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COMPOSITION OF ¢-QUASICONFORMAL MAPPINGS AND
FUNCTIONS IN ORLICZ-SOBOLEV SPACES

STANISLAV HENCL AND LUDEK KLEPRLIK

ABSTRACT. Let Q CR", g>n and a >0 or 1 < ¢g<n and
a < 0. We prove that the composition of g-quasiconfomal map-
ping f and function uw € WL%log® Lioc(f(Q2)) satisfies uo f €
W L?1log® Lioc(€2). Moreover, each homeomorphism f which in-
troduces continuous composition operator from W Llog® L to
W L?log®™ L is necessarily a g-quasiconformal mapping. As a new
tool, we prove a Lebesgue density type theorem for Orlicz spaces.

1. Introduction

Let ©1,Q5 C R™ be domains and let f: €y — Q5 be a homeomorphism.
Given a function space X we would like to characterize mappings f for which
the composition operator Ty : T(u) =uo f maps X () into X () contin-
uously. This problem has been studied for many function spaces and one the
most important is the following well-known result: The composition operator
Ty : Tp(u) =wuo f maps WL (Qq) into W5 (1) continuously if f: Q; — Qo
is a quasiconformal mapping ([21], [24], [17, Lemma 5.13]). Moreover, each
homeomorphism f which maps W, (€2) into W,L"(Q;) continuously is nec-
essarily a quasiconfomal mapping. Similarly, it is possible to characterize
homeomorphism for which the composition operator is continuous from I/Vli)cq
to WL and we obtain a class of ¢-quasiconformal mappings [5] (see also [15]).

Here homeomorphism f € VV&)C1 (©2,R™) is called a g-quasiconformal map-
ping if there is a constant K > 1 such that

(1.1) |Df(2)|" < K|Js(x)| for ae. z €.
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For the properties and further applications of n-quasiconformal mappings, see
(1], [13], [17] and [21]. Let us note that we do not assume that Jy >0 a.e.
as usual, that is, on the right-hand side we have |J¢| and not J¢. This does
not seem to be an essential restriction since all homeomorphisms f that are
regular enough satisfy either J; >0 a.e. in Q or Jy <0 a.e. in Q (see [12]
for details). That is up to a simple reflection we have the usually considered
definition.

In general, one could expect that different function spaces have a different
class of morphisms unless the answer is somehow trivial. Surprisingly this
is not the case as many examples indicate. For example n-quasiconformal
mappings serve as the best class of morphisms not only for VVS)C” functions
but also for other function spaces that are “close” to Wlif Let us mention
for example the stability under quasiconformal mappings for the BMO space
[20], fractional Sobolev spaces Mfl/s’q, s € (0,1], [16, Theorem 1.3] (see also
[22] and [10]), absolutely continuous functions of several variables ACY [7] or
exponential Orlicz space exp L(2) in the plane [3]. We would like to explore
this in detail and we would like to know if there is some general principle that
“somehow close” spaces have the same class of morphisms.

We show that the same phenomenon occurs for some Orlicz—Sobolev spaces
(see Preliminaries for the definition and basic properties) that are close to
Wha and that g-quasiconfomal mappings are the best class of morphisms
also for some of those function spaces. In particular (see Sections 3 and 4 for
the general statement), we prove the following theorem.

THEOREM 1.1. Let g>n and a>0 or 1 <q<n and a <0 and suppose
that f: Q1 — Qo is a g-quasiconformal mapping. Then the operator Ty maps
W L%log® Lioc($22) N C(Qs) into WLlog™ Lioc($21) for ¢ >n and Ty maps
W L%og® Lioe(Q2) into W LIlog® Lioc(Q1) for g <n.

Moreover, the g-quasiconformal mappings are the best class of homeomor-
phisms for these Orlicz—Sobolev spaces if ¢ >n and a > 0 or in the second
case g <n and a <0.

THEOREM 1.2. Let f: Q1 — Qo be a homeomorphism, ¢ > 1 and let o € R.

For g <n —1 we moreover assume that f is differentiable a.e. Suppose that
Ty maps W Llog™ L(Q) into W LIlog™ L(4) continuously, that is

|Duo fllLatoge L) < CllDul|Latoge £(0,)
for every uw € WLIlog® L(Q2)NC(Q2). Then f is a g-quasiconfomal mapping.

It follows that also in the remaining cases ¢ <n and a >0 or ¢ > n and
a < 0 we get that the morphisms of W IL%log™ L spaces are subclass of ¢-
quasiconformal mappings.
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On the other hand for each ¢ <n and « > 0 or for each ¢ >n and a <0,
we give an explicit construction of g-quasiconformal mapping f and a func-
tion uw € WIL%log® L N C such that wo f ¢ WLYlog™ Lio.. Thus, an analogy
of Theorem 1.1 does not hold for these values of parameters and the exact
description of the class of morphisms must be different.

Let us note that the assumption that f is differentiable a.e. (for ¢ >n —1)
or that Ty is continuous in Theorem 1.2 is not necessary as was shown re-
cently in [14]. The general version of the statement is shown there: Let
X be a rearrangement invariant function space somehow close to L?. Then
each homeomorphism f such that T maps WX into W'X (not necessarily
continuously) is g-quasiconformal. It was also shown in [8] that each homeo-
morphism f such that Ty maps the Sobolev-Lorentz space W L™4 into W L™
must be bilipschitz. This shows that the characterization of the composition
operator for the spaces W L™ and W L"log® L is entirely different although
both spaces are close to W1m,

For the proof of the Theorem 1.2, we use the usual approach inspired by [5].
We construct a suitable test functions in the small neighborhood of the point
x and after passing to the limit we use a Lebesgue density type theorem to
conclude that the derivative satisfies (1.1). In the proof of the Theorem 1.2,
we use only the simpler conclusion (1.2) but we believe that this Lebesgue
density theorem for Orlicz functions is of independent interest and may find
application elsewhere.

THEOREM 1.3. Suppose that ® is a Young function and let f € L®(Q) be
nonnegative. Then

r—0+ HXB(I,T)HL‘I’

If we moreover assume that our ® satisfies

> f(z) for almost every x € .

