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RIGIDITY OF GRADIENT ALMOST RICCI SOLITONS

A. BARROS, R. BATISTA AND E. RIBEIRO JR.

ABSTRACT. In this paper, we show that either, a Euclidean space
R™, or a standard sphere S™, is the unique manifold with nonnega-
tive scalar curvature which carries a structure of a gradient almost
Ricci soliton, provided this gradient is a non trivial conformal vec-
tor field. Moreover, in the spherical case the field is given by the
first eigenfunction of the Laplacian. Finally, we shall show that a
compact locally conformally flat almost Ricci soliton is isometric
to Euclidean sphere S™ provided an integral condition holds.

1. Introduction and statement of the results

The study of almost Ricci soliton was introduced by Pigola et al. [8], where
essentially they modified the definition of Ricci solitons by adding the con-
dition on the parameter A to be a variable function, more precisely, we say
that a Riemannian manifold (M™,g) is an almost Ricci soliton, if there exist a
complete vector field X and a smooth soliton function A : M™ — R satisfying

1
(1.1) Ric + §£Xg:/\g,

where Ric and £ stand, respectively, for the Ricci tensor and the Lie derivative.
We shall refer to this equation as the fundamental equation of an almost
Ricci soliton (M™,g, X, A). It will be called expanding, steady or shrinking,
respectively, if A <0, A=0 or A > 0. Otherwise, it will be called indefinite.
When the vector field X is a gradient of a smooth function f: M"™ — R
the manifold will be called a gradient almost Ricci soliton. In this case, the
preceding equation becomes

(1.2) Ric + V2f = g,
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where V2 f stands for the Hessian of f. Sometimes classical theory of tensorial
calculus is more convenient to make computations. Then, we can write the
fundamental equation in this language as follows

(13) RZ‘]‘ +V¢ij=)\gij.

Moreover, when either the vector field X is trivial, or the potential f is
constant, the almost Ricci soliton will be called trivial, otherwise it will be
a nontrivial almost Ricci soliton. We notice that when n >3 and X is a
Killing vector field an almost Ricci soliton will be a Ricci soliton, since in
this case we have an FEinstein manifold, from which we can apply Schur’s
lemma to deduce that A is constant. Taking into account that the soliton
function A is not necessarily constant, certainly comparison with soliton theory
will be modified. In particular, the rigidity result contained in Theorem 1.3
of [8] indicates that almost Ricci solitons should reveal a reasonably broad
generalization of the fruitful concept of classical soliton. In fact, we refer the
reader to [8] to see some of these changes.

In the direction to understand the geometry of almost Ricci soliton, Barros
and Ribeiro Jr. proved in [1] that a compact gradient almost Ricci soliton
with nontrivial conformal vector field is isometric to a Euclidean sphere. In
the same paper, they proved an integral formula for compact case, which was
used to prove several rigidity results, for more details see [1].

Next, we shall give examples of almost Ricci soliton whose soliton function
A is not constant.

EXAMPLE 1 (Compact case). In this case, a simple example appeared in
[1]. It was built over the standard sphere (S™, gy) endowed with the conformal
vector field X =a', where a is a fixed vector in R**! and a' stands for its
orthogonal projection over T'S™. We notice that a ' is the gradient of the right
function h,; for more details see the quoted paper.

It is well known that all compact 2-dimensional Ricci solitons are trivial.
However, the previous example gives that there exists a nontrivial compact 2-
dimensional almost Ricci soliton. The next example concerns to a noncompact
almost Ricci soliton.

ExXAMPLE 2 (Noncompact case). Let us consider the warped product man-
ifold M = R Xoent S™ with metric g = dt? + cosh® tgy, where gy is the
standard metric of S”. Taking (M"*! g V£, \), where f(x,t)=sinht and
A(w,t) =sinht +n, we can prove, by using Lemma 1.1 of [8], that (M"*1 g,
V£,A) is an almost Ricci soliton.

In particular, in [8] it was proved that there are complete manifolds that
do not support an almost soliton structure; see Example 1.4 in the quoted
article.
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Now we present a strong characterization to a gradient almost Ricci soliton.
Moreover, on the compact case, essentially we have the manifold presented at
Example 1.

THEOREM 1. Let (M™,g,Vf,\),n >3, be a gradient almost Ricci solitons
with nonnegative scalar curvature. If V f is a nontrivial conformal vector field,
then we have:

(1) FEither, M™ is isometric to a Fuclidean space R™.

(2) Or, M™ is isometric to a Buclidean sphere S™. In this case, up to constant,
f is a first eigenfunction of the Laplacian and \ = —%f + Kk, where
K s a constant.

