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HERMITIAN MORITA EQUIVALENCES BETWEEN
MAXIMAL ORDERS IN CENTRAL SIMPLE ALGEBRAS

BHANUMATI DASGUPTA

ABSTRACT. Let R be a Dedekind domain with quotient field K.
That every maximal order in a finite dimensional central sim-
ple K-algebra A, (the algebra of nxn matrices over D), where D
is separable over K, is Morita equivalent to every maximal or-
der in D is a well known linear result. Hahn defined the notion
of Hermitian Morita equivalence (HME) for algebras with anti-
structure, generalizing previous work by Frohlich and McEvett.
The question this paper investigates is the hermitian analogue
of the above linear result. Specifically, when are maximal or-
ders with anti-structure in A, HME to maximal orders with anti-
structure in D in the sense of Hahn? Two sets of necessary and
sufficient conditions are obtained with an application which pro-
vides the hermitian analogue under some conditions.

1. Introduction

Morita theory essentially consists of Morita I and Morita II. The first de-
rived the consequences of a Morita context and the latter concluded that every
equivalence between categories is induced by a Morita context. Frohlich and
McEvett [4] formulated a hermitian Morita theory for algebras with invo-
lution. There have been applications in K-theory of forms, Wall [9], and
computation of surgery obstruction groups in Bak [1]. The standard for eval-
uating a successful hermitian Morita theory for algebras with anti-structure is
how close it comes to the original Morita theory in terms of having analogues
of Morita I and Morita IT as well as other analogues. Hahn [5] formulated a
far superior hermitian Morita theory than the one in Frohlich and McEvett
[4]. It has a complete hermitian Morita I theorem and has had successful
applications in the isomorphism theory of hyperbolic classical groups in Hahn
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and Zun-Xian [6], recently in the isomorphism theory of unitary groups over
semisimple rings in Dasgupta [3] and in a forthcoming paper we apply it to
that of hyperbolic quadratic modules over maximal orders in central simple
algebras. These applications come up with the exact relationship between
the underlying modules and rings of the unitary groups. These developments
furnish positive evidence that Hahn’s formulation is correct.

Let R be a Dedekind domain with quotient field K # R. Let A and A be
rings. A and A are said to be Morita equivalent(ME) if there is an aggregate

(A, A AM A, A(M)Ap,T)

with p and 7 satisfying certain associativity properties. Now let A and A
be maximal R-orders in a central simple K-algebra A = M, (D) and in D
respectively, where D is separable over K. Then every A is ME to A by 21.6
and 21.7 of Reiner [7]. This is a well known linear result. For example, see
also Chapter 5 of Swan [8].

Now suppose that A = (A,a,¢e) and A = (A, 3,9) are algebras with anti-
structure. A and A are said to be hermitian Morita equivalent(HME) if
they are ME and if there is a map 6 : yAMa — A (M*),, satisfying certain
properties Hahn [5].

We looked at the following problem: Assume further that o|x =idx and
Blk =idk. Let A= (A, ,e) and A = (A, 3,§) be maximal R-orders with anti-
structure in A and D, respectively. Then are A and A, HME in the sense of
Hahn [5]7 An affirmative answer will be an interesting hermitian analogue of
Morita equivalences between maximal R-orders and will be further validation
of Hahn’s formulation. While we cannot prove this to be true in general, we
can come up with some useful necessary and sufficient conditions for them to
be HME.

Let (a?);; = a?i for a = (a;;) € A and let a® = y,a%y; ' Note that y; exists
since B3~ 'a fixes each element of K, and hence is an inner automorphism
by the Skolem—Noether theorem, Reiner [7]. Further, y; is unique up to
multiplication by non-zero elements of K. A direct computation shows that
5’1y’13yfls =41. If V= KM, assume that dimVp > 2. We show by an
application of the necessary and sufficient conditions listed below that if 1
can be chosen to be a unit of A, then A is HME to either A or A = (A, 3, -9).