(1.3) ®(ab) < CO(a)®(b) for every a,b>0,
then
(1.4) lim M = f(z) for almost every x € ).

r=0+ [[XB(erllLe

Surprisingly, we cannot have (1.4) for general Young functions, because
the term ||xp(s,r|l does not necessarily scale well for small r. For a <0,
we construct a function f € L?log® L such that the limit in (1.4) is infinite
everywhere. The additional condition (1.3) is the so called A’-condition and
it is known to be important for other properties in the theory of Orlicz spaces
(see [19)).

This paper is organized as follows. In Section 2, we recall some basic prop-
erties of quasiconformal mappings and Orlicz spaces. In Section 3, we prove
Theorem 1.3 and we also give a simple counterexample to such a statement
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for L9log® L spaces for a < 0. We prove a general version of Theorem 1.1 in
Section 4 and general version of Theorem 1.2 in Section 5. Finally in Sec-
tion 6, we construct examples showing that g-quasiconformal mappings do
not map W Llog® L to W L%log® L for all values of ¢ and a.

2. Preliminaries

We use the usual convention that C' denotes a generic positive constant
whose exact value may change from line to line. For two functions g,h : Q+—
[0,00), we write g < h on I, if there is C' > 0 such that g(z) < Ch(x) for every
x€Q. If g<h and h <g, we write g ~ h.

For a function h: Q2 — R, we denote by supph its support. By A CC Q
we denote the fact that the closure of A lies inside €, that is, A C Q. The
Lebesgue measure of a set A is denoted by £™(A) or for short |A|.

2.1. Orlicz spaces. A function ® : R™ — R™ is a Young function if ®(0) =0,
® is increasing and convex.

Denote by L®(A) the corresponding Orlicz space with Young function ®
on a set A with measure £". This space is equipped with the Luxemburg
norm

(2.1) 1 fllea)y = inf{A >0: /A<I>(|f(x)|/>\) dz < 1}.

For ¢ > 1 and « € R, we denote by L?log® L(A) the Orlicz space with a Young

function such that
®(1)
im =
t—oo t910g™ ¢

For an introduction to Orlicz spaces see, for example, [19].
We define the Orlicz—Sobolev space WL®(A) as the set

WL*(A):={u:u,|Dul€ L*(A)}
equipped with the norm
”u”WL‘I)(A) = HU||L<1>(A) + ||Du||L<1>(A),

where Du is the weak derivative of u.
Let ® be a Young function and let us define

(22) o) = gy = <¢>—}<%>>1'

t

The standard computation gives us
1

(2.3) Ixellze = =H'(|B])

for any measurable set E C €.
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We say that a function ® satisfies the As-condition, if there is C'A > 1 such
that

®(2t) <Ca®(t) whenever t> 0.

Analogously, we say that a function ¢ satisfies the Va-condition if there is
Cv > 2 such that

O(2t) > Cy®(t) whenever ¢ > 0.
It is not difficult to show that if ® satisfies Ay condition, then

(2.4) hell o) "0 = / (Ihw) da "= 0.

2.2. On ¢-quasiconformal mapping. We will need the following version
of the derivative of composed function (see [15, Theorem 1.3] for special choice
P=q).

THEOREM 2.1. Let g > 1 and let f : Q1 — Qs be a homeomorphism of finite
g-distortion. Then the operator Ty is continuous from V[/liC (Q2) NC(Q2) to
WL9(Qy) for ¢ >n and continuous from WL (Qy) to Wb4() for ¢ <n.

loc loc
Moreover for every u € VV1 7(Q2), we have

(2.5) D(uo f)(z)=Du(f(x))Df(x) for ae. x€
if we use the convention that Du(f(z))-0=0 even if Du does not exist or it
is infinity at f(x).

It is easy to see from the definition of g-quasiconformal mappings that
(2.6) |Df ()| < K|Js(2)| < K|Df(x)]"

and therefore each such a map lies in W for ¢ > n. By [15], we know that
g-quasiconformal mapping f for ¢ < n satisfies Luzin (N~!) condition, that
is, f~! maps sets of zero measure onto sets of zero measure. Therefore for
g < n it cannot happen that J =0 on a set of positive measure and we can
use (2.6) to obtain ﬁ € L. It is also well known that each quasiconformal

mappings has better integrability (see, e.g., [17]).

THEOREM 2.2. Let §) be an open set. Suppose that f is n-quasiconformal
mappmg on Q. Then there exist p>n and r >0 such that |[Df|P € LIOC(Q)
and \Dflr € LL.().

2.3. Volume derivative. Let us denote the volume derivative by

(0 1 B

7‘—>0 |B(x r)|

We shall need the following connection between f; and the Jacobian of f [23
Theorem 24.2 and Theorem 24.4].
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THEOREM 2.3. Let f: Q — R"™ be a homeomorphism. Then f! is a mea-
surable function and f], < oo almost everywhere. Moreover, f,(x)=|J¢(z)|
for every point x where f is differentiable.

2.4. Area formula. We will use the well-known area formula for homeo-
morphisms in Wlicl(Q) It is known that each f € Wlicl () is approximatively
differentiable almost everywhere [2, Theorem 3.1.4] and that the set of ap-
proximative differentiability can be exhausted up to a set of measure zero by
sets the restriction to which of f is Lipschitz [2, Theorem 3.1.8]. Hence, we
can decompose §2 into pairwise disjoint sets

(2.7) Q=2zuJ ™%
k=1

such that |Z| =0 and f|q, is Lipschitz. Let f € Wll’l(Q;R") be a homeomor-

phism and let B C €) be a Borel set. Let 1 be a nonnegative Borel measurable

function on R™. Without any additional assumption, we have

(2.8) /B n(f(@))]Jy (@) de < / n(y) dy.

f(B)
This follows from the area formula for Lipschitz mappings and (2.7).