As a consequence of this theorem, we obtain the following corollary.

COROLLARY 1. Let (M™,g,Vf,\),n>3, be a nontrivial compact gradient
almost Ricci soliton. Then, M™ is isometric to a Fuclidean sphere S™ and, up
to constant, f is a first eigenfunction of the Laplacian and A = —%f + K,
where Kk is a constant, provided:

(1) M™ has constant scalar curvature.
(2) M™ is homogeneous.

Moreover, for a compact gradient almost Ricci soliton surface with non-
positive Gaussian curvature we have the following rigidity result.

THEOREM 2. Every compact gradient almost Ricci soliton surface with non-
positive Gaussian curvature is trivial.

In [3], Catino proved that a locally conformally flat gradient almost Ricci
soliton, around any regular point of f, is locally a warped product with (n—1)-
dimensional fibers of constant sectional curvature. Considering such a com-
pact gradient almost Ricci soliton we have the following theorem.

THEOREM 3. Let (M™,g,Vf,\) be a locally conformally flat compact al-
most Ricci soliton. If dVy denotes the Riemannian volume form of M™ and
(1.4) f/ RANe™/ dngn(nfl)/ |VA2e™) dV,

M M
then M™ isometric to a Fuclidean sphere S™.

For instance, it is an interesting problem to prove that assumption (1.4) in
Theorem 3 can be removed. As a consequence of Theorem 3 we obtain the
following corollary.

COROLLARY 2. Let (M™,g,Vf,\) be a compact almost Ricci soliton satis-
fying condition (1.4). If Y is a Killing vector field on M, then, either Dy f is
constant or M™ is isometric to a Euclidean sphere S™.
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2. Preliminaries and some basic results

In this section, we shall present some preliminaries that will be useful for
the establishment of the desired results. First, taking into account that
div(hI)(Y) = (Vh,Y), where h: M™ — R is a smooth function and Y €
X(M), we recall the next identity for an almost Ricci soliton (M",g, X, \),
that was proved by Barros and Ribeiro Jr. in [1]:

1
(2.1) FAXIX]? = [VX]? = A[X]* = (n - 2)g(VA, X),

where Ax = A — Dy is the diffusion operator.
As a consequence of this identity, we obtain the following corollary.

COROLLARY 3. Let us suppose that (M"™, g, X, \),n >3, is an expanding
almost Ricci soliton, for which |X| achieves its mazimum. If g(VA,X) <0,
then (M™,g) is an FEinstein manifold. In particular, an expanding or steady
Ricci soliton, for which | X| attains its mazimum is an Einstein manifold.

Proof. We notice that we can apply the maximum principle to guarantee
that VX =0. Thus Lxg =0, which gives Ric = Ag, that is, (M™,g) is an
Einstein manifold. [l

Now we claim that

(2.2) ARy, = (VRig, V) + AR, — 2R, ks R7° + Ris R}
+ ViV, (g — )\) — ViRV f+ AXgik.

In fact, since AR = g/*V,V,;Ri. = VIV, R;;, we have
AR, = V7 (ViRjk + RijisV° f + VjAgir — Vidg;i)
= VIViRjk + V! RijisV° f + Rijes VIV [+ Adgin — &7V Vidgs,
= VIV R+ VRijus VIV f + Adgi, — Vi Vi)
=ViV/Rjp+ RL Ry + R RS — VR V° f + V RV f
+ Rijis VIVE f + Agi, — Vi VA
= ViVIRji + RisRy + RY RS — ViR V* f + VRV f
+ Rijis VIV° f + Adgiy — Vi VA

S

= %WWR + Ris Ry + R} RS = ViR V°f + (VRit, V f)
— Rijis 7 + ARik, + ANgi, — Vi Vid

= (VRi, V) + ARik = 2Rijues R® + Ris B} + %VNZ-R
— ViRV f + AXgix — Vi Vi,

which completes our claim.
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The next proposition can be found in [1].

PROPOSITION 1. For a gradient almost Ricci soliton (M™, g,V f,\) the

following formulae hold:

(1) R+Af=nA

(2) ViR=2R;;VIf+2(n—1)V;\

(3) VjRik — ViRjr — Rijus VP f = (VMg — (Vid)gjk
(4) V(R+|Vf|> =2(n—1)\) =2)\V/.

It is important to point out that assertion (4) is a generalization of a main
equation derived by Hamilton in [4], that was used by Perelman in [7] to prove
that a compact Ricci soliton is always gradient. We notice that assertion (2)
of Proposition 1 yields for any Z € X(M)

(2.3) g(VR,Z)=2Ric(Vf,Z)+2(n—1)g(VA, 2).
As a consequence of this proposition, we shall prove the following lemma.