Let v =x1d; + x2dy + --- + x,d,, and let v’ = dfm’l‘ + d§w§ + -+ dBa
where {z}} is a dual basis of {z;}, a basis of a vector space V. Assume
A= (A,a,e) and D= (D,(,0) are HME via the aggregate,

(A,D,0: sVp — p(V*)a, 1, 7),

where V and V* are represented by matrices and p and 7 are given by matrix
multiplication. We come up with a new formulation or definition of # which
does not exist in the literature. We show that 0(v) = kv’y;* for some k € K.
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In fact, if
(AaAve : AMA — A(M*)A,M,T)

is a set of hermitian equivalence data, where M and M™* are represented by
matrices and p and 7 are given by multiplication of matrices, then we prove
that 6(m) = kmPy;'. Conversely, if § is a bijection given by 0(m) = kmPy;*,
then either A and A or A and A; are HME.

We show that y; M*P P, = M for a (A — A)-bimodule P;. We show that for
A and A to be HME, it is necessary that kP; = A for some k € K. Conversely,
if kP, = A for some k € K, either A and A or A and A; are HME.

2. Preliminaries

The only prerequisites for this paper are Hahn [5] and some basic facts
about maximal orders in a central simple algebra as set out below. All A-
modules M are assumed to be unitary i.e., 1ym =m for all m € M.

Let A and B be rings. Let

(AvaAPBaB QA7/’(HT)
be a Morita context, i.e., it is an aggregate such that

(a) there exists an (A — A)-bimodule isomorphism p: P®pg Q — A,
(b) there exists (B — B)-bimodule isomorphism 7: Q ® 4 P — B,
(c) nlp@q)p’ =pr(q®p’) for all p,p’ € P and ¢ € Q,

(d) 7(¢gop)¢d =qup®@q’) for all pe P and q,q¢’ € Q,

so that 4 Pp is a bimodule over R, i.e. (r.1)p=p(r.1). The rings A and B are
then said to be Morita equivalent (ME).

Let R be a commutative ring with a involution ~. An R-algebra with anti-
automorphism is a pair (A, «) with A an R-algebra, a an anti-automorphism
and 7.1 = (r.1) for all r € R. If a® = id 4, then (A,q) is an R-algebra with
involution. An R-algebra with anti-structure is a triple A = (A, o, €) consisting
of an R-algebra A with anti-automorphism « and a unit € in A such that

e 1

—¢~1 and a® =cac L.
ASSUMPTION 1. In the rest of the paper, the anti-automorphism of the R-
algebra with anti-structure is an R-anti-automorphism, i.e., r* =r for r € R.

Let A= (A,a,e) and B = (B,[,0) be two rings with anti-structure and
regard both A and B as R-algebras with anti-structure. Recall from Hahn [5]
that a set of hermitian equivalence data is a Morita context along with a map
6 which satisfies items (e)—(g) below.

(e) 6: P — Q which satisfies 6(apb) = b°0(p)a®, and
() pu(p@0(p1)) = p(pr ® O(e~"pd))*, and
(8) T(0(p) ® p1) =7(0(p16) @ ep)”,
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i.e., a hermitian equivalence data is an aggregate,
(Avag : AP —pB QAa;u'aT)

such that items (a)—(g) above are satisfied. The algebras A and B are then
said to hermitian Morita equivalent (HME).

ASSUMPTION 2. In the rest of this section, let R be a Dedekind domain with
quotient field K, R# K, and let A be a separable K-algebra. In particular,
assume that A is a finite dimensional central simple K-algebra, A= M, (D),
where D is a separable K-algebra.

The following facts and definitions hold under these conditions.

(1) An R-lattice is a finitely generated R-torsion free R-module. If M is
a R-torsion free R module, then M ®p K = M.K = {4 ... miki|m; €
M. k; € K} (p. 44 of Reiner [7]). An R-lattice is a R-submodule of a
finite dimensional vector space V = KM over K.

(2) A full R-lattice in finite dimensional V', a D-vector space, is a finitely
generated R-submodule M such that KM =V (p. 108 of Reiner [7]).

(3) If L is a left A-module with 1 € A, L C AL since L is unitary. Since L is
a A-module, AL C L. Hence, L =AL.

(4) An R-order in the K-algebra A is a subring A of A with the same unity
as A, and such that A is a full R-lattice in A (p. 108 of Reiner [7]).

(5) A maximal R-order R-order in A is an R-order which is not properly
contained in any other R-order in A (p. 110 of Reiner [7]).