3. Lebesgue density theorem for Orlicz spaces
Let us note that a Young function such that
O(t) ~t"log“(e+t) for some a>0
clearly satisfies (1.3) since
log(e + ab) <log((e +a)(e + b)) < 2log(e + a)log(e +b) for every a,b> 0.
LEMMA 3.1. Suppose that a Young function ® satisfies (1.3). Then

H(|[Pll Lo @) <C o(|h(@)]) dz

supp h
for every function h € L® ().

Proof. Let us denote A = ||h| 2 (q). By the definition of the Luxemburg
norm and (1.3), we obtain

_ [h(z)] 1
(3.1) 1_/Q<1>(T> de <C Supph®(|h(x)|)q>(x> da.
Using (2.2) and (3.1), we get
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Proof of Theorem 1.3. Let us first prove (1.2) for arbitrary ®. By the
Jensen’s inequality and the definition of the Luxemburg norm, we obtain

1 1
(i3 L) " mtir)
|B(z,7)| JB@r 1 FXB@m e B(z,7)| Jp@r \fxB@rlLe
1
S —
= |B(z,7)|

By (2.3), we now have

1 / -1 1 ||fXB(w 7‘)||L<1’
L < ixsenle® ( ) _ ollze.
1B(,7)[ J5a.r) () B(z,7)[) ~ IxB@nlLe

Since almost every point is a Lebesgue point of density for L' we obtain (1.2).
Now assume that our & satisfies (1.3) and let us prove (1.4). Let us fix
a > 0. We want to show that the measure of the set
> 2a}

— f(x)
is zero. It is easy to see that (1.4) is valid for every continuous function. The
A’-condition implies that our ® satisfies the As-condition (see [19, Chap-
ter 2.2]) and therefore continuous functions are dense in L. Hence, we can
find g continuous such that

f(@)=g(z)+h(z) and [[h]Le@) <e.

IfXB e

So = € Q: lims
{x 1msup ”XB(:E,T)”L‘I’

r—0+

Clearly,
z,r z,r h z,r
||fXB( , )||L<I> —f@) < HQXB( , )||L‘1> —g(z) + H XB(z, )||L<I> ~ h(z)
HXB(m,r)”Lq’ ||XB(1,T)||L‘I’ HXB(:E,T)”L‘I’
and
”fXB(x,r)HL‘I’ . N ”gXB(ac,r)”L‘I’ . . ”hXB(x,?")”L‘I) —h((L‘)
HXB(JU,T)”L‘I’ B ||XB(a:,7‘)HL‘I> ||XB(I,T)||L‘1>

Since (1.4) is valid for g it is easy to see that
So C Ny UM,
where
No={z€Q:|h(z)|>a} and
M, = {x e limsupw > a}.
r—04 ||XB(x,r)HL‘1’
It is easy to estimate the measure of N, by

(3.2) |No| = ﬁ /N(a) O(a)dx < ﬁ /Q ®(h(z)) dx.
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It remains to estimate |M,|. Using a Besicovitch covering theorem, we
obtain balls B;(r;) such that

lhx B, )l Lo

M, C| |Bi(rs XB,(r) < C and
U 2 Z Bl IXB, (r)

L®

From (2.3) and the last inequality, we obtain

_1(’32’(”)’) = allxB,(r)llLe < IPXB; ()

Using (2.2) twice and (1.3), we thus get

L®-

1

H(llx, o lle) > H(aH ™ (|Bi(ri)])) = ®(zF5mn)

C C
Z = Bi(h‘) .
rpsrype— m—— el

Using Lemma 3.1, we now obtain that

|M,, |<Z|B ;) <c<1>< )ZH X B, ()

<cc1>( )Z/ . dx<C<I>(a>/Q<I>(]h(x)Ddx

Using this estimate and (3.2), we may use ||h||p» <& and (2.4) to obtain

o)

|Sa] < [Na| + [Ma| =27 0.

3.1. Counterexample.

EXAMPLE 3.2. Let ¢ > 1 and a < 0. Then there is f € L?log® L(0,1) such
that
lim ||fXB(:E,T) ||L‘1 log™® L
r—=0+ ||XB(I)2,'!‘) HL‘I log® L

=oo for every x € (0,1).

Proof. Let us consider the Young function such that
O(t) ~tllog®(t) for t> 2.
Let us fix 0 < e < —a and set

_ 9—q2F9—k(a+1
Tk—2 4 2 ( )W

and define the function f: [0,1] = R by

J J

f(x):22k for x € {2’6’2]@ +T‘k:| kENadeE{O,l,...,Z’C*l}.
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If the two intervals intersect for different k; and ko then we define f as the
bigger number. It is easy to see that f € L®([0,1]) since

/01 o(f) < i%k@(f‘“)

k=1

.- ko—q2* o—k(a+1) L 2" 2’“7OO 1
<CY 2RO 9P 10g” (27) = ) < oo
k=1 k=1
Now let us fix z € (0,1) and pick a radius r = 27%0. It is not difficult to see

that ®71(t) ~ ta log™ @ t for large t and hence we can use (2.3) to get

1 a 1 0 @
(83) Xl = <C(2r)ilogh o- <02 iy

1
Z 1
(B
Let us denote A = || fXB(z,r) ||+ and we may assume that r is so small that
A\ < 1. For k > ko we have at most C2¥~*0 points of the type F in the interval

(x —r,z+r). Using definition of Luxemburg norm and a < 0, we thus get

1 :/ @(i) <C i 2k—k0rk¢(£)
B(z,r) AT A

k=ko
oo k
11 22
§ —koo—ka (e}
Sck - 27702 k1+5ﬁlog (T)
=Ko
- 1 By C27R0 N1
§ : —koo—ka a (627 §
SC 27702 k1+5E10g (2 ) = N\ W
k=ko k=ko

This inequality implies an estimate of A which gives us
22" i
(3.4) 1og<7) <Clog(2®") for each k > ko.