LEMMA 1. For a gradient almost Ricci soliton (M™, g,V f,\) the following
formula holds:

AR = (VRi;, V) +2)\R;j — 2Rixjs R¥ 4+ (n — 2)V; Vil + Adgyy,.
Proof. Using once more assertion (2) of Proposition 1, we infer
1
0= Vi (ViR —2R;;V°f —2(n—1)V;)),
which gives
1
§VkViR — VkRisVSf = (?’L — 1)Vkvi)\ + Risvska.
Thus, using Equation (2.2), we have
ARix = (VRig, V) + ARit, — 2R; s R7® + R R;,
+ RisVEVif + (n — 1)V VA + AXgiy — Vi VA
= (VRir, V) + ARy, — 2R;j3s R?° + RisR;,
+ Risg™V;Vif + (n— 1)VEVid+ Adgiy — ViV
= (VRi, Vf) + ARix — 2Rijus R7° + Ris Ry, + AR5
— RisRZ + (n — 1)Vsz/\ + A)\gzk - Vkvi)\
= (VRi, V) + 2\Rip — 2R; s R7*
+ (n=2)ViVid+ Adgi.
From where we deduce
(24)  ARi; =(VR;;, V) +2)R;j — 2Rijs R* + (n — 2)V; VA + Adgix,
which finishes the proof of the lemma. O
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In particular, taking trace of both members of identity (2.4), we have
(2.5) AR = (VR,Vf) +2\R — 2|Ric|> + 2(n — 1)A\.
This equation already appeared in [8], but by a different argument. By

using a maximum principle and this last identity, we obtain the following
corollary.

COROLLARY 4. Let (M™,g,Vf,\) be a gradient almost Ricci soliton for
which the following inequality holds: AR + (n — 1)AX > |Ric|?. Then R is
constant in a neighborhood of any local maximum.

Proof. In fact, using the assumption in Equation (2.5), we deduce
1
§A R>0.

Therefore, by the maximum principle for elliptic PDE’s, we conclude that R
is constant in a neighborhood of any local maximum. O

Taking into account assertion (1) of Proposition 1 and the diffusion operator
Ay =A—-Vf, we can rewrite (3.4) as follows:

R

(2.6) 1A R=n—1DAX+|A—— )R- Ric—E 2
’ 2= n ng

Using Equation (2.6), we obtain the following proposition.

PROPOSITION 2. FEvery steady almost Ricci soliton whose scalar curvature
achieves its minimum is Ricci flat.

Proof. First, we notice that at a minimum point of R, we can use Equation
(2.6) to conclude

R? R |
0<A{R=——— ‘Ricg <0.
n n
Thus R =0 and Ric =0, therefore (M",g) is Ricci flat. O

Proceeding we obtain the following lemma.

LEMMA 2. Let (M™,g,Vf,A) be a gradient almost Ricci soliton. Then the
following formulae hold:
(1) (div Rm) i = Rikjs Ve f + (ViN)gr; — (ViA)gii
(2) Vi(Rijme ) = ((ViN)egr; — (Vid)gy)e
(3) Vi(Rixe ™) =((n—1)ViA\)e 7.

Proof. In order to obtain identity (1) it is enough to use the Ricci identity
and assertion (3) of Proposition 1. Indeed, we have

(div Rm)jp = Vi(Rijr) = Vi Ry
=~V Rysj — ViRikij
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= -V Ry; + Vi Ry;
= Rijs Vi f + (ViN)gr; — (VeA)giy,
which gives the first assertion. Next, using this identity, we obtain
Vi(Rijue ) = Vi(Rijr)e ™ — (Vif)Rijre ™"
= ((ViNgrs — (ViNgg)e .
Finally, taking trace of both members of the first identity, we derive
Vi(Rive ') = (ViRip)e ¥ — (Vif)Rie™
= (RuV'f+(n—1)VpA— VifRik)e’f
=(n—=1)(Vifle ™/,

which completes the proof of the lemma. O
As a consequence of Lemma 2, we obtain the following integral formula.

