ON MULTIPLIERS OF DIFFERENCE SETS'

BY
H. B. ManN aAxD S. K. ZAREMBA

For the notation and terminology used in this paper see [1] chapters 6 and
7, except that we shall write groups multiplicatively. Let (§) denote the
Jacobi symbol [4, page 168], ¢, a primitive m-th root of unity, and R the field
of rational numbers.

Newman [3] proved the following theorem: If D is a cyclic difference set
with parameters v, k, \, n = k — N\ = 2q, q a prime, (7q, v) = 1 then qis a
multiplier of D.

Turyn [5] generalized Newman’s result in various ways. Turyn’s result is
the following:

TaroreEM 1. Let D be an Abelian difference set with parameters v, k, \ having
n ="k — N = 2][[i19¥, ¢ odd primes, (v, ;) = 1. Let t = ¢¥* (v),
i=1,---,s Ifv=0(7)let (;) = +1. Then tis a multiplier of D.

Turyn also remarks that () = +1if » = 0 (7) and if any of the a;is odd"
This follows because (5) = —1 implies ¢?* = —1 (7) and by Theorem 7.2 of
[1] a; must be even.

In this paper we shall be able to remove the restriction (7) = +1forv = 0
(7) for a number of cases including all difference sets with » > \ and
()‘7 II$=1 qt) = 1.

We note in particular that for s = 1, Theorem 1 implies that ¢, is multiplier
if (1) = +1 and that ¢} is always multiplier.

The cases which are not settled by Turyn’s theorem are of special interest
because the existence of such a difference set with (7) = —1 would in fact dis-
prove the conjecture that every divisor of » is multiplier. For (;) = —1
implies (#) = —1 and Corollary 7.2.2 of [1] shows that ¢: is not a multiplier
since 7 is not a square. We shall however be able to prove nonexistence of a
difference set in a large class of cases including all difference sets withn > A
and (\, [Ticqs) = 1.

Combining Turyn’s result with theorem 7.3 of [1] we can restrict ourselves
to values v, k, N where

k—\=n=2¢ q=Iliag¥
I tqui(v)7i=1:”'18, 2)EO(7)7('§)=_'1)
n>\zq,
where the ¢; are distinet odd primes.
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It follows from I that (¥*) = —1 and that b; = 1 (2). This implies that
the parity of the order of ¢ mod any divisor of » is the same as that of ¢; and
in particular that ({{) = (;,) for every divisor v of v.

We first prove

TuroreEM 2. There is no difference set with parameters v, k, \ satisfying I in
a group G of order v with a subgroup of order 49.

Proof. Under the conditions of theorem 2 there exists a homomorphism
mapping @ into Gy, a group of order 49. This homomorphism extends to the
groupring of G. Let Dy = D 4eq, @y g correspond to D in this homomorphism.

Then
(1) DiDy(—1) = uGi + 2¢,

where p is an integer. Now let g1 be a prime factor of g. Then since (#) = —1
we have ¢t = —1 (7) and ¢i' = —1 (49). Hence

(x(Di(—1)), ¢i") = (x(D1), ") = g’

for every non-prineipal character x of Gy . Since this is true for every prime
factor ¢; of ¢ we have

x(D1) =0 (g)
for every non-principal character of G1. Hence from lemma 7.3 of [1] we get
(2) Dy = u G + ¢H, w  integral.
Substituting this into (1) gives
(3) HH(—1) = u*Gy + 2,

with integral p”.
The following lemma shows that (3) cannot be solved in integers.

LeMMmAa. Let A = Z a, g be an element of the grouping of a group G of order
v over the integers where v is a power of an odd prime. Suppose

(4) AA(—1) =n + \G.
Let =n+mw 0<z<u;
then

(5) n+7r =z

M oreover equality in (5) implies that either A or —A s congruent to a difference
set mod G.
Proof. From (4) we have

Za,,=sw—|—rv e = %1
(6) (Xa)=n+N
Zaﬁ n -+ N\
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The first two equations of (6) give
@) N =7+ 2erz + 1.
We set @, = r + b, then
> b, = ex
and
nd+N=2a =710+ 2r ) b, + 2 by =1+ 2rex + Db,
Combining this with (7) we get

ntr=202|2b]=uz

Moreover equality implies that b, can take only the values 1 or 0, if we choose
A so that a, > 0 for at least one g. Hence the lemma.

Applying the lemma to (3) we haven = 2,z = 10, 7 = 2 which shows that
(3) has no integral solutions and proves Theorem 2.

TaroreEM 3. If the conditions I are satisfied and if a prime factor ¢, of q is
of even order with respect to a prime factor p of v, p 5 7, then no v, k, N difference
set exusts.

Proof. We map G' homomorphically into the group E, of residues mod p.
This mapping maps D into Dy = Y %25 a;z’, where z is a generator of R, ,
satisfying (for some integer u)

Dy Dy(—1) = pR, + 2¢’

The conditions I imply that

(x(D1(?)), 9) = (x(D1), q)
and therefore

x(D)x(Di(—1)) =0 (¢")
for every non-principal character x of B,. Hence
(8) Dy Dy(—t) = uR, + qu
where x1(F) = 2and FF(—1) = 4. A calculation presented in detail in [2]
shows this to be impossible for p = 7 unless F = 2z’. Multiplying (8) by

Di(¢) we get Dy(t) = 2 7°Dy. Butif ¢ is of even order with respect to p then
¢t must be of even order with respect to p (see condition I). Hence we have

= -1 (p)
for some f, and it follows that
Diy(—1) = Dy(t') = 2D
But this contradicts
x(D1)x(Di(—1)) = 242

because 2 is not a square in R({,).
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This completes the proof of Theorem 3.
We now consider the casen > N\, (N, ¢) = 1. We have

E—n=E—-2¢=0 (), k—2¢ =\
Hence

(9) 4" =2 =0 () 4 —-2=0 ().
Since 2¢* > \ > ¢ this implies
4¢ — 2 =2\ or 4¢ — 2 = 3\

But 4¢” ## 2 (3) and therefore A\ = 2¢° — 1. Hence the only solution in this
case is

(10) v=8"—1, k=4¢—1, N=2¢—1.

We now assume that the conditions I are satisfied and the parameters v, k, A
are given by (10). An easy calculation shows that

)+

for every prime divisor ¢ of g. Henceif v = 7oy, (v,,7) = land (*) = —1

we have
U1

)~

for some prime divisor of v; . Hence no difference set can exist by Theorem 3.
Together with Theorems 1 and 2 and Theorem 7.3 of [1] we therefore have

Hence

TurvoreEM 4. Let G be an Abelian group. Assume that G has a difference set
Dwithn =k — N =2n,(\,n) = 1,n > \, and that t = ¢;* (v) for every
prime divisor q; of n1 and some integer ;. Then t ¢s a multiplier of D.

If we drop the restriction n > N then (9) has the additional solution
N = 4¢" — 2, and this gives

v=9¢" —2, k=6¢—2  \=4¢ — 2.
The complementary solution to this is
(11) = 9¢° — 2, k = 3¢, \=q.
If the parameters are given by (11) then (2*) = (). Ifv = 7o, (7,0) = 1

and if (*) = —1 then
00
" Q)
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Hence by Theorem 3 if a difference set with the parameters (11) exists we
must have

(12) (2) - — 1L

Hence we have the following theorem:

TurorEM 5. Suppose a difference set with paramelers given by (11) exists
in an Abelian group G of order v = Tvy, (7,v1) = 1. Suppose moreover that the
conditions 1 are satisfied. Then 31) = —1 for every divisor q: of q.
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