Moreover for each k > ko we have at least C'2¥~*0 points of the type QJ—k in

the interval (z — r,z 4 r). Further, the value 22" is attained on each interval
[5%, 3¢ + 7] on a set of measure at least

o0
TR — 2=k >
k Z i
j=k+1
Using all these estimates and the definition of Luxemburg norm, we get

f = k—ko Tk 22"
1= bl =) > 2 0= —
/B(m,r) <>\ =¢ Z 2 A

k=kq

> 11 22"
—koo—ka a
ZCkEk 2% T log <—/\ )
—Fo
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> 1 1 ke C27ko 1
—koo—ka a (62 _
>C >y 27h e e 08 (27) = 7 Zk1+e'
k=ko k=kg

It follows that

k — &
1fXBam e =A>C2" dk, *.

Now we can use this estimate, (3.3) and € < —« to obtain

k — &
xr,r . 27?]6 K . _E+a
i WXBEnle oo ko gy gy

=0t lIxpEnllee T komee 9= pe koo 0

4. Stability of WL® under ¢-quasiconformal mappings

THEOREM 4.1. Let Q1,05 CR™ be domains, g >n and let f € VVlicl(Ql, 0s)
be a q-quasiconformal homeomorphism. Suppose that ® is a Young function
such that ®(t) = tla(t) where

(i)  « is non-decreasing,

(4.1) (i)  lim 0 =0 for every § >0,

too 190

(iii) a(tﬂ) <C(B)a(t) for every >1 and t > 1.
Then the operator Ty is continuous from W LY (Q2) into WLE (@), i.e. for

loc

every open set A CC Qy we have
(4.2) [DTful|Leca) < Cl|Dull Lo (ray)
for every u € WL®(Q3) N C(Qs) or for every u € WL®(Qs) for ¢=n.
Proof. Let u€ WL (Q2) NC(Q2) and A CC Q. By (4.1)(i) we know

loc
u € W,59(Qy) and therefore we may use Theorem 2.1 to conclude that uo f €

Wiod (@) and
D(uo f)=((Du)o f)-Df.

To obtain (4.2), it is enough to show that the modular of D(uo f) is
bounded for each u such that ||[Du||re <1. We have

(4.3) /A\Duoﬂqoz(\DuofD
S/A|Du(f(1:))|q}Df(x)’qoz(fDu(f(x))HDf(x)Dda:.

From Section 2.2, we know that there is p > ¢ such that f € WP(A,R"). Let
us fix ¢ < s < p and we will divide integral into two integrals over sets

q

U={zecA: |Du(f(x))|>|Df(x)| " } and

V={zecA: |Du(f(z))| <|Df@)| " }.
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We use the definition of g-quasiconformal mappings, (4.1) and the area for-
mula (2.8) to bound the left-hand side of (4.3) by

LIputr@) s a(|Du(s@)] s @) de
+ [ Ipu(s@) 1D s @) a(| Dul f(@)][DF(2)]) d
\%4
< [ 1Dl ["K|Js(@)]a(|Du(s@)] ) do
U

D Df(z)|7)d
+ [ Ip1@)[a(Ds@)?) ds
<CK (1+|Du(y)’qa(’Du(y)’))dy+C/(’Df(x)‘p—&-l) dx.
f(4) A
and the result follows. O

The most important Step 1n the proof of Theorem 1.1 and its generalization
is to show that wo f € lo’c' This follows quite easily from known facts in
most of the cases with the exception of the important case ¢ =n and a < 0. In
this case analogously to [9] we need to construct some approximation sequence

with the help of the following lemma.

LEMMA 4.2. Let B CR™ be an open ball and suppose that u € WH(3B).
Then for all Lebesgue points x,y € B of function u we have

|u(z) — u(y)| < C(n)|z — y|(M|Dul(z) + M|Du|(y)),
where Mh(x) denotes the Hardy—Littlewood maximal operator of h: 3B — R

1
Mh(x)=  sup —/ h(x)|dz.
(@) B(zo,r)c3B L™ (B(xo,7)) B(zo,r)’ ( )’

LEMMA 4.3. Let L®(A) be an Orlicz space where ® satisfies Ay and Vs
condition and let h € L*(Q). Then we have

Jim @(2) )L™ ({x: Mh(z) > \}) =0.

Proof. From [4], we know that the maximal operator M is continuous from
L® to L® and hence we get

SN L ({Mh>\}) = /{Mh»} d(\) < /{th ®(Mh) — 0. .

LEMMA 4.4. Let ® be an Young function satisfying Ao and Vo condition
and let u € WL®(B(z0,3r)). There is a sequence of functions us, with Lips-
chitz constant Ck and sequence of measurable sets Fy, such that Fj, C {u=uy},
Fy CFea

lim £"(B(zo,7) \ Fr) =0 and uy 20 in WL® (B(wo,7)).
k—o0
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Proof. Let B = B(zg,r) and for k > 0 we set
Fp={z€B: M(|Dul|) <k and |u| <k}

N{z : x is Lebesgue point of function u}.

k—o0

It is easy to see that L"(B\ Fy) — 0.

From Lemma 4.2 we obtain, that the mapping w is Lipschitz continuous
on Fy. By the classical McShane extension theorem, there exists a function
ug : R™ — R with Lipschitz constant C'k such that uy =u on Fy, and |u| <k.

Since uy, is Lipschitz function, there exists a derivative almost everywhere
and we can estimate |Vug| < Ck. Additionally for this extension we have
Vu, = Du almost everywhere on Fj. Indeed, if z is a density point of F,
where the derivative of uj exists and the approximative differential of w is
equal to the weak derivative, then it is not difficult to show that Vug(z) =
Du(z).

First we prove, that the functions Vuy converge to Du in L®(B):

/B<I>(|Vuk—Du|) :/B\kab(Wuk—DuD

<C D (|Vuy) +C/ ®(|Dul)
B\Fk B\Fk

< CLY(B\ F)®(k)+C ®(|Dul) "= 0,
B\ F},

where we have used Lemma 4.3 which together with Chebychev’s inequality
k—o00

easily implies ® (k)L™ (B\ Fy) "= 0.
Now we want to show that uy, converges to u in L*(B).