(6) Further, if A = (A,,¢) is a maximal R-order with anti-structure in A,
since it is assumed that « is an R-anti-automorphism, the anti-structure
on A extends uniquely to A via a® = (Ar~1)® = (A\)%r~! and then (4, a,¢)
is a K-algebra and « is a K-anti-automorphism.

If L is a right R-lattice in A, then define

(i) the left order of L =0;(L) ={x € AlJxL C L} is an R-order in A (p. 109
of Reiner [7]),

(ii) the right order of L = O, (L) = {z € A|Lx C L} is an R-order in A (p. 109
of Reiner [7]) and

(i) L' ={x € ALz CO|(L)} = {z € AlzL C O,(L)} (p. 192 of Reiner [7]).

Let A be an R-order in A. The following hold.

(v) L is called a (full) right A-lattice (in A) to indicate that L is a right
A-module which is a (full) R-lattice (in A) (pp. 129 and 192 of Reiner [7]).

(w) If L is a full right R-lattice in A, then the left order of L is maximal if
and only if the right order of L is maximal (21.2 of Reiner [7]).

(x) If L is a full right A lattice in A, where A is a maximal order in A, then
LL'=0,(L)=0,(L7Y), L7'L=A=0,(L)=0)(L Y and (L71)"' =L
(pp. 192-193 of Reiner [7]).
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(y) If A is a maximal R-order of A and A is a maximal R-order of D, A =
End(Ma) for some full right A-lattice M in V. Further, every maximal
R-order in A is Morita equivalent(ME) to any maximal R-order in D. This
follows from 21.6 and 21.7 of Reiner [7].

(z) For the structure of A in terms of A, refer to 27.6 of Reiner [7].

Let 8 be an anti-automorphism of D. If A=End(Vp) and if for v € V and
d; €D,

dy
do
(1) v=1 .1,
dy
then define
@) Pl & )
If for v* € V* and d} € D,
3 vld dy e d],
then define
4P
4y
(4) (W) =|"
dyy

Hence, v%° = 606~ and v*#* = §v*5~! where for d€ D, d*° = §d5~*.
For a set V; of V or V* define V{” = {v®|v e V;}.
Extend S8 to A thus: For a = (a;;) € A, define a” by (a?);; = afi.

3. The structure of 0: ,Vp — p(V*)a

AssuMPTION 3. Throughout this section, let A= (A= M, (D), «,¢e) and
D= (D,,6) be central simple K-algebras with anti-structure.

So « and (3 are K-anti-automorphisms. If a = (a;;) € A, extend 3 to A as
in Section 2. Then f is a K-anti-automorphism of A. Note 3~ 'a determines
a K-automorphism of the central-simple algebra A and hence is an inner
automorphism of A by the Skolem—Noether theorem, Reiner [7]. Hence, a* =
y1aPy; ! for some y; of A where y; is unique up to multiplication by a nonzero
scalar. This section comes up with a definition for 6 of a hermitian equivalence
data between A and D. Let u(A) be the units of A.

PROPOSITION 1. Let a® = yiaPy;*. Then 5’1y'16yf16 ==+1.
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Proof. Observe for A€ A, A\* =1 )\ﬁyfl and
exe T =2 =y ()N =) Ny
So
5_1y?yf15>\ = Aé‘lyfyfls
and
Syl te =,
for some r is in the centralizer of A in A. Since A is a full lattice in A,

centralizer of A in A C Cen A. But since A is a central simple K-algebra, Cen
A=K. Sore K. So

e=yi(y; ) or.

But

e*=¢!
and

(v H)78)* =y (v H)76) yr

_ y15_15yf15_1y’?yf1

=0ty

= (1 (y; 1)78)~"
So r® =71, Since a|x =id, r* =1, and since K is an integral domain
r==l1. (]

LeMMA 2. If B, B(v), E, E(v) are n x 1 matrices and C, C(v'), F, F(v')
are 1 X n matrices, then the following hold.
(a) If BC=EF, then B=Cd and E=d~'F forde D and
(b) if B(v)C(v') = E(w)F(v') Yv,v' € V, then B(v) = E(v)d; and C(v') =
dy*F(v') for a constant dy € D.

Proof. (a) Let B = (bi1), E = (€i1), C = (c1;) and F = (f1;), and observe
that since bilclj = eilflj, if b11 = elld, C1j = d_lflj for _] = 1, o, n. Hence,
bii=epdfori=1,...,n, B=FEd and C=d'F.