COROLLARY 5. Let (M™,g,V f,\) be a gradient almost Ricci soliton. Then

we have
1
—/ |div Rm|*e~/ d

R(VA\,Vf)e ! dV, — / Ritjs ViV fRyje ™ dV,

M

—(n—l)/ |V)\|26_deg+/ (VA VR)e T av.
M M

Proof. Using Lemma 2 and item (2) of Proposition 1, we have

/ |div Rm/|?e~/ dV,
M
:/ lejsvsf(—kalj +V1Rkj)eif dVy
M
/ (vl)\gk] Vk)\gzj)(kale +V1Rkj)67f dVg
/ lejsv VR e~ dVgﬁL/ lejSVSfVleje*deg
M
/ vl}‘gkj Vk)‘glj)(*kalj + Vlej)eif dVg
/ Rsz36 d V fRrje” dVg+/ Vk(lejse_f)stlee_f dVy
M
—/ RzkjsVlVSkaje_deg—/ RikjsViV° fRie ™ dV,
M M

+ / (VA,VR)e f aV,
M
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=—2/ RijsViV® fRyje! dvg—2/ Vi(Rikjse ) Ve fRyze~ ! dV,
M

+ [ (VA VR)e ™/ av,
M

2/ R(V\, Ve ! dv, —2/ Rijs ViV fRye  dV,
M
+2/ Ric(Vf, V))e fdvg+/ (VA,VR)e f av,
M M
2/ R(VA\, Ve dV, —2/ Rit;s ViV fRyze  dV,
M
72(7171)/ |VA|2e*deg+2/ (VA VR)e T dV,
M M

which concludes the proof of the corollary. O

Now, recall that for any Riemannian manifold, we have
(2.7) ViViRi, — ViViRij = Ry Rk — Rijiom Rim,

for more details see [2]. Using Equation (2.7) and Corollary 5, we obtain the
following lemma.

LEMMA 3. Let (M™,g,Vf,\) be a compact gradient almost Ricci soliton.
Then

/ |diva\Qe’deg:/ |VRic|?e~f dV
M M
f/ RA)\e*deg—n(n—l)/ IVAZe™ dV,.
M M
Proof. First, using (1.3), we deduce
-2 / ViR ViRjre dV
M
=2 / RV Vi Rue ! dVy —2 / R ViRV fe= T dv,
M M

:2/ Ry ViV iRye dvg—2/ R ViRV fe ! dV,.
M M
Next, using item (2.7) and Lemma 2, we have

-2 / ViRjViRe ! dV,
M
= 2/ Rjk(VjViRik + ijRmk — Rijkaim)e_f dVg
M

+2/ vj(Rjke—f)RikvifH/ R Ry V;Vife I av,
M M
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:-2/ V;(Rjre ! ) ViR, dVg+2/ R Rjm Re ™ dVy
M M
—2/ Rijkaiijke—dengz/ V;(Rjke ) Rix Vi f dVy
M M

+ 2/ R R V;V,fe ! dvy.
M

Taking into account item (2) of Proposition 1 and the twice contracted second
Bianchi identity, we obtain

—2/ VkleVleke_f dVg
M
= 2/ RjiRir(Ri; +V;V;f)e T dV,
M
_/ vj (Rjkeif)kad‘/g - 2/ Rijkaiijkeif dVg
M M
1
+ 2/M Vj (Rjke_f) (EV]CR — (n — 1)Vk>\> dVg
=2 /\|Ric|26—f dv, — 2/ Rijkaiijke_f dVy
M

M

—2(n — 1)2/ IVAZe™ dV,.
M
On the other hand, comparing the previous equation and Corollary 5 we have
/ |div Rm/|?e~7 dV,
M
:/ ‘—Vlej +V1Rkj|2€_f dVy
M
=2 |VRiC‘2€_f dVy — 2/ Vklelejke_f dVy
M M
=2 [ |VRicl’e fav, + 2/ ARic|?e™/ dV,
M M
- 2/ RijkmRimRjre ™ dVy —2(n—1)? [ |VAPe™/ dV.
M M

Using again item (2) of Proposition 1, we have

(2.8) /M | div Rm|?e~7 dV
:/ |VRic|2e—f—/ R(VA\,Vfe fdV,
M M

+/ <VR,V)\>e_deg—n(n—1)/ [VA2e™ dV.
M M
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By using the divergence theorem, we have

/M<VR, Ve dv, = /M<VR, e TVN)dv,

:/ R(Vf,VA)e’degf/ RANe™ dV,.
M M

Now we compare the last equation with (2.8) to finish the proof of the lemma.
O

For any Riemannian manifold (M™,g), let us consider the Weyl tensor as
well as the Cotton tensor, which are given respectively, by

R
Wijki RJM+(n_1xn_2%g£w 8ik8jt)

1
- m(R'lgjk +guRjr — Rirgji — g Rji)

and

(2.9) Cijk = ViRjk — VjRik — Vijok — VjRgik).

1
2(n—1) (
It is easy to check that for n > 4, if the Weyl tensor of (M™,g) vanishes, then
the Cotton tensor also vanishes. Moreover, a classical result gives that Wi
is conformally invariant and (M™,g),n > 4, is locally conformally flat if and
only if Wijkl =0.