/¢(|uk—u|):/ S(lue—u)<C [ d(ul)+c [ ()
B B\ F}, B\ Fy B\ Fy

<C (k) +C o (Juf) "0,
B\Fy B\F},

where we have again used the estimate ® (k)L™ (B \ Fy) F2200. O

THEOREM 4.5. Let Q1,09 CR™ be domains, 1 <q<n andlet f € Wﬁ)’l(Ql,

C
Q) be a g-quasiconformal homeomorphism. Suppose that ® is a Young func-

tion such that ®(t) =tla(t) where

(i)  « is non-increasing,
(4.4) (ii) tlim a(t)t® = oo for every § >0,
— 00

(iii) a(tﬁ) <C(B)a(t) for every <1 and t > 1.
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Then the operator Ty is continuous from WLE (Q2) into WLE (1), i.e. for
every open set A CC Q1 we have

(4.5) IDTyull Lo (ay < CllDul| e ay)
for every u € WL%(Qs).

Proof. Let A CC €5 be an arbitrary. Suppose that we already know that
uo f € T/Vltcl and that

(4.6) D(uo f)= ((Du)o f)Df
holds. Then we can estimate the modular by

(4.7) /\Duof|qoz(\Duof|)
< [ [Dur@)['|Ds@)|"a(|Duls @) [Dfw)]) do

From Section 2.2, we know that there is » > 0 such that |Df‘, € LloC Let us
fix 0 < s < r and define

1
U= {xGA. |Du(f(z))] EW} and

1
V=qzcA:|Du(f(z))| < ——— /-
{eeaspu(s) Df(”q}

We use the definition of ¢-quasiconformal mappings, (4.4)(iii), (ii) and the
area formula (2.8) to bound the left-hand side of (4.7) by

@8) [ |Du(r@) |05 "a(|Du(s(a) |Df @) dr
+ [ 1Du@)|[D5(@) (| Du(s @) ||DF ()] de
,
< [ 1Du(r@) 'K | Jy(a)|a(|Du @)~ 7) do
U

g 1
<CK f(A)(1+|Du(y)‘ Oé(‘DU(y)D)dy"'C/AQDﬂT +1)

and the result follows once we verify uo f € W, and (4.6).

If 1 < g <mn, we obtain from Section 2.2 that |Df| > C and thus we can
use the definition of g-quasiconformal mapping to obtain that f is also 1-
quasiconformal. We know that u € I/Vli)cl (Q2) and hence Theorem 2.1 implies
wo fe Wl () and (4.6).
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It remains to treat the case ¢ =n. It is not difficult to see that our &
satisfies Ay and V5 condition. To obtain (4.6), we will approximate u using
the previous lemma. Let o € 21 and fix a ball B and r > 0 such that 3B CC
Qo and f(B(xo,r)) C B. We have to show that uo f € Wh(B(xg,r)). By
applying Lemma 4.4 we find a sequence uy, of functions with Lipschitz constant
CEk and a sequence of measurable sets Fj, C B such that

ur=u on Fi, Fy C Fpy1 and klim L"(Fy)=L"(B).
— 00
Set g; =u; o f for each j € N. Since u; are Lipschitz functions, we obtain
from Theorem 2.1, that g; € W (B(xo,r)).

We will show that Vg; is a Cauchy sequence in L®(B(zo,7),R™). Let v be
a Lipschitz function. Then (4.6) holds and thanks to (4.7) and (4.8) we get

HD(U °© f)HL<I> @) = < C[|Dv|[L2(0,)-

If we apply this estimate to the function v = u; — uy, we easily get, that the
sequence D(u; o f) = Dg; is Cauchy in L*(B(z¢,r),R™). Hence there exists
a mapping h € L?(B(zo,7),R") such that

(4.9) Dg; "2 h in L*(B(o,r),R").

By [15], we know that our mapping f satisfies Luzin (N~!) condition, that
is, f~! maps sets of zero measure onto sets of zero measure. Since L"(B\ F})
converge to 0, we obtain, that sets A; := B(zo,7) N f~(F;) satisfy

Jlgr;o LM(A;)=L" <B(wo,7') nft (fj Fj>>

j=1

Sy (B(:z:o,r) \f! <B\ U FJ)>

= L"(B(wzo,7)).

Hence, we can find jo such that £"(A;,) > $£"(B(zo,r)). From the definition
of g; we have g;(z) =uo f(x) for all x € AJO, and hence g;(z) — gi(x) =0 on
Aj, forall i,5 > jo. Denote g = g; —g;. It follows from the Poincaré inequality,
ga,, =0 and L"(Aj,) > 5L"(B(zo,r)) that

[ -l

B(zo,r)

—[ = o) =, |do
B(zo,r) B(zo,r)

S/B( )|g(x)—gB(zo,r)’dx—I—L:”(B(xo,r))\gAjo ~ 9B(zo.m)]
Zo,
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<cor [ wal+ Sy [, 190 - smtennas

AjO

SC’(n,T)/ |Vg\:C(n,r)/ Vg; — Vgl
B(zo,r) B(zo,r)

Since {Vg;} is a Cauchy sequence in L'(B(z¢,r),R™) we obtain that {g;}
is a Cauchy sequence in L'(B(z,7)). And due to convergence of g; to uo
f in points of U;; Aj, that is, almost everywhere, we have g; - uo f in
LY(B(z0,7)). The definition of the weak derivative gives us

[ Ve = [  g@vee
B(xzo,r) B(zo,r)

for each function ¢ € C°°(B(xg,r)) with compact support. Since Vg; — h in
LY(B(zg,r),R") and g; —uo f in L'(B(xo,r)), by passing j to infinity we
get

(4.10) /B o) =~ /B L ue )V,

This means, that h is the weak gradient of wo f on B(xo,r) and hence uo f €
Wige -

It remains to show that the familiar formula (4.6) holds a.e. in ;. Our
f satisfies Luzin (V1) condition and hence Vuy(f(x)) is well defined a.e.
in B(zg,r). Passing to a subsequence (still denoted as ux), we may assume
that Vug(x) = Du(x) on B\ N, where N is a Borel measurable set of zero

measure. It easily follows that

(4.11) Vur(f(2))Df(x) "Z5° Du(f(x))Df(x)

on B(zo,r)\ f1(N), that is, almost everywhere. From (4.9) and (4.10), we
know that D(uy o f) = Vug o f- Df converges to D(uo f). The condition
(4.6) a.e. now follows easily. O

REMARK 4.6. For ¢ > n it is not necessary to assume (iii) in (4.1). In this
case, we know that |Df| < C and hence we may estimate (4.3) by

(4.12) /|Du N Df(@)| e (C|Du(f(x))]) da

and we can finish similarly to the estimate on U.
Analogously for 1 < ¢ <n it is not necessary to assume (iii) in (4.4). We
know that | D f| > C and « is nonincreasing so we can again estimate by (4.12).