(b) Note that if B(v)C(v") = E(v)F(v'), then for a fixed v €V, B(v) =
E(v)z, and Yo' €V, C(v') = x,,' F(v') = 2; ' F(v'). Here the latter follows
from (a). Hence, x, = x,s. By symmetry z, = z,/, Vo € V and a fixed v’ € V.
Thus, di =z, =z, Yv,v’ €V. O

PROPOSITION 3. Let

(AaDvAVDvD(V*)A7MaT)

be a Morita context where V is the set of n x 1 matrices over D and V* is
the set of 1 X n matrices over D and i and T are given by multiplication
of matrices, i.e., p(v @ f)=vf and 7(f @ v) = fv where v €V and f € V*.
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Let y1 satisfy a® = y1aPy;t. If A= (A= M,(D),a,¢) is hermitian Morita
equivalent to D = (D, 3,0) via

(A,D,G: AVp — D(V*)A,M,T>,
then 6 : V. — V* is a bijection defined by 0(v) = kvPy;t, for some k€ K. If
0:V — V* is a bijection defined by 0(v) = kvﬁyfl, for some k € K,
(1) then (A,a,¢) is HME to (D, 3,6) when 6~ 'yl yrte =1 via
(A,D,0: aVp — p(V*)a, 1, 7),
(IT) then (A,a,¢) is HME to Dy = (D, 3,—0) when 5_1y1ﬁyf15: —1 via
(A,D1,9 : AVD, —>D1(V*)A,u,7).

Proof. (8 extends to A. Let dimVp =n. As above a® = ylaﬁyfl for some
y1 in A and a € A. By Proposition 1, (5_1y16y1_15 ==+1. Let

(A7D7AVD7D(V*)A7M7T)

be a Morita context as stated in the proposition. Assume that 6 and p
satisfy items (a)—(g) of an hermitian equivalence data. In particular, 6 : V —
V* is a bijection satisfying 0(avd) = d®0(v)a® and that u(v ® 0(v') = p(v’ @
0(c~'vd))*. We will try to solve for O(v). Since a® = yaPy; !,

p(v@8()) = yiu(v' © 6 08)) "y Y,
(09(v")) = y1(v'0(e™ 08)) yr Y,
v0(v') = y10(e 1 0d) PPyt
Now v,v" are n x 1 matrices since v,v’ € V, v%,0'% are 1 x n matrices by
the definition of v® for v € V' in Section 2, 8(v), 6(v') are 1 x n matrices since

6:V —V* ()8, 0(v')? are n x 1 matrices by the definition of v*? for
v* € V* in Section 2, and y; is a n X n matrix. By Lemma 2,

v=110(c )Pz and O(v')=2"Py;? foran xz € D.

It is easily checked that these two equations form a consistent set of equations
having the solution 0(v) = =%y !. Since

0(vd) =d?0(v), =z 'dPoPy;t =dPa Py,

™! commutes with every d € D, so 2~' € K. Thus, 6 : V — V*, a bijection

is defined by 0(v) = kvy;* for some k=271 € K.

Conversely, if § : V — V* is a bijection defined by 0(v) = kv?y; " for some
ke K, we will show (I) and (II) below.

(1) If 61y e = 1, we will prove that (A4, a,e) is HME to (D, 3,6). All
that is required is to show that (e)—(g) below of a hermitian equivalence
data (refer to Section 2 for the definition of a hermitian equivalence data)
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are satisfied since by assumption a Morita context between A and D already
exists.

(e) 0(avd) = kd’v’aPy;?
= dﬂkvﬁyflaa since a® = ylaﬁyfl
= d%(v)a®
() p(' @0 00)" =yipu(v' ®@0(e ’11)5)) ot
=1 (V'k6P 010 yfl)ﬂyfl
= yryy e 107 6ua 066 kP Py !
since d? = §d5
= vkvPyt since yyy; P0e ! =1 and Bk = idx
=n(v@0(v"),
(@) T8 ®ev)’ = (k6P y; tev)?
= (6~ "y tew)PkP  since P =61
= (0~ (y7H)P60)Pk  since 6yl yrte =1
and Bl = idk
= P8Py to T ow 6 ok
= kvPy ' since 67 =671

—7(9( )®v).

