﬁ

Klow [ o)EN (o, H(0) NQ(0.2)) dy.

This proves the claim in the quasiregular case and the p-integrable and expo-
nential integrable distortion cases are proved similarly. U

4. Estimates for the integral of the Jacobian determinant

For the proof of our main theorem, we need to establish bounds for the
growth of the L'-norm of the Jacobian determinant of a mapping of finite
distortion.

THEOREM 4.1. Assume that f: H* N Q(0,5) — R™ is a bounded mapping
of finite distortion. Then

/ J5(x) dz < 040,
H(3)NQ(0,2)

where 07 (i) = 2!~ 4f f is quasiregular, 0;(i) = 2!"=1i"=1 4if f has expo-
nentially integrable distortion and 04 (i) = 9% i(n=1) if f € VV&)’:(H”OQ(O,E)))
and has p-integrable distortion.
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Proof. With all of the above assumptions on f, J; fulfills the following
integration by parts formula:

/n<p( /fl Jorfarf) (@) do

for all p € C§°(H" N Q(0,5)) cf. [5, Theorem 7.2.1]. Let ¢ =™, where 9 > 0,
P € CP(H™" N Q(0,5)). Thus using integration by parts, distortion inequality
and Holder’s inequality, we have

[ v [ VI ndrn - n s de
Hn .

”/Hn |FI[|™ Y V|| Df" ! da

w [ 1T e

<ol [ wermeas) ([ rapar) |

This implies that

) | gz <atgls [ verEtas,
Hr H»

Next choose 1 such that

P(x

P(x

|Vi(2)

where Q is the expansion of the set H(i) N Q(0,2) by a factor of 2712,
We observe that |Q\ H (i) N Q(0,2)| < C(n)27%. First, assume that f has
exponentially integrable distortion. Using Jensen’s inequality for the convex
function ¥ (z) = exp()\xﬁ) yields

[ xartar =g (o f, K(w)"—ldx))
caw (1)

<27 og" ! (T/ exp(AK (z)) d:c>
H"NQ(0,5)

5 271‘ logn—1(2i) S 271‘1'7171.

)=1 ifzeH(i)NQ(0,2),
)=0 1fx§éQ,
|<Cm)2 ifzeQ\ H(i)NQ(0,2),
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Combining this with (9) gives

/ Jp(z)de S Zi"/ K(z)" dx
H(#)NQ(0,2) Q\H (i)NQ(0,2)
< 2in/ K(m)n—l dr < 2i(n—1)in—1-
Q

Next, assume f is quasiregular. Then from (9) it follows that

/ Jy(z)do <2 / K(z)" 'dx
H($)NQ(0,2) Q\H (1)NQ(0,2)

g 2i(n71)'

If f has p-integrable distortion then apply Holder’s inequality to the right-
hand side of (9) and thus

/ Jy(x)de S 2™ (/ K(x)P dac)
H(4)NQ(0,2) Q\H (1)NQ(0,2)

< |O\H@HNQ0,2)] 7

jnp—pt(n—1)
P

5. Proof of the main theorem
Now we have the tools to prove our main theorem.

Proof of Theorem 1.1. Let f: H™ — R™ be a bounded mapping of finite
distortion. It is sufficient to show the claim in OH" N Q(0,1). Notice that
Lemma 3.3 fails in a set of measure zero, thus we may restrict to those x €
OH™ N Q(0,1) for which Lemma 3.3 holds. We may also assume that

/ |Dkf(z)|d7-[k(z) < o0.
QL
This can be deduced as follows: for each assumption (i)—(iii) in Theorem 1.1,
there exists sy >n—1such that f € VVﬁjcsf (H"NQ(0,5),R™). Then we observe
that

|Dkf(z)|%fdz§/ |Df(2)|"" dz < occ.