Proof of Theorem 1.1. The result follows from Theorem 4.1 and Theo-
rem 4.5. (]
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5. Necessity of g-quasiconformal mappings

In this section, we will use ideas of Gold’stein, Gurov and Romanov [5].
They proved that a homeomorphism F':  — R™ which induces a bounded
operator from W14(Q;) to W4(Q;) is a g-quasiconformal mapping (see [5]
for details and [6] for history of similar problems).

LEMMA 5.1. Suppose that a homeomorphism f: Qq — Qg induces the op-
erator Ty : WL®(Qa) = WL®(Qy), then f is in WLE (Q1). If we moreover
assume that LY () is embedded into LY, (Q4) for some p>n—1, then f is

differentiable a.e.
Proof. Fix R> 0. Mapping f is a homeomorphism and therefore the set
Ap:={xeQ : f(z) € B(O,R)} = f'(B(0,R))

is open. Fix 1 <14 <n. Plainly there is a Lipschitz function u : 3 — R such
that

x; forz ey, |z|<R
u(z) =

0 forxefy,|z|>R+1.
Hence, u € W5 (Q) € WLE (€2) implies Tj(u) =uo f € WLE (Qy). If
|f(x)] < R, then uo f = fi(z) and thus f;(x) € WL®(AR).

It is well known that each homeomorphism in the Sobolev space VVlch is

differentiable a.e. if p>n —1 (see, e.g., [18]). From the embedding of L
into LY . we thus obtain that f is differentiable a.e. O

loc?

In the proof of Theorem 5.3, we will need the following elementary lemma
[5, Lemma 3.5].

LEMMA 5.2. Let f : Q — R™ be a continuous mapping and G C R*. Suppose
that {Ky}yea is a family of pairwise disjoint compact sets such that K, C
f(Q). Then L™(f~1(K,)) =0 for all y € G except possibly a countable subset
of G.

THEOREM 5.3. Let ¢ > 1 and suppose that ® is a Young function such that

q)—l
(5.1) lzggf WS*)S) <CK~i for every K > 0.

Suppose that a homeomorphism f: Q1 — Qo induces the bounded operator
Tf : WLq)(Qg) — WLq)(Ql), then

(5.2) |Dfj(x0)|" < Cfi(xo) for almost all zg € Q.

If we moreover assume that f is differentiable a.e., then f is q-quasiconformal.
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Proof. By Theorem 2.3, we know that f/(x) < co a.e. Fix € > 0 and a point
xo € O such that f!(xg) < co. There is rg such that for all r € (0,7¢) we have

(5.3) ’f( 350,27’)|<( »(Z0) +5)|B x0,27’|f( x0)+5)2"\3(9:0, 7).

Set M = (f/(xo) +€)2™. Let us call a cube Qh-regular if all its edges are
parallel to the coordinate axes, the length of the edge is h and every vertex
has the form [kih, koh, ... k,h] where k1, ks,..., k, are integers. Fix r <rg
and choose i > 0 such that

1 ..
h < m dlst(f(S(xo, 27‘)) , f(S(J:O, 7‘)))
Let A be the union of all h-regular cubes @ such that @ N f(B(zg,7)) 0. Tt
is evident that

f(B(zo,r)) C AC f(B(wo,2r)).
Fix j€{1,...,n} and let us focus on the jth coordinate. Denote the hyper-
planes x; =th by L,. The hyperplanes L,, (m is an integer) divide R™ into
the layers
Zm={zeR": mh<z; <(m+1)h}.
Put A4,,=7,,NA.
For every A,, , we construct three functions:
wm,l =Tj _mh7 1pm,Q:(”n""_l)h_xj?
h .
¢m,3 = 5 — dlSt(Pj(l')7Pj (Am))

Here P; : R" — ]R;-“l is the orthogonal projection of R™ onto R?il. Consider
the functions

U = max{0,min{Vn, 1, Ym 2 Ums}t} and = .

Put E ={z € G: ¢(z) is not differentiable at the point z}. It follows from
the definition of v that

) bupp( ) C f(B(o,2r));
is Lipschitz with constant 1;

) ¥

) e WL (£(Q));

) 9 is differentiable almost everywhere;

) ¥(x)==£x; + const in all components of the set f(B(zo,7)) \ E.

The set EN f(B(xg,r)) belongs to a union of hyperplanes L;,, Ly,, ..., Ly,
where 2¢; is an integer. By Lemma 5.2 for almost all small translations 7,
parallel to the axis x;, we have

( <1UOOL5> 5”@»?"))) | =0.

(1
(2
(3
(4) ¥
(5
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Thus we can assume without loss of generality that

(5.4) |/ (EN f(B(xo,r)))| =0.

Otherwise it is possible to change the jth coordinate of the point [0,0,...,0]
at the beginning of the construction of .