(I1) If 61y y; e = —1, then we will prove that (A, a,e) is HME to (D, 3,
—06). We will do so by replacing 6 by —é in (I) above and repeating the
steps. Note then that (—8)% = =61, (=6)"1 = —6~' and 6~y y;'e =1 gets
replaced by by —5’1y16yf15 =1. (]

4. Hermitian Morita equivalences between maximal orders

AsSUMPTION 4. Throughout this section, A = (A = End(Ma),a,¢) is a
maximal R-order in A=End((KM)p) = M, (D), a central simple K-algebra,
and A = (A, (,0) is a maximal R-order with anti-structure in D where o and
(B are R-anti-automorphisms. Further, D is separable over K.

So by 27.6 of Reiner [7], for J a right A-lattice in D, {z;} a basis of
V =KM, and {z}} the dual basis of {x;},

M:J}1A+$2A+"'+J}n_1A+$nJ,
= Az} 4+ Axk T
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and
A A A JE
A A A JE
(5) A=End(Ma)=1|: =+ 1+ ,
A A A JH
J J J A
where A’ = Oy(J) by 27.6 of Reiner [7].
Consider M as a subset of n x 1 matrices, so
A
A
(6) M=|:
A
J
and
(7) M*:[A A - A J‘l].

The module Ma is a progenerator of Ma. Hence, A and A are ME by
21.7 of Reiner [7], and by 16.9 of Reiner [7], via the Morita context below
derived from M,

(A, A AM A — A(M*) A, p1,7),

where p and 7 are given by multiplication of matrices.

Note that by matrix multiplication it follows that M is a A — A bimodule,
M* is a A — A bimodule. Recall the definition of M*# and M? from Section 2.
Then M? is a AP — AP bimodule and M*? is a A — A” bimodule. Both A?
and AP are maximal orders.

Further A= KA = M, (D) and, as in Section 3, a extends to a K-anti-
automorphism of A. Moreover, § extends to K-anti-automorphisms of D
and A and a® = yla@yl_1 for some y; € A.

Proposition 4 below shows that there always exists a (A — A)-bimodule Py,
such that y, (M*)° P, = M.

PROPOSITION 4. Let a® = ylaﬁyfl for some y1 € A. Then there exists a
(A — A)-bimodule Py which is a full R-lattice in D such that y,(M*)P Py = M
and P7MPy; b = (yy M*PP)* = M*.

Proof. Let V. =KM and dimVp > 2. Let y; P = M. Since M is a finitely
generated R-module, so is P. P is a right A-module which is a full R-lattice
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in V since Kyy P=KM =V. Let

8) pP=

Since each P; is a summand of P it is a finitely generated R-module. Since
KP= yl_lv, KP;=D and P, is a full right A-lattice in D for each 7. Hence,
as in 27.6 of Reiner [7],

Homa (P, P1) Homa(Ps,Py) --- Homa(P,,P1)
Homa (P, P. Homa(Ps, P. -+ Homa(P,, P,
(9) End(PA): A? 1 2) AF 2 2) A( 2)
Homa(Py,P,) Homa(Py,P,) --- Homa(P,,P,)

Since P, 1P, = 0,(P;) = A, P,P;" = O)(P;) and P,A = P; by 22.7 of Reiner
(7],

PPt PPyt - PP

pPY PPyt o PP
(10) End(Pa)=| .0 T T

pP,P;' P,Py' - P,P;!

Now, End(Pa) = A?, as y1 End(Pa)y; ' = End((y1 P)a)) = End(Ma) =
A =A*=y;APy;!. Let End(Pa) act on P on the left in the natural way,
so P is a left A®-module.

Now, by the structure of A as at the beginning of Section 4, and the
definition of @ for a € A,

AP AB .. AP JB
AP AP .. AP JB
(11) A= : : : :
AP AP .. AP JB
J—l:ﬁ J—lﬁ J—lﬂ Alﬁ

We will show by comparing matrices (M*)? Py and P that (M*)?P, = P, and
hence y; (M*)? P, =y, P = M. Compare the two matrices A® and End(Pa)
toget PPy =PP; = =P, 1P =A" and P,P; ' = (J7!)P. Since,
by 22.7 of Reiner [7] P, ' P, = O,.(P;) = A, and since P; are right A-modules,
P=P,=P, =A"P, and P, = (J 1)?P,. Thus, P, is a left A®-module
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and
AP Py
APP,
(12) p=|
APP,
(J=HPp
Recall the definition of Vlﬂ for V1 CV* from Section 2, so
AP
AP
(13) (M*)P=|
AP
(=7

Now compare matrices to obtain (M*)?P, = P and y;(M*)?P, = M.