3. Proofs of the results
3.1. Proof of Theorem 1.

Proof. First, we notice that for an almost Ricci soliton (M™,g,Vf,A) it
holds

(3.1) R+ Af=n.

Since V f is nontrivial it follows that Ly yg = 2pg, where p # 0. Moreover, from
%ﬁvfg = %g we have that Af # 0. Now, using that V f is a conformal vector
field we deduce Ric = (A — p)g. In particular, Schur’s lemma gives that (A —p)
is constant, which yields R =n(A — p) is also constant. Supposing R =0 we
have that (M™,g) is Ricci flat and by using Theorem 2 due to Tashiro [9] and
fundamental Equation (1.2) we deduce that (M™, g) is isometric to a Euclidean
space R™. On the other hand, if R # 0, we can invoke Theorem 1 due to
Nagano and Yano [5] to conclude that (M",g) is isometric to a Euclidean
sphere S”. Now we invoke a well-known formula (see, e.g., [6, p. 56]), which
gives

R
3.2 Ap+——p=0.
(32) pt—p
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On the other hand, we also have p = %A f. Hence, we can use identity (1) of
Proposition 1 to deduce A = p+ %. Taking into account that Ric = % g, we can
use Lichnerowicz’s theorem jointly with Equation (3.2) to deduce that the first
eigenvalue of the Laplacian of M™ is A\; = n—}fl. Then, p is a first eigenfunction
of the Laplacian of M™. In particular, we also have A(Af + A1 f) =0. Hence,
Af+ A\ f=c, where c is constant. Now a straightforward computation gives

A= —% f + K, which completes the proof of the theorem. O
3.1.1. Proof of Corollary 1.

Proof. First we integrate formula (3.4) to obtain

(3.3) / ‘Ric _E,
M n

Now, we notice that under the assumptions of Corollary 1, R is constant.
Therefore, we conclude from (3.3) that Ric = £g. By using (1.2), we deduce
Vif=(\— %)g, which gives that Vf is a conformal vector field. So, we can
invoke Theorem 1 to complete the proof of the corollary. O

2 n—2
d,uz——/RAfdu.
2n

3.2. Proof of Theorem 2.

Proof. In [1] it was proved that for a gradient almost Ricci soliton the
following equation is satisfied

2 R 1

1 R
(3.4) §AR+‘Ric—Eg =(n=DAX+ SAf+ (VR V),

for more details, see Corollary 3 there.
Next, we notice that Ric = g g. So, the previous identity gives

(3.5) A(%R—A) _ %(RAJH—(VR,Vf}).
From where we have
A(Af)+ RAf+(VR,Vf)=div(VAf+ RVf)=0.
In particular,
div(f(VAf +RVf)) =(Vf,VAf)+ R(Vf, V).

On integrating this last identity, we obtain

. RIVfPdu= [ (Af)*du.
(36) | Rvsan= [ @appa

Since R <0, we use (3.6) to conclude that f is constant, which finishes the
proof of the theorem. O
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3.3. Proof of Theorem 3.

Proof. Since (M™,g,Vf,\) is a locally conformally flat gradient almost
Ricci soliton, it follows from (2.9) that

[VR[®

(3.7) |div Rm|? = 1)

On the other hand, comparing the assumption of the theorem with Lemma 3,
we obtain the following inequality

(3.8) /|diva\Qe—degz/ |VRic|2e™ dV.
M M

Moreover, from Cauchy—Schwarz inequality we have |VRic|? > %, which
allows us to deduce jointly with (3.7) and (3.8) the inequality

1

1
— RQ‘de>—/ R]?e~ T ay,
s [ VR v+ [ VRS ay,,

giving that R is constant. Therefore, we may apply Corollary 1 to conclude
that M™ is isometric to a Euclidean sphere S™, which finishes the proof of the
theorem. (]

3.3.1. Proof of Corollary 2.

Proof. Since Y is a Killing field, we have L£yg= 0. Taking into account
that the flow associated to Y generates isometries, we also have Ly Ric=0.
Therefore, we deduce

Hess Ly f = Ly Hess f = Ly Ag,
which gives
(3.9) ALy f=nLlyA.

Consequently, we conclude

AL
vl

Hess(Ly f) = -

Now we are in conditions to apply Theorem 6.3 (p. 28 of Yano [10]) to conclude
that, either Dy f is trivial, or M™ is conformally equivalent to a Euclidean
sphere S™. Therefore, we conclude that M™ is locally conformally flat. Since
we are supposing that relation (1.4) holds, we may apply Theorem 3 to con-
clude the proof of the corollary. O
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