By the assumption of the theorem T (1)) =1 o f € WL®?(Q4). It follows
from (5) and (5.4) that

(60 f)(w) = £;(x) + const
for almost all z € B(xo,r). This fact and the continuity of T give us
IDf5ll Lo (B(zo,ry) = || P(W 0 f)Hp(B(wO’T)) < C| DYl Lo (f(B(xo,2r)))
< Cllllze(f(B(xo,2r)))

because 1 is Lipschitz with constant 1 and supported in f(B(z,2r)). Hence,
we can use (2.3), (5.3) and (5.1) to obtain

Df; b To,T 1 4 x0,27
lirminf IDfill Lo (B(zo,r)) < Climint Il L2 (£ (B(zo,2r)))
r=0+ |1 e (B(zo,r) r=0+ 1| ze(B(zo,r))

- 1
(B

< C'liminf
7‘—)0+

1
(If(B(ﬂEo,?T))I)

(I)—l 1
< cnm&M <CMi,
=0 @~ (3B )

Theorem 1.3 now gives us

Q=

|Dfj(w0)| < CMi = C(fi(zo) +¢)

for almost all z¢ € Q and by letting € — 0 we obtain (5.2). If we know that
f is differentiable a.e., we may use Theorem 2.3 to conclude that f is g¢-
quasiconformal. O

Proof of Theorem 1.2. We know that ®(t) ~t?log”(e + t) for large ¢t and
thus

O 1(s) ~ sa log™ @ (e +s)
for large values of s. Therefore, we obtain
d1(s) _1 log(e +5) \ @ 1
lim ————~ <CK < li —_— =CK™ 4
oo O-1(Ks) — si%o(log(eJrKs)

and the statement now follows easily from Theorem 5.3. The requirement
that f is differentiable a.e. for ¢ > n — 1 is verified by Theorem 5.1 and for
q <n —1 we have assumed it. O
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6. Construction of examples

In the theory of n-quasiconformal mappings or their generalization one
often uses a radial stretching f(x) = =l p(|z]) as a counterexample. This f

maps spheres of radius r to spheres of radius p(r) (or cubes to cubes if |- |
denotes maximum norm). However, these maps are too symmetric and thus
not critical for g-quasiconformal maps. Instead we need to use mappings that
map rectangles to rectangles and are inspired by some construction from [11,
Section 5).

6.1. Canonical transformation. If c € R"™, a,b > 0, we use the notation
Q(c,a,b):=[c;1 —a,cr+a] X -+ X [epe1 — a, 1 +a] X [cn — b, + 1)
for the interval with center at ¢ and halfedges a in the first n — 1 coordinates
and b in the last coordinate. If @ = Q(c,a,b), the affine mapping
Po(y) = (c1+ay1,- - cn1 4 aYn—1,¢n + byn)

is called the canonical parametrization of the interval Q). Let P, P’ be concen-
tric intervals, P = Q(c,a,b), P' =Q(c,a’,V’), where 0 <a <a’ and 0 <b<¥'.
We set

¢ppty) =1 =0)p,(y) 1o, (y), te(0,1]yed[-1,1]"

This mapping is called the canonical parametrization of the rectangular an-
nulus P'\ P°, where P° is the interior of P.
Now, we consider two rectangular annuli, P’ \ P°, and P\ P°, where P =
Q(Ca a, b)v P = Q(Ca alv b,)7 P= Q(Ea a, b) and P’ = Q(N a’ b/) The mapping
h = ‘Plsvp/ o (QOPVP/)_I

is called the canonical transformation of P'\ P° onto P’ \ P°.
We will need the estimate of the derivate of h on P’\ P°. Let us assume
that

(61) a’ S Co(l, d/ S Cod, b/ S Cob and l;/ S COE
It can be computed (see [11, Section 5] for details) that

a b —b a\""'v b
(62) |Dh ’ Nmax{;,m} and Jh(.’l?)w (;) Y5

for a.e. x in parts A of Figure 1 and similarly we get that

a a—al
| Dh(x ’Nmax{(n—2)a— - b’} and
a\""*d —ab
- (2)

a

(6.3)

a —alb
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B P’
]5/
h -
Al P|A| — P
B

FIGURE 1. The canonical transformation of P’\ P° onto P’ \
P° for n=2.

for a.e. x in parts B of Figure 1. All the constants involved depend only on
the dimension n and the constant Cy from (6.1). Moreover, we can easily
estimate the volume of these sets as

(6.4) LM(A) ~ (a’)n_l (b =b) and L"(B)~ (a’)n_2 (o —a)b'.
ExXAMPLE 6.1. Let ¢ <n and a > 0. Then there is a g-quasiconformal

homeomorphism f € Wh4((—1,1)",(—1,1)") such that f ¢ WL%log® Lipe. It

follows that the composition with the identity mapping u(xz) = x satisfies

wo f ¢ WLog" L.

Proof. If ¢g=1, then we set

9(|z1]) sgnay
fx,:r,...7$n :(7753;--«»%71 )
(#1182, +n) o) "

where
5 1
s) = ——dt.
9(s) /0 1o g1+5 %
It is easy to see that f is 1-quasiconformal and |Df| & L'1log® Lioc.
Suppose now that 1 < g <n. Set

-1
ﬁzla 7:L7 d=
n—1
1+a—qé 6(g—1)—1
(=lrozed o, demDol o

n—1 n—1
With the help of (6.5), it is not difficult to verify that
Blg—1) —~v(n—-1)=0,
(6.6) 6(g—1)+(C=n)(n-1)-1=0,
0g+¢(n—1)—a=1

3

o[ e

(6.5)
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Let us set
a = L b, = 71
i (k+1)7log (e + k)’ SN CESVEE
1 ~ 1
ap=————— and b= —5——.
4§ log" (e + k) i log® (e + k)

Our mapping f will be defined as the corresponding canonical transformation
from

Pk = Q(O,ak,bk) \ Q(O,ak+1,bk+1) onto Q(O,ak, bk) \Q(O,ak+1, bk+1)
for every k € Ny. It is easy to check that f is a homeomorphism, absolutely
continuous on almost all lines parallel to coordinate axes and differentiable
a.e. To get our conclusion, it is now enough to show that the corresponding
integrals of the derivative are finite or infinite.