Now let dimVp = 1. We will show in this case too that y;(M*)°P, =
M. Let A =End(Ja) for a right A-lattice J in D and assume that A* =
yl)\ﬁyfl and that yflJ = J; for a right A-lattice J;. Obtain End((J1)a) =
(End(Ja))? since y1 End((J1)a)y; ! = End(Ja) = A = A® = (End(Ja))* =
y1(End(Ja))Py; . J is a left End(Ja)-lattice and End(Ja) is a maximal
order (21.2 of Reiner [7]). Hence, O;(J) C End(Ja) € O;(J). Thus, obtain
O;(J) = End(Ja). Similarly obtain O;(J;) = End((J1)a), to give O;(J1) =
(O1(J))P. Let P, = JPJ;. Clearly, P; is a A® — A-module, since JA C J and
APJP C JB. By 22.7 of Reiner [7], JJ~! = Oy(J). By setting M = J and
P =y, obtain y1(M*)°Pr =y (J~") Py =y JTPIP T =y (JT )P =
y1(OU(I)P T =y Oy () Jh =y Ji=J =M.

Since A® = A, P, is a (A — A)-bimodule and the first result follows.

We will now show that P, ' MPy; ! = M* if yy M*PP; = M. Since J~'J =
A and JJ~1 = O;(J) by 22.7 of Reiner [7], by matrix multiplication M*M = A
and MM* = A. By 22.7 of Reiner [7], P,P; ' = A = AP Recall that M? is a
left AP-module and M*? is a right AP-module. Since

MM*=A=A* =y (MM*)Py;t =y M*P P PT MPy Tt = MPT Myt
Now P MPy*M = A, so PrMPyrt € M*. TIf Py MPy; ! € M*, then
M*CAM* = M*(MM*)=M*MP*MPy;' = AP MPyt = PPt MPy !
leading to a contradiction. Hence, P; *MPBy; ! = M*. g

4.1. Necessary and sufficient conditions for hermitian Morita equiv-
alences between maximal orders. Given below are previously proved nec-
essary conditions for A and A to be HME in terms of nonsingular forms
on M, Hahn [5]. If A is hermitian Morita equivalent A, then there exists
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a nonsingular g-sesquilinear form, ®; : Ma x Ma — A, as well as a non-
singular o~ !-sesquilinear form ®} : \M x M — A by the Morita theorem
of Hahn [5]. So this is an obvious necessary condition for A to be HME to A.
Conversely, if A = (A,3,0) and if there exists a nonsingular [-sesquilinear
form, ®1 : Ma X Ma — A, then by 1.8 of Hahn [5], (Ma,®;) defines an
hermitian equivalence data so that A; = (End(Ma),a1,21) and A are HME
for some ay and 1. Analogously, if A = (End(Ma),a,€) and if, there exists a
nonsingular o~ !-sesquilinear form, ® : AM x nM — A, then by 1.9 of Hahn
[5] and Dasgupta [2], (A M, ®}) defines an hermitian equivalence data so that
A and Ay = (End(a M), 81,01) are HME for some (7 and 6.

As at the beginning of Section 4, there exists a Morita context derived
from M,

(A, A, AMa, AMR, p1,7),

where p and 7 are given by the multiplication of matrices.

Given below is a necessary and sufficient condition for A and A to be HME
in terms of the structure of 6 of the hermitian equivalence data and in terms
of y1 such that a® = y1a’y; 1. Note that Assumption 4 holds.