H(1)NQ(0,2) H(1)NQ(0,2)

Thus by the definition of S?f—exceptional sets we know that the modulus of
those QF ; CH" N Q(0,2) for which

/ |D¥f(z)| dHF(2) = 00
Q%

is zero. Then by Lemma 3.2 the corresponding collections of vertex points
has (n — 1)-dimensional measure zero.
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Now assume that f is a quasiregular mapping. Let ¢ be as in the statement
of the theorem. Define
Ei={xeoH"nQ0,1): HF(f(Qh,)) >i 1"},
where
_on(k—1)
- n+k
By the definition of E;, we know that i'** € Adm(f(I'y,)). Moreover, by
Lemmas 3.2 and 3.4, we have

H (B S g (k) EO D2

~

—-1>0.

SRUGEE / N(y. £ H(i) N Q(0,2)) dy

Using change of variables, Theorem 4.1, and the assumption on g~—!, we have
—on(k—1)
anfl( ) < t] r(k—=1)+ 10g< ) (1+o¢)%2i(n71)
= (k—=1)+(1+a) ¢ —1—a

EY) = ,

where the last equality follows from the definition of o. Now set
k=1i=k

Then by above calculations we have that

n— 1 < n— 1 < . i—l—a _ )
H lim Z?—l Nkhﬁrg(}%z 0

k—oc0

Thus, for almost every z € GH” NQ(0,1), there exists N, € N such that

e (aH"mQ(o,1))\ [j E;.

i=Ny

Fix such . Then
i < 0.

We still need to show that

.I/\
g

HE(F(Q ) < oo
for alli=1,...,N,. This follows from the fact that for all these i’s,

/ |D¥ f(z)| dHF (2) < oo,
Qk;

and thus by Lemma 3.3

H(f(95))) g/ | D f(2)] dH"(2) < cc.
Ok

x,i
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. . 1,
Thus, the quasiregular case is proved. Next, assume that f e W, " (H") and

/ sz dr < co
H"»NB(a,r)

for some r > 0 and every a € 0H"™. By considering
r
h(x)=f| ——=
i)
we may assume that a = 0 and that meQ(O 5) KJ’Z dr < oo. Thus all the

results in Sections 3 and 4 are applicable to this situation. Let ¢ be as in the
statement of the theorem and define

Now by Lemmas 3.2 and 3.4, and Theorem 4.1, we have

_ p+1 _ n(_ _j\ Bnmk =k .
H U E) S Sg ()Pt (277 /HN(yvf,H(@)ﬂQ(OJ))dy

< F(ta—o(k=1) (2—i)6%(k—1)+W+%(1—n).

By our choice of {, we have

n pn—k)—k p+1 B
R R

Thus by the choice of & we have that

Hn_l(Ei) 5 i#(lerfa(kfl)) — 7;—1—6{'

The claim follows from this just as in the quasiregular case. Finally, assume
that

/ exp(AKy) dx < oo
H”NB(a,r)

for some r > 0 and every a € OH". Again, arguing as above we may assume

that the results in Sections 3 and 4 are applicable. Then we define

on(k—1) —nk
n+k

By the distortion and Holder’s inequalities, we have that f € Wl’s(H" N

loc
Q(0,5)), for some n —1 < s <n. Thus, Lemma 3.3 holds for f, and using
the corresponding parts of Lemmas 3.2 and 3.4, we have

—i(n—k)

M () < g (1) FOD2 75 (log (2 /1 () +1) + 1)
X /nN(y,f,H(i)ﬂQ(O,Q)) dy.

We may also assume that

&= —1>0.

Hnil(Ei) 2 Z‘ili&a
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since otherwise we could use the same arguments as in the quasiregular case.
Thus, the above with Theorem 4.1 yields

—i(n—k)

H'HE) Sg () v 27 (log (29414 4+ 1) +1)
X 7;(1+&)%7;n—12i(n—1)

< I+ Fhn—1+1- 22 (k=1) oy y=1-G
From this, we can continue just as in the quasiregular case. O
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