Clearly,

1 1 1
(k+1)log"(e+ k) (k+2)log"(e+k+1)  (k+ 1)t log"(e+ k)
and

1 1 1
log“ (e + k) log®(e+k—+1) - (k+1)log“ (e + k)
for every w > 0. From (6.5), we obtain that v < § and hence we can use (6.2)
and (6.3) to estimate

k+1 k+1)7 \"7" (k+1)P

bl g e (U YTt
log’ (e + k) log"™¢ (e + k) log’ ™' (e + k)
for a.e. x € Py. Note that the value of constant Cy in (6.1) does not depend

on k and thus the constants in < and ~ above are independent of k. Now we
may use (6.6) to obtain

|Df(x)|* _ (k + 1)Bla-D=7(n=1)
Tp(@) ™ logd 0= DFHECmE=D=T o gy
From (6.4), we know that

) |Df@)| 5

(68)  K,(0)=

1
6.9 L"(P
( ) ( k‘) (kj+1)(n 1)’Y+ﬂ+110g (n 1)(€+k>
and thus we use (6.7) and (6.6) to obtain
o
psrdr sy [ 1Dsrde
/(;)(0,a1,b1) kZ:O
< i 1 (k+1)P4
N (k1) DB+ og¢ (Y (¢ 4 k) log (e + k)

1
(k+1)log' ™ (e + k)

< Q0.

A
NgER

x>~
Il

0
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It follows that f € W% and by (6.8) we know that f is g-quasiconformal
mapping. Note that in (6.7) we have not only < (on both parts A and B in
Figure 1) but also ~ on a set of measure comparable to (6.9) (on part A).
Hence, analogously as above we may use (6.6) to get

log®(e + k)

|Df|"log” (e +[Df[) ~ -
»/Q(O,al,bl) kgl\;o (k+ 1)10g5(1+<(n 1)(6+k)

1
= (k+1)logle+ k) 0

keNg

EXAMPLE 6.2. Let ¢ >n and a < 0. There are g-quasiconformal homeo-
morphism f € WH((=1,1)",(=1,1)") and u € W L91log® L((—1,1)",(—1,1)")
such that wo f ¢ WL?log® L.

Proof. Set

A=t p_lze gy _a7l-a
q—1

S n—1’ g—1
y=qg—1 and d=n-—1.

(6.10) ’

770&
*2(17

With the help of (6.10) and it is not difficult to verify that

(n—1)y—-(¢—1)5=0,
q—1-H(g—1)—A(n—-1)+B(g—1)=0,

6.11
(6.11) Aln—1)—B(g—1)+¢E <0,
gE—-H(g—1)+q—a>1.
Let us set
a 1 1
E=T A, .\ E=1"B, | 1\’
(6.12) ] log 1(e+k) ] log (e+1k)
A = 75— bkz H .
(k+1)7 (k+1)%log™ (e + k)

Our mapping f will be defined as the corresponding canonical transformation
from

P, = Q(O,ak, bk) \ Q(O,ak+1a bk+1)
onto
Pk = Q(07(~lk, Ek) \ Q(O7dk+17 EkJrl)

for every k € Ny. It is easy to check that f is a homeomorphism, absolutely
continuous on almost all lines parallel to coordinate axes and differentiable
a.e.
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From (6.10), we obtain v > ¢ and hence analogously to the previous exam-
ple we can use (6.2) and (6.3) to estimate

Di) s PR
(6.13) T G
Tf~ <logA(e + k))n_ logBT = (e + k)
(E+1) (k+1)°

for a.e. x € Py. In fact it is easy to see that for every = € (—agi1,ar11)" ! X
(bg+1,br) we have
1OgB+1_H(6‘ + k‘)

(6.14) CEE

’ of (@)
0xy,

Now we may use (6.11) to obtain

_IDf(@)ft _ log'™ U ACT DG ¢y )

615) K@="re -~ (FF 1P DD =L
By (6.4) we get
(6.16) L"(Py) ~ !

(k4 1)logtt(=DA+B (¢ 4 f)
and thus we use (6.13) and (6.11) to obtain

[ s
Q(0,a1,b1)
1 log B4 (¢ 4 k)

oo
<
~ kz:;) (k+1)logt(=DATB (¢ 4 [y (k+1)%

< 0.

It follows that f € W14 and by (6.15) we know that f is g-quasiconformal

mapping.
It is easy to see that for every k € N we can construct a function wug such
that

(1) u € Wol’oo([—Q&k,Q&k]n_l X [Ek-l,-lj)k]),
(k+1)°

(if)  [Dug| < —5= :
(6.17) log?~#H (e + k)
(iif) Ou b’ a.e. on [—ag, ap]" " X [brr1,bi
317" - IOgE7H+1(€+k) -C. ks Uk k+15Pk],
: du . ~  ~ 1n—1 T T
(iv) %:O, j=1,...,n—1 on [—a,a] X [br+1,bk]-
J
We set

k=1
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With the help of (6.11) and (6.12) this implies that « € W L%log™ L since

/ | Du|?log® | Dul|
R™

M

/ | Dul%log®(|Dul)
[72&)@,2&1‘,]"71 X [bk+1,bk]

k=1
o0
1 (k4 1)
S log®(e + k
; L(n—1)y+6+1 logH(e + k) log‘I(E_HH)(e +k) 8 )
1

< 00.

-

k_ logH+(E7H+1)Q7a(k)

It is easy to see that
[—ag, @)™ X [breg1,06) O f ([—ahs1, @rra]™ " X [brs, bi))

and on [—agy1,ar41]" " X [bry1,br] we have with the help of (6.14) and
(6.17)(iii) that

ou(f(x)) 0f(x) B-F
—_ — . Nl .
o (o f)(0)| = [ 24T O o5 ey 1y
Together with (6.12), this gives us
[1Dtwe p)"1og* Do )
zi/ Ouo fl? u<’8uof>
=1 [mart1,0841]" 7 X D41 —by] 8$” 81‘"
= 1
z log B~ (e + k)log® (log(e + k)).
~ ; k+1)logtt(=DA+B (¢ 4 fy & (e+k)log? (log(e + 1))
From (6.11), we easily see that this sum diverges. O
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