THEOREM 1. If A = (A, a,¢€) is hermitian Morita equivalent to A = (A, 3,9)
via the hermitian equivalence data,
(A,A,@ : AMA — AMX,/L,T),
where p and T are given by multiplication of matrices, then 6 : A\Ma — A M}
is a bijection given by O(m) = kmPy; ' for some k€ K. If 0 : AMa — A M}
is a bijection defined by 0(m) = kmPy; ! for some k € K, then if u and T are
giwen by multiplication of matrices,
(a) (A,a,e) is HME to (A, 3,9) when 5’1y’fyfls: 1 via
(A,A,H : AMA —)A(M*)AaM;T)-
(b) (A, a,e) is HME to Ay = (A, 8,—8) when 61y y7 e = —1 via
(A,A1,9 : /\]\4A1 —>A1(M*)A,u,7').
Proof. Since M is a full A-lattice in V., KM = V. If there exists an her-
mitian equivalence data,
(A,A,@ : AMA i AMX,M,T>7
then it extends to the following hermitian equivalence data,
(A,D,é: AVp — D(VD)Z,[L,’T'),

where 6(km) = kf(m) for any k € K and m € M and i and 7 are the natural
extensions of y and 7. Note that 0 is well defined and a bijection. Since fi and
7 are given by multiplication of matrices if u and 7 are, 8(km) = kl_cmﬁyfl
by Proposition 3 and 6(m) = (m) = kmPy; *.

Conversely, if 6 : \Ma — aAMj given by 6(m) = kmPy; " is a bijection,
it is clear from the proof of Proposition 3 that 6, that u and 7 satisfy the
properties of the hermitian equivalence data listed below,
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(a)
(A, A0 0 \MA —> AMy, 1, 7),
when 6~ 1ylyrte =1,
(b)
(A»Al = (Aaﬁa _5)79 : AMA1 B AlMXMLvT)v
when 6~ 1ylyte = 1. O

By Proposition 4, y;(M*)?P; = M for some two sided full A-lattice Py
in D. Given below is a necessary and sufficient condition in terms of P; for
A and A to be hermitian Morita equivalent under Assumption 4.

THEOREM 2. If A= (A,«a,¢) is hermitian Morita equivalent A = (A, 3,9)
via the hermitian equivalence data,

(A7A59 : AMA — AMX7M57—>7

where p and T are given by multiplication of matrices, then for some k € K,
kP, =A. If kP, = A for some k € K then

(a) (A,a,e) is HME to (A, 3,9) when 5‘1yfyf15: 1 and
(b) (A,«,e) is HME to (A,(3,—0) when 571y1ﬂy1_15: —1.

Proof. If there exists an hermitian equivalence data,

(A,A,G : AMA —>A(M*)A,M,T),

where p and 7 are given by multiplication of matrices, then by Theorem 1, 6
is given by 6(m) = kmPy; ! for m € M. Since 0 is a bijection, kMPy; ' =
M*. Now by Proposition 4, y; M**P; = M for a (A — A)-bimodule Py,
so A= MM =kMPy; 'y M*°P, = k(M*M)° P, = kAPP, = kAP, = kP;.
Thus kP, = A.

Conversely, assume that for some k € K, kP, = A. Now y,(M*)?P, = M,
so by Proposition 4, P, 'MPy; ' = M* and k='P;*MPy; 'k = M*. Since
kP = A, kilPl_l = A = AP and since M? is a left AP-lattice, so AﬁMﬁyfl X
k= Mﬁyflk = M*. Define 6 : M — M* by 0(m) :mﬁyflk. It is a bijec-
tion. By Theorem 1, the result follows. (]

4.2. An HME between maximal orders. A sufficient condition for A to
be HME to A under Assumption 4 follows.

THEOREM 3. Let a% = ylaﬁyfl. Let V=KM. Assume that dimVp > 2.
If y1 can be chosen to be a unit of A, then
(a) (A, ,¢) is HME to (A, 3,6) when 6 1yPy7 e =1 and
(b) (A, a,¢e) is HME to (A, 3,—0) when 6‘1y1ﬂyf15: —1.

Proof. \¢ = yl)\'gyl_l for A€ A and a fixed y; € A. AP = yl_lAayl =
yflAyl = A. So by the structure of A, since dimVp >2, AP =A, J- B =J
and M*? = M. Since by Proposition 4, y; M*# P, = M for a (A — A)-bimodule
Py, soyrM P, = M. But since y; is a unit of A, yy M = M. Hence, M P, = M,
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M*MP, =M*M, AP, = A, and hence P, = A. By Theorem 2, the result
follows